M. . Boiroackumn

mm@/ﬁéﬂ%mﬂ(

10 B/IEMEHTAPHON
MATEMATUKE




M. A. BBITOOCKUN

COPABOYHUR
1Io

9JEMEHTAPHOI
MATEMATHURE

TABJIMLbI, APUOMETHKA,
AJITEBPA, TEOMETPHSI,
TPUI'OHOMETPUA,
OYHKUNWHN U T'PAOUKH

N3NAHHUE OEBATHAIOIUATOE

4

N3OATEJIBCTBO «HAVKA»
TJIABHAA PEJAKIINUA
OU3NKO-MATEMATHYECKON JINTEPATYPHI
MockBa 1968




51 (083)
B 92
VIIK 510 (083)

Mapx Axosiesun Boizodcrut
CrnpaBOYHUK IO 3JIEeMEBTADHOI MaTeMaTHKe
M., 1968 r., 416 cTp. ¢ mui.

Pemaktop M. M, I'opavas
TexH. pefakTop As II. Koaechuroga —

Koppexropu T. . Hosepman 1 H. A. Kpuwmane

IlegaTs ¢ marpun. ITonnucano K medatm 21/VIII 1967 r.
ByMmara 70%x90/32.

®na. mey. Ja. 13. VYecnosH. mew. a. 15,21. Vuy.-m3n. 1. 22,85.
Tupam 200 000 sx3. T-07094. IleHa KHATA 86 K. 3axas Ne 11007.

H3gaTeabcTBO «Haykas
TnaBHasa pefaxkuuaa GU3NKO-MaTeMaTHYECKON JIHTepaTyphHl.
MockBa, B-71, JIeREmECKAN TPOCHEKT, 15.

Tanorpadua OpaRKIAH, Bymamenit
2-2-2
133-68



Or'JIABJIEHHE

IX CREJIEHMIO UHTATCIS & ot vt v et ve i e e eennnns PPN
1. TABJIMILBI
§ 1. Hekxoropble 4acTO BCTpeYaloUiMecH 1IOCTOAHHDIE . . . .
§ 2. CreneHu, KoplM, o0paTHbie BeJIMYHAHDI, AJIMHB (mpymuoc-ren
TUIOLIAM KPYI'OB, HATYPAJIbHbIE .norapuqmu ............ .
3. IMecATUYHbIE AOTApUPMBl .. ......... e e
4, AHTHJIOTAPHOMBI . ..ot viiinniinnrnnnnnnnnnns
5. Jlorapudmb! 'rpnrouqmeTpnqecRnx BEJIMYUH .
6. CHMHYCHI 1 KOCHHYCBI ... oot vrennnnenennnnn .
7. TAHPEHCH M KOTAHTEHCBl .. ......oouvunennnnnnenenrnnnnnn
8. IlepeBon rpagycHoll Meph! B paAlaHHY0. JIJINIULI AYT OKPY -
HOCTM panuyca i1 ..... e e ettt e
9. IlepeBoj pagunaHNnoi Mepu n TPAAYCHYIO ... oveveennnnnns
10. Tabania HPOCTHIX MHUcCell, He MIPEeBOCX ONANIMX (‘000
11. HekoTopble MaTeMaTHuecKkue 0603HaYEHNA . . . .
12. MeTpHUYECKAA CUCTEMA MED . oovvvvvrenernnnennnns
13. HexoToprie crapbie pycvkne Mepbl ....... e
14. JlaTMHCKHMIt aldaBuT . e e .
§ 15. Ipeyvecrkuit ampaBuUT ................... T

II. APUOMETHEA

1. lIpenmMer apuPMETHKM  ............... e
2. Iledple (HATYPADLIBIE) YHCIIA ..ot vvvrneneeeernenennannas
3. TPAHMIIBI CHETA .. ivvvvvenernnernernnennnes e
4. JlecATMYHAA cUCTeMa c‘llllCJ'chMﬂ .................... e
5. PasBUTHE MOHATHH YMCIIA ..ttt innrinnennneennennns e
LR 8 11 ¢ e
7. CucreMbl HyMepaluu HEKOTOPBIX HAPOMOB . .......... .
8. HauMeHOBaHUA GOJILIIMX YMCOIT ...t vvrvvnnennasnn e
9. ADMQMETIHHECKME TEUCTBUA . ... oot v i ennen s “e
10, IIopsAmoK HeifcTuil; CKOOKH e
11. TIpM3HAKU NEIMMOCTH . ... ... .
12. TIpOCTbiEe ¥ COCTABHBIE YHMCHIA .. ... vvvnvnn.. e
13. PasnoKeHHe HA NPOCTHIE MHOKUTCIM ... ... [N
14, O6GuMit HauGoNbIIMK TEJTUTENb .. ..o v v n. . e e
15. OGuiee HamMelibllee KPATHOE  .............. e
16, TIPOCTHIE HPOOM ... ...ovvivvnnnnnernnnns e
17. Cokpailenne ¥ «pacuiupeHues» npoon e e ce
18. CpaBneHme fpoGeit; npuBeneHue Kk obuieMy 3lamenaTemio
19. Cuomeunennuqm‘aﬂnenpoﬁe
20. VmHOkeHHe ApoGeil. Onpenesienue .......... e .

21. Ymuomkenne npobeit, Ilpasuno ...... e e .

11



e

OTJIABIIEHUE

22. Meneunme npobeir ................ . 80
23. HEeMCTBHMA C HYJEM ..o\t vit ittt it enenee i nneennens 81
24. TeMoe M 4acCTh . vovvvvniinennn .. .. 82
25. JecATHYHBIe APOOH . ... ...ooiitiiiiintnnnennn .. .. 83

26. CBoiicTBa MecATHYHBIX Apobeli .... ..
27. Ci10/eHHne, BLIYATAHME U YMHO KeHMe JeCATHYHBIX npoﬁen .. 85
28. denenue neca’mqﬂoﬁ npo0H Ha 1ej10e YHCIO0 .............. 85
29. HeneHHe JecATHIHON po6K HA NeCATHYHYIO Ipo6b ....... 87
30. OGpamieHEe JecATHYHOI ApoOM B MPOCTYy N o6patHo ...... 87

31. HicroprYyecKEe cBeJleHUA 0 APOGAX ......... [N . 88
32. IIPODEHTH  ............ e et e e ool 90
33. O DpROIHKEHHBIX BLIMMCICHMAX . v.vvvrrnnnennenn.. ceee. 92
34. Cooco6 3anmcy NpRGINKEHHBIX Yucea .. ... oo 93
35. TIDABEIIA OKPYTICHMA &t vvvevntvneeennnnnennonneennns .. 93
36. AGCOMOTHAA ¥ OTHOCHTEJIbHAA NOTPEINHOCT . .... ceeen. 94
37. IIpeABapATeIbHOE OKpYIJIeHHe npn CIOIKEHUU M BHYM-
TAHHE .o ttitititinnnnnonnnonnooeononsnenenennenenens 96
38. IIorpeurtHocTb CyYMMBI M paaﬂoc’m PP .. 98
39. TIOrPEemHOCTD MPOM3BEOEHMA & v v v v e v vaennennernnennnn ... 100
40. ITomcyeT TOYHLIX 3HAKOB NpPH ymnomelmn ............... . 102
41. CORpPAIIEHHOE YMHOMEHHE . ..o vvvvn e, e 104
42. Oenenne npuGinKeHHLIX YACEN . . e 106
43. COKPAIIECHHOE JEJEHME . ..ot ovvneneveerenennennnennnennn 107
44, Bo3BelleHHe B CTeNMeHb M M3BJIEUeHNC KBAJPATHOrO KOPHS M3
TIPAGIMMKEHHBIX YMCEIL ..t vtvntetinunnennensnenananns 09
44a. IIpaBAJIO M3BJIEYEHMST Ky Guueckoro uopml e 113
45, CPelHME BEJIMUMHBL & oo oo v vneenenenvensnnan R £ 1)
46. CoKpalleHHOe BLIYUCIIene cpemlero apmbme'nmecnoro ...... 116
47. TOYHOCTH CpefHero apu(pMeTHYECKOrO . .......... P S ¥
48. OTHomenMe ¥ MPOMOPLHUA .. ....... e s 118
49, TIDOTOPIFOHAIBHOCTD .+ ..ttt s vvroneennennnenneaneenns . 119
50. TIpaKkTMYeCKUe NMPUMEHEHUH nponopuuﬁ HUHTepnoyammMa .. 120
III. AJI'EBPA
1. TIpeaMer anrebpbl .......ovvune [N eeeea.. 124
2. Hcropuueckuc ceefieHnsl o paanwrmt .mreﬁpbl e o124
3. OTpRIATCILUBIC YHCAA ..\ vvuu. coel. 130
4. llpoMcxoncaenue 0|pnunevu,nu\( ~mcen e upanvm neﬁc-rnml
HAL HEMI ..ottt inernnoenonnnsonsennsonegfoscanns 132
5. 1Ipasmia neiictsuii ¢ mpm(a'renmmmﬂ n nonommem..m,nm
YHMCIAMI oo vvsvneeenseensosonsnonsnnsncnoneneneanns oo 134
6. HeiicTousn ¢ onllo‘mena\m cno;}(elme I BLYATAHWE MHOrO-
YWICHOB ..... PN
7. YMHOMEHHC CYMM M Muoro'meuon e 138
8. (POPMYJIbI COKPALICHIIOTO YMHIOMEHII MHOMOWICHOB . ... ... 139
9. JdeJeRMe CYMM H MHOTOUIICHOB .+ tvtvunevunenernnenneennnns 140
10. JlejieHMe MHOTOUJICHA Ha JIBYYJICH IEPBOil ¢TCHEHM . ........ 142
11. JIeIUMOCTh ABYWICHA XM FaA™ HA X F @ .o vvirnniinnnnnnnn 143
12. Pasmosenyie MHOTOWIENOB HA MHOGKITCI oo vuu.n ., 144
13. AnreGpamyeckue Jpo0dM ...............
14. IIpomopumu ........ e
15. 3ayeM HYKHbI yp.muel-mn
16. Kak cocTaBiATL YpaBHEHUs
17. O6umMe cBeXeHUA 00 YPABHEHIIX . .vvvvvvurrneenrennns .. 161
18. PaBHOCWJIbHBIC YpaBHelHst. OcioplLG npnemm pemouun
ypaBHeHmit ..... e et i e 153
19. Rnaccmbmtauml ypaBHelmu ............................ 154
20, YpaBHenue nepRroii creneny ¢ o (HuM HeU3BeCTHRIM .. ... ..., 155



wn wr wn W

@ o

OINIABJIEHHUE 5

21. CucreMa /[ByX ypaBHeHMii nepBoit creneHu ¢ ABYMA HEU3BECT- 15
HBIMHA ... .. e Creeeeraaeaes 7
22. PeuieHue CUCTEMDI nnyx ypannelmﬁ nepson cTeneHn c mema
HEU3B2CTHBIME .. ...vvvvenunennn e eee e 158
23. O0wue GopMyJHl U 0cobbre c.rlytmu pelIeHHdsT CUCTEMbI nayx
YpaBHeHU(l MepBoil CTeNeHN ¢ IBYMA HCU3BECTHLIMA . ....... 161
24. CucreMa Tpex ypasHeHHit mepBoit cTereHn ¢ Tpemm Heuane-
CTHBIMI .\ vvtenenninnenennennnn. [N ... 163
25. 1Ipasmiia HEHCTBUA CO CTELCIIMI .« . vvvnrssns ci.ie... 168
6. JTeCcTBUH C KOPHAMM ....ovvuvnnn... e eeenees. 169
27. VIppalMOHAJIbUBIC YHMCHA .. .vvn i ennnennnn ceeeee. 172
28. KBajpaTHoe ypaBHeHHe; MHUMbLIC U KoMIUTCKeuLIe duea . ... 174
29. PeureHue KBAJPATHOTrO YPABHEHUA . ... ...... e 177
30. CsoiicTBa KOPHeit KBAAPATHOr0 YPaBHEHAA ............... 180
31. PaaioeHne KBAAPaTHOrO TPEXYjieHa HA MHOMKHTEJHM ...... 181
32. VpaBHeHMA BHICLIMX CTeNeHeit, paapemaewue C DOMOIIBIO KBa-
IPaTHOrO YPaBHEHUA ...... 181
33. CucreMa ypaBHeHMit BTOpPOit CTemenn ¢ nayma ﬂenanec'rﬂumu 182
- 34. O KOMIIEKCHBIX YMCHAX . vvvrevuvennsannnen eeiiae... 185
35. QCHOBHbIE COMIAIEHUA O KOMIUIEKCHBIX YMCHAX ........... 186
36. Ci0KeHHe KOMIIIEKCHBIX YMCEIT . ..ovvvuvunenenenns ceev.. 186
37. BBHIYUTAHUE KOMILUIEKCHBIX YMCEIl .. ...ovvvnenonnensn cee.. 187
38. YMHOKeHNe KOMIUIEKCHBIX YMCel . e ool 187
39. Nenenue KOMIIEKCHBIX YUCET ....... ..., 188
40. T'eomeTpnyecKkoe n3obpanieHne xomnnexcnux wucen L.... 189
41. MonXyyIb M apryMeHT KOMILIEKCHOTO YUCIIA . .vvvvvusnnenns 191
42. TpuroHoMerpuyeckas ¢opMa KOMINIEKCHOTO YMCIA .. ... .... 193
43. T'eOMCTPHYECKNil CMBICI CIIOKEHUA M BLIYUTAHUA KOMILIEKC-
HBIX YHCET ....vovvnvnnn. P £ 1Y
44. T'eoMeTpHYECKUit CMBICT yMHomeHuﬂ HOMIVIEKCHBIX Uuced ... 197
45. TeoMeTPUYECKHIl CMBICT JeJIelMA KOMIUIEKCHBIX Y1ced ... ... 199
46. Bo3BeXeHUE KOMIIIEKCHOrO YMCIIA B LENYIO CTeNeHb ........ 200
47. V3Bievenue KOPHA K3 KOMINIEKCHOTO YMCIA ...ovvveevos.. 201
48. Bo3aBefeHue KOMINIEKCHOrO YHCIa B JO0YI0 HeiiCTBUTENbHYIO
CTEIEHD .+ v vt v ve vt tne s inoueeesosnonnnasneenensns ceeee. 205
49. Heroropulie cseneﬂlm 06 arlreﬁpaw{ecxux ypanuelinﬂx BbIC-
INX cremedeit .......... e i, ceeee. 207
50. OGuue cBeseHAsn O uepaaeﬂcrsax e PPN ... 209
51. OcHOBHEIE CBOMCTBA HEPABEHCTH ........ J 4 X 1]
52. HeKoTOpble BAHIHBIC HEPABEHCTBA . ..oovvvvenn.. AP 2
53. PaBHOCMIIbHLIE HepaBeHCTBa. OcHOBHLIE npue-vlu peuicHus
HEPABEHCTB « v oot e vovennrenneeneonnennannns . U5
54. Knaccudurayua nepaueucm . ... 216
55. HepaBeHCTBO IEepPBOIf CTENEHM C OJHUM HEHSBECTHLIM . . ... .. 217
56. CHCTEeMbl HCPABEHCTB MEPBOM CTEMEHM ... ..ovvnvennennnnnn 218
57. IIpocreitiuine ucpaneﬂcma BTOPO CTENEeHH C ONHUM Henanect- 218
HBIM .. .vvvnnn .
58. HepaselcrBa u'ropou c'reneﬂu C OJ{HUM ueuaaecrﬂum (oGuum
(o2 57 £ 11 ) TP N et ereaeaeess 249
59. Apxubr.:c'rwlccnan nporpeccuﬂ ...... [N ceeeens 220
60. I'eOMETPUYECKA HPOTPECCHA .o o vvvuvennn PN 221
61. Orpunarenviie, HyJeBoit U JipoGHLIe nonaaa’rcnn cremeHu .. 223
62. CymuocTh J0rapnpMuUIecKoro MeTofa; cocTapiiedue TabIuBl
JOTAPUAMOB ..ot i ittt ca... 226
63. OcHoBHBIE CBOliCTBA Jlorapmlmou .................... ¢
64. HaTypaybHple 1OrapudMbl; YHCAO e
65. JlecATHYHLIE JOTAPUDMLI ... .. ...
66. JIeficTBUsI C MCKYCCTBEHHBIMU Bhipidit
JOTAPHMEBMOB . oo v vttt ereivnnanneeenennnesoeaaans
67. Orucuanucnorapuqmanoqncny e £ 1]



6 OIVIABJIEHUE
§ 68. OTBICKaHMe Yucaa 110 Jorapudpmy 240
§ 69. Tabiamya aHTHIOrapudpMoOB .... 242
§ 70. IIpuMepsi JJorapupmMuIecKUX Bm-mc.nemm ................ 243
§ T1. COBMMHEHMI .. otitttntnntn et eteeen s eneanenenenns 245
$ 72 BHHOM HBIOTOHA ..o vvtt i ntee i i iieiiaeans 48
IV. 'EOMETPH 1
A. I'eomempuneckue nocmpoenust
1. Yepes J(aHHYIO TOYKY MPOBCCTH HPHMYIO, HAPALICALHYIO Jadll-
HOi IpAMO# .. .... e e e s 253
2. Pa3meauTsb JauubIit 01'peaou 1101 (02) F:1." (N W63
3. PasgesuTh MAHHLIA OTPE30K Ha Jlalliloe YUCII0 paBlbLIX YacTeil 253
4. Pa3fesIUTh JaHHBIA OTPE30K Ha 1ACTH, IIPOIOPIMOHAILHLIE Jlali~
HBIM BEJIMUMHAM . . .. ..ottt it ete e i iieitinannannan 254
5. BocCTaBuTh MepneiiniKyiisip K IPAMOIM B JIAlHOI ec TouKe ... 254
6. OIMYCTHTh MEePNEHAMKYJIADP U3 JIAHHOA TOUKM Ha IPAMYI .... 254
7. IIpn MaHHON BepuIMHE M JIy4ye IIOCTPOMTEH YI'OJI, PABILIA JlaH-
HOMY YIVIY .ot te e iecnennnnns SN
8. 1I0CcTpOUTL YLl 60° n 307 e
9. ITOCTPOUTD YLOM 452 . ... et i e e
10. Pa3meauTn MAHHBIL yrodl HOMoIaM ... ... .
11. PaameauTs JAHHBIL YIOJI HL TPHU PABHBIE HLC e
12. Yepe3 fBe ;(AHIBIC TOYKK HPOBECTH OKPY HHOCTh Jld.l[llblM pa.-
THEYCOM o oottt ettt et ettt eaaaaens . 56
13. Uepead TPM MAHHBIE TOUKM LPOBECTH OKPYIKHOCTD ...\ vvvu.. 256
14. HaiiTi HenTp MAHHON YTH OKPYIHCHOCTH o . .vvnenenn.n 256
15. Pas3geauTh 110MOMAM JALHYIO JIYTY OKDYHCAUIOCTH ... vvvn.. 56
16. HHalTM reoMETPUUYCCKOE MECTO TOYeK, M3 KOTOPLIX JIaHHbId
OTPE30K BUNACH NOJ{ JAHHBIM YIUIOM ... vuvvinennvnronnonnns 256
17. IIpoBecT uepe3 MAHHYI0 TOUKY KAaCATEJNLHYIO K Jaluoii
OKPYHUHOCTHL ot ottt te e eienttsieessoaeononenensnns 257
18. ITposecTH & TAMHBIM ABYM oxpymﬂocmm oﬁulyw BIICIITHIO Ka-
CATEIBHYIO . ..ttt vntenaonsenonnesnusneennns 257
19. IIpoBecTH kK IBYM J{aHHBIM oupymuoc'mm o0wyto nuy'rpeumom
JACATEIIBHYI) . .ot v et etteeaneneenneneeoneensoneons 258
20. OuMcarb OKPYKHOCTL OKOJIO JIAHHOI'O TPEYTOJIbHIKA . ... ... 258
21. Bumcath OKPYMHOCTb B JAHHBIL TPEYIOJLHUK  ......u.n. 259
22. OHMCATH OKPYHKHOCTb 0KOJIO JAHHOrO IPAMOYFOJbHULKA . ... 259
23. BnucaTh OKPYHHOCTD B POMO ... oviveneininnnenennnan 259
24. OuMCATDL OKPYKHOCTD OKOJIO JAHHOrO upauymbuoro MHOIo-
YLOJBHMEA . .. ittt it goee e innaennonnrnecnnonsans 259
25. Bnmcarb opyKHOCTD B 'lamn,m lldelllJ'leblll MI[O[‘Oy[‘OJleHl( 260
26. IToCTPOUTL TPEYTOMLUMK MO TPEM CTOPOHAM  .......n.n.. 260
27. ITOoCTPOMTDL HAPAMIETOrPAMM 110 TAHHBIM CTOPOHAM n OXHOMY
HMB YITIOB . . .ottt et et ie it eteeeesnaneasnnannns 260
28. II0CTPOMTL HPSAMOYIOJLHUIE 1O ,umu,m ocuoual—mm n BblCOTe 260
29. IToCcTpoUTh KBALPAT 110 ;IAHHOI CTOpOMEe ...... F N 260
30. IToCTPOMTH KBAADAT 110 JAHHOU CI0 UATONAIN ... .. .. .. .
31. BrouMcaTu KBAAPAT B JAHHBIL LPYL ..........c.vuunnn.
32, OnmcaTb KBAJAPAT OKOJIO KAHIOLO KPYra . .....vvuun....
33. Bnucato [IPaBMIILHBIA ATAYTOJLHUK B Jlax-mbm Kpyr
34. Brniucath B MatHLI KDY’ NDABMIILHLUA NICCTKYTOALHAK M THC~
VIOABHHE ..ottt it iit e iienianneneeonentsensaneons 261
35. Brucath npasmiIbLIELL BO(‘bMIIY[’O ILHEK B JadHBIN l(pyr ce.. 2681
36. Bomcath NPaBWILIBLL NCCATHYIOJILHVK B JaHHBIA Kpyr ... 262



wnn

€0 20% wreon

OINTABJIIEHUE 7

. OKOJI0 JaHHOr0 Kpyra OMMCaTh NMPABMJIbHHIA TPEYroJLHMK,

NATAYCOJBHUK, ILIECTUYIOJILHHUK, BOCBMHYI‘OJ'II)HHK, AeCsITH-

YLOTBHMK. & o vt ovvt st aensnneonsonoenooensennnns ceeaees 262
38. TlocTpouTh npanunbﬂuu n—yronb}mx o nanuou ero cropoHe 262
B. Maanumempun
1. 1IpEeAMeT IeOMETPHM oot vvv v v vvnnnnnnnnn ceee.. 263
2. Ucropuyeckye CBEAEHUA O PA3BUTHU FeOMETPUM ........... 263
3. TeopeMbl, AKCAOMBI, ONMPENEJIEHHA . ......... e ... 266
4. 1IpAMAA JIMHUA, JTYY, OTPEBOK . .ot vrnenennrnennnnnenans 267
L 2§ e [P .. 267
6. MHOTOYFOJIBHHK ...vvvvvvrnennnnans i e, 269
7. TPEYrojlbHUK ........ e e Cevienee.. 270
8. IIpnaHaKu paBeHCTBA Tpeyronbmon ettt e 21
9. 3aMevarelbHLIE JIMHUM M TOYKH B TPEYrOJIbHUKE .. ....... 272
10. TIPAMOYTOABHbIE NMPOEKITUH; COOTHOINEHAA MEHLY C'roponamu
TPEYTOJBHHAK +ovvvvtvuenrnnnonsnranansacnns 2
11. TIapaJlyIeIbHBIC TIDAMBIC "+ o0 o v oo e v e v ennonnnsns
12. ITapajsieqiorpaMM M TPANEMAA .............. P
13. ITomo6ue MIOCKEX GHUryp, MPU3HAKKU nonocnﬂ TpeyroibHuKoOB 279
14. TeoMeTpuyecKoe MecTO0. Kpyr M OKPYHHOCTD ......... ceve. 281
15. Yrau B Kpyre; JUVIRHA OKPY ¥HOCTH M AyIA ..... ..., 283

15a. ®opmyaa IofireHca IIA IIAHK XYrH . ..

16. VI3BMEpPEHHE YIJIOB B KDY « v oo vvevnvennevnnraennn .. 287
17. CTEMEHD TOUKH ..t vvvtieneneneinnneneioroneonennnenns 288
18. PajguKaJbHAA 0Chb; PAAMKAJIbHBIR uel-n'p ...... [ 290
19. BnucaHHBIC M OITACAHHLIE MHOTOYIOJIBHHKHM .. ... ......... . 292
20. IIpaBMJIbHBIE MHOTOYTOMBHEKH .. o0 vvnnnn.n.. e 293
21. TLIO(ANA IVIOCKAX QUIYD ....ovvvininnnn.. eesenasens 295
21a. IlpubGnuikeHnan ¢popmyna rmomann CerMeHT ............ 297

. OOuwMe 3aMeYaHua .....
. OCHOBHBIC IOHATHA . ...

B. Cmepeouempusn

B 1 4
. TIPOGKIMM  .....ovriiiiineninnnns
. MHororpaHHsiii yroxa
MHOrorpaHRMKA; IIpU3Ma, napannenennnc,u, m{pamma ..... 304
CJIMIMEAD ... e e iieeiiaeraaseceetsaaaean... 308
CKOHYC voviiii i A 310
HOHHUYECKHNE CEUEHHMS ..., ..ovvvunnnnns e 311
Ilap .. P 84
.chepwleckne Muoroyronbnmm ........ i Cereeeeea.. 313
L HACTH IIAPA o v oo vnvonenotsonsnssnssnnsennnnneneenanns 316

D00 AD> TN 0 00 D €O 00 2 T O 2D

e i e e e

AR —

. TIpaBUJIbHBIC MHOTOI'DAHHHUKK

. Ilonobue Tesr ..............
. O6GBEMBI M MOBEPXIIOCTH TeJl

. KacarenbHaa HJIOCKOC‘I‘I: u.mpa, IMJIMHADPA M KOHYC2 ....... 318

TejleCHBIE YIJIbL . o ov e v ennn.

CAMMETPHA ........
CUMMETPUA TNTIOCKUX dmrvp

V. TPHI'OHOMETPHU L

. 1IpejIMCT TPUIrOHOMETPHE ..o v vnenn.. ceee.. 331
. HcTopuuecKne CBeIeHUA O Pa3BUTUU 1purouome'rmm ....... 332
. PaguaHHOE U3MEpEHHUE YIIOB ....... et e sttt 334
. TepeBoJ rpaxycHoii Mepul B parmal-mylo u o0paTdo ........ 33§



W W W URURURUDR oD

wn

D3

OINIABJIEHUE
5. TpurouoMeTpHyYecKkHe GYHKIMN OCTPOTO YIJIA . ..vvvvvnnn.. 337
6. OThHICKaHHE TPUTOHOMETPUYECKON PYHKIUM 1O yIIay ...... 339
7. Pa3biCKaHHE YIiIa IO ero TPUroHOMCETpUYeCKOoll pyHKumMu ... 341
8. PemieHue NPAMOYTONBbHLIX TPEYTOJIBHUKOB ..ovvvvveonean.. 343
9. Ta6nuna Jorapu@MoB TPUroHOMeTpUYEeCKUX GyHKumil ...... 344
10. PaspicKaHMe Jiorapudma TPUroHOMeTpMYEeCKON QYyHKUUM IO 346
8 S s
11. Pasiicranue yriaa o norapudmy Tpnrouome‘rpuqecﬂom d)vnu- 37
140 G
12. PeuieHue npﬂmoyroubﬂux Tpeyronbuuxon c nomommo Tora-
PUPMHMPOBAHMA .+ .vvvvverernernnnsenssonsnsencasass 349
13. IIpaxTHYecKue npnmeﬂenuﬂ pemeuuﬂ npnmoyrommux 'rpc~
YFOMBHMKOB .. vt vuvereensonosonsonnsonsonssssonasan 350
14. COOTHOLUEHMA MeKIY Tpuronoue‘rpmccnnmu dwlmummm
OIHOFO M TOTO HE YIJI& v 4ot evnrneononeneneerenannnenss 352
15. TpuroHoMeTrpnyecKkme §yHKUUN mo60ro YRIA L 352
16. DOPMYJIBI IPUBEHEHMA .« o vt vr e envnnneeneonoonennennns 355
17. QOPMYJIIBI CTIOMOHHUA U BBIYMTANMA ... ovvivnevnnnnennnnen 358
18. ©opMyJIHI ABOHHLIX, TPOAHLIX M MOJMOBHHHLIX YIIOB  ...... 358
19. IIpeo6pa3oBaHUE TPUTOHOMETPHUYECKHX BLIDAIKCHMIT & BUAY,
YIOOHOMY AJIA JIOTAPUPMMPOBAHMA .o vvvvvvevnennnnnnns 359

20. IIpeo6Gpa3oBaHue K JorapudpMuyecKoMy BUAY nmpamelmu, B
KOTODHIE BXOMAT YIJIBI TPEYTOMBHHMKA ... vvvnenvnnvnnen... 4
21.. HEeKOTOphIE Ba)KHLIC COOTHOWIEHUSA . ...\ \ ...
22. OCHOBHBHIE COOTHOILIEHMST MEKIY onemcu'ramn T
23. PelueHNe KOCOYIroJILHLIX TPECYTOJLHUKOB . .......

24. O0GpaTHBIE TPUFOHOMETPUUYECKME (KPYIroBbIC) (bymtuun 368
25. OCHOBHBIE COOTHOILEHUA JUISI 0OPATHBIX Tpnronomcrpwuumx

{11223 41314 ¢ S ceeees 37
26. O cocraBieHMM TabauL Tpurouome‘rpwuum‘( (bymclum ..... 371
27, TPUrOHOMETDUYECKNE YPABHCHMM . oot vvvveenenenenenenns .37
28. 1IpHeMnl peienus 1'pur011om,1‘pnqcum\ vpanucmm I Y ]

VI. DYHKIUHU, I'PAOUIA

1. IIOoCTOHHHBIC M MIEPEMEHHDIC BCAMUYMHBL ...\ vviuiannnnnen 380
2. DYHKUMOHAIBHAS 3aBUCUMOCTDL MC:KY IBYMIL mpwonnmm 380
3. OOpaTHAA PYHKIMIA .. ..vvutnnnneneneunenennennnnenenn . 382
4. N3o6parxenue Gy dnopuy.uou n T.I.U.AIHI(CH ......... . 382
5. O6Go3HaueHHe PYHKUMHA ........... P e 383
6. KOOPDMUAHATEL .......... PPN 384
7. I'padpuyeckoe Maoﬁpameuue (byﬂmmu .................... 385
8. Opocreiimuue GyHKuMU U UX rpadusy ......... e . 386
9. I‘patbn-lecuoe pelueHne ypaBHeuMit . ... .. e 398
10. I'padu4ECHOE PEIIEHNE HEPABEHCTB . o v v o vevnorenennsnn 400
11. IIoHATHE O MpegMeTe aHANMTHYECKOIX TeOMeTPUN . ... .. ... .. 404
12 TIPEMEIL 4 ovvvvetvennenrnnensnnennns e 406
13. BecKoHeUHO MaJaf i GeClOHe Ho 6oIbINAN BOMMIMHLL - . . . . . 407

ASIPABUTHBI YKABATEID . . vttt ettt ettt enenaen e 409



K CBEJEHMI0 YNTATE/JIA

1. Hasumavenue cnpaBoYlMKa ITOT CHPaBOY-
HMK UMeeT BosiKkoe HasHaueHue. Bo-mepBrix, 3fech MOMKHO Ha-
BECTH ¢MOMEHTAJBHYIO» CIPaBKy: YTO TAaKOoe TAHIeHC, Kak
BBIYUCITUTE MPOIEHT, KAKOBLI OPMYJIH JJIA KOpHel KBagpaT-
HOro ypaBHeHus M T. II. Bce onpenednienus, npasuia, fopMy st
U TeopeMBl COMPOBOKAAITCA NpuMepamu. BeloRy, rie aTo Tpe-
OyeTcs, yKas3blBaeTCA, B KAKUX CIyYaAX M KAl A0 IPUMEHATh
TO WIM UHOE MPAaBUJIO, Kakux omnOok Hago u3beraTh U T. I

Bo-BTopLiX, 9TOT cnpaBOuYlMEK, MO 3aMBICJIY aBTOpa, MOT
Obl CILYKUTH OOWEROCTYNMHLIM N0oco0OKueM [JIA NOBTOPEHMA dlle-
MeHTapHOIf MaTeMaTHKI 11 JaKe JJIA NEepBOr0 03HAKOMJIEHUA
¢ ee NMPAKTHYECKMMM NpUMeHeHMAMH.

2. CnpaBoYyHMK M yueOnuk. Mbscabp o ToM, 4TO
1O cnpasounuky MOMIO yuumbces, Cll0coOHA BLI3BATH COMHe-
Hus. ORHAKO, CyJsl 110 MHOIOYMCIENNLIM INCLMAM YNTaTelel,
nojasisaioee OONBIUIMHCTBO YCNeUINo M0Jb30BalMCh CIIpa-
BOYHMKOM MMEHHO JUIA DTOM Hei.

BriTh MoseT, HAUMEHOBAHME «CIIPABOMHMIN U He BIHOJHE CO-
oTBeTCTBYeT xapakrtepy oroit kumru. Ho ma 21-M rogmy ce
MUBHM BPAJ JIN LedecooOpasio MenaTs ee na3Banue. C gpyroi
He CTOPOMDI, ellle MeHee MOLOILIO Obl K Helt HasBanue «y4e6-
nuio ua «yyeOnoe mocoOue». Tarxoe nassanue BbI3BIBANO Obl
npejictapieHne o0 yueGHmKe INKOJbHOro Tuma. Mempy Ttem
Jaunplif COPaBOMHMK MO CBOEMY XapaKTepy CyUIeCTBeHHO
OTJINYAETCA OT LIKOJABbHOrY yuelbuuka.

B wkonsHoM yueGHure, ocofennHo B ydyeGHuKe IIA cTap-
JUMX KJIACCOB, 6edywyylo poab Urpaer paccyHieHue; QPaxTu-
YeCKMif MaTepuasl Kak Obl IOJMMHEH JIOTUYECKOMY ammapary.
Bo BeAroM ciiyyae TaKkoBO eocnpusmue yuawjezocs. 3ech He
BeAylLylo polib urpaer axTuyeckuii MaTepual. OTO He 03HA-
uaeT, 4YTo 3jechb HeT paccyleunit. Hampotus, uHoit pas un-
TaTeNb BCTPETUTCA U C JIOTMYCCKUM BLIBOJKOM TOIt MIM HMHONK
(GopMyNBl; HO OTU BLIBOJBLI NPOBORATCH JMIIBE IO 0COOBIM 110-
somaM. Muorga, nanpumep, Halo MORYEPKHYTH PYyHKOBOJIAILYIO
Welo JIAHHOTO pasjiella; MIHOTAAQ Halo NPEOjoJeTh 4yBCTBO



10 *K CBELAEHHUIO YNTATEJH

HeJloBepUA K pe3yJlIbTaTy (CKaskeM, K JeHCTBUAM HAJ KOMII-
JleKCHHIMH 4ucjaMu). I'Te MOKHO OMYCTUTH JOKA3ATENbCTBO,
a Ife HeJb3H — IPU pelleHMM 3TOro BONPOCAa aBTOpP pYyKo-
BOJMJICA NEarorM4eCKUM ONBITOM.

3. Hak mnouxps3oBaThCA CHPABOUYHMKOM.
«MOMe_HTa.TlLHaFD) CIIpaBKAa HABOAUTCS C IIOMOUIbIO and)anm'-
HoOro ykasaTensa. Ha cayuait, eciu yutaresp He 3HAeT HauMe-
HOBaHUA NPaBUIIA, TEOPEMBI, Crocoba pemeHuss U T. M., K ero
ycayram nofpoGHoe orJaBiieHue.

Hasops cipaBKy B KaKkoM-a16o 0jiioM MecTe, Bul BCTpeTuTe
TaM CCHIIKM Ha Bce Te maparpadsl, Ifie pasbACHEHb yIOMHU-
HaeMule TepMuHbl. PuMckumu uudpammu obo3HaueH HoMepa
pa3fenoB; apabckumu — Homepa naparpados. He npeneGpe-
rafite aTumu cceiikamu! BeaKkoMmy ke, KTo oOpalnaercd K crpa-
BOYHHMKY He M0 CJy4yalfHOMY II0BOY, PEKOMEH][YEeTCA «(HaCKBO3bY
MPOYeCcTb MHTepeCyoLIUit ero pasmed.

B yacrHOCTH, NMONE3HO @HuMamenbiio 11IPOYECTh MCTOpUYEC-
KM€ CBe[leHUsA, COMlep allNeca B KamaoM pasfene. OHu cocTas-
JIAIOT OPraHMYECKYI0 YacTh KHULM M COMEHCTBYIOT JyulieMy
MOHMMAHMIO MaTepHuaJa.

Yuraresb, KOTOPHIL OyjieT yUUTHCH 110 TOI KHUTe, JOJIHEeH
obparure ocofoe BHMMaHMe HA npumepdl. [lokasaTenbCcTBa,
ONmyIIeHHBIe B CIPABOYHHKE, YUTATe]h MOMET BOCIOJHUTH
(mo y4yebHURY) 100 ONHOBpEMEHHO C YTEHHWeM CIIPABOYHUKA,
am6o nosguee. Ho Hu cnpaBouHMK, HU yuyeGHUK He Oyner mo-
CTATOYHLIM 0e3 camocmoamerbrulix YNPaMHEHH! B pellieHnH
npuMepoB M 3amay. JIunam, usyyalouuM MaTeMaTHKy Ges mpe-
NOJaBaTelIA, aBrOp peKoMeHayer obpatutbcA K «COOpHUKY
3a/ay mo aieMeHtapuoi marematuker H. II. Antonosa, M. fl.
Buiropckoro, B. B. Hukuruua u A. Y1, CankuHa.

18-e mspaHme neyartaercA 0e3 CYIECTBEHHLIX M3MEHeHMIt.
UcnpasieHs auiub 3aMeYeHHBIE OMEHATIH.
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1. TABJIMILI
§ 6. JlorapudMbI TPUTOHOMCTPHYECKIX BeJIHMYHH ')

(B cTronbiax, o3arjaBleHHbIX cBepXy Ig sin, 1g tg M lg cos,
BCE XapPaKTePHCTUKMU yBeJHYeHst Ha 10)

° ’ lgsin | d lgtg |d.c. | lgctg | d 1g cos E
0| 0} —oo | — | —oo | — | +eo 10,0000 090
10 17,4637 |, 17,4637 |, ., | 2,5363 9,9992998| 50
20 |7,7648 |1 77648 |1 | 2,2352 9,99999 | 40
30 17,9408 | o | 7,9409 | o0 | 2,05¢1 9,99998 | 30
40 18,0658 | 0| 8,0658 | o0 11,0342 9,99997 | 20
50 |8,1627 | o0 18,1627 o0 | 1,8373 9,9999 |10
U] 018,2619) (08,2419 - | 4,7581 9,9999 0|89
10 18,3088 | 18,3089 oo 1,6911 9,9999 | 50
20 |8,3668 | 18,3669 .o |1,6331 9,9999 | 40
30 18,4179 | 18,4181 D1 4,5819] 4 | 9,9999 | 30
40 18,4637 | . |8,4608| 11,5362 9,9998 | 20
50 18,5050 | o0 18,5053 | o0 11,4047 | | 9,9998 |10
2| 0185628 ) o, 18,5431 | o) 11,4560 9,9997 | 0|85
10 18,5776 | oo 85779 | oo | 14221 4 | 9,0697 |50
20 18,6097 | 40 | 8,6101 ) o0 14,5899 9,9996 |40
30 18,6307 | o0 |8,64001 o0} 1,3509 | 4 | 9,9996 |30
40 18,6677 .0 |8,66821 oo |1,3318 9,9995 |20
50 18,6940 | o | 8,6945 | o 11,3055 4 | 9,9995 |10
3| 0187188 oo 18,7194 | oo 11,2806 | 4 | 9,9994 | 0|87
10 18,7423 | oo 18,7429 | oo 11,2571 4 | 9,9993 | 50
20 | 8,7645 00| 8,7652 | J\0 11,2348 | 4 | 90,9903 140
30 |8,7857 | , 0 18,7865 | o 01,2135 4 | 9,9992 |30
40 18,8059 | ' 0 18,8067 | (| 1,193 9,9991 |20
50 18,8251 | | 18,8261 | | 4,1739] | | 9,9980 |10
§1 018,836 0188446 0] 1,1554 9,9989 0|86
10 18,8613 | 18,8624 | 11,1376 | 19,9989 |50
20 18,8783 | . |8,8795) .0 11,4205| 19,9988 |40
30 18,8046\ 18,8960 | o1 1,1040( . | 19,9987 |30
40 18,9104 -0 18,9118] (| 1,0882] | 19,9986 |20
50 18,9256 | 08,9272 | 1,0728] , | 9,9985 |10
5| 08,9403 8,9420 1,0580 9,9983 0|85
Igcos | d |l1gctg |[de. | lgtg | d 1g sin ’ °

1) Cnioco6 nonszopaHus Tabnauuen em. V, 9—11,




§ 5. JO'APUOMDBI TPUI'OHOMETPHUECKH X BEJINUMH 27

Ipodoaxsceiue

° ’ lgsin | d lgtg jde.{lgclg | d g cos
5| 01806031 1894204 . 1,0580 | 9,9983 0185
10 18,9545 | .01 8,9563 | o0 1,0637 9,9982 | 50
20 |8,9682 | o 18,9701 | 4o 11,0209 9,9981 | 40
30 18,9816 o0 18,9836) .0 11,0164 9,9980 | 30
40 18,9945 | o1 8,9966 | oo 11,0034 , 9,9979 | 20
50 19,0070 | ,0019,0093 | 4o, 10,9907 | 9,9977 | 10
6| 09,0192 119 | BO218 | o] 0,9784 1 9,9976 084
10 | 9,0311 115 $0336) 445 10,96641 o 9,9975 | 50
20 19,0426 | 19,0653 4 10,9547 | 11 90,9973 | 40
30 19,0539 109 ] 905671 4 10,9483 19,9972 |30
40 19,0648 | | 0 19,0678] | 10,9322; 9,9971 | 20
50 19,0755 104 | 90786 o0 0,9214 1 | 9,9969 | 10
71 0 19,0859 9,0891 10,9109 9,9968 083
102 104 PR !
1019,0061 ) " 19,0995 oy 0,90051 9,9966 | 50 |
20 59,1060 | 19,4096 " 0,8904, 9,9964 401
301 9,4157 001 9,01194 o 0,8806 | , | 9,9963 30,
40 | 9,1252 gy ] 912911 4, . 0,8709| o 9,9961 | 20
50 19,4345 1 19,4385 | g4 10,8615 | 9,9959 |10
80 19,1436 go| H14TBE g1 10,8522 9,9958 0|82
i 10 19,1525 g7 | 915691 41 0,8431] o 9,9956 | 50
20 19,1612 19,1658 | .00 0,8342] 9,9954 | 40
30 19,1697 | 94745 g0 0,8255| 9,9952 | 3¢
A0 19,1781 | () 19,4831 | 10,8169 o | 9,9950 |90
50 19,1863 ;0 91915 oo 0,8085 2 9,9948 |49
91 0919431 19,1997 1 10,8003| o 9,9946 0|81
10 | 9,2022 sy | 920781 o0 10,7922) o 9,9944 | 59
20 19,2100 26| 921581 o1 0,7842] o 9,9942 | 49
30 19,2176 | 19,2236 77107764 o 9,9940 | 3¢
40 19,2250 019,2313) 10,7687 o 9,9938 | 99
50 19,2324 | o 19,2389 74 | 078111 o 9,9936 |49
100 019,2397 71| 92463 | o1 0,7537) © 9,9934 R
101 9,2468| 19,2536 | 10,7464, | 9,9931 | 59
20 |9,2538 g | 92609 01073910 o 9,9929 | 40
30 {9,2606 | | 9.2680| 10,7320 ; 9,9927 |39
40 19,2674 | 19,2750 6o | 07250 2 9,9924 | 99
50 19,2740 19,2819 | 10,7181 § 9,9922 |4
n‘[ 0 19,2806 9,2887| 0,7113| 79,9919 ol 79
lIgcos | d lgetg 1de. | l1gtg | d 1g sin ’ °
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I. TABJIMIIBL

ITpodoasicenue
°‘ ’ lg sin d igtg |d.c.| lgctg | d 1g cos
n? 0!9,2806 on | 92887 L 10,7113 o | 19,9919 | 0|79
10 19,2870 ¢ 19,2953 (10,7047 | 19,9917 |50
20 19,2934 (19,3020 o 10,6980 | , | 9,9914 |40
| 30 19,2097) 19,3085 10,6915 o | 9,9912 | 30
[ 40 19,3058| [ 9,3149| (. 10,6851 o | 19,9909 |20
50 19,3119 o 19,3212| (5 10,6788 o | 19,9907 |10
127 09,3179 5o | 93275 o1 10,6725] o 9,9904 078
10 19,3238 | o 19,3336 o 10,6664 o | 9,9901 |50
20 | 9,3296 ;’7 9,3397/ | 0,6603| 4 | 19,9899 |40
30 {9,3353 ;7 9,3458| oo | 0,6542| , | 19,9896 |30
60 19,3410 7019,3517| (o 10,6483 L | 9,9893 | 20
50 19,3466 | . |9,3576| .o [0,6424| 5 | 9,9890 10 :
13| 0 19,3521 27 19,3634 .o |0,6366) . | 09,9887 077
10 19,3575 5[: 9,3691 | o |0,6309| , | 9,9884 |50
20 19,3629 | 7, 19,3748 | (o 10,62521 L | 9,9881 40
30 19,3682 0 19,3804 | . 10,6196 5| 99878 |30
40 19,3784 5 10,3859 o | 0,6141| o 9,9875 |20
50 |9,3786 _;)‘; 9,3914 | (' 10,6086 | . | 9,9872 |10
14| 09,3837, /0 19,3968 | (10,6032 o | 9,986 0|76
10 19,3887 | /0 19,4021 | (5 10,5979| -1 9,9866 |50
20 19,3937 [ {9,4074 | 5o [0,5926 19,9863 | 40
80 19,3986 | 19,4127 | g 10,5873 ,; 9,9859 | 30
60 19,4035 | o 19,4178 | oo | 0,5822] o | 9,9856 |20
50 | 9,4083 ,‘7 9,4230 | .} |0,5770| , | 19,9853 |10
15| 0 19,4130 ,:7 9,4281 | o |0,5719 ; 9,9849 0|75
10 o,a177] o 19,4331 | [ |0,5669 | ;| 19,9846 |50
2019,42231 |0 19,4381 | 0 10,5619 ] ;| 9,9843 |40
30 19,4269 | 19,4430 | .o 10,5570 19,9839 |30
40 19,4314 ,‘:,) 9,4479 28 0,5521 | , | 19,9836 |20
50 19,4359 1 ° 19,4527 0,5473| , | 9,9832 |10
16 0 04403] ** ‘94575 “8romaes| b1 99828 0|74
’ an A0 g 3 ’
10 | 9,4447 21: 9,622 | o |0,53781 | | 19,9825 |50
20 19,4491 1 0 |9,4669] . 10,5331 .| 99821 |40
30 19,45331 | 9,a716 ] | 10,5284 ; 9,9817 | 30
40 19,4576 | o 19,47621 0 10,5238| | 19,9814 |20
50 |9,4618| /o 19,4808| . 10,5192] . | 9,9810 |10
17| 0 |9,4659 9,4853 0,5147 9.9806 | 0173
lgcos | d |lgetg |de. | lgtg | d 1g sin ‘ °




§ 5. IOTAPMOMBI TPUTOHOMETPUUECKHU X BEJIMUIIT 29

I podoaosceiiue

° ’ 1g sin d lgtg |d.c.|lgctg | d g cos
17 0 9,4659' 41 9,4853 45 0,5147 A i 9,9806 0173
10 | 9,4700 41 9,4898 45 0,5102 4 9,9802 |50
20 |9,4741 40 9,4943 44 0,5057 A 9,9798 | 40
30 |9,4781 40 9,4987 44 0,5013 4 9,9794 | 30
40 19,4821 40 9,5031 44 0,4969 4 9,9790 | 20
50 | 9,4861 39 9,5075 43 0,4925 4 9,9786 | 10
18 0 |9,4900 39 9,5118 43 0,4882 4 9,9782 0172
10 | 9,4939 38 9,5161 42 0,4839 4 9,9778 | 50
20 | 9,4977 38 9,5203 42 0,4797 A 9,9774 | 40
30 19,5015 37 9,5245 42 0,4755 5 9,9770 |30
40 |9,5052 a8 9,5287 42 0,4713 4 9,9765 | 20,
50 19,5090 36 9,5329 41 0,4671 4 9,9761 10
19 0 :9,5126 37 9,5370 i 0,4630 5 9,9757 0|71
10 | 9,5163 36 9,5411 40 0,4589 4 9,9752 |50
20 |9,5199 36 9,5451 40 0,4549 5 9,9748 | 40
30 |9,5235 35 9,5491 40 0,4509 A 9,9743 | 30
40 (19,5270 16 9,5531 40 0,4469 5 9,9739 20
50 | 9,5306 35 9,5571 40 0,4429 4 9,9734 10
20 0 |9,5341 a4 9,5611 39 0,4389 5 9,9730 0170
10 |9,5375 34 9,5650 39 0,4350 4 9,9725 | 50
20 |9,5409 ;31. 9,5689 38 0,4311 5 9,972 40
30 | 9,5443 34 9,5727 39 0,4273 5 9,9716 | 30
40 | 9,5477 33 9,5766 38 0,4234 5 9,9711 20
50 |9,5510 a3 9,5804 38 0,4196 A 9,9706 | 10
21 0 {9,5543 33 9,5842 37 0,4158 5 9,9702 0!69
10 | 9,5576 a3 9,5879 33 0,4121 5 9,9697 | 50
20 | 9,5609 39 9,5917 a7 0,4083 5 9,9692 | 40
30 | 9,5641 32 9,5954 37 0,4046 5 9,9687 | 30
40 |9,5673 31 9,5991 37 0,4009 5 9,9682 |20
50 |9,5704 39 9,6028 36 0,3972 5 9,9677 110
29 0 19,5736 a1 9,6064 36 0,3936 5 9,9672 068
10 | 9,5767 31 9,6100 36 0,3900 6 9,9667 | 50
20 | 9,5798 30 9,6136 36 0,3864 5 9,9661 40
30 | 9,5828 '31 9,6172 36 0,3828 5 9,9656 | 30 !
40 | 9,5859 30 9,6208 35 0,3792 5 | 9,9651 20
50 |9,5889 30 9,6243 36 0.3757‘ 6 ; 9,9646 | 10
3| 0 |9,5919 9,6279 0,3721 | . 9,9640 | 067
1g cos d |lgetgjde.| lgtg | d 1g sin ’ °




30 1. TABJUILBL
Hpodoaxceiue
° ’ Ig sin d lgtg [ de. | lgetg | d 1g cos
23 0 19,5919 29 9,6279 35 0,3721 5 9,9640 067
10 [9,5948 30 9,6314 24 0,3686 6 9,9635 | 50
20 |9,5978 29 9,6348 35 0,3652 5 9,9629 | 40
30 [9,6007 2;) 9,6383 24 0,3617 6 9,9624 30
40 19,6036 29 9,6417 35 0,3583 5 9,9618 | 20
50 |9,6065 lb 9,6452 34 0,3548 6 9,9613 10
p2A 0 19,6093 28 9,6486 34 0,3514 5 9,9607 0|66
10 | 9,6121 28 9,6520 33 0,3480 6 9,9602 | 50
20 |9,6149 28 9,6553 34 0,3447 6 9,9596 | 40
30 |9,6177 28 9,6587 | 44 0,3413 6 9,9590 | 30
40 |9,6205 27 9,6620 34 0,3380 5 9,9584 20
50 |9,6232 27 9,6654| 44 0,3346 6 9,9579 10
25 09,6259 97 [9,6687| 44 0,3313 6 9,9573 0|65
10 19,6286 | 97 |9,6720) 4, 10,3280 6 9,9567 50
20 19,6313 | 97 | 9,6752| 44 | 0,3248 6 9,9561 40
30 |9,6340 1 94 | 9,6785] 4, |0,3215 6 9,9555 | 30
40 |9,6366| 9 |9,6817| 4,4 |0,3183 6 9,9549 | 20
50 | 9,6392| 94 [9,6850( 49 | 0,3150 6 9,9543 10
26 09,6418 95 [9,6882] 49 | 0,3118 7 9,9537 0|64
10 | 9,6444| 96 | 9,6914 39 | 0,3086 ¢ 9,9530 | 50
20 | 9,6470) o5 19,6946 31 0,3054 6 9,9524 | 40
30 | 9,6495 94 [9,6977 39 | 030231 ¢ 9,9518 | 30
40 | 9,6521 | 95 [9,7009 31 | 0,2991] 4 9,9512 | 20
50 | 9,6546 | o4 |9,7040 39 | 0,2960| ¢ 9,9505 10
17 09,6570 o5 |9,7072| 44 [0,2928] 4 9,9499 0/ 63
10 [9,6595| o5 | 9,7103| 4 [0,2897 ¢ 9,9492 |50
20 [9,6620| o4 | 9,7134| g4 | 0,2866 o 9,9486 | 40
30 [9,6644| 94 |9,7165| g4y 10,2835| ¢ 9,9479 |30
40 |9,6668. o4 |9,7196 | 5o |0,2804| 5 | 19,9473 | 20
50 | 9,6692| o4 [9,7226| gy | 0,2774]| 4 9,9466 10
28 0 19,6716 94 | 9,7257| 30 [0,2743 | ¢ 9,9459 0|62
10 [9,6740 | o3 [9,7287| 3¢ | 0,2713| 4 9,9453 50
20 | 9,6763 | 94 |9,7317| g4 | 0,2683| 4 9,9446 | 40
30 19,6787 | g3 {9,7348 | 30 | 0,2652| 4 9,9439 | 30
40 19,6810 93 |9,7378| 30 |0,2622| 4 9,9432 | 20
50 | 9,6833 | o3 |9,7408| 30 | 0,2592 7 9,9425 10
29 0 ]9,6856 9,7438 0,2562 9,9418 061
lgcos | d |1gctg [d.c.| lgtg | d 1g sin [




§5. JOTAPHOMBI TPUTOHOMETPHUECKU X BEJAUYUH 31

ITp0doaxcerue

° + Digsin i d | lgtg id.m lgetg | d lgcos |
i ' |
29 0 |9,6856 29 9,7438 29 0,2562 7 9,9418 0161
10 {9,6878 23 9,7467 20 0,2533 - 9,9411 50
20 [9,6901 22 9,7497 29 0,2503 v 9,9404 | 40
30 19,6923 23 9,7526 30 0,2474 - 9,9397 | 30
40 19,6946 22 9,7556 '29 0,2444 7 9,9390 | 20
50 |9,6968 29 9,7585 29 0,2415 3 9,9383 10
30 v |9,6990 929 9,7614 :‘0 0,2386 7 9,9375 0160
10 | 9,7012 21“ 9,764% ’29 0,2356 - 9,9368 | 50
20 |9,7033 29 9,7673 23 0,2327 s 9,9361 40
30 [9,7055 24 9,7701 29 0,2299 - 9,9353 30
40 19,7076 24 9,7730 29 0,2270 8 9,9346 20
50 [9,7097 24 9,7759 29 0,2241 7 9,9338 10
31 0 [9,7118 21 9,7788 28 0,2212 8 9,9331 0159
10 |9,7129 21 9,7816 29 0,2184 3 9,9323 50
20 | 9,7160 2 9,7845 28 0,2155 7 9,9315 | 40
30 |9,7181 20 9,7873 29 0,2127 8 9,9308 | 30
40 19,7201 21 9,7902 28 0,2098 8 9,9300 | 20
50 |9,7222 20 9,7930 28 0,2070 3 9,9292 10
32 0 |9,7242 20 9,7958 28 0,2042 8 9,9284 0|58
10 |9,7262 20 9,7986 28 0,2014 8 9,9276 50
20 |9,7282 20 9,8014 | _  [0,1986 8 02,9268 40
30 |9,7302 20 9,8042 ‘;8 0,1958 8 9,9260 30
40 | 9,7322 20 9,8070( . |0,1930 8 9,9252 | 20
50 [9,7342 19 9,8097 ;8 0,1903 8 9,9244 10
33 09,7361 19 9,8125 28 0,1875 8 9,9236 0157
10 | 9,7380 20 9,8153 97 0,1847 9 9,9228 | 50
20 | 9,7400 19 9,8180 28 0,1820 s 9,9219 | 40
30 | 9,7419 19 9,8208 27 0,1792 8 9,9211 30
40 | 9,7438 19 9,8235 28 0,1765 9 9,9203 | 20
50 | 9,7457 19 9,8263 97 0,1737 8 9,9194 10
34 0 19,7476 '8 9,8290 27 0,1710 9 9,9186 056
10 | 9,7494 i9 9,8317 27 0,1683 8 9,9177 | 50
20 |9,7513 18 9,8344 97 0,1656 9 9,9169 | 40
30 |9,7531 19 9,8371 o7 0,1629 9 9,9160 |30
40 | 19,7550 18 9,8398 27 0,1602 9 9,9151 20
50 | 9,7568 18 9,8425 27 0,1575 8 9,9142 10
35 09,7586 9,8452 0,1548 9,9134 0155
lgcos | d |lgctg|[dec. | lgtg | d 1g sin ‘ °




I TABJIMIIBI

IIpodoawcenue
° ’ 1g sin d Igtg ide.|lgetg ) d 1g cos
35 09,7586 18 9,8452 27 0,1548 9 9,9134 0155
10 | 9,7604 18 9,8479 27 0,1521 9 9,9125 50
20 | 9,7622 18 9,8506 27 0,1494 9 9,9116 40
30 19,7640 17 9,8533 26 0,1467 9 9,9107 30
40 {9,7657 18 9,8559 97 0,1441 9 9,9098 20
50 | 9,7675 9,8586 ! 0,1414 9,9089 10
36| 0|97692| |7 19,8613 o ossr| 0| 98080 | ofss
10 19,7710 17 9,8639 27 0,1361 9 9,9070 50
20 {9,7727 17 9,8660 26 0,1334 9 9,9061 40
30 | 9,7744% 17 9,8692 96 0,1308 10 9,9052 30
40 | 9,7761 17 9,8718 97 0,1282 9 9,9042 20
50 | 9,7778 9,8745 0,1255 9,9033 10
37| 0 |93795| |7 |9,8771| 2% | 0,1220 ‘g 9,0023 | 053
10 | 9,781t 17 9,8797 97 0,1203 1;) 9,9014 50
20 | 9,7828 16 9,8824 2 0,1176 9 9,9004 40
30 | 9,7844 17 9,8850 92 0,1150 10 9,8995 30
40 |9,7861 16 9,8876 26 0,1124 10 9,8985 20
50 |9,7877 9,8902 0,1098 9,8975 10
38 09,7893 :g 9,8928 gg 0,1072 :(1) 9,8965 052
10 {9,7910 16 9,8954 26 0,1046 10 9,8955 50
20 | 19,7926 15 9,8980 26 0,1020 10 9,8945 40
30 |9,7941 16 9,9006 26 0,0994 10 9,8935 30
40 |9,7957 16 9,9032 26 0,0968 10 9,8925 20
50 |9,7973 9,9058 0,0942 9,8915 10
39 0 19,7989 lg 9,9084 Zg 0,0916 1(0) 9,8905 051
10 | 9,8004 16 9,9110 25 0,0890 11 9,8895 50
20 |9,8020 15 9,9135 26 0,0865 10 9,8884 40
30 |9,8035 15 9,9161 26 0,0839 10 9,8874 30
40 |9,8050 16 9,9187 95 0,0813 1" 9,8864 20
50 |9,8066 9,9212 0,0788 9,8853 10
40 0 |9,8081 15 9,9238 26 0,0762 10 9,8843 0150
1g cos d |lgectg |dec. | lgtg | d 1g sin 4 °
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1Ipodoaxcenue
° 1g sin d lIgtg | dec.|lgetg| d 1g cos
A0 09,8081 | |9,92381 oo 10,0762|,, | 9,8843 0|50
10 19,8096 | 7 | 9,9264 2; 0,0736 1, | 19,8832 |50
,8821 | 40
20 19,8111 | 0 |9,92891 o) 0,0741 | | 9,882
30 19,8125 | - 19,9315 | o 10,0685 | | 9,8810 |30
G0 19,8140 | 19,9341 | o | 0,0659 | | 9,8800 |20
50 | 9,8155 9,9366 0,0634 9,8789 |10
11
4] 0 |9,8169 :: 9,9392 Zf 0,0608 |, | 19,8778 049
10 19,8184 | 0 19,9417 2; 0,0583 1, | 9,8767 |50
20 [9,8198 15‘ 9,9443 | o 10,0557 |, | 9,8756 | 40
: 9,94 . 9,8745 | 30
10 19,8213 1 19,9468 | o2 ) 0,0932 4o 8745 3
60 19,8227 19,9494 1 o) 10,0506 | | 9,8733
50 |9,8241] 19,9519 0,0481 9,8722 |10
14 25 1
s2| 09,8255 1[‘ 19,9544 | o0 0,0456 1o 98711 0148
10 | 9,8269 “‘ 19,9570 | 0 0,0430 1| 98699 |50
! 4
i 20 9,8283 14 9,9595 26 0,0405 12 9,8§88 40
30 19,8297 14 19-9621 25 0,0379 (1| 98676 |30
G0 9,831 | 19,0646 | o0 | 0,035 | 9,8665 |20
50 |9,8324| ' 19,9674 | < |0,0329 9,8653 |10
14 26 12
A3, 09,8338 . (9,0607| o [0,0303| | 9861 | o]47
10 | 9,8351 1"/ 9,9722 2;" 0,0278 11| 98629 |50
20 | 9,8365 1; 9,9747| o 0,0253 12| 98618 140
30 19,8378 | [9,0772 2; 0,0228| o | 19,8606 |30
A0 19,8391 i | 99798 25 0,0202 1o | 98594 |20
50 19,8405 ' 19,98231 <7 10,0177 9,8582 | 10
: 25 13
&0 19,8418 :i 9,9848 ;; 0,0152| | 9,8569 046
10 19,8431 o 19,9874 0,0126 9,8557 | 50
£ 90 | 9.8444 :; 9,9899 i: 0,0101 :: 9.8545 | 40
I 30 |9,8457 yo | 999261 00 10,0076 | 0| 9,8532 | 30
" 40 19,8469 7 19,9949] % 10,0051 9,8520 | 20
50 1984820 ' 19.9075| 26 1005 | 13 9,8507 |10
13 25 12
4510 19,8495 10,0000 £0,0000 9,8495 | ‘0|45
1
: I ;
H I
1g cos Igtg | d 1g sin sl
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46 I. TABJIAIBI
§ 8. IlepeBop rpagycHoli Mepst B pagMaHHyio 1)

LJIMHBL AYT OKPYHKHOCTH pajguyca 1

3| 3| £ 3| 2 2| £ 2| 2
a 2 a <2 a < 2 = o 2 = i3
= &2 & aZ = a2 || &2 | = st
0 0,0000 | 35| 0,6109 [ 70 | 1,2217 | 0 0,0000 ] 30 | 0,0087
1] 0,0175 | 36 | 0,6283 71| 1,2392 | 1! 0,0003 | 31 | 0,0090
210,049 | 37| 0,6458 | 72 | 1,2566 | 9| 0.0006 |32 | 0,0093
31 0,0524 138 0,6632 | 73 | 1,2741 -5 1 "oo00 [ool o 0006
4| 0,0698 | 39| 0,6807 [ 74 | 12015 | b v o
5{ 0,0873 | 40| 0,6981 | 75 | 1,3090 ’ ’
6| 0,1047 | 41| 0,7156 | 76 | 1,3265 | 5| 0,0015 |35 0,0102
7| 0,222 | 42| 0,7330 | 77 | 1,3439 | 6| 0,0017 | 36 | 0,0105
8| 0,396 | 43| 0,7505 | 78 | 1,3614 | 7| 0,0020 | 37! ¢,0108
9| 0,571 | 44| 0,7679 | 79 | 1,3788 | 8 0,0023 | 38| 0,0111

10 0,1745 | 45 0,7354 80 1\7,233 9| 0,0026 |39 | 0,0113
10,1920 |46 | 0,8029 | 81 | 1,4 o |40 0.0116
12| 0,2094 | 47| 0,8203 | 82 | 1,4312 :? g’ggij " 0’0“9
13| 0,2269 |48 | 0,8378 | 83 | 1,4486 ’ i ’

14| 0,2443 | 49 | 0,8552 | 84 | 1,4661 | 12| 0,0035 0,0122
15| 0,2618 | 50 | 0,8727 | 85 | 1,4835 | 13 | 0,0038 | 43 | 0,0125
16 | 0,2793 | 51 ] 0,8901 | 86+ 1,5010 | 14 | 0,0041 | 44 | 0,0128
17| 0,2967 | 52| 0,9076 87 | 1,5184 | 15| 0,0044.| 45 | 0,0131
HEH Rl R R R e
20| 03491 |55 | 0,9599 | 90 | 1,5708 | 17 0,0049 |47 0,0137
21| 0,3665 | 56 | 0,9774 | 91 | 1,5882 | 18 | 0,0052 | 48 | 0,0140
22| 0,3840 | 57 | 0,9948 | 92 | 1,6057 | 19| 0,0055 | 49 | 0,0143
23| 0,4014 | 58| 1,0123 | 93 | 1,6232 | 90 | 0,0058 | 50 | 0,0145
24 | 0,4189 | 59 | 1,0297 | 94 | 1,6406 | o4 | ¢ o064 |51 | 00148
25| 0,4363 | 60| 1,0472 | 95 | 1,6581 ’ ’
26| 0,4538 | 61| 1,0647 | 96 | 1,6755 | 22| 0,0084 |52 0'0'5:
27| 0,4712 | 62| 1,0821 | 97 | 1,6930 | 23 | 0,0067 | 53 | 0,0154
28| 0,4887 | 63 | 1,0996 | 98 | 1,7104 | 24 | 0,0070 | 54 | 0,0157
29 | 0,5061 | 64 | 1,1170 99 | 1,7279 | 25| 0,0073 | 55 | 0,0160
30| 0,5236 | 65| 1,1345 | 100 | 1,7453 0 56 | 0.0163
31| 0,5411 | 66 | 1,4519 | 180 | 38,1416 26 0’0076 0'0166
32| 0,5585 | 67 | 1,1694 | 200 | 3,4907 | 27| 0,0079 § 971 0,

33| 0,5760 | 68 | 1,1868 | 300 | 5,2360 |28 0,0081 | 58 | 0,0169
34| 0,5934 | 691 1,2043 | 360 | 6,2832 | 29| 0,0084 | 59| 0,0172

1) Crioco6 noinL3oBanus TaGauieii eM. V, 4.
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1. TABJINIIbI

§ 11. HekoTopble MaTeMATHIECKHe 0003HAYCHHS

PaBHO
He pPaBHO

TpROJINHeHHO DABHO

6oubie
Menbe

GoJbllie MM PABHO
MEeHbIlI¢ MJIK PABHO
a6CcoTIoTHOE 3HaYeHUe

KOpPeHb n-ii cTene’u

darropmnan

Jorapudm npu ocHOBaHUU b
JorapudMm NeCATHYHbL
JorapadmM HATYpaJAbHLIA (MTPU OCIIOBAHUY e)

npeme

TNMOCTOAHHAA BCINYUNA

cymMMa
TPEYroMbHUK
yroxa

nyra
napajuieynLiuo

NepuneHMKYJIApIHOo

nogoGHO

OTHOWIEHME INUHBI OKPYIKHOCTH IR NUAMETPY

rpanyc
MHHYTa
cenyHjia

CHHYC

KOCHHYC

TAHIeHC
KOTaHreHc
CEKaHC
KOCeKaHc

apKCHHYC

apKKOCHHYC

ApKTaHIeHC
APKKOTAaHIrCHC
ApPHKCEKaHC
apKKOCeKanc

HanpuMep

»

s ¥ T 5 v e

. v % =

HanpuMmep
»

»
»
»
»

Hamnpumep

T v = =

-« = ® =

a=b
a#b
a=xb
5>2
3<10
a>b
a<b
lal

’_
Y8 =2

5!=1.2-3-4-5 =120

log.8 =3
12100 = 2

AABC

Z ABC

N

AB

AB|ICD
ABLCD
AABCCOADEF

10°30°35""

in 30° =

sin 30° = 5
T

cos 5= = 0

tg 40° = 0,8391

ctg 25°10° = 2,128

s¢ 60° = 2
csc 90° =1

o1 o
arcsin 5= 30

T
arccos 0 = 5

arctg 0,8391 = 40°
arcetg 2,128 = 256°107

arcse 2 = 60°
arcese 1 = 90°
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§ 13. HEKXOTOPBIE CTAPLIE PYCCKUE MEPHI

§ 12. MeTpuyeckas cueTeMa Mep

Mepu AIMHB
KujioMeTp (km) = 1000 MeTpaM (m),
MeTp (m) = 10 genumerpam (Om) = 100 cauruMerpam (ca),
nenumerp (0m) = 10 cantumerpam (cm),
CAHTUMETP (cM) = 10 MUIIUMETPAM (MM).

Mepuo naomanu
KB. KWJIOMeTp (%xm2) = 1 000 000 KB. MeTpaM (m?),
KB. MeTp (M%) = 100 KB. feuumeTpam (dm?) =
= 10 000 KB. cCaHTUMeETpaM (cm?),
rexrap (2a) = 100 apam (a) = 10 000 KB. MeTpam (a?),
ap (a) = 100 KB. MeTpaM (m?).

Mepo 06beMa
1y6. MeTp (m3) = 1000 Ky6. genuMmeTpaM (Om3) =
= 1000 000 xy0. canTuMeTpam (cm3),
1y6. genuMeTp (dm3) = 1000 ky6. canTuMerpaMm (cm?),
JuTp (a) = 1 KyO. jienumerpy (94),
TeKTONUTP (24) = 100 JHUTpaMm (a).

Mepu Beca

TOHHA (m) = 1000 KuiIOTpaMmaM (xe),
1eHTHep (y) = 100 KuIorpamMmam (x%e),
KuyIorpaMM (xz) = 1000 rpammam (2),

rpamm (2) = 1000 MuJIIIMrpaMmMam (mz).

§ 18. HexoTopsie eTapeie pycckHe Mephl

Mepo JaMHL

51

Bepera = 500 camenaMm = 1500 apmumHam = 3500 pyram = 1066,8 m,

CaeHnb = 3 apmmHaM = 48 BeprikaM = 7 Qyram = 84 jpoiimam =

= 2,1336 M,
apmui = 16 pepmkaM = 71,12 cue,
BepIIoOK = 4,450 cm,
Gyt = 12 jpoiimam = 0,3048 4,
oitM = 2,540 cu,
Mopcian MHJg = 1852,2 m.

Mepu Beca
nyj = 40 dyuram = 16,380 %z,
dynt = 0,40951 xe.
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I. TABJIMIIBL

§ 14. JIaTuncknii aagasnr

ITeyar-

" Pyxonuc- IleuatHble | Pykonuce-
6"“" Hble OYKBHI Hagpanme GYKBLI  (Hble OYKBBI Hassanue
YKBLI
A a | oA a a N n a9 u oH
B b B & 09 0 o (' Y
C ¢ @ ¢ 5 P p D p 1)
D a | 7D ( i &) Q g Q g Ky
E e S e ) R r R« ap
F f |GF ¢ o S s S s ac
G g | g g | (xa) T ¢ C ¢ T2
H L | L |xa(am)| U u U « y
I a i " V v @ v B2
J j (F ¢ (#or(mm)| W w | Y @ |Ay6an-8D
K k ) Ka X z | » MKC
L1 L | 211b Y y | ¢4 4 | urpex
M m | ) m oM Z z P g 33T

§ 15. I'peuecknii andasur
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I. APUHUOMETMKA

§ 1. Ilpepmer apudmeTHEH

Apugmemura — 3T0 Hayka o yucjax. Haspauue «apud-
MeTHKa» NPOUCXOMUT OT I'PEYECKOro CJIOBA «apUTMOCH (Mo Ipy-
roMy NpOM3HOINEHHMIO «apudMOCH), YTO o3HAYAET IMCTO». B
apupMeTHKe U3YYAIOTCA MPOCTelte CBOKCTBA YNCeN] U NpaBHIIa
Boiyucaennii. Bonee riayGokue cBoificTBa uMcedl M3YYalTCA B
meopuu uucen. v

§ 2. Ileante (HATYpalbHbIE) YHCTA

ITepsble mpejCTaBIeHUA O YUCIe NPUOOPETeHHI JIOXbMU
B HE3AMAMATHON ApeBHOCTH (cM. § 3). OHM BOBHMKJIM M3 cyeTa
JIofieif, MMUBOTHHIX, TIONOB, PA3JIMYHLIX M3MIEJU yeloBeKa M
ApYruX npeaAMeToB. Pe3yabTaToM cyeTa ABIAITCA YMCIA OMH,
ABa, TPM M T. K. OTH YUCJA HA3LIBAIOTCA TeIePb Hamypa.b-
numu: B apudMeTHKe MX HA3LIBAIOT TAKKe Yeablmit YHUCIAMHI
(HaMMeHOBaHMe «IleJI0e YMCIIO» UMeeT B MaTeMaTuke u GoJee
mupoknit cmuicd; cm. II1, 3).

IToHnATHEe 0 HATYPAJIBHOM YMCJe ABJIAETCA OJHUM M3 NPO-
cTemmnx MOHATHH. Kro MoKHo MOSCHNTH JIMLIbL NpeAMeTHbIM
noKasoMm 1).

Psaj ueasix ymcen

1, 2,3, 4,5, ...
npgnonmae‘rcn Ge3 KOHLA; O HABLIBACTCA HamypasbHblr
padom.

§ 3. I'panuue! cyera

Ha pannux crynenax pasBuTUA o0llecTBa JIOIAM MOYTH He
ymean cyutath, OHM OTJIMYAJHM APYT OT APYra COBOKYIHOCTH
JBYX M TpeX IPeAMeTOoB; BCAKAA COBOKYNHOCTb, COMep AHaBIIaA

1) Epranp (111 B. J1o H. 3.) ONpEJIENAJ YUCIO0 (HATYPAJbHOE) KAK ¢MHO-
MEeCTBO, COCTABJIEHHOE U3 eIMHMI(»; TAKOT'0 PONA ONpeNesIeHUA MOKHO Hall-
TH ¥ BO MHOMMX HbIHEUIHMX Yy4eOHMKaX. HO CI0BO ¢MHOMKECTBO» (MJIM
«COGpAHME», MU (COBOKYMHOCTLY M T. II.) OTHIONIb HE ITOHATHEE CIOBA
¢4HCIIOY,
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GoJIblllee YUCIIO 11PEJMETOB, 00'beIMHANACE B IIOHATUU (MHOLOY,
9To OHLI ellie He CYeT, A JIULIb er'0 3apoJibIlL.

BnocaencTeuu cnocoGHOCTh pasiMyaTh ApYr of ipyra ne-
0oJIbIlIMEe COBOKYNHOCTM pa3BHUBANACh; BO3HUKJIM CJIOBA JJIS
0003HAYeHUIT MONATUH (IETHIPE», (IATHY, (IECTB, «ceMby. 11o-
clleffHee CJIOBO JUIMTENIbHOe BpeMsA 0(03HAYAJIO TaliKe Heompe-
AeneHHO OonbuIoe KoJaM4ecTBO. Haui mociaoBHIBI COXpaHUIN
naMATh 00 9Toif anoxe («ceMb pa3 OTMeph — OMI pa3 OT-
PeKb», «y ceMU HAHEK TUTA Ge3 riasy», «ceMb Oef — ORHMII
OTBET» M T. A.).

C ycioxueHueM X03AHCTBEHH Ol eATeILHOCTH JII0Jei ona-
noGuiock BecTH cuerT B Gojee o6mupHBIX npefedax. Jlas
OTOro 4elloBeK IOJB30BAJICA OKpYABIIMMHU €0 NpeMeTaMH,
KaK MHCTPYMEHTaMMU CyYeTa: OH JeJaJ 3apyOKM Ha MajKkax M Ha
JlepeBbAX, 3aBA3LIBAJ Y3JIBI HQ BepeBKaX, CKIIAJILIBAI KaMeUIKH
B KyYKkHM M T. . 1),

060 BayI0 poJb Urpaj NPUPONHBIK MHCTPYMENT Yello-
BeKa — ero MaJbLbl. OTOT UHCTPYMEHT lie MOT JAJIMUTEIBHO Xpa-
HUTh pe3yJbTAaT CYETA, HO 3aTO BCerpa OB HAJUIO M OTIHM-
yaJcAa 6obILON MOABHHKHOCTBIO. fI3bIIK TepBOOLITHOrO YesoBeKa
Obl1 OeleH; MeCThl. BOBMEUIAJIH HEeJOCTATOK CJIOB, M YHCIA,
IJA KOTODHIX ellle He ObI0O HA3BaHMIA, «MOKA3BLIBAIMCHY HA
najJplax (MBI Toxe npuberaeM K TNOKa3ly 4ucell HA MNallb-
1aX, Koraa oGbACHAEMCA C YeJIOBEKOM, He BHAIOUIMM Hallero
AIBBIKA).

EcrecrBeHHO, 4TO BHOBb BO3HMKABINME HA3BaHUA «00JIL-
WINX» YHCeI YaCTO CTPOMJIUMCH HA OCHOBE 4YKcaa 10 — 10 KoJu-
4YeCTBY NaJIblieB HA PYKaX; ¥ HEKOTOPHIX HApOROB BO3HMKAJIM
TaKKe Ha3BAHUA 'IMCeNl HA 0CHOBE YUCJIA 5 — IO KOJUYECTBY
NaJblieB Ha OJHON pyKe MJIM HA OCHOBE yucia 20 — 110 KOJH-
YeCTBY NaJIblieB HA PyKaX M HA Horax (cMm. § 4).

Ha nepBbix nopax pacmmnpeHue 3amaca 4ucel Iponcxoanio
MemiieHHo. CHayana JIOXM OBJAfeNM CYeTOM B NIpefesiaXx He-
CKOJIBKUX NEePBHIX XEeCATKOB M JIMIIb TO03JHee JOIIIM 0 COTHM.
Y MHOTMX HAapomoB uMcio 40 Xoiiroe BpeMA OBIIO IpeNesIoM
cyeTa M HasBaHMEM HeompefeleHHO OO0JBLIOr0 KOJNMYECTBA.
B pYCCKOM fisbIKe CJIOBO (COPOKOHOMKa» MMeeT CMbICI ¢(MHOT 0~
HOKKa»; BBIPAKEHME (COPOK COPOKOB» 03HAYAJI0 B CTapuMHY

1) OT c4eTa C MOMOIIbI0 KaMEIIKOB BEAYT CBOC HA4aJI0 PasiIniHbIC yCO~
BEPLICHCTBOBAHHBIE HHCTPYMEHTHI, KAk, HallpMMep, Py CCKHe CYeThl, KNTail~
OKHMe CYeThl ¢«CBaH-NaH», IPEBHEErUNeTCKMil «abaKs» (MOCKA, pa3fesieHHas
#a NOJIOCH, KYa KI1aJIMCh KETOHBI). AHAJIOIMYHbIE HHCTPYMEHTHI CY11EeCT=-
BOBJIM Y MHOTMX HaDOXOB. B JTATUHCKOM A3bIKE TOHATHE ¢«CYET» BHIPA KA~
eTcA ¢loBoM calculatio (0TCIOia Hallle CJIOBO ¢KAJBLKYJISIIUAS); OHO NPO~
HCXORMT OT CJI0Ba calculus, 03Ha4al0UEro «KaMeleKs,
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4MCJI0, 1IpeBOCXOAAllee BCAKoe BooGpamenue. TOT Ke CMBICT
MMEET CJIOBO «COPOK» B PsAfie PYCCKUX IOCJOBHI{ ¥ NMOTOBOPOK
(en ommH rias, Ka 30pOK, He HANO M COPOK), (CHUAENA COPOK
JIeT, BHICHJIeIa COPOK pem» U Ap.).

Ha caenywoweit cTynenu cueT JOCTMraeT HOBOrO Ipefela:
TleCATH IECATKOB, U CO3/laeTCA HasBaHUe I uncia 100. Bmecre
C TeM CJIOBO «CTO» NMpuoGperaeT CMBICI HEONpEXeIeHHO GOoJb-
moro yucia '), Tarok cMEICJ OHO MMeeT, HANpUMep, B 3arafKe:
CTOMT ION NM30K, HA HeM cTO pu3oK (kamycra). Takoit e
CMEICJI NIOTOM NpPUOOPETAI0T MOCIEJ0BATENBHO YMCIA THICAYA,
AeCATh THICAY (B CTapUMHY DTO YMCJIO HA3HIBAJIOCh (THMay),
MUJIIIMOH,

§ 4. NecaTHIHASA CHCTEMA CUMCACHUS

B coBpeMeHHOM pYCCKOM fI3HIKE, a TAKKe B ABBIKAX PY-
THX HApOAOB Ha3BaHUA BCEX YMCEI A0 MIJIMOHA COCTABIAIOTCH
13 37 cioB, ob6o3Havaomux yuciaa 1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 30, 40, 50, 60, 70, 80,
90, 100, 200, 300, 400, 500, 600, 700, 800, 900, 1000 (Hamnpu-
Mep, [eBATLCOT BOCEMHAMLATh THICAY CEMBCOT COPOK [BA).
B cBolo ouepegpr HazBauMA ITHX 37 uMcel, KaK IPaBHJIO,
o6pa3oBaHbl U3 Ha3BaHMit YKcel MepBOro fecarka (1, 2, 3, 4,
5,6, 7, 8, 9) u uncen 10, 100, 1000 (HanmpuMep, 18 = BoceMb
HA #ecATh, 30 = TPUMECATH, T. €. TP AecATKa, 300 = TpuCTa,
T. €. TpU COTHH). B OCHOBe 3TOro CI0BOOGPA3OBAHMA JIEIKMUT
yucyao 10, ¥ MOTOMY Hallla CHCTeMa HaMMeHOBaHUIt Ha3bIBaeTCA
Oecamuunoll cucmemoli cuucaenus. VICKIIOUMTENBHAA pOIb,
HpuHaaiekamas yuciay 10, oGbACHACTCA TeM, YTO HAa PyKax
y Hac 10 najaeues (cM. § 3).

I3 ymoMaAHyTOro nmpaBmia B PasHLIX ABHIKAX MMeEIOTCA pas-
JINYHbIE UCKITI0YeHUA, 00 BACHAIOINECA MCTOPUYECKUMH 0CO0eH-
HOCTAMM DasBUTHUA cyeTa. B pycckoM sAsbike eMHCTBEHHHIM
MCKJIIOYCHYEM fIBIIAETCA Hau:1eHOBaHMe «COPOK» (mpe:;kne Ha-
PARY ¢ HUM ynoTpe6JaAloCh M CIOBO «YeTHIpeAecAT). ITo
MCKIIIOYEHHME MOM(HO NMOCTABUTh B CBA3h C TeM, YTO YMCIO 40
MIpajlo HeXOrAa 0co0ylo posib, 03HAYaA HeoNpefeeHHO 6oJb-
1moe KoauyecTBo (cM. § 3) 2).

1) B HEKOTOPHIX A3BIKAX OJAHO M TO e CJIOBO 03HauaeT u 40 1 100; cp.
CHOCKY 1) Ha cilelylouieil cTpanine.

2) CJIOBOM «COPOK» (MMauc, «cOpOuKas) B LpeBHeill Pycu HasbBaJIu
0oJIbIoOit MewWoOoK, Kyda YIJIAibIBAIMCh lleHHble COOOJIHHLIE IMKYDKH.

CJ10BO «AEBSIHOCTO» He NpeACTaBliAeT MCHKIIIOYEHHA H3 YNOMAHYTOTO
npaBmjla, HO OHO 00pa3oBaHO IO APYroMy cmocoby (meBATb-KO-CTa).
OTHEM 3Ke cnoco60M COCTaBIAIOTCA MHCIUTENbHHE 80 B 90 B TIODKCKHX
AISLIKAX (CM. CIIEAYIOLIYI0 CHOCKY) H YHCJANTENbHHE 70, 80, 90 B rOTCKOM
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B TIopKCKHX A3BIKAX (asepbatiaincaHcKoM, y30eKCKOM, Ty pK-
MEHCKOM, Ka3aXCKOM, TaTApCKOM, TYPeI[KOM U JIp.) MCKII0YCHNE
COCTABJIAIT HaUMeHOBaHWA uucea 20, 30, 40, 50, Torma kak
HasBaHMUA umced 60, 70, 80, 90 o6pa3oBaHbl M3 HAMMEHOBAHHIT
s 6, 7, 8, 91). B MoHroabckoM sA3biKe, HA060pPOT, HAMMEHO-
BaHMA uncel 20, 30, 40, 50 ciaenyioT o0leMy npaBuIy, a Hau-
MeHOBaHuA 60, 70, 80, 90 cocTaBAAIT MCKJIlO4YeHne. Bo ¢pan-
Ly3CKOM fA3bIKe COXPAaHUIMCh HeJeCATHYHBIE HA3BAHMA YHCeIl
20 n 80, npuyem 80 umenyerca quatrevingt, T. e. «yeThIpe
ABafUaTLy. 31ech MBI MMeeM OCTATOK JpeBHero [BajALaTepuy-
HOTO0 CUMCJIeHMA (10 YMCIy maJblieB HA pyKax u Horax). B ma-
TUHCKOM f3bIKe HauMeHoBaHHe umMcia 20 ToMe HeAeCATUYHOE
(viginti), Ho naumMenoBanue 80 (octoginta) — mecATH4HOE; OHO
npousBefieHo OT 8 (octo). 3aTo HauMeHOBaHMA uuces 18 m 19
0o0pasoBaHbl M3 Ha3BaHUA 20 ¢ MOMOILBI BLIMMTAHMA: 20 — 2
u 20 —1 (duodéviginti, undeviginti, T. e. «<xBa oT mBagLATHY,
«oguH ot fBaAunaTwy). Haumenosauus yucex 200, 300, 400, 500,
600, 700, 800, 900 BO BCex COBpeMEHHLIX A3HIKAX MOCTPOCHI
Ha JIeCATHYHOIX OCHOBE.

§ 5. PaspuTHe MOHATHA YHUCIA

IIpu cyeTe OTHEJBHBIX MPEAMETOB eAMHMIA €CTh HAUMEHD-
Iee 4MCJI0; MeUTh ee HA J[OJIM He Hy KHO, & YaCTO M HeJb3sI
(npu cyere KamHeit npubaBileHne K XBYM KaMHAM IIOJOBUHBI

TpeThero JaeT 3 KaMHA, a He 2%, a u30paTh NpesUIMYM B

cocrase 2 -;— YeJI0BeK — HeBO3MOKHO0). OTHAKO NeJIUTh eUHUILY
HA JI0JIM NPUXOMUTCA Yie OpPH I'pyObIX usmepenusr BelMYUH,
HanpuMep NpM UMePeHMH JUINHBL MaraMu (2igmara HT.R.).

IloatoMy ysxe B oTAaJleHHBle dNIOXY CO3RAJIOCH NOHATUE Opob-
nozo wucae (cM.II, 16 u II, 31). B gajbHeitieM OKa3aloCh
HeoOXOMuMbIM ellie OoJlee pACIIMPUTH MOHATHE 4YUCHA; IO-

(IpeBHErepMaHCKOM) A3bIKe (sibuntehund, T. e. «ceMbL IIOJ CTO» M T, .).
B pYCCKOM A3LIKE HApPALY CO CIOBOM «eBAHOCTO» YHOTPeGIAIOCL
npeKIe U CI0BO ¢IeBATHIECAT?.

1) B TaTapcKoM A3bIKE YMCIIa [IEPBOr0 JIECATKA Ha3biBawTeA: Gep (1),
HKé (2), ed (3), AYPT (4), 6mur (5), anTet (6), »uné (7), curés (8), Tyrsia (9),
YH (10). TecATKH Ke MMeHYIOTCA: erepMmé (20), yTu3 (30), KnipblK (40),
naé (50), anTMei (60), UTMELT (70), CUKCEH (80), TYKCAH (90).

HapAny ¢ HassaHWEM «HMé3» A YUCIAMTENbHOro 100 cyluecTByer
HaUMEHOBAHMUE ¢CaH»; 3TO e CIIOBO MOMKET 03HAYaTh M 40.
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CJIe/l0BaTeJIbhHO MOABUINCHL YUCIA uppayuonassrwve (111, 27),
ompuyameasvisie (111, 3) u xomnaercruwe (I1I, 28 u III, 34).

H0oBOabHO IO3THO K CeMbe YMCeT NPUCOeNMHUICA HYIb.
Ilepponauanpio CIOBO «HYJb» 03HAYAJNO OTCYTCTBHE YHCIA
(Oy KBAJIBHBI CMBICT JATHHCKOro cioBa nullum — «HHYTOY).
JeitcTBuTeNIbHO, eciiM, HAampuMep, OT 3 OTHATH 3, TO HE OC-
TaeTcA umvero. JJJA Toro uToObl 3TO (HUYEro» CYUTATH YUCIOM,
[OABMJINCH OCHOBAHMA JIMIIb B CBA3H C PACCMOTPEHUEM OTpHU-
nateapnbix yucen (cm. III, 3). .-

§ 6. ITudpor

Hugppa — dTo nuceMeHHBIE 3HAK, U30OparKaOLIML YUCIO
(mepBoHAuaJIBHO CJI0BO «iiuppar Mmeso Apyroit cmuick; cM. II,
7, n. 6). B npesHeitine BpeMeHa uucaa 0003HAYAJUCH IPAMO-
JMHeHLIMU IOMEeTKAMU («IAJTOYKAMIY): OJHA NMAJOYKA U306pa-
Mada eMHUIY, IBe MAJIOUKH — JBOKKY U T. A. ITOT cmocol
BAMMCH DPOUCXOLUT OT 3apyOok. OH M TOHBIHE COXPAHMICH
B «pumcknx uudpax» (II, 7, m. 5) maa usoOpamenua uqu-
cex 1, 2, 3.

Jasa nsobparkeHMA CKOJbKO-HUOYAb GOJBIIMX uMCces JTOT
cnoco6 Oblr nenpurofex. 1loaToMy moABUINCH 0cOoOble 3HAKM
Ui uncna 10 (B corylacum ¢ JeCATUYHBIM cuetoM, cM. II, 4),
4y HEKOTOPHIX HApPOMOB M IUIA MKCJIA 5 (B COOTBETCTBHU C IiA-
TePUUYHBIM CHETOM, [0 YMCILY NAJbUeB Ha OfHOK pyke). [losauee
OBIIM CO3AHBI 3HAKM JUIA OOJIBUIMX YUCeN. SHAKN O3TH Y Pa3HBIX
HApOAOB MMeJH pasHyio GopMy M C TeueHUeM BpeMeHM BHJIO-
M3MEHANNCh. Pa3inubbl OBIM M cucmembr Hymepayuu, T. e.
€1noco6bl coefuuennA UUPp AasA u3obpareHusa 60NbINX YUCEI.
Opanako B GOJIBIIMHCTBE CUCTEM HyMepaliu OCHOBHOE 3HAYeHMe
HMeeT JIeCATHYHAHA OCHOBA B COOTBETCTBUM C NpeoObaajanueM
KecATHYHOMK cuctembl cumcienun (11, 4).

/A § 7. CHeTeMbl HyMepaluH HCKOTOPLIX HAPOJOB

1. JlpeBuHerpeueckKkas HyMepal{u A Bapesuei-
mee Bpema B I'penmu GbHa pacnpocTpaHeHa TaK HasblBagMasdg
ammuveckasn HyMepanua. Ymcma 1, 2, 3, 4 obosHayauuch

yeprousamu |, Il, W, . Uncao 5 samucmiBamocs smaxom [

(mpeBHee HayepTaHue OYKBHL «IM», C KOTODOHl HAa4YMHAETCA
CIIOBO (IeHTe» — NATH); uucia 6, 7, 8, 9 obGosHAYAIUCEH
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FI,P",P“L MMl Yuciro 10 o6osnauamocs A (Hauanb-
Holt 6y KBoit ciloBa «ieka» — fecATs). Yncaa 100, 1000 u 10 000
o6osnavanmcs H, X, M — navanennimMu GyxBamu cooTBeT-

crByloInx ciaoB. Yncaa 50, 500, 5000 o6o3nayanauce KoMbuna-
uuAMM 3HakoB 5 M 10, 5 u 100, 5 m 1000, a umeHHo:

F', F‘, l’!l. OcTajbHble YUCTIA B npenesiax 11epBOro JIeCATKA

THICAY 3aANMUCHIBAJINCH TAK:

HHMMI=256, XXMPI1=2051,
HHHFAAAII=382, PXXMHHH=7800 -

M T. L.

B TperbeM Beke [0 H. 3. aTTMYeCKasa HyMmepainus OblIa Bhl-
TCCHEHA TAaK HAa3BIBaeMol uonuiickoii cucreMoit. B Heit umcia
1 —9 o6o3HaYaIOTCA NEPBHIMM [ieBAThI0 GyKkBamu aidasura ):

=1,=2,9=38,0=4,¢e=5¢c=6(=77n=28,9=9

uncaa 10, 20, 30, ..., 90 — ciefylOMUMHU EBATbI0 OyKBaMM:
¢ =10, % =20, A =30, u= 40, » =50, § =60, o = 70,
n = 80, ¢ = 90;

yncna 100, 200, ..., 900 — mocieHUMU JIEBATHIO OyKBamu:
o =100, o = 200, v =300, v = 400, ¢ = 500, y = 600,
y = 700, » = 800, = 900.

Hnsa 0603HaueHUA THICAY M AECATKOB THICAY MOJb30BAJIUCH
TeMH ke LuPpamm c moGaBieHueM ocoboro 3Hauka’ cOoKy:

‘e = 1000, ‘f = 2000 u T. &
Jasa orimyudA qudp or 6yKB, COCTABIABLINX CJI0BA, NHCAIU
vyepToykH Hax uudpamu. Ipumeprr: u; = 18; ;Z=1,7; vl =407,

X =621; yx=620 U T. X ,

1) ByKBul 3 (¢ay), C (Komma), d (caMmu) OTCYTCTBYIOT B HBIHELIHEM
TpeYyecKoM ajgapure. Ha3paHHA OC TAJIBHLIX GYKB CM. 112 CTP.52.
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Taxylo e andaBUTHYI0O HYMepaLUI0 MMeId B JipeB-
HOCTH eBpeH, apaGel u Muorue pnpyrue Hapops DBimmitero
Bocroka. HemsBecTHo, y KaKoro Hapoja OHA BOBHHMKJA
BIIEpPBHIE.

2.CnraBAHCKAA HyMepanusd. IOmxuse u Boctou-
Hble CIIABAHCKME HapO/B TIJIA 3aIMCH YKCell 0JIb30BalCch anfda-
BUTHOIf HyMepauuei. Y oJHUX CIHABAHCKNX HApOJOB YHMCIO-
BEHI¢ 3HAYeHNA OYKB YCTAHOBHJMCH B TNOPARKE CIABAHCKOIO
andaBuTa, y APYrux ke (B TOM YHMCIC Yy PYCCKHMX) poib mudp
urpajm He Bce OyKBH, a TOJNBKO Te, KOTOpHle UMEIOTCA B Ipe-
vyeckom aidapure. Hax GykBolt, oGo3HauaBuleit mudpy, cra-
BUJICA CHeIMAJbHEIL 3HAYOK (¢TATIION), N306parkeHHHIt B NpHU-
BoiuMoit 3feck Tabmuie. IIpu aToM yuciioBHie 3HAYeHUsT GyKB
BO3PACTAJIM ‘B TOM 3Ke MOPAMKe, B KAKOM CllefoBajl OyKBHl
B rpedyeckoM asipaBuTe (MOpANOK GYKB CIaBAHCKOro andaBuTa
GBI HECKOJIbKO MHOIK).

B Poccun ciaBaHCKasA HyMepaLUsa COXPAHMIACH 0 KOHLA
17 Bexa. IIpu Iletpe I Bo3oGmamana Tak HasbiBaemas «apaob-
CKas HyMepanusm» (cM. HMe, II. 6), KOTOPO MBI HOJb3yeMCH
u ceiiyac. CiIaBAHCKAA HyMepallia COXPaHAIACh TOIBKO B 6Oro-
¢y eOHbIX KHUIax.

IMpusosum caasAnckue HUPpLI.
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3. IpeBuneapMAHCKAA U J{peBHEerpy3MH-
CKAafA HyMepauusa ApMaie H IDY3HHB I0JIB30BAJINCH
andaBUTHBIM NpHHIMNOM HyMepaumu. Ho B jpeBnHeapMsan-
CKOM M JpeBHErpy3mHckoM aiadasurax Oblilo ropaspo Goublie
OyKB, 4eM B ipeBHErpe4eckoM. DTO MO3BOJINIIO0 BBECTH 0COGHIe
obo3HayeHud JIIA yucea 1000, 2000, 3000, 4000, 5000, 6000,
7000, 8000, 9000, Yucinonsle 3HaYeHuA OYKB CIIeT0BaJIN NOPAN-
Ky GYKB B apMAHCKOM M Tpy3uHCKOM aspaBHTaX.

AndaBuTHasA HyMepalua npeoGuamaia 7o 18 Beka, X0TA
«apaGcKada HyMepauusa» ynorpebiasanace B OTAENbHEIX CIYyYaAX
TOPasfo paHblue (B TPY3MHCKON JIMTEpaType TaKue CIy4au
BOCXORAT K 10—11 BeKy; B NaMATHMKAX apMAHCKOHN MaTeMaTu-
YeCKOf JIMTepaTyphl OHM YCTAHOBJEHH NOKA TOJBKO [JIf
15 Bexa). B Apmenun andaBuTHAA HyMepanua ynorpebnaerca
u ceityac mus 00o3HauyeHUA IJIaB B KHMrax, cTpod B CTHXO-
TBOPeHuAX u T. . B I'pysun andasutHana HyMepanua BHILIA
u3 ynorpebJieHus. e

4. BaBHJTOHCKAsA MoOMecCTHAaA HyMepaunun.
B npesnemM Basuione nmpumepHo 3a 40 BeKOB /10 Hallero Bpe-
MEHH CO3[aJIach nomecmias (NMO3NUMOHHAA) HYyMepayus, T. €.
TaKolif cnoco® M306parxceHns umMcel, TP KOTOPOM ONHA M Ta
e nudpa MoxKeT 0003HAYATH pasHble YMCIA, CMOTPA IO Me-
CTy, 3aHUMaeMoMy aToif nudpoit. Hama renepeirnnasa nymepa-
nMA — TOMKe IOMecTHas: B uucie 52 uudpa 5 oGo3Hauaer
UATBECAT, T. €. 5:10, a B uucie 576 Ta e Hudpa obosHa-
YyaeT NATHCOT, T. €. 5:10+10. B BaBnioHCKOI MOMeCTHON HY-
Mepanu Ty poOJib, KOTOPYIO MI'PAeT y Hac uuciao 10, urpano
4MCy0 60, M MOTOMY 3Ty HyMepalMio Ha3BIBAIOT wecmudecame-
puunoii. Umcna, Membume 60, 0GO3HAYATMCH C TNOMOLIbIO

ABYX BHAKOB: JUIS eAMHUI(H 7 M JUIA AecsiTHa < . Oun
MMeJIM KJIMHOOOpAa3HBIf BMI, TaKk KaK BAaBWJIOHAHE INCAIM

HAa TJIMHAHBIX [OOIIEYKAX NaJIoYKaMu Tpeyronbnoifz (I)Oprl,
OTH 3HAKKM MOBTOPAJIUCh HYKHO€ YMCJIO0 pa3, HaIpimep,

=5 = <=

<<< m =159.
<< T

Cnoco6 06osHaueHHA uuced, Goapmux 60, NoOKa3aH Ha Caepylo-
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IUX TIpUMepax: 3amnuchk W TT o0o3Hayana 5:60+2 = 302,

nmofoGio TOMy Kak mauma 3amMck 52 oGosnauaer 5-104-2.

G €«

oGosHayasma umucio 21:60+ 35 = 1295. Ciemyiom[as B3amuch:

TYY T

o6osHayaaa 1:60:60+2-60+5 = 3725, mogo6HO ToMy Kak
y Hac sanuch 125 osHauyaer 1:100+2-10+5. Ilpu orcyTt-

CTBMM TIPOMEKYTOYHOTO paspsfa ynoTpelaasicsa 3HAK % )
urpasuinit ponk uyas. Tak, samuch

W

oGo3Hayana 2:60-60+0-60+3 = 7203. Ho orcyrcrBue Hus-
1ero paspsAaa He 0003HayaJI0Ch; HanpuMep, uuciao 180 = 3-60

1300paskaIOCh 3ATUCHIO i” , T. €. TaKk e, Kak yucao 3. Ta

;e 3aIUCh m Moraa 0003HauaTh ¥ yucyo 10 800 = 3:60-60

u T. ). Pasiyarto gpyr ot npyra umciaa 3, 180, 10 800 u T. ;.
MOMHO OBLJIO TOJLKO MO CMBICIY TeKCTa.

V 3 3 Pt
Bammcs Y]] MOMMIa Taicke OsHAuaTh 0 Tos0 =
3 3 3

= 36003’ 60~6(';-60 = %16000 I’['l‘?: ., 110}106![0 TOMY KaK YHCJIa

w

16 70.10° =700 T0-10-10 — 1gog . ™ - MM 0O03Hauaem
B CHUCTeMe HAeCATHYHBIX Apobeit ¢ momowpio 1udpsor 3. Ho
MBl OTJIM4aeM 3T JApoOM Jpyr oT Jpyra, NpOCTaBIAA

Hyau nepex umdpoi 3, um nuuem 73?)_ = 0,3; -“‘;—0 = 0,03;

T::)o"= 0,003 mT o B BABUJIOHCKOH ke HYMepauuu 9TH
HyTu He 0603HAYAJIUCE.
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Hapany c mwecTumecATepMYHOil CHCTeMOJi HyMepauuu BaBy-
JIOHAAHE TOJIb30BAJNCh M JECATHYHOIN CHCTEeMONf, HO OHa He
6el1a nmoMecTHolt. B Heit, kpome 3HaKoB 1yA 1 u 10, cyie-
CTBOBAJIM CJIeAyIOIe 3HAKM:

po 100 Y7, man 1000 <Y u 10000 LYo .

Yuena 200, 300 u T. [. 3aNMCHBAJINCE 3HAKAMH

Wy, Y™

T. A. Takum ke cnocoOoM 3anuceiBaJuch yuciaa 2000, 3000
T. XK., 20 000, 30 000 u T. K. Yncyo 274 3aNUCLIBAJIOCH TaK:
b <GEEYYTY .
W T <<< »

yucso 2068 nucanoch Tak:
ESSH
URNIgSSS i
M T O

IllectuaecaTepHUHAA CHCTEMA BO3HUKIA TMO3JAHee AECATUM-
Hoit, u60 uncaa mo 60 3aNMCLIBAIOTCA B Helt MO HEeCATHYHOMY
npunnuny. Ho o cux mop HeMsBecTHO, KOTja M KaK BO3HMKIA
Y BaBUIIOHAH UIeCTUeCATepuYHaA cucrema. Ha sToT cCuer
CTPOMIIOCH MHOIO T'MIIOTE3, HO M OJHA MOKA He JI0Ka3aHa.

IMlecTuaecarepuynan 3anuch yeable wuces He MOy YMIIa pac-
NPOCTPAHEHMA 32 IpefeslaMM acCHPO-BaBHIIOHCKOro 11apcTBa,
HO wecmudecsimepuuivie Opobu IPOHNKIM alleKo 3a HTH IIpe-
nednsl: B cTpannl Baumuero Bocrowa, Cpenneit Asuu, B Cepep-
Hywo A¢puky v 3anagnyio Espony. OHM HIMpOKO IpHUMeHHA-
JMCh, 0c06eHHO B ACTPOHOMMHU, BIJIOTH KO U306 peTen s KecATHY-
HBIX po0eit, T. e. o Havyada 17 Bewa. CJexbl LIECTUAECATEPUY-
HBIX 7ipoGeif COXPaHAIOTCA M TOHbLIHE B JleJIleHHN YrJI0BOTO M
AYroBOro rpagyca (a Tawe yaca) na 60 MUHYT U MUHYTHI Ha
60 cexynp.

5. Pumcrue nudp . IpeBnne pumMmifaHe NoJb30BaIKCDh
nyMepanuueit, .KoTopas COXpaHAeTcs] A0 HACTOALIEro BpeMeHM
NOJL MMEHeM «pUMCKolt iiyMepauuuy. Ml mojb3yemca e AJiA
00o31rayenns 100MIEHHbIX AT, AJIA HAUMEHOBAHUA CDbe3IOB M
xou@epennmit [Hanpumep: XXII cwvesg KIICC], nas nymepa-
1MM HEKOTOPLIX CTPAHUI KHUI'M (HAIIPUMep, CTPAHMUIL IIPeJiuciio-
BHUA), TTIAB B KHUTAX, CTPOY) B CTUXOTROPEHUAX M T. .
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B 1o3aHelimieM CBOeM BHE pUMCKMe LM@pPH BHIMVIAJAT TaK:
I=1, V=5 X=10
L = 50; C = 100; D = 500; M = 1000.

IIpesme OHM UMeJN HecKoJbKO uHylo Popmy. Tak, uncio 1000
uso0paskanock sHaKoM (|), a 500 — 3HaAKOM |).

O npoMCXOMAEHMM PUMCKAX HUEpP KOCTOBEPHBIX CBeXeHHI
HeT. IIludpa V Moria mepBoHAYaJIbHO CIYKUTh N306parKeHnEM
KHCTH pyKH, a nudpa X MOIJa COCTaBUTBHCA U3 ABYX NMATEPOK.
TouyHo Tak e 3HaK Mg 1000 MOr COCTABUThCA U3 yABOEHUA
3HaKa A 500 (uam Haobopor).

B puMcKoit HyMepanuu ABCTBEHHO CKAasbIBAIOTCA CIeAbl
NATEPUYHOMN CHCTeMBL CUMCIIeHNA. B A3bIKe e pUMIAH (JTaTHH-
CKOM) HMKAKHMX CJIeJl0B NATEPUYHOM CHCTeMBI HET. 3HAYMT, OTH
uupst OBIIM 3aMMCTBOBAHBI PUMIAHAMM y APYroro Hapopa
(BecbMa BEpOATHO — Y BTPYCKOB).

Bce nennte ymucna (o 5000) 3amMCHIBAIOTCA € IOMOLIBIO
NMOBTOPEHHA BHIeNpuBeAeHHbIX mudp. IIpu arom, ecan 66mb-
masa nudpa CTOMT HepeR MeHbIel, TO OHM CKJIAAbIBAIOTCA,
€CJI 3Ke MeHbIIad CTOUT mepef GojbLleil (B 8TOM ciryyae ona
He MOMKeT NOBTOPATBHCA), TO MEHbIIAA BLIYNTAETCA U3 60Jb-
meit ). Happumep, VI = 6, T. e. 5+1, IV = 4, 7. e. 5—1,
XL = 40, 1. e. 50—10, LX = 60, T. e. 50+ 10. ITomgpax oana
u Ta ke nudpa crasurca He Gosee Tpex pas: LXX = 70;
LXXX = 80; uncio 90 sanuceiBaerca XC (a He LXXXX).

TlepBeie 12 ynces 3anMCHIBAIOTCA B PUMCKHX Ludpax Tai:

I, IL, I11, 1V, V, VI, VII, VIII, IX, X, XI, XII
Mpumepn: XXVII = 28; XXXIX = 39;
CCCXCVII = 397; MDCCCX VIII = 1818.

Beinmosnnenue apudMeTnyeckux ReicTBMIt HAX MHOrO3HAY-
HBIMM YHMCJaMu B 9Tolf 3amucu o4éHb TpynHo. Tem He MeHee
puMckan nymepanusa npeobaagana B Uraanu no 13 Beka, a B
Apyrux crpaHax 3anajnHoit EBponst — mo 16 Beka.

6. Nnpuitckad nNOMeCTHAA HyYMepaLus.
B pasnnunbix obiacrax VInmun cyulecTBoBajM pasHooOpasHble
cuctemsl iyMepaunu. OXHa U3 HUX pACIPOCTPAHUIIACH 10 BCEMY
MUDY M B HacTosllllee BpeMA ABJIAeTcA olwenpunatoit. B meit
1Bl UMeTH BUX HAYANBHEIX GYKB COOTBETCTBYIOLIMX YMUCIIN-
TENbHBIX HA ApeBHEMHAMIfCKOM A3BIKE — caHcKpuTe (aidaBuUT
«IeBaHarapu»).

1) B HauMEeHOBAHUAX MBYX YHCANTENLHEIX 18 M 19 MATHHCKUI A3LIK
COXPANNIL 3TOT JIPUANMIL BEUATAHNAY (e 1T, 4).
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ITepBoHaYyaJbHO JTUMM 3HAKAMU IPENCTABIAIUCH YHCIA
1,2,3,...,9, 10, 20, 30, ..., 90, 100, 1000; ¢ uX MOMOUIbIO
3a0MCHIBAJIMCH JIpyrue uMcaa. BnociepcTBuum 0BT BBefeH
0coOmlif BHAK (KMPHAA TOUKA, KPY HOK) [JIA YKa3aHHA MYCTyI0-
ulero paspsja; sHAKHM JJIA yMcel, 66JbIINX 9, BHIIIM U3 yHO-
Tpebllennsa, ¥ HyMepauusa «JeBaHarapu» IpeBpaTUIach B Je-
CATHYHYI0O IOMeCTiIylo cucTemy. Kak M Korma coBeplmics
9TOT mepexof, — A0 CHUX IIOp HeM3BeCcTHo. K cepemnne 8 Beka
TIO3MIMOHHAA CHCTeMa HyMepanuu nody4yaeT B Mupaum mmpo-
Koe mpumeHenue. IlpuMepHO B 3TO BpeMsA OHa NPOHMKAaeT M
B npyrue crpann (Mupokurait, Kurait, Tuber, Ha TeppUTOpHIO
HalIMX CpeflHeasMaTCKuUX pecnyOauk, B Upan u gp.). Pemaio-
HyIo poilb B pacIopocTpaHeHun MHAMItCKON HyMepauuu B apadl-
CKHMX CTPaHAaX CHIrpallo pyKOBOACTBO, COCTaBIIeHHOE B Hayalle
9 Beka MyxammenoM us Xopesma (HbiHe XopeaMmckaa o6iacTb
V36ekcroi CCP) 1). Ono 6uiyto nepeseneno B 3anaauoi Epporne
Ha JIATMHCKMI ASBIK B 12 Beke. B 13 Beke uHpnitckasa Hymepa-
uua moxyyaer npeobGnajanue B Mramuu. B mpyrux crpanax
3anaanoit EBponsl oHa yTBepipmaerca B 16 Beke. EBpomeir-
LB, 3aMMCTBOBaBIIMe WHAMMACKYl0 HyMepauuio oT apabon,
HasbBaNM ee «apabCKoify. ITO MCTOPUYECKU HeNpaBUIbLOe
Ha3BaHUe yJepKUBAeTCA M NOHbIHE.

N3 apaGckoro Asblka 3aMMCTBOBAHO M CJOBO «udpar (mo-
apaGekm «chipp»), o3Havalollee OYKBAJILHO (IYCTOE MeCTO»
(mepeBO) CAaHCKPMTCKOTO CJIOBA (CYHbS», MMeEIOU[ero TOT e
CMBICI).

9TO CI0BO NMEPBOHAYAIBHO YNOTPeGIATOCH J1JIfi HAUMEHOBA-
NS 3HAKA IYCTYIOWIEro paspAfa H OTOT CMLICI COXPAaHAJIO
eunie B 18 BeKe, XOTA yKe B 15 Beke NOSABUICH JATHICKUA
repMun «ryaby (nullum -— nuyro).

®opma nnpuitckux 1nudp npereprnesaia MuorooGpasHbe
uamerenud. Ta dopma, B KOTOpolt MBI UX NUIIIEM, YCTAaHOBHU-
Jjack B 16 nere.

§ 8. Hanmenosanusa GoiapblINX YHeed

Jlast ynoGcrBa uTeHUsT M 3anoMuMHAHUA OOJNBHMIMX YHUCEI
nudpbl X pa3dMBAIOT HA TAK Ha3bIBaeMble (KIIACCBIY: CIIPaBa
otmeaaoT Tpu nudpu (nMepmt Kiacc), 3aTeM eule TpPH (BTO-
poit kmacc) u T. A. Ilociennuit Kjacc MoeT MMeTb TpM, NBe

1) 3TOT 3aMcyaTeJIbHBLI Y4YeHBIl ABJAETCA TaKiKe OCHOBOIOJOIK-
HHUKOM anreGpni (cM. I11, 2). CBon pa6oTsl MyxaMMeN nucal Ha apaGCcKoM
A3bIKEe, KOTOPBIA ObLIT Ha Bocroke MeAYHAPOXHBIM HAYYHLIM FIBBIKOM,
KaKMM B 3amapHoii EBpone Onul JIATHHCKMIl fA3LIK. OTclona — apabu-
3UPOBAHHOE MMA allb-XBapu3MM (UIM adb-Xopeamsi, To ecTh Xopes-
MHell), 110]{ KOTOpLIM MyXdiMMe/l M3BecTeH B UCTOPUM,
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nau oany uudpy. Meskny kiraccamMm o6bIYHO OCTaBIsETCH He-
donbmioit npobesr. Hampumep, uuciao 35461298 sanuchHIBAIOT
raK: 35 461 298. 3uech 298 — HepBHIA Kitace, 461 — BTOpOit,
35 — Tpernit. Kampad us uudp Kiaacca Ha3HIBAETCH €ro paa-
PAOM; cueT pa3pAfOB TaK:ke upeT cnpasa. Hanpumep, B nep-
BoM Kjacce 298 nudpa 8 cocTaBlAeT mNepBLF paspAR,
9 — BTOpOit, 2 — TpeTHit. B mnocienHeM Kiacce MoxeT ObITh
TpM, fBa pa3pAfa (B HauleM NpuMepe: 5 — mNepBHit pa3pAf,
3 — BTOpOIt) UM OAMH.

IlepBBlif KIacc maeT 4MCIO eIMHUL, BTOpOt — THICAY,
TpeTHit — MUIINOHOB; Co00pasHo ¢ dTUM 4ucio 35 461 298
YUTAETCA: TPUALATH MATh MULIUOHOE YETHIPECTA HIECTHAECAT
OfiHA meylcAxa ABECTH JIeBAHOCTO BoceMb. [103TOMy roBopsAT, 4To
e[MHUIIA BTOPOTO KJacca eCTh THICAYA; €MHMIA TpeThLero
Kjlacca — MUJJIMOH.

EnuHuuna 4YeTBepTOro Kjacca HAa3HBAeTCA Mmusauapdom,
UM, uHave, Guaauorom (1 MuIIuMappy = 1000 MHIIINOHOB).

Enunnna nAToro kiacca HasblBaeTCA mpu.tauorom (1 TpHII-
JuoH = 1000 GuanmoHoB wau 1000 MuisnmapaoB). Exuuunns
IIeCTOro, CefbMOro, BOCBMOTO M T. . KJACCOB (Kammas
B 1000 pa3 Godbine mpepulecTByIOlleif) HA3LIBAIOTCA Keadpua-
JAUOHOM, KEUHMUAAUOHOM, CEKCMUAAUOHOM, CENMUAAUOHOM
T A

ITpumep.12 021 306 200 000 ynTaerca: ABEHAALATH TPHJI-
JIMOHOB AIBA/UIATL OJMH MUJLIMADL TPUCTA 1IECTh MUILIMOHOB
JIBECTH TBHICAY.

§ 9. ApudmeTrudeckne felicTBuA

1. Cuoxenne. IloHATME 0 TOM, YTO TaKoe CIOMeHUe,
BO3HMKAET U3 TAKMX NMPOCTHIX (AKTOB, YTO OHO He HYKAAETCA
B ompejeJeHUN U He MoeT ObITh onpefelieHo GopMalbHO 1).

3anmuchb cIokeHUA:8+3 = 11; 8 U 3 — caazaembie;
11 — cymma.

2. BpluMTAHME ecmb Hazoncdenue 00HO20 U3 cAA2AEMHIT
no cymme u Opyzomy caaeaemomy. JlaHHAasA cymMMa Molyyaer
Ha3BaHUE ymerdbwaemozo, DaAHHOE CJjlaraeMoe — evluumaemozo,
MCKOMOe CJIaraeMoe — pasHocmu.

1) YacTo AAIOTCA «ONpefesieHUA» BpPOAEe TAKMX: «ClIOeHUe “eCTh
JieiicTBHE, TOCPEACTBOM KOTOPOTO HECKOJbKO YA CEJI COeIMHAIOTCA B OHOY,
WJIM «JefiCTBME, [10CPEICTBOM KOTOPOro HAXORXUTCH, CKOJIbKO EXHUHMI[
COREPHUTCA B HECKOJIbKMX YMcaax BMecres. Ho TOT, KTO He 3HAJI Obl, YTO
3HAUMT «CJIOMKUTH», He 3HAT Gbl U UTO TAKOE «COEIMHUTD YMCIIas, TAK 4TO
BCce TOMOGHbIe «OMpefieJIeHMsI» CBOAATCA JHUUIL K 3aMeHe OjIHUX CJIOB
JpYraMu.
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danucse: 15—7 = 8; 15 — yMeHblaeMoe, 7 — BbIYUTAE-
Moe; 8 — pasHocTh. PasuocTh 8, Cil0KeNHAH ¢ BHYUTAEMbIM 7,
AaeT ymenbiiaemoe 15. Ciaomenune 847 = 15 fABiIAeTCA Npo-
BepKoO# BLIuMTaHUA 15-7 = 8.

3. YmHokeHne, Vwmnoxncumb iekomopoe UCAO (MHOMCU-
MO€) HA Yeaoe HUCAO (MHOMCUMENb) — 3HAUUM NOBMOPUMDb
MHONCUMOE CAQZAEMBIM  CMOABKO DA3, CKOAbKO YKazvieaem
mHomcumend 1), PesysbTaT HasHIBaeTCA npouseederlem.

danmuchb:12X5 = 60, uaum 12-5 = 60; 12 — MHOKUMOE;
5 — MHOKUTeb; 60 — npousBefeHue. 12 x5 = 12+124+12+
+124+12.

Ecin MHOKIMOE U MHOKMTENIb MEHSIIOTCA POJAMU, NPOU3-
B2JleHUe 'OCTAaeTCH TeM Ke.

Hampumep, 2X5 =2+42+2+24+42=10 u 5X2 =
= 5+5 = 10. Ilod3TOMy M MHOKUTENb W MHOMUMOE HA3BI-
BAIOTCA ¢COMHO MM TEISAMMY.

4. Jlenenne ectb naxomclenue 001020 U3 COMHONCU-
meaed, no npouseedenulo U OpYa0My  COMHONCUMEAIO.
JlaHHoe mnpousBefeHMe NOJy4YaeT HasBaHMe OJeaumozo, NaH-
HBIt COMHOKUTENb — Jeaumensn, UCKOMBIL COMHOMHUTENb —
wacmro2o.

3anmuchk: 48:6 = 8; 48 — nenumoe, 6 — aeaUTEND, § —
yactHoe. IIpoussenenne mesnresnss 6 u yacTHOro 8 naer Heu-

Moe 48 (mpoBepka genenus). [TuuryT TaKxe i:—= 8 (cm. II, 22).

YacTHoe 0T JelleHMA ORHOro IeJIOro 4ucia Ha Apyroe
1eJioe MOKeT He OBITh NEJLIM 4YHMCJIOM; TOrJA 9TO 4YaCTHOe
Mo KHO mnpencraBuTh ApoObio (II, 16). Ecmm yacthoe ecTsb
1[eJI0e YNCJO, TO T'OBOPAT, YTO TepBoe U3 YNOMAHYTHIX YMCeI
nayeao Oeaumcs WM, Kopoue, deaumcs Ha Bropoe. Hanpu-
Mep, 35 pgeamrcA (Haneao) na 5, ubo vacTHoe eCTh Lejioe
yucao 7.

Bropoe uucmo B 0TOM. cilyuyae HasuIBaeTCA Jequmesem
MNepRoro, ImepBoe e — Kpamkbim BTOPOroO.

Ilpumep 1. 5 ectb pmennrens umcena 25, 60, 80 u me
fIBJIACTCA HeJiuTesieM uuced 4, 13, 42, 61.

Ilpumep 2. 60 ects KpaTHoe uuces 15, 20, 30 u e
ABJIAETCA KpaTHHIM umces 17, 40, 90.

Bo MHOr¥X cliyyasix MOM#HO, He BHIIIOJNHAHA felleHus, y3HATh,
AeJMTCA JIM HALEJNO OJHO LeJIoe 4Mcio Ha fApyroe. OO aToM
ewm. II, 11.

B canyuae, xorja fenmuMoe He NeIUTCA HaleJ0 Ha eJUTCIb,
HHOTZA BHIIOJIGIIOT TaK HaspiBaeMoe dJeaerue ¢ OCMUMKOM.

1) 06 yMHOM(eHUN HA ApobHOoe 1ucio cM, I, 20.
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JlelleHUMe C OCTATKOM eCTh OTHICKAHHMe HAMOOJBLIEro I€J0ro
4yuciia, KOTOpOoe B NMPOM3BeNeHHM C [eIUTesIeM JlaeT YUCTI0, He
npeBbilLalollee feaumoe. lIcKomoe YHCIIO HA3LIBAETCHA Henod-
Hoim vacmubim. Pa3HOCTh MeMIy AeNMMBIM M NpPOU3BELEHNEM
IeJUTeNIA Ha HeMoJIHOe YacTHOe HAa3bIBAETCA ocmamkom; OH
BCerjia MeHbllle [eJuTelIA.

IIpumep. 19 He meautrca Hauelo Ha 5. Yucna 1, 2, 3
B NpOU3BEAEeHUN ¢ 5 mawT 5, 10, 15, He NMpeBOCXORALIME [eJIH-
Moe 19, HO y»e 4 laeT B mpousBefleHMM ¢ 5 uuciao 20, 60Jb-
uiee, yem 19. Iloaromy Hemoanoe uyacthoe ectb 3. PasHocTs
Meay 19 u mpousBefieHueM 3 -5 = 15 ectb 19—15 = 4;™qo0-
3TOMY OCTATOK eCTh 4.

O peneHun Ha Hynb cM. 11, 23.

5. BosBenenne B cTemeHb. Bozsecrmu uucao 6 yeayio
(emopyro, mpemvro, uemeepmyio u m. 0.) cmenenv — snavum
nosmopumb e2o comHomcumenem 0Oea, mpu, wemvipe U m. 0.
‘pasl). Uncao, moBTopsolleecs COMHOMMUTelleM, HA3LIBAETCHA
OCHOSaHUeM cmenexu, YHUCIO, YKasbiBawllee, CKOJbKO pas
GepeTcA ONMHAKOBHIL MHOKMTeJIb, HA3LIBAETCA nokagamenem
cmeneru. PeayabTaT HasLIBAeTCA cmenerbio.

3anuchk: 34 = 81;38eCh 3 — OCHOBaHUE CTENIEHH, & — 11O~
KaszaTeJb creneHu, 81 — creneHsp; 34 = 3-3-3-3.

Bropaa crenenp Ha3WBaeTCA MHaue keadpamom, TPEThA
creneHb — ky6Gom. IlepBoit cTenmeHbI0 YMCIIA HA3BIBAIOT CaMo
3TO YMUCJIO.

6. MiaBnedenne Kopuda. VsBleyeHue KOpHA eCTh HAXOMKAe-
HHUe OCHOBAHMA CTENeHM Mo CTelleHH M ee NokasdaTemo. [lanHas
cTeneHb IOJy4yaeT Ha3BaHMe nodkopennozo wucsaa, RAHHBIK
NoKa3aTellb — nokazameAas KOpHA, UCKOMOe OCHOBaHME CTe-
TeHM HA3BIBAETCH KopHem.

4
3anucse: V81 = 3. 3mech 81 — mMONKOpEHHOe YuCIo,
4 — rnoKasaTelb KOpHA, 3 — KopeHb. BoaBenenue uncia 3
B YeTBEPTYI0 cTeneHb faeT 81; 3* = 81 (mpoBepKa uU3BIeYeHUA
KOpHSA).
HopeHns BTopoit cremenn HasBIBaeTcA MHadye keadpammubim;
KOpeHb TpeTheit cTenmeHM — kybuunuim. I1pn 3HaKe KBagpar-

HOr0 KODHA IOKa3aTeslb KOPHA NpPUHATO omyckaTh: V 16 = &
2

o3Hauaer 16 = 4.

CioxkeHne M BHIYMTAHME, YMHOMKEHNe U JieJieHUe, BP3Befe-
HUe B CTelleHb M M3BJleYeHWe KODHs MOMApHO ABIAIOTCA 06-
pamubimu delicmeusmu,

II)HO Gnioaneneﬂuu B OTPHMIATEIALHYIO, HYJIEBYI0O M NIPOGHYIO CTCMEHH
CM. , 61,
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ITpaBuia nepBbIX 4eTHpex [eHCTBUMI C LeJBIMM YUCITAMH
NpeAnoNaraloTcA M3BeCTHBIMU. Bo3BeJeHue B CTeneHb BHINOJ-
HAETCA IOBTODHHLIM YMHOeHueM. OO0 u3BJeueHMM KopHelt
cM. 11, 44 n 44a.

§ 10. Iopanox pelicTBuii; ckoGkn

Ecam HeCKONBbKO JAelCTBUIA BHIIOJHAIOTCA OJHO 34 APYTHM,
TO pe3ylbTaT, BooOIle TOBOPA, 3aBUCUT OT MOpPARKA JelicTBuiL.
Hanpumep, 4—2+1 = 3, eciiM NpOM3BOAUTE [eHCTBUA B IO-
PAIdKe MX 3aMUCH; eCJIM 3Ke CHAYaJA CIOMKUTH 2 U 1 M BLIYECTD
NOJIy4eHHYI0 CyMMy u3 4, 1o mnoayuum 1. UtoOnl ykasaTs,
B KAKOM MOpAAKe HYKHO BHIMOJHATH JEeHCTBUA (B TeX cay-
YaAXx, Korjga pesyJbTaT 3aBMCUT OT MOPHAKA UeACTBHIL), MOJIb-
3yI0TCA ckoOkamu. JleficTBuA, BaKilOYeHHbIe B CKOOKM, BHINOJI-
HAIOTCA paHbliie Apyrux. B namem caydae (4—2)4-1 = 3,
4—(2+1) = 1.

Ipumep 1.

(24+4) X5 = 6x5 = 30; 2+ (4Xx5) = 2+20 = 22,

Yro0m He 3arpoMoaTh Ype3MepHO 3AIUCH, YCA0BUAUCL
He nucamd ckobok: 1) ¢ mom caywae, kKoeda Oeiicmeus cao-
HCEHUA U ebiyumanusn, caedys Opye 3a  Opyeom, doancrul
GLINOAHAMBCA 6 MOoM nopﬂOxe, 68 Kakom onu 3anucanst ;
HanpuMep, BMecTo (4—2)+1 =3 mumyr 4-241=3;
2) ¢ mom cayuae, kKoeda  enympu cKoGok npousgodimes
Oeticmeus  ymHomcenun uau  Odesenus; HATNPUMEp, BMECTO
24 (4X5) = 22 mumyT 2+4X5 = 22,

ITpu BEIUKMCIIEHNH TaKMX BbIpaKeHuit, KoTopuie 0o coBceM
He cofepKaT cKOOOK, IGO0 COmeprHaT JMIUb TaKue CKOOKH,
BHYTpM KOTOpHIX GoJjibllle HET CKOGOK, HYKHO IPOM3BONUTH
JletCTBUA B TaKOM MnopsAjKe: 1) cHauala BHIMOJHAKTCA Heit-
CTBMA, 3aKII04YeHHbIe B CKOOKM; IIpH 3TOM YMHOMeHUe n Jelie-
HHe [[eJIAIOTCA B NOPAJKE WX CJefUBAaHNA, HO DaHbile, 4YeM
CJIOKeHWe M BBIYMTAHME; 2) 3aTeM BHINOJHAIOTCA OCTAlOLIMECH
HEMCTBMA, IpUYeM ONATh YMHOMKeHNe M JelleHMe [eJAlTCA B
MOpAJIKe UX CJIeN0BAHUA, HO paHblle CIOMeHUA M BHIUUTAHUA.

Ilpumep 2. 2-5-3-3. Cnavajla BHIMOJIHAEM YMHOMe-
HUA 2-5 = 10; 3-3 =9, 3arem BHYMTaHHe: 10-9 = 1.

IMpumep 3.

9+16:4—2-(16—-2-74+4)+6-(2+35).
CHayana BRITIOJIHAEM JefCTBIFY B CKOGKaX:
16--2-74+4 = 16—-14+4 = 6; 2+5 = 7.
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Tenepr BHNmOJHAeM ocTallMeca RelfcTBuA: 9+16: 4—
—-2:64+6:7 = 94+4—12+42 = 43.

Yacro AjA yKasaHusa NMOpAAKA AeicTBMit Heo6xoauMo 3a-
KI04aTh B CKOOKM TaKme BHpajrKeHHs, KOTOpHIE CaMM Y3ke
cozepkar cKko6ku. Torma, KpoMe OGHIYHBIX (kpyeabix), HpH-
MEHAIT CKOOKM WuHo¥ (opMel, Hampumep keadpammubvie [ ].
Ecan B CKOOKM HYHHO 3aKJIOYHTH BHIpArKeHHe, COAeprHalee
y#e KpPYTJble ¥ KBafpaTHHe CKOOGKH, MOJNBIYIOTCA (BuzypHblmis
ckoOkamn { }. Breruncienue nomoGHBIX BHIpaKeHMIt NMPOM3BO-
JOMTCA B CleAyIOllleM NOpAJKe: CHAuajla MPOW3BOAATCH BHYM-
CIIeHNA BHYTPM BCeX KPYTJbIX CKOGOK B BHIIEYKa3aHHOM mo-
CJIe0BATeIbHOCTH; 3aTeM — BBIYUCIEHUA BHYTPH BCeX KBaj-
PATHHIX CKOGOK IO TeM 3Ke NpABMJIAM; fajlee — BHYMCIEHHA
BHYTpM (UrypHHIX CKOGOK M T. [.; HaKOHell, BHIOJHAIOTCA
ocTawLmecsa feicTBUA.

INNpumep 4. 5+2x[14—3-(8—6)]+32:(10-2-3).
BhimonnseM peifcTBus B KPYIrJABIX CKOOKax; uMeeM:

8—-6 =2, 10-2-3 =10-6 = &;

JefiCTBUA B KBaApATHBIX cKoOKax faoT: 14— 3-2 = 8; BHIOJ-
HAA OCTAaWOLMECA JleCTBUA, HAXOJUM:

5+2:84+432:4 =5416+8 = 29.

ITpumep 5 {100—[35—(30—20)]} -2. Ilopamok neit-
cTBmit: 30— 20 = 10; 35— 10 = 25;100—25 = 75; 75-2 = 150.

§ 11. Il pusHaku KeTMMOCTH

lipnsnak peanmoern Ha 2. UYucno, nensmeeca Ha 2, Ha-
3LIBAETCA uemHbls, He [edfAlleecd — Heuemmubvis. ucao Oe-
aumca Ha aea, ecau e20 nocaeonas l;u¢pa YemHaR uau
Hyab. B 0CTaNIbHBIX ClyyaAX — He JXeJUTCH.

Hanpuwmep, uncino 52 738 menurca Ha 2, TaK Kak Mo-
ciaegusasa uupa 8 — veTHas; 7691 He MeNUTCA Ha 2, TAK KaK
1 — nudpa HeueTHas; 1250 AeNUTCA HA 2, TAK KAK NOCHETHAA
nudpa HyIb,

Ilpusnak peaumocTu Ha 4. Yucno Oeaumes na 4, ecau
dee nocaedrue eeo yugpul Kyau uau obpasyrom wucao, deasujeecn
Ha 4. B ocralbHBIX clyyasX — He JeJUTCH.

ITpumepsl. 31 700 geauTCA HA 4, TAK KAK OKAHYMBAETCH
IBYMA HyJsAMH; 215 634 He MeJNUTCA HA 4, TAaK KaK IOCIefHHE
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nBe LUQpH HAOT yucio 34, He jelAlleecs HA 4 16 608 ne-
JINTCA HA 4, TAK Kak ABe nociegHue uudps 08 KaT YUCIO 8,
neliAlleeca Ha 4.

IIpnsnax pmeaumocT# Ha 8 mopgobeH mNpemBIAyLIEMY.
Yucao Oeaumcs Ha 8, ecal mpu nocaednue yudpvl e2o. Hyau
uau obpasyiom uucao, Oeaswjeecs Ha 8. B 0CTATBHHIX CIy-
YaAX — He JeJNTCH.

ITpumeps. 125 000 meaurcsa Ha 8 (Tpu HYJIA B KOHIeE);
170 004 He pgenutca Ha 8 (TpuM mnocienHue UUPpPH AAIOT
Yyuciao 4, He QensAmeeca Ha 8); 111 120 menutcA Ha 8 (TpM
nocieanue Uudpul KaoT ynciao 120, neiasAueecAd Ha 8).

MosHO yrasaTh mofgo0Hble MPU3HAKY M IJIA leleHNA Ha 16,
32, 64 u T. I, HO OHM He MMEIOT IIPAKTHYECKOI'0 3HAYEHMHA.

Ilpnsuaku pemmmoctv Ha 3 M Ha 9. Ha 3 Oeaamca
moabko me wucaa, Yy Komopuxr cymma yugpp Oeaumcs
Ha 3; Ha 9 — moabko me, y Komopux cymma yudp Oeaumca
Ha 9.

IIpumeps. Ynucao 17 835 genurca HA 3 M He JEIUTCA
Ha 9, TaK Kak cymMma ero mupp 1+7+8+3+5 = 24
neauTcA Ha 3 M He feauTca na 9. Uucmo 106 499 He Aeaurcs
HU HA 3, HM Ha 9, TaK Kak cymma ero nudp (29) we menmurcs
Hu Ha 3, uu Ha 9. Uncio 52 632 menutca na 9, Tak Kak cymMma
ero uudp (18) meaurca Ha 9.

IlpusHak peaumoctTH Ha 6. Yucao deaumcs Ha 6, ecau
oHo Oeaumca oOnospemenro na 2 u Ha 3. B mpoTruBHOM
clIy4yae — He JeJUTCA.

Hanpumep, 126 menurcAa Ha 6, Tak KaK OHO JAEJNUTCA U
Ha 2 u Ha 3.

Ilpusnak peaumoern Ha &, Ha 5 Odeasmes uucaa,
nocaednan yugpa komopwvix 0 uau 5. JIpyrue — me HelATCA.

IIp umep. 240 geaurca Ha 5 (mocnegusasn uudpa 0); 554 He
JlenuTcA Ha 5 (mociemauas mudpa 4&).

IIpnsnak peaumocTH Ha 26, Ha 25 Jdeasmca wuucaa,
dse  nocaedHue yugpu. kKomopwix Hyau uau obpasyom
wucao, Oeasaweecs wa 25 (T. e. 4MCJA, OKAHYMBAIOLINECH
Ha 00, 25, 50 nau 75). [Ipyrue He meaATCA.

IIpumep. 7150 menutca Ha 25 (OKaH4YMBaeTcs HA 50).
4855 He memuTca Ha 25.

Mpusnaku peaumocern Ha 10, 100 m 1000. Ha 10 Je-
ARMCA MOABLKO me wucaa, nocreOHas yudpa Komopwx HYyab,
Ha 100 — moabko me 4uucaa, y kKomopwix O0ee nocaedHue
yudpsr Hyau, na 1000 — moabko me, y Komopwlx mpu
nocaednue yupprl Hyau.

IIpumepr. 8200 meaurca va 10 n Ha 100; 542 000 xe-
auTea Ha 10, 100, 1000.
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Hpusnax peammoctn Ha 11. Ha 11 Odeasmca moavko
me wucaa, y Komopwx cymma yudp, sanumalowyur  He-
wemHble wmecma, aubo paswa cymme YuPp, IAHUMAIGYUT
YemHubvlie mecma, aubo pasrumcs om Hee HaA HUUcCao, deas-
weeca na 11.

IIpumepun. Yucao 103 785 penurca Ha 11, Tak Kak
cymMma Indp, 3aHMMAOIINX HeuyeTHHe Mecra, 1+3+8 = 12
pasija cymme uMdp, BaHMMAlOWMX uHeTHbe Mecta 047+

+5 =.12. Uncmo 9 163 627 pmemmrca HA 11, TAaK KaK cyMMa
uuq)p, 3aHUMAWIINX HeYeTHBIe MecTa, ecTh 9+6+6+7 = 28,
a cymma nudp, 3aHMMAIOIIKX YeTHble MeCTa, ecTh 1+3+
+2 = 6; pasHOCTh Meay uuciamu 28 u 6 ectb 22, a 3TO
yucyo mesautca Ha 11. Yucno 461 025 He pmeauresa Ha 11, Tak
Kak yucaa 44142 =7 u 6+04+5 = 11 He paBHH [pyr
ApYyTry, a X pasHocTb 11—7 = 4 -na 11 He JejuTéA.

CymiecTByIOT NPU3HAKM JEJNUMMOCTM U HA JApPyrue 4HuCiIa
(cBepx BbIlleNepeYMCIEHHBIX), HO ATH NPUSHAKU CJIOMHee.

§ 12. IIpocTrie u cocTaBUbiC YUCIA

Bce neanle ymucaa, KpoMe 1, MMeOT IO MeHblei Mepe
ABYX fenuTedeii: eqmuauny u camoro cebd. Te u3 HHMX, KOTO-
pHle He MMeIOT HMKAKNX JPYTUX AellnTedleif, Ha3bIBAWOTCA npo-
cmuimu (MM MepBoHaYadbubiMu). Hanpumep, 7, 41, 53 -— npo-
creie uyncaa. Te ymcia, KOTOphie MMEIOT elle M Apyrue Aenu-
TeJ, HAE3BIBAIOTCA cocmasHbimu (Anu ciaoxcHanivu). Hampu-
Mep, 21 — cocTaBHOe Y1CHO (ero mesurtean 1, 3, 7, 21), 81 — co-
CTaBHOE YMCJI0 (ero meauTenu 1, 3, 9, 27, 81). Uucio 1 MoKHO
6bi0 Gbl OTHECTM K NPOCTHIM YHCJAM; OfIHAKO IIPeANmoYTH-
TeTBHO BHAGAATL ero 0co6o, He OTHOCA WM K MPOCTHIM, HU
K COCTaBHBIM 1).

IIpocThix umces — GeCYMCIEHHOe MHIOMKECTBO.

ITpocteie umcia, He mpeBocxofAmue 200, caemylomue 2):

2,3,5,7, 11,13, 17, 19, 23, 29, 31, 37, 41, 43,

47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, (A)
103, 107, 109, 113, 127, 131, 137, 139, 149, 151,

157, 163, 167, 173, 179, 181, 191, 193, 197, 199.

1) 310 coriamienne o0yCaoBIEHO TeM, YTO JUIA eMHUIbI He UMelT
CHJILI MHOTME LPABUJIA, CHPaBeJIMBLIE JUIA BCEX OCTAILMBIX NMPOCTLIX
guceJ.

2) Ha cTp. 48—49 npEBefena Ttaliuia MPOCTHIX uucelN, He MPeBO-
cxoxAmmx 6000,
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§ 13. Pasiiosenne HA HPOCTbIC MHOKHTCIN

Benkoe cocTaBHOE YMCI0 MOMKHO eAMHCTBEHHBIM crocobom
IPEJCTaBUTh B DBHUJe TIPOU3BENEHUA MPOCTHIX MHOKUTeJeif.
Hanpumep, 36 = 2-2-3:3 = 22-3%, 45 = 3-3-5 = 3*-5
(vmm 3%-5'); 150 =2-3-5:5 = 2-3-5% (mymm 2'-3!'-52%).
JLA HeGONBILMX YKMCeT PA3JI0HKeHHe JIErKO JesIaeTCA Mo XOoraf-
Ke. [{as1 GOIBUINX YKCeJ MOMKHO IOJIb30BATHCA TAKUM NTPHEMOM.

Mpumep 1. Mycrs paHo umcimo 1421. Bepem noppsan
npoctele yucia Tabmmnbl (A) Ha crp. 71 M ocTaHaBIMBaeMcA
Ha TOM, KOTOpOe ABJAETCA JAelInTelleM AaHHOro Ynucia. Ha ocHo-
BaHMM NPU3HAKOB JeJIMMOCTH BHJIMM, 4TO uMcia 2, 3, 5 He
MoryT ObITh NelMTeJAMN uucia 1421; nonLITABNINCh Pa3/eIUTh
Ha 7, BuauMm, uto 1421 geamrtcs Ha 7 M JaeT B yacTHOM 203.
CiaeBa oT uepTH 3amMUCBIBAeM 4YUCI0 1421; cnpaBa NpOTUB

Hero — JMeJINTeNib, TMojJ YUCIOM — 4YacTHoe 203.

danucb: Takum ke oOpasoM wucneiThiBaeM uucio 203.
Yucen 2, 3, 5, 0Ka3aBUIKXCA HErOJHBIMU NIpM Nep-

th2t 7 BOit mpole, MBI He TpPOraeM M HAYMHAEM MCIbI-
23‘9‘ 29 TaHue ¢ yucia 7. OKaseIBaeTCA, UTO 7 €CTh JleJin-

TeJib yncia 203. 3anUCHBAEM ero CpaBa OT YepThl

npotus 203. Cuusy nox 203 numieM yactHoe 29. Yucmo 29 —
1IPOCTOe, MOJTOMY paslloHielMe 3aKoH4YeHo. PesyapraT ero:

1421 = 7:7:29 = 7*-29.

OtoT o0t cnoco® MOKHO B pAAE CIy4aeB yIPOLIATD.

IIpumep 2. PasnokuM Ha NPOCTbIE MHOMUTENU UMCIIO
1 237 600. 3amerus, 4to 1 237 600 = 12 376 X 100, pas’nomum
Mo OTAENBHOCTH JBA COMHOkUTeds. Bropoit pasmaraercs
cpady: 100 = 10:10 = 2-5-2-5 = 2%-5% llepsulit paznaraem
cllenyomum oGpasoM.

3anuc b: Bepem u3 raGauiet (A) nepBoe npocToe HUCIO
12 376 2: YTO OHO €CTb JIeJIMTeJb yucaa 12 376, BUAHO 110
g 2}32 :{ npusHaky geaumoctu. Haitna yactoe 6188, cHOBA
1547| < GOepem m3 tabmuust (A) uucuo 2. Bropoe wact-

221 | 13 Hoe 3094 TakMe 4yeTHO; AeJUM ero ONATH Ha 2.

171 17 PesyabraT 1547 y»e He fenurcA Ha 2. [Ipusnaku
IeJIMMOCTH TOKAKyT, YTO OHO He NeJUTCA HM HA 3, HM HaA 5.
ITpoGyem menuth 1547 na 7; noixyyaeMm sactHoe 221. ITpoGyem
emie pa3 pasgeauts na 7. He genurca. Torma ucneiThiBaeM
cllenylolue npocthie uuciaa. Ha 11 umcao 221 He nesnTCH,
HO Ha 13 leJIUTCA, B YACTHOM — NPOCTOE YUCI0 17

Pesynbrar: 1237 600=23-7:13-17-22:52=25.52.7-1317.
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§ 14. O6mmii nanGoasmmil penuTeNs

O6wpum deaumesem HECKOJBKUX YHMCENT HABHIBAETCHA YUCIIO,
ciy:xailee feaurteaeMm (II, 9, m. 4) AuA Kammoro M3 HUX.
Hanpumep, uucaa 12, 18, 30 umetor olwmit neiauTens 3;
4uCIO0 2 — Toe MX oOmmit meaurens. Cpeaum Bcex o6uimx
menuTelelf Bcerna uMeercA HauGoJsblIMi, B HallleM IpUMepe—
4uCa0 6. ITO YUCIO HA3BIBACTCHA obwum Hauboaviuum deiu-
meaem (O. H. 1.).

Mpumepw. Jasa uucex 16, 20, 28 O. H. A. ecThb 4; AuIA
yncea 5, 30, 60, 90 O. H. O. ecTb 5.

Horpa uucaa ueGoupumme, ux O. H. J. Jerko HAXOAUTCA
no poraake. Eciu MH nMeeM feno ¢ GoJbIIMMH YMCTaMu, pas-
JlaraeM Kakgoe Ha NpocTee MHOMuTeaun (cm. II, 13) u BHOu-
CHIBa€M Te M3 HHUX, KOTOpHle BXONAT BO BCe NAHHEIE YHMCJ]a.
Haspgpiit M3 TakuX MHOKMTelelt GepeM C HaMMeHBIIUM IOKa-
3aTejeM, ¢ KOTOPHIM OH BXOAMT B aHHbIe uncia. IIpousBogum
YMHOKeHue.

Mpunmep 1. Haitrtn O. H. 1. uncen 252, 441, 1080. Paa-
JlaraeM Ha MpOCThle MHOMUTEIH

252 = 22-3%2-7; 441 = 32-7%; 1080 = 23-33.5,
OO6IWuM JI7IA YNCeS ABIAETCA TOJbKO IIPOCTOI MHOMUTEND 3;
HAUMEHBUINA M3 IOKasaTeleif, ¢ KOTOPBHIMH OH BXOAMT B AaH-

Hble yucaa, ectb 2. O. H. I. paBeH 3% = 9.
ITpuwmep 2. Haitru O. 1. x. umucea 234, 1080, 8100.
234 = 2-3%-13; 1080 = 23-3%-5; 8100 = 22-34.5%,

O. H. j.,= 2:3% = 18.

MosKeT CIy4uTbCH, YTO NPOCTHIX MHOMUTeNel, o0IuxX A
BCeX JAHHbIX yucerd, e Gyner BoBce. Torma oOmuit HauGoub-
uMik penurenb ectb 1. Hanpumep, mas uymcenr 15 = 3-5,
10 = 2-5,6 = 2-3 O.H. 1. = 1. JIBa umcaa, O. H. I. KOTOPHIX
paBeH 1, Ha3pIBAOTCH 63aumHo npocmeimu. Hanpumep, 15
¥ 22 — B3aMMHO NPOCTbIE YMCHa.

§ 15. O0mee HauMeHbLICe KPATHOE

O6wpum Kpamubim HECKOJIBKHUX YHCeJ HA3hIBAETCH YMCIIO,
cayxamee kpatubim (I1, 9, m. 4) gas wkaxcgoro 3 Hux. Ha-
npumep, yucaa 15, 6, 10 umeror oliee Kpatizoe 180; uuciao
90 — Take obuee KpaTHoe 9TUX ynceda. Cpead BcexX o0OLMX
KPATHBIX BCerjia eCTb HaUMeHblllee, B IaHIOM cly4ae yuciao 30,
ITO YUCIO HABLIBAETCS 00wguM  HAUMEHBIIUM  KPAmHBIM
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(O. n. k.). Ina veboapmmux ynceda O. H. K. HAXOJUTCA Jlerko
no moraake. Ecan uncna Golbluue, MOCTynaeM TaK: pasjaraeM
AAHHbIe YHCIA HA IpPOCTHIE MHOMKMTENM; BHIINCLIBAEM Bce
NMpOCTHE MHOMKUTENN, BXOAAUIMe XOTA OBl B OJJHO M3 JAAHHBIX
YnceJl; KaKAb U3 B3ATHX MHOMUTeNell BOSBOXUM B HAUOOJIL-
IIyl0 U3 TeX CTemeHeif, ¢ KOTOPHIMM OH BXOJUT B HAHHBIE
YyucIaa. HpOHSBOI{HM YMHOKCHHUE.

IIpumep 1. Haittn O. H. K. yncen 252, 441, 1080.

Pasnaraem Ha mpocTele MHOMKMTeNm: 252 = 2%2-3%-7;
441 = 32-7%; 1080 = 23-33-5. IlepemHokaem 23-33-7%.5,
O. H. K. =-52 920.

IMMpumep 2. Haitru O. H. K. umcen 234, 1080, 8100
(cm. mpumep 2 § 14). O. nH. K, = 23-34-5%2-13 = 210 600.

§ 16. IpocTsie gpolu

ITpocmoii dpobblo (Kopoue, Opobblo) Haszvieaemcs wacmuv
edunuysl uau Heckoavbko pasHulr uacmel (Joaeil) edunuybt.
Yucio, nmoxasniBaolliee, Ha CKOJBKO JoJeff pasfelleHa emu-
HHULA, HA3BIBAETCA anamenamenem KPOOH; YHUCIIO, MOKABBIBAK-
Iiee KOJMYECTBO BIATHIX [0, — wucaumesem [poou.

3
3anucse: - nam 3/ (Tpu nATHIX), 3KeCh 3 — YMCIUTED,
5 — 3HAMeHaTellb.
Ecau yucinTesns MeHblle 3HAMeHATess, TO Apo0b MeHblle
.3
eAMHULE! M HA3LIBACTCA NPAsUALHOLL : —- — NIPABUIBHAA NPOGE.

Ecau yncautens paBeH sHaMeHaTenw, Apo0b paBHA eIMHMIIE.
Ecnu uyncanrenp Goibilie 3HaMeHaTesA, Apodb Gosbime emu-
HunH. B o6oux mociegHux ciyyaax ApoOb HA3HIBAETCA Henpa-

suavroii. Hanpumep, —g— , =5~ — HempaBUiIbHEe npo6u. Yto6ut

BHIIEIUTH HanGoJblllee LeJloe YMCIO, CofiepHKalleecd B Hempa-
BHIIBHOIL IpoGH, HYKHO PA3AeNNTh YUNCIUTENb HA BHAMEHATEb.
Ecun peneHve BHNOJHAeTCA 0e3 0oCTAaTKa, 'ro Baﬂ'raﬂ Henpa-

BUJIbHAA Apo0b paBHA YACTHOMY. Hanpumep, =45:5=9.

Ecau pneseHve BEHIIOJHAETCA C OCTATKOM, TO (l{enonﬂoe) 4acT-
HOe JlaeT MCKOMOe Ilejloe YHMCII0, OCTATOK e CTAHOBUTCA
umcaNTeNeM ApOGHON uacTH; 3HAMeHATeNb KPOGHOK uacTH
0CTAeTCH NPEKHUM.

IHpumep. Hana npo6b— I[emm 48 na 5. Ilonyuaem
YacTHoOe 9 M OCTATOK 3; -—5— =9 —5—



§ 17. COKPAIIEHITE U «PACHIMPEHUE» JIPOBM 75

Yucuo, cofiepallee Lellyio ¥ JPoOHYI0 YACTH (Hanpumep,
3
9 A‘,’—), HA3BIBAETCA cmewtanHvim. JIpoGHAA 4aCTh CMeEIIaHHOIO

uncia MoKeT GbITh M HENpaBHIbHON Apo6bi0, HanpuMep 743,

TOrla MOKHO M3 ApOOHOIf YacT BHIAEANTh Haubolbllee Leioe

UKCIO (CM. BHILIE) M NPEJCTABUTH CMELIAHHOE YKCIO B TaAKOM

Buje, yTo6bl ApoOHAA YacTh CTAJA NPaBUIBHOM KpoOblo (WK

13 1

BoBCe ucyesna). Hanpumep, 7— =7 +5 =7+25=9+5.

K nopgobHomy BHAY 0OBIYHO M NPMBOAAT CMELIAHHBIE YHCJIA.

YacTo NpUXOAUTCA (HAmpuMep, NpM YMHOMeHMM ApoGeit)

pewiatb BOMpoc o6GpaTHOro XapaKTepa: RAeTCA CMELIAHHOE

4ncyo, TpeGyeTcA npeicTaBUTL ero B Buje Apobu (HempaBHIIb-

Holt). laA aToro HyHo: 1) melloe YMCHO, BXOFsALIee B CMe-

IaHHOE, IOMHOKUTH HA 3HaMeHaTelb APOoOHOM yacTy; 2) K npo-

u3Befiennio npuGaputh umcauteds. Ilomyuennoe uucio Gymer

YUCJMTENIeM UCKOMOU Apo0y, 3HaMeHaTelb OCTAeTCA NMpeXKHUM.
- 3

IMTpumep. [laHo cMemanHoe YUCIO 9+ 1) 9-5 = 45;

. 3 48

2) 4543 =148; 3) 9+ = S

)

§ 17. Cokpanienne v «pacuIHpenue» ipoou

Benuunna gpo6u 1e MSMCHUTCA, €CIM MHUCINTENb M 3HAMe-
nareJb IpoOu MOMHOKHUTB HA OJ{HO U To e yncio. Hampumep,

D36 A8t 4384t 4
5 5.6 302 T 2.3 7 62 24 8"
Takoe npeoGpasopaHue Apolu ') MBI HAB0OBEM (PaAcULUpeEHUeM)

dpo6u. Byaem rosoputh, yTo Upodb %%— NoJy4ena «paciiumpe-

3
HueM Ha 6» u3 Kpodu —.
Beanuuuna I[p06ld He M3MEHHUTCH, eCJIN YUACIINTEeJIb U 3HaMe-
HaTeNb Jpofu pasjesuTh HA OKHO U TO ke uuciao. llanpumep,

18 1816 _ 3 4

30 30:6 5

g

1
=g Taroe npeolpasobanue gpobu

1) 910 npeo6pasoBanme NPUXOJUTCA COBEPUIATD 110CTOAIHHO (HANIpMMep,
IpH CIIO<eHUM NpoGeii); 0HO He MeHee BAMHO, YEM COKpAlEHHUE JpOOH.
TaK KaK B HaWIMX y4eOHMKAX JUJIA HEro He BBOMUTCH HUKAKOro Ha3BaHMA,
TO B NEepBOM W3JAHUU CIPaBOYHUKA aBTOP NPEMIOH(MI Ha3BaTh 3TO
npeoGpasosanue «yiinHeHMeM». He00XOnMMOCTE BBeJICHUs HOBOTO Tep-
MUHA He BCTpETHJa BO3paKeHHt. Ho caMblif TepMHH «yIJIMHEHHE»
MHOTHE JIUNA CUNTAIIM HEYAYHLIM, TIPEINOYNTA €My TePMAH «pacIInpe-
Hues,
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3
Ha3BIBAETCA  cokpawgenuem Opobu. I'oopar, 4ro jipobb - -

MOJIy4YeHa «COKpalleHneM Ha 6» U3 jpobu %g—.

JIpo6b MOMHO COKpAaTUTh JMIIL B TOM CJy4ae, eCJIM YUC-
JINTellb U 3HAMeHaTeJb NMEIOT OJNUHAKOBHIE [eJUTeNH (T. e.
ecJiu OHM He B3auMHO mpocthie). CoKpallleHue MOKHO INPOU3-
BOJINTh WJIM IOCTeleHHO uiu cpasy Ha O. H. ..

II p nm e p. Cokpatuts 1po6b % IIpuMeHAA NpU3HAK [e-

JNMOCTM HA 4 (cM. Bbime § 11), BMOMM, uYTO 4 ecThb oOL(Mit
AelIuTellb YUCINTENA U 3HaMeHaTend. Cokpauana Ha 4, uMeeM:

108  108:4 27
T =T =5 3ameyasn, uTo 27 u 3g7uM010T o0uM menu-

27 3
TeJeM 9, COKpaIllaeM —— Ha 9; uMeeM: =T HanbHeituiee
COKpAallleHe HEeBO3MOMHO (3 M 4 — B3aMMHO NPOCTHie YMCJIA).
Tor Ke pesyJabTaT MBI NOJy4uM, eciu Haitaem O. H. 1.

yucesn 108 m 144. On pasen 36. CoxkpaTuB Ha 36, MONy4YUM:
108 108:36 3

144~ 144:36 ~ & -
ITocne cokpamennsa Ha O. H. JI. NOJY4AETCH HECOKpAMuU-
masn 0pols.

§ 18. CpaBneHne jipoGeii; npuBeenne Kk ooLEeMYy
3HAMEHAaTeaI0

U3 nByx npoGelf ¢ oAMHAKOBLIM YHMCIHTelleM Ta Jpo0b

Goabuie, y KoTopoilf 3HameHaTexb MeHblle. Hanpumep,
1t 15
) —7-->—g-. N3 nByx papobe#t ¢ ogMHAKOBHIM 3HaMeHa-

TelleM Ta ApoOb Oonblie, y KOTOpOi uymcautenp OoJblie.
Hanpumep, %> —‘g-.

Uro6ul CpaBHUTH ABe ApPOGH, y KOTOPHIX DAa3IUYHBL M
YUCJNTENb U 3HAMEHATeNb, HYKHO OAHY My o0e mpobm mpe-
00pa3oBaTh Tak, 4To0bl NX 3HAMEHATeJM CTAJIM OXUHAKOBBIMHU.
Ias aTOro MOKHO, HampUMep, NepByio Po6b PACIIMPUTE HA
3HaMeHaTeJb BTOpOHf, a BTOpyi0 — Ha 3HaMeHaTellb NepPBOif.

IT p ume p. CpaBHuM ApoGH % " % Pacmmpsiem nepyio

36 . 7 56
apo6p Ha 12, a BTOpyl Ha 8; nmeeM:% =56 1 = 96"
Teneps 3HaMeHaTenn oAuHAKOBLH. CPABHUB YUCIAMTENH, BUIUM,
4YTo BTOpad ApobnL GoJblue mepBoik.

Ilpumenennoe mpeoGpasoBanue Apobeit Ha3LIBAETCA npu-
8edenuem Ux K o6uiemy sHameHamero,



§ 19. CJIO}KEHHME M BHIUNTAHUE JPOBEN 77

UtoGel npuBecTH K o0LleMy 3HAMEHATeNI0 HECKOJbKO Ipo-
Oeif, MOMKHO KarKAyl0 M3 HUX pACIHIMPUTb HA NPOU3BejleHne
3HaMeHaTelell 0CTANILHBIX. Hanpumep, uro6Ll npuBecTH K 00-

3 5 2
meMy 3HaMeHaTeJo Ilp06ld B8 B pacnmpuM  mnepByio

Ha 5-6 = 30, BTOpyIO Ha 8:5 = 40, TpeTbio Ha 8:6 = 48.
Honyqum LA 29400, = ;,‘0, —52— = 31‘60 OO0muM 3HaMeHarte-
neM Gyne'r npousBefieHne 3HaMenaTeae Bcex JaHunx jpobeit
(8:6-5 = 240).

ATOT crnocol mpuBeleHMH K o0ueMy 3HAMeHATeNo -— ca-
MbIif MPOCTOK M BO MHOPMX CJY4aAX CaMblif TPaKTHYHBIA.
Epuncreeniioe ero HeyZoGCTBO COCTOMT B TOM, 4TO oO6umit
3HaMeHaTeNb MOMeT OKa3aThbCA [OBOJBHO OOJNLIIMM, TOrAA
KaK MOHO BHIOpaTh ero MeHbluumM. VIMenHo, 3a oGumit 3Ha-
MeHaTellb MOKHO B3fITh JI06oe oflice KpaTHoe (B YACTHOCTH,
0. H. K.) IaHHEIX 3HaMeHaTeleit. Torma HyHO pacIIMPUTH
KaMaylo Apo6b HA YacTHOe, MOJIyuyaeMoe OT jAeleHUs o0Liero
KPaTHOTO HA BHAMeHaTeJb B3ATOH ApoOu (3TO YaCTHOe HABLI-
BAETCA JONOAHUMEALHBIM MIOHCUMENEM).

Ilpumep. Jlaun npobu —';—, ‘Z, —i 0. 1n. K. 3HaMeHa-
Teseit 8, 6, 5 ectb 120. JlomoJHMTENBHbIE MHOMKHUTENN:
120:8 = 15; 120 : 6 = 20; 120 : 5 = 24. Pacmupsem nepnyio
npo6b na 15, vropyio na 20, Tpetsio Ha 24. [Tomyuaem:

3 _ 45 .5 _ 100, 2 _ 48

8T 106 120°5 120

B yyeOHuMKAX apM(MeTHIM 4aCcTO M3JAraeTcs TOJBKO DTOT
npueM npuBefeHusa K obumeMy sHamenareswo. Ha npakrtuxe
OH OMpAaBJbIBAETCH, OHAKO, JIMIIb B TOM ciayyae, ecan O. H. k.
HAXOJAUTCA JIerko mo Aorajgke. B mpoTMBHOM ciyyae MpUXo-
JAVMTCA 3aTPAyMBATH MHOrO BpeMeHM HA oTbickanue O. H. K. M
MOMOJHUTENBHLIX MHOMHUTeNlelf. CBepX TOro, 4acTO OKa3bl-
BaeTcA, uTo O. H. K. He 11aMHOI'0 MeHblile NPOU3BEAEHUA 3HA-
MeHaTellelf MJIM Jlaxe BoBCe He MeHblle €ero, M TOTAA 3a-
TpayeHHOe BpeMA U TpYJ coBeplieHHo Gecrioyesnsl.

§ 19. Ciuoxxenue ¥ BeIYMTAHME [IPOGei

Ecau sHamenartenn apoGeit 0qnHAKOBLI, TO, YTOOBI CJIOMKHUTH
Ipo0M, HY HHO CJOKUTh UX YNCIUTEIIH, A YTOOHl BHIUECTDb po0H,
HYKHO M3 YUCIHUTENSA YMEHBIIAeMOro BbIYECTh UMCIUTENb BhI-
YUTAEMOro; MOJIyYeHHAA CyMMa WJIM PA3HOCTh OYIET YMCIUTe-
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JleM pe3yJbTaTa; 3HAMeHaTeNb OCTaeTcA mpexHuM. Ecianm sHa-
MeHaTeJn [pobeit pasiIUyHBI, HY }KHO HPeBAPUTEILHO MPUBECTH
Apobu K oOleMy 3HAMEHATEJo.

7 12

5 4 1
Mpumep 1. ?+T=_8_=1T=1_2"

3 5 2 45 100 48 97
Mpumep 2. g+5-5 =150+ 120~ 120 ~ 120"

Ecau cknagnBaloTca cMelaHHBIe YMCJIa, TO OTAEIbHO HaX0-
AAT CyMMYy LIeJIBIX U CyMMY ApPOOHBIX yacTeif.
IMIpnmep 3.

3 5 3 5 19 7
Tpthg =04+ () = Mgy = 1245

TIpu BEIYMTAHMM CMEIIAHHKIX YMcesl ApoOHAs YACTh BHIYU-
TAEMOT'0 MOKeT 0KasaThcA Oolblie NpobHOIM yacTH yMeHbUIae-
moro. Toraa B ymeHblIaeMoM (3aHMMaeTCA» eAMHULA U obpa-
1aeTCA B HeMPaBMJIBHYIO APOGH.

IMpumep 4.

1 1 3 4 15
Ty =Ty by = 6

4 1
2 12 12 =2

b = 2

5 7 5 2
MMpumep 5. 1102 = 10-7—10-- = =

§ 20. Ymuoxenne xpodeii. Onpenenenne

Jas yMHOKeHUA U TelleHns ApobM Ha yeroe YUCIO MOMKHO
COXpAaHHUTb AaHHBE Bhile onpenenenud (II, 9, nm, 3 u 4). Ha-
npuMmep,

3
4

3 3 3 1
2—4—X3= 2T+2T+2 =8—4—.
3

1
O6patHo, 87:3=2T' MpakTuueckne. mpaBuiia BBIYHUCIE-

HUA CM. HUKe.
Jaa yMHOMeHUA HA Opo6Hoe UUCIO ompefesieHue § 9 co-

XpaunTe Henbssi. Hanpumep, peifcteue 2--:-- HeJNb3A BH-

MOJIHUTH, €CJIK ero NOHUMATh TaK, 4YTO 2% 'rpeﬁye'rc;{ B3ATH

3
CJlaraeMbIM e pasa.

Y umrnoncumv nexomopoe wucao (ueloe HIM ApoOHoe) Ha
0po6b — amavum paszdeaumdv 3Mo MUCAO HA 3IHAMEHAMEALb
Opobu u pesyabmam nomHoHCUMb 1@ YUCAUMERD,



§ 20. YMHOMKEHME IPOGEN. OIIPENEJEHUE 79

IIpumep. 800‘—2-; 800 : 4 = 200; 200-3 = 600, Tak 4TO
800-—',; -= 600. Iopsagok jeicTBUit (Jedlennss M yMHOMEHMA),

MOKHO M3MEeHUTDb; pesyibTaT OymeT ToT e: 800-3 = 2400,
2400 : & = 600.

IIpuBenennoe onpepnenenye He SIBIAETCA INPOU3BOJbHEIM
UBMBIIIJIEHUEM: OHO BHITEKAeT U3 HeoOXOMUMOCTH HOJHOCTBIO
COXPAHMUTh 32 HeliCTBUEM YMHOMEHMA Ty pOJb, KOTOPYIO OHO
Urpajio B MPaKTUKe M B TEOPUM, IIOKA MBI MMeEIH [eJlo ¢ Ie-
JIMMU yucaaMu. Y GeuMcA B 3TOM Ha ABYX NpHMepax.

I pumep. JIntp kepocuna Becur 800 2. CKOJBLKO BeCAT
4a? Pemenue: 800-4 = 3200 (2) = 3 ke 200 2. Peaynbrar
HalileH YMHOMeHHeM Ha 4.

3

CKOJIbKO BeCAT —2— 4 kepocuHa? Peurenme: 800 4 =
= 600 (e) (cM. mpeawIy Uit MpuMep).

Ecnu Mbl yMHOKeHMIO Ha Npo0b HajuM ompefeiieHue, OT-
JMYaolieecs OT BHILIENPUBENEHHOr0, ME MOJYyYlM HelpaBUilb-
Helt oTeT. Ecau Gbl MBI, MCXORA M3 onpefeleHnsa § 9, npu-

3
BHQJIM YMHOMEHHE HA -~ HEBO3MOMKHBIM, HaM MpPUILIOCH Gkl
peuaTth 3afauy O Bece KepoCHHA PasHBIMU NeHCTBHAMM: NpH
IeJI0M YKCIle IUTPOB YMHOKEHUeM, a TpU APOGHOM Yncile MHBIM
neitctBueM !).

IIpu mepeMHOKEHMH LeJBIX YHCENl Npou3BefileHMe He Me-
HAETCA OT IepeCTAaHOBKM COMHOMTelNlel: 34 = 4:3 = 12.
IT0 CBONCTBO COXpaHAETCA U NMPU yMHOKeHUM Ha npobb. Ha-

2
npuMep, -3 = —;3-+—f32—+T = 2; 9TOT pe3yJbTaT IOJy4YeH Ha
OCHOBC TpeHero onpenenenus (cM. § 9). IlepecraBum co-

MHO¥UTEJN: 3 - 5 ; IpesHee oNpejlelieHne yMHOMeHHUA Tenephb
1e TOAUTCA, HO HOBOe j1aeT 3 Ty = 2.

BooGuie okasbIBaeTCs, 4TO0 NPU HOBOM ONpeReeHNM YMHO-
FHEeHMsA OCTAIOTCH B CHJIe BCe NperKiue CBOMCTBA M NpAaBHIA,
3 MCKJII0UeHueM OJHOrO: MPY NpeHeM onpe/elleNuy yMHOMe-
HUA YMCIIO yBeJNYMBAJIOCH, OTCIOAa U Ha3BaHUe «YMHOMKeHMe»
(oT cioBa «MHoro»). Tenepb e MBI JOJHKHBEI CKA3aTh: OT yM-
HOMKEHMA HAa UNCIO0, Goabutee CIUAHMIIBI, MHOMKUMOE Yyeeauvu-
6aemcs; OT YMHOMEHUA HA YUCIO, MeHbwiee ENUHUIBL (T. €. HA

1) BO3HMKACT BOIIPOC, HeJIb3s1 JiM ObLII0 AaTh Cpa3dy TaKkoe olpeaciienue,
LOTOPOE TOMMIIOCh 0Ll ¥ JUIA YMHOKeHUA Ha 11eJ10e YUCII0, U JITIsT YMHOMKe-
HMA HA ;Ipo0bL? OKa3bIBAETCH, YTO HCJIL3AA: NPHU OlpejieIeHUM YMHOHEeH A
ApoOM  HEM30€KHO  NIPUXOJIMTCA  11pejUIoJaraTh 3apaliee M3BECTHLIM
YMHOREHHME Ha LeJI0€e YHCIIO (CM. olTpejlesienne 3Toro naparpadga).
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NpaBWIbHYI0 KPoOb), 0HO ymerbuiaemes. HecoorBeTcTBUe Mo-
cilegHero gakTa ¢ Ha3BaHMeM JleHCTBUA 00BACHAETCA TEM, HTO
Ha3BaHUe (YMHOMEHHe» BOCXO/IUT K TeM OTAAJNeHHLIM BpeMe-
HaM, KOrJa HOHATHE YMHOMEHWMA OTHOCUIIM TOJKO I8 1eJIbIM
YUCTaM.

§ 21. Ymuomenne podeii. Ilpasnio

Ymobu. ymromcums Opohes na JIpobvb, nommoxcaom wu-
caumendb Ha yvucaumeadb U 3IHAMeHaAmMEndb HA IZHAMEHaAMmeAab.
Hepauli pe3yavmam ecmbdb uucaumendb npouaeeoenuﬂ, emo-
poii — 3namenameav. EcaM cpeiu COMHOMKUTeNlelk UMEIOTCS
CMeIaHHble YUCJA, TO UX HpeABapUTENbHO o0pailanT B le-
NPaBMIBHYIO Jipo6b. Ellle 10 mepeMHOkKeHNs MOMHO COKPALLATh
060 MHOMKUTENb YHACIUTENA C JOOBIM MHOMKHUTEJIEM 3HAaMe-
HaTedsaA HA oOWMU JeuTeNb. .

1 7 5 27 5 9 45 13

Mpumepl. 25 1g5 =5 50 =7 % =16 =216
(corpameHn: 25 n 20 Ha 5; 12 u 27 Ha 3).

Bce ckazanHOe pacnpocTpaHAeTcA HA CIy4Yail, KOra Yucio
COMHOKHTelel Golbure mayx

1 4. .

Hpumep 2. 4?-—- l.——=—m =_1'ﬁ_ = 12(coK-
pamenn: 9 u3na3; 4u2mna2;14m7Ha7).

HCIIM Cpell¥ COMHOKUTeNIell ecTh LieJIble YNCIIA, TO Kamoe
U3 MOCJEXHUX MOMHO PACCMATPUBATBL KAK APoOb €O 3HAMEMa-
TeseM 1.

1-
Npumep 3. 1= ETE = o

9. 5.7.4
(cokpamtenst: 5 1 15 Ha 5; 4 u 8 Ha )

376 6

1714 _ 1 1
1-

fen

§ 22, Jlenenne ppodeii

Onpepenenu¢ melleduns, AaHHOe BhIIe B § 9, cOXpaHAeTCA
M AnA fAenenus fpoGeit. I3 Hero BhITeKaeT MpaBHIIO:
Ymob6w. pasdeaumdv kakoe-nubydv wuucao Ha Opobb, Hy-
HCHO YMHONCUMD 9mo uuc/w Ha Opobb, o6pammyio deaumenio ).
Mpumep1.— 15 J.[poﬁb obpaTHad - ectb——. CGierno-
2 4 2-15

=—-—~2

T 3-4

15
BaTeJBHO

1) Oﬁpamnan Apode MONYYUTCH N3 JAHHOM, ¢CIIM Y NTOCTeNTHe it TOMEeHATE

MeCTaMi YMCJIMTENL M 3daMcHaTednh. Hanpumep, Aaa npoﬁuT obpartHas

npo6b Gyner —;—.



§ 23. HEAACTBUSL C HYJIEM 81

3 . o4 _ 8 16 _ 85 14 _ 1
Mpumep2. 143 =55 =31 =71773 =3
9To MpaBMIIO NPUMEHUMO U B TOM Cllydae, KOoraa AelMMoe 1

AenuTeNb — Liedble 4yuciaa. Hanpumep, 2:5 = 2._‘_= 2

5 5 °
Ilooromy npoGHas yepra pPaBHOCHJIbHA 3HAKY JAeJIeHUA.

§ 28. [eiicTBus ¢ Hyaem

Ciomxenne. ITpuGaBneHue HYJIA K HEKOTOPOMY YMCIY OCTa-
BJIAET IocjejiHee HeM3MeHHLIM: 5+ 0 = §; 3%+0 = 3-

o

7
Borunranne. Boiuuranue Hyna U3 Kakoro-au6o yucia ocra-
BIIAIET NMOCJHeAHee HEeM3MeHHBIM: 5—0 = 5; 3—‘;’—-—0 = 37“7’—.
Ymuoxenne. IIpoussegenne Hyaa Ha J06oe YUCIO PABHO
Hym0: 5:0 = 0;0'3% =0;0-0 = 0.
Jlexenne. 1. HacTHoe OT feJieHMA HYJA HA Kakoe-J6o yuc-
J10, OTJIMYHOE OT HYJIA, paBHO Hyw: 0:7 = 0; 0 :% = 0.

2. YacTHoe OT HRejleHMA HYJA HA HYJb HeonpedeaernHo.
B orom ciyyae mo6Goe 4MCIO YAOBJIETBOPAET ONpeRelleHMIo
yactHoro (II, 9, m. 4). Hanpumep, MoxHo moJoxuts 0: 0 = 5,

16050 = 0; HO ¢ paBHBIM IpaBoM 0 : 0 = 3% , n6o 3—‘;’—-0 = 0.

MoskHO CKa3aTh, YTO 3afaua KeJeHUA HYJIA HA HYJb MMeeT
GecuMcileHHOe MHOMKeCTBO pelleHuif, U 0e3 YKasaHUA KOIOJI-
HHUTEJbHBIX NAHHBIX AelfctBue 0 : 0 He uMeeT cMBciaa. Jomoa-
HUTeJbHble JAHHBIC JOJHHBI COCTOATh B yKAa3aHUM TOr0, KAKMM
06pa3oM H3MEHIUCh BeJIMYUHEI JeIMMOT0 ¥ AelIUTelld KO TOro,
KaK OHM CTaJM HyJsaMH. Fciam ato u3BecTHO, TO B GOJNLLIMH-
CTBe ClyuyaeB MOKHO BbipaxeHuio 0 : 0 mpuparb cmbica. Tak,
€CJIM H3BECTHO, YTO [AeJiMMoe NPHUHUMAJO0 MNOCJIeR0BATEIbHO
3

AN - e S 3 S

SMRUCHIA 155 5 560" » 10090 ¥ T A @ AEIATEIb oo, —raon

M T. ., TO YaCTHOe B BTO0 BpeMA ObliIO —%:% = %;
3 .1 3 3

1000 T000° = 7 M T- M., T €. OCTABAJOCH PABHEIM —- , 103TOMY

1 yacraoe 0 : 0 cuuTaercHd 3fech PaBHBIM %— .

B nomo6HBIX cliyuyasX rOBOPAT O «PACKPHITHH Heompene-
JgedHoctn 0:0» (cM. VI, 12, mpumep 2). JnA pacKkpHTUA
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HeonpepesiennocT 0:0 cyuwecTsyeT pAx oOWHUX MPHEMOB,
M3y4yaeMbIX BBICIEH MATEMATHKOK, HO BO MHOI'MX CIyYaAX yaa-
eTcsi 0GOATUCH M CPeJICTBAMi DJIEMEHTAPHON MAaTeMaTHKH.

3. YacTHoe OT jieslenMsa KaKoro-jmbo 4UCaa, OTINIHOrO OT
HYJA, HA HYJb He CYIeCTBYeT, TaK KaK B 9TOM CJyyae HUKA-
KOe YMCJI0 He MOMKeT YN0BJIeTBOPUTh ONpeE/elIeHHI0 4acTHOTO
(I1, 9, . 4).

Hanuoiem, nanpumep, 7 : 0; kKakoe Obl YUCJIO HM B3ATh HA
npoly (ckakeMm, 2, 3, 7), oHo He rogutcd (6o 2-0 = 0;3-0 =0;
7-0 = O M T. K., & HYKHO NOJYYUTh B mpousBefennu 7). MoxHo
CKa3aTh, YTO 3aJa4a O NeJIeHUM HA HYJb YUCIA, OTIUYHOIO0 OT
HyJIfl, He MMeeT pellleHHU .

OpHaKo MUCT0, OTIMUHOC OT HYJSI, MOMIHO Pa3fgesuTh Ha
4YHCJI0, KAK YrogHO Omu3Koe K nymo, u uem Ojurke JleauTeih
K HYJI0, TeM Go.m,xinc Oyner wacruoe. Tak, ecnin Gynem meluTh

1
7 Ha 10 100 1060’ 1900 4T A TO NOJYYMM HACTHBIE 70,

700, 7000, 70 000 u T. 1., KOTOpbLIe HEOIPalIMYEHHO BO3PACTAIOT.
IToaToMy uyacTo roBOpAT, 4TO 4YaCTHOe OT felleHMA 7 Ha 0
«0eCKOHEYHO BeJIMKO», MJIM «PABHO OECKOHEUHOCTH», M HUIIYT
7:0 = co. CMBICJ BTOT0 BHIPAKEHHUA COCTOUT B TOM, YTO eCIM
NeIUTeNb NpNOIMKAETCH K HYIIO, a AeJIMMO€e OCTAeTCA PABHBIM
7 (nam npubnmmkaerca K 7), TO YACTHOE HEOrpaNMUYeHHO YBe-
JINYMBAETCH.

§ 24. Ilgaoe u yacTn

1. Haxoxpenwe dvacTH 10 uHeaoMy. Ymobuw Haimu He-
KOmopylo wacmb Hucaqa, nommoxcawom c2o na 0po6s, eupa-
dcarwyIo amy acme.

Il pumep. Ilo ycraBy rkoonepatuBa, fis HPaBOMOYIIOCTH
OTYeTHOro coOpaHMA HA HeM JOJIKHO INPUCYTCTBOBATH He
MeHee 2/3 ulleHOB opraHusauuu. B koomeparuBe 120 ulIeHOB.
Ilpn KaKoM cocTaBe MOMeT COCTOATHCH OT4YeTHOe cobpanue?

Pemenmne: 120~—§—= 80.

2, Haxompenne Heioro mo yactw. Ymobuw naiimu wucao
no eeaunune Jannol e2o0 wacmu, Oeasm IMY 6EAUNUNY Ha
Jdpobb, evipascaliyylo Oanmy0 wacmb.

IT pumep. Bec Tymm Obika cocraBaser 3/5 *UBOro Beca.
HakoB pmomxen ObiTh uBOi Bec ObKa, uToOBI TYIIQ ero Be-
cuna 420 xe?

Pewenne: 4205 = 700 (xe).



§ 25. JIECATHYIILIE J[POBU 83

3. Beipaxenue YacTH B JIOJAX NeA0ro. dmobGu suipasums
uacmd 6 JoAAT yeanozo, 4acmbp deasm na yeaoe.

ITI p w M e p. B riacce 30 yuaruxcs, OTCyTCTBYIOT 4YeTBepo;
KaKasg 4YacTh Y4alllXcs OTCYTCTBYeT?
2

4
> L. — =
Iemenue.;.30—30 =715 -

§ 25. JlecaTnunnic gpodu

Brryucienusi ¢ NPOCTHIMM Lpo0AME CTAHOBATCA 0YEHDL I'Po-
MO3[IKMMHU, €CJH 3HAMeHaTeJHM MX CKOJbKO-HMOYAbL BeNuKH.
I'naBHoe 3aTpyjneHMe COCTOMT B NpuBemeHMU Apoleit Kk 06-
[eMy 3HaMenaTeso; 0HO BLITEKACT U3 TOTO, YTO B3HAMEHATENM
MoryT ObITh JIIOOLIMU YMCJIAMM, B BHIOOpE KOTOPHIX HET HMKA-
Koit cucrembl. IlooToMy yixe B APEBHOCTM NPUULIU K MBICIU
BLIONPATh He NPOM3BOJIbII0, A CUCTEMATHYECKH J0JIM e(MHUIbI
(koTophle B HpOCTHIX APOGAX UrpalT poJb 3HaMeHaredeli).
JlpeBHeituMu  cucmemamuueckumy Opobamu, ynorpeGasas-
mumucsa B Babpusione 3a 4000 JjieT 10 Haulero BpeMeHd M Ie-
pelefilinMi  yepe3 JApeBHErpeYecCcHX AacTPOHOMOB K acTpo-
HomaM 3anapmolt Kppomul, Omim wecmudecamepuunsie dpobu
(em. II, 7, m. 4). B xomne 16 Beka, korga Cjosiible BLYMCIeE-
HuA ¢ npoﬁﬂmu CTaNN HHPOKO MPUMEHATHCA BO BeeX 00IacTAX
’KU3HM, CTAIM BXOJIUTE B ynoTpebiieHue [pyrue cucreMaTuye-
ckue apobu: decamuurvie (cm. 11, 31). B Hux exununa geaurcs
Ha JleCATh TOJeil (mecsiTole), KarKAasA JecATad KOJA CHOBA Ha
naecAath podeit (cotbie) u T. #. IlpeumymecTBo mecATHMYHBIX
apoGeif mepex IpYruMu CUCTEMAaTHYECKUMM COCTOUT B TOM, UTO
OHU OCHOBAIibl HA TOI #ie CHUCTeMe, Ha KOTOPOH MOCTPOEHHI CUeT
M 3aMHCh LeJbIX unced. Biaromapsa aToMy u 3amuck ¥ npaBUia
HeifcTBMIt ¢ JeCATUMHBIMU JpOOAMH MO CYMECTBY Te e, 4YTO
W JUIA LEeJILIX Juce.

IMTpu sanucu jpecATHYHBIX ApoGeit HeT HYKAW 0003HAYATH
HauMeHoBanue Jlojleit («HaMeHATelb»); 3TO HaUMeHOBAHME
y3HAETCA MO MECTy, 3aHMMAEMOMY COOTBeTCTBYIollelt 1udpoit.
Cravaja nuuieTes 1ejas 4acTh YMCIa, CNpaBa OT Hee CTABUTCH
saIsiTan; neppad nudpa mocie 3anATOH 03HAYaeT YUCIO JFecHd-
THIX (T. €. IeCATLIX N0JIelt eIMHULbI), BTOPAasA — COTHIX, TPETbA—
THICAYHBIX U T. . Ilndpur, cToAmume nociie sanAToit, Ha3bIBAIOTCA
JCCATUYHBIMU BHAKAMH,

Ilpumep. 7,305 — ceMb 1L{eNbIX, TPU JIECATLIX, NAThH ThI-
CAYHALIX (lIyJIb nona’xmnaer OTCYTCTBHUE COTHIX HoJeft), T. e,

7,305 = 7+ -

10' 100 1000'
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Opuum 13 NpenMy ecTn JecHTUYHBIX Apoleit siBjIsHeTCH TO,
uTO BLIpacelie JApoGHOI 4acTit cpaly ke IpOUMTLIBAeTCA B
HPHBEJICHHOM K GJIHOMY BHAMeHaTeNdIo BIjie:

305
" [ _uuae
7,305 = T, 5
YMCIO0 nocde sanAToil (305) ecth uucauTesn fpolhoit wacTu,
3HaMeHaTeJeM poOu sIBIAETCH TO YKCJI0, KOTOPOe MOKA3bLIBaeT,
KaKMe JLOJIA 1ipeJiCTABIISCT oCeIHMIT AecATHHLIE 3HAIK (B lau-
oM cayqae 1000).

Bean pecartuanan jipolb 1ie COJEPKUT 11eJ10iE vacTi. To

an

. 35 .
HEPejL SAITOI CTARIT Ny UL, HANPUMED, 5= = 0,35.

.

§ 26. CnoiicTna jlecATHYHBIX JLpodeii

1. HecaTuunasi ipoGb He M3MEHUT BEIMUYMHBI, €CIM K Heif
CNpaEa nmpunucath Jdboe YUCI0 HyJIeit.

Hpumep. 12,7 = 12,70 = 12,700 u 1. A.Y).

2. Hecsitmunasi xpo6b 1€ M3MEHUT BEJMUYMHBI, ecau orGpo-
CUTBL HYJIH, CTOAILUC CIIPABA B KOHIE ee.

IIpuwmep.0,00830 = 0,0083. (Hyun, ue crosnme na xou-
1ie, oTOpacLIBaTh I € J b 3 11.)

3. llecarnunasa apo0b yseauuutes B 10, 100, 1000 u T. 1.
pa3, eciu 3ANATYI0 NepelecTH uepesd OJMH, ABa, TpU M T. JL.
3HaKa BIpaso.

ITpumep. Yucuo 13,058 yseanuutcst 8 100 pas, eciu Ha-
nuniem 1305,8.

4. Ilecaruunast npoGb ymenbimtes s 10, 100, 1000 u T. JI.
pPa3, eciu 3amnsITylo IepPeHeCcTH BIICBO 4epesd ojiui, iBa, TpH
U T. X. 3HAKA.

Il pumep. 176,24 yMeubiurcsi B 10 pas, eciu HanuueM
17,624; B 1000 pa3, ecnu HanuuieM 0,17624.

OTH CBOICTBA 1103BOJIAIOT GHICTPO 1IPOUBBOJIUTH YMHOMKeHue
M JieJienue Ha yucaa 10, 100, 1000 u T. i.

Mpumepsn. 12,08:100 = 1208; 12,08-10 000 = 120 800
(npenBapuTenbno nanumem 12,08 B Bujge 12,0800, 3aTeM ne-
peHeceM 3amATYyI0 BNpaBo vepe3 ueThipe 3HaKa); 42,03 :10 =
= 4,203; 42,03 :1000 = 0,04203- (mpeaBapUTEJIbHO HAIIHIIEM
42,03 B Buge 0042,03 1 nmepeneceM 3AMATYI0 Ha TPH 3HAKA
BJIEBO).

1) 06 oTaAnuMM, KOTOpOC AT Me:kiy 3anMchio 12,7 M 12,70,
cM. 11, 34.
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§ 27. Ciomenne, BLIYMTAHNC H YMHOMKEHNE
JeCATHYHLIX Kpooeif

Janncob: Cnoenve M BblYUTAHUE [eCATHYHBIX Hpobeit

9.3  BBIIOJHAIOTCA TAK e, KAK CJIOMeHUe U BHYUTAHME

0,02 1eabIX 4MCceN; HYMKHO TOJIBKO 3aMMCBIBATH KaMIBIA
::_‘2’% paspAl MOA paspsiOM TOr0 >Ke HAMUMEHOBAHHUA.

Mpumep. 2,3+0,02+14,96 = 17,28.

YmMHoxkeHNe JecATHYHbIX Kpodeil. IlepemHoaeM paHHbIe
uMCIIa, Kalk Lenble, He 00paliasd BHUMAHMA HA 3aNATYI0. 3aTeM
CTAaBUM B pe3yJibTaTe 3aMATYI0, MOJb3YACh CJEMYIOLIMM Mpa-
BUJIOM: @6 npousaeaenuu Yucno 3HAKO8 nocae  3anamoii
pasmro cymme uucen 3HAK08 nocae aanamoil 60 6cex CoMHO-
Hcumeanx.

IMTpumep 1. 2,064-0,05. IlepemMHOaeM Iliesble 4yMcIa
2064-5 = 10 320. B nepBom comHoxkHuTesde OblJI0 TPU 3HAKA
nocJie 3a1sTo, BO BTOpoM — 71Ba. B mpouaBenennu uucio 3Ha-
KOB MOCJIe 3aNATON A0J*HO ObITb NATh. OTHENAEM MX CNpPaBa;
noiayyaem 0,10320. Hyan, crodwmit B KoHile Apo6u, MOKHO OT-
6pocurs: 2,064-0,05 = 0,1032.

Jlo nocmanosku sansmoii ombGpacvieamd nyau npu Imom
cnocobe Heabasl).

IMTpumep 2. 1,125:0,08; 1125-8 = 9000. Yucao 3HakoB
nocile 3anAroit poJxuo Obith 342 = 5. llpunuceisaa k 9000
Hyau ciesa (009000), oTmensieM cnpaBa NATh 3HaKoB. ITosy-
w1aem 0,09000 == 0,09.

§ 28. Jlencune necATHYHOI JIPOGH HA Lei0€ YHCIO

1. Ecau npenumoe Menbiue AesUTesIA, NUIIEM B L[eJI0H 4aCTH
4YacTHOr'0 HYJb M CTaBUM IIOCJe Hero 3amATylo. 3aTeM, He
obpamas BHUMAHMA Ha BanATYIo, NPHCOENUHAEM K IeJoit
4acTH JleluMoro nepnyio 1udpy ero npoOHoit yacTu; eciau mo-
JIyyaeTcfl YMCJIO, Melblllee JelnTelId, CTABUM INocile 3aMATOl
HYJb M TNIpUCOEMHAEM ellle OAHY LUPPY AeTUMOro; eciu M
nocjie 3TOro IoJlyyaeM 4YHUCJIO, MeHblllee MeJIuTelddA, CTaBUM
elle HyJdb M T. [I., TOKA He MOJIyYMM YHUCJa, NPeBOCXONALLEro
AeauTesb. B panbieitiiemM felleHne coBepliaeTCA TaK e, Kak
C LeJbIMM YUCIIaMU, TIpUYEM JleJIUMOe MOKIO HEeOrPAHUYEHHO
«paCUIMPATHY BIIPABO OT 3AIIATOM, MPUIIMCLIBAA B KoHIie HYJIH.

3 aMewuauue. Boamoxuo, uTo onucaunblit npotecc gelne-
HUA HUKOT/IA He 3aKOHYUTCA. B TakoM ciyuae yacTHoe Hellb3A

3) IIpn ymHOMeHHM HO cHocoGy § 41 OTGpacuLiBATh HYJIM MOIKHO.
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TOYHO BHIPA3UTh JECATHUHO JPoObIo, HO, OCTAHOBMBIIUCDL HA
HeKoTOpo#t uudpe, Modyuyum npuOINIKEHHBIA PE3YJbTAT (CM.
Hue § 30).

Npumep 1. 13,28 : 64.

3anuce: 3nech yucyo 132, GoJbluee eAUTeINs, 10~
13,28 64 JIYYMIIOCH TIOCJIe TIpUCOCHMIeH sl IepBOi e
12.8 | 02075 nudpst apobuoit yacru. IlooTomy mnemocpeacr-
—8 BeHHo 1ocJie 3anAtoit nynasi Het. Ho mepsuriit
%80 OCTATOK BMecTe C INpUCOeUIIeHIIol K HeMy
448 cienylomeit nudpoit penumoro (48) Membile
390 JeNUTeIIsA, T0ITOMY IOCJC JABOKKKM B 4ACTHOM

—- CTAaBUTCA HYJb. 3aTeM (CHOCUTCA» IYIb
(menumoe «pacuiupsAercsa», npuuumas supx 13,280); oTo mos-
BOJIET MPOAOJIKUTE Medicnue. IL ciemyloimemy ocratky (32)
ONATH CHOCHUTCA NyJb (jJeuMoe IpejicTaBiaseM cefe B BuUje
13,2800).

Mpumep 2.0,48:75.

3anuce: 3hech 10cje TPUCOENUHEHUA HIEPBOIL 1ug-
0,480 75 pbl JIeJIUMOr0 TONYuaeTCA YMUCIO0 4, MeHh-

450|0,0664  'Mec 75; B UACTHOM IOCie 3anATOH CTaBUM
~ 300 HyJb; HOCTE NPUCOCAMHEHUA BTOPOH LMPpbI

noJjiyyaeM 48, Koropoe Bce eie Menblie 75.
B yacTioM cTaBUM IoCJe 3anATOR BTOpoil nyiab. «Pacmunpsasm
Apo6b oqHUM HyJleM, noayuaeM 0,480 u T. JI.

2. Ecau menumoe Goabllie jedMTedis1, jICJIUM cliavana lie-
JIyl0 4acTh; 3amMCLIBaeM B YACTIIOM pC3yJbTaT JieJICHUA U
craBuM 3anaTtyw. Ilocie oToro jesenne NnpojoNKAETCA, KaK
B NpefbljlylieM ciyuae.

IMTpumenp 3. 542,8:16.
3anuce: Pasgenns 11es1yio yacTb, 10Jy4YUM B yacT-
542,8 16 HOM 33, B ocTaTke (Bropoit ocrarok) 14.
48 33,925 Ilocne 33 cTaBUM 3amATYI0, 3aTeM K OCTATKY

9% cnocuM caenyloniyio nudpy 8. ITomyuennoe

- yucno 148 menum na 16; nmonyuyum 9 — nep-

}2‘2 past uupa mocse 3aNATOR M T. 1.

%0 1Io TomMy e crocoOy fensAT ueioe MMCI0
32 Ha 1leJ10e, eCaM YACTHOE XOTAT INpeCTaBUTh
80 B BHJE ACCATUUNOIT pobn.

IIpumep 4. 417 : 15.
danuce: 31eCh3anmATan B YACTHOM IOCTABJIEHA TocCJe
7] 15  Toro, Kak IOJYYMICS TOCHENHMIT LeJbii ocTa-
30 1278 rok (12). [lenumomy 417 MOMKHO NpHUIATH BHUJ
117 417,0;  TOmjlA  OHO MpPCJCTABHTCH  JICCATHUHON

105 66
120 /ApOBLIo.
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§ 29. leaenne pecaTnynoii npo6u Ha ECATHYHYIO APOOL

Ymobu pazdeaumv Oecamuunyro Opobs (WK Iesloe YUCIO)
na Oecamuunylo Opo6b, ombpacvieaem 3anamyl ¢ Oeau-
meae; 6 OCAUMOM ICE NEPEHOCUM 3ANAMYN 6NPAGO Heped
CMoAbKO 3HAKO8, CKOAbKO ux Ouio e OpobHol  wacmu
Odeaumeas (B cilyyae HeOOXOAMMOCTM K [eJUMOMY B KOHI
npegBapuTeIbHO NpUIMCHBaOTCA 1yiu). Ilocae aToro BEIMOI-
HAeM fielleHUe, KaK YKa3aHo B IpefblxyllieM naparpade.

T pumep. 0,04569 : 0,0012.

3anuce:
456,9 | 12 B apoGHoit yacTi menuTeNd 4 3HAKA; MO-
3 38,075  aTOMYy B [leIMMOM IEPEHOCUM 3AMATYI0 BIPaBO
'gg yepe3 4 3HaKa; mnoayyaem 456,9. lenum
— 456,9 na 12,

90

84

60

§ 30. OGpauicHue ecCATHYHOIL APOOH B 1IPOCTYIO M 0GPATHO

Ymobe obpamumb decamunrylo 0podb € npocmyio,
HyxcHo, 0mGpocus 3ansmyro, cOeAamd NOAYHUSULECCR UUCAO
wucaumenem Opobu,; 3HamMeHamesem HCE HYNCHO 63AmMb
uucsto, nokaavisawuee, Kaxue 0Ooau npedcmaeasem nocaed-
null decamuunuiti anak. Ilodyyennyo npo6b eJaTelIbHO CO-
KpaTHTh, €CJH BTO BO3MOMHHO.

Ecan pecAarnunan apo0b npeBOCXOAUT eTUHMIY, TO NMpex-
MOYTHTeNbHO 00palaTh B NPOCTyIo Apolb TOJIBKO Ty ee 4acTh,
KOTOpPAA CTOMT II0CJIe 3amATOH, Lielylo e 4YacTh OCTABUTH
0e3 M3MeHeHHs.

IIpumep 1. 0,0125 oOpatute B mpocrylo Apobb. Ilo-
CIequunit HecATHMYHBIL 3HAK IpPeacTaBdAeT NeCATUTHICAYHBIE
uonm.l215;103Tomyl snamenarean Oymer 10 000; nmeem 0,0125 =

= 710000 T 80 . 5 915 1
9 ¢ r_.‘__'r’__ 9 - _ o 11
Mpumep 2.2,75 = 27 = 20, w1 2375 = 50 = .

ITpennoyTnTenbHO, 0;IHAKO, MPOU3BOAUTDL BHIYMCIIEHHNE IIEPBHIM
U3 IBYX YKasaHHBIX cnocobosB, T. e., ocTaBiAAA 6e3 M3MeHEHUA
JBOMKY, CTOAILYIO cjleBa OT 3amATod, ofpalmaTe B HPOCTYIO
Japobb vucio 0,75.

Ymobuw obpamuniv  npocmyw  dpobv ¢  decamuunyio,
1Y IHCHO pa.ﬂ?mumb uucaumendv na 3HAMEHaAmMeEAb no npasu-
aas § 28 (cM. mpumep 4).
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Mpumep 3. leoﬁb%o6pa’rm‘b B AecATHunylo. enum
7 : 8; moiyyaem 0,875.

B GoabwmHCTBe ciy4aeB 3TOT MPOLECC AEJIEHMA MOMKET
npomoixarbca GeckoneuHo. Torma mpocraa Apo6p He MokeT
6uiTh o0pallleHa B [eCATHYHYI0 Touno. Ha mnpaxruke sToro
HuKorga u He TpeGyercA. [leieHue oGpLIBAIOT B TOT MOMEHT,
KOI7Ia B YaCTHOM IOJIy4YeHbl BCe Te AeCATHYHbIE K0JH, KOTOphIe
HMeIOT MPAKTHYECKHIt MHTepec.

Ilpumep 4 TpeGyerca pasBecuth 1 xe kKofe Ha Tpu

paBHBle yacTH. Bec kammolt yactu %xe. Yro6Bl B3BECUTH BTO

KOJMYEeCTBO, HYHO BLIDA3MTE €ro B NECATHYHBIX NOJAX KH-

norpamma( TaK KaK TUpH B%xe He umee’rcn). Hena 1 na 3,

noaxyuyuM 1:3 = 0,333 ... [leneHne MOKHO NMpoOAOIXaTh 6e3
KONIA; B 4acTHOM GyayT MoABIATECA Bce HoBble Tpoitku. Ho
I1a MarasMHHBLIX Becax Hellb3s y4ecTh MaJIbIX M3MeHeHMit Beca
(Hanpumep, Menbmux 1 &), ma M caMmule 3epHa Kode BecAT
Kampoe Goabue rpamma. IIpakTuyecknit nHTepec UMeEIOT B KaH-
HOM Cllyyae JHMIIb COTble Moym Kuiiorpamma (10 2). IToaromy

Gepem 17 ke ~ 0,33 Ke.
Hdaa Gonblueit TOYHOCTM NPUHATO YYMUTHIBATH BEIMYUHY

nepBoit or6packBaeMoit undpel. Ecau ona mpesblmaer 5, To
yaepxuBacMad uudpa yBeanyuBaeTcs Ha 1.

3 ameuyaHnue. Jlame Torna, Koraa npoctyio Apo6b MoOHHO
TOYHO 06paTUTh B IECATHYHYIO, B GOJILLIIMHCTBE CJy4YaeB d3TOro
He AenawoT. JocTuran Tpe6GyeMolt cTelmeHM TOUHOCTH, AeJieHHe
o0prIBaIoOT.

Hpumep 5. O6patuts npoﬁb%a necartnynylo. Tounoe
snauenue Gyner 0,21875. CMoTpsa mo TpelGyeMoit cTemeHu Tou-
HOCTH, fejleHHe oOpHIBAlOT HA BTOpOM, TpeThelt M T. A. uudpe

7
yactHoro u GepyT 55 x0,22,w ~0,219 u T. 1.

§ 81. Hcropuueckne cBefeHus o [podaAx

IlonsiTve 0 APOGH MOTI0 BOBHMKHYTH y JoAelf JUIIbL nocie
TOro, KaKk y HuMX 06pa3oBajich HEKOTOPHIE NMPENCTABIEHHA O
HenHx yuciax. Kax u noHaATIie 11e0ro 4ncia, oHATHe ApoOK
cospajyioch ne cpaay/ Ilpeacrasienne o «110Ji0BHHE» BOSHHKIIO
ropasmo pakslle, YCM O «TPETAX» 1 «ICTESPTAX», & 06 DTHX mo-
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CJIeiHNX — paHbllle, YeM 0 APOoOAX ¢ APYrUMHU BHAMeHATeNAMuU?),
IlepBbie mpefcTaBIeHMA O 1eJIOM YHCIe BO3HMKIM B IIPO-
necce cqe'raﬁwpnme npeficTaBleHNA 0 ApoGAX — M3 mpolecca
H3MepeHus (AJIMH, iIowWaeit, Beca u T. 1.)¢ Ciexs McTopuye-
CKoit cBABM MCYMCIeHNA Apobeit M cUCTEMB Mep MO’KHO 006-
HapYKNTh Yy MHOrMX HapofoB. Tak, B BaBUIIOHCKON cHCTeMe
Mep Beca (M HeHer) 1 TaJaHT cOCTaBJIAX 60 MMH, & OXHA
MuHA — 60 1ueKelelt. COOTBETCTBEHHO C DTMM B BaBMJIOHCKOM
MaTeMaTMKe HIMPOKO YNOTPeOJANMCh LIeCTHRECATEPUYHbIE
apo6u (cm. II, 7). B npeBHepMMCKoO BecoBoit (M HeHeMHOK)
cucreMe 1 acc Keauiica Ha 12 yHUuit; coo6pasHo € ITUM PUMIIAHE
N0Jb30BAJIMCH iBeHaaTepnuHbIMK fpobsamu. Ipo6s, KoTopyio

MBI Ha3bIBaeM 1—12— , PUMJIIAHE NMEHOBAJIN «yHI(Meil», XOTA Obl OHA

ynorpebasanack A M3MePeHMA NJIMHH MJINM WHON BEeIMYMHBHI,
1

npoGb, KOTOPYIO Mbl HA3LIBAEM —o-, PUMJIAHE HA3BIBAJM (IIOJ-

TOPHl YHIIMM» U T. I

» Haumm «oObikHOBeHHBIE ApOOM» IUMPOKO ymoTpedasiauch
ApeBHMMU rpexkamu u nHpuitnamu. ITpasmia peltcTBuit ¢ mpo-
GAMM, M3J0MeHHBle MHAMICKUM yueHsiM Bpamaryntoit (8 Bek
H. 9.), JMIIb HEMHOTMM OTJIMYAITCA OT namux/lgl'auii 3anMch
Apobeit Toxe COBMafaeT ¢ MHAMMCKOIK; TOIbKO KPOOHOIX YepTHl
MHIMAIBL He MUCAJIM; TPeKN 3aMMCHIBAJIN CBepXYy 3HAaMeHaTelb,
a CHM3Y YMCINTeJNb, HO Yallle M0Jb30BAIMCEH APY MMM BATIUCAMM,
HaIpuMep MUCAIU (KOHEYHO, CBOMMY 3HAKaMu) 3 5* (TpH HATHIX).
HAuitcKkoe o6o3HauyeHne Apobeit ¥ nMpaBuia AedcTBUIL HaR
HUMH GBIIM YCBOEHH B 9 BeKe B MyCYJbMaHCKUX cTpaHax 6ia-
rogapAa Myxammeny XopesMckoMy (adb-XBapuaMH, CM.
I1, 7). OHn Grutu mepeHecensl B 3anafuylo Epony nraiban-
CKHMM KynuoM 1 y4eHeM Jleonapmo ®ubonavuu u3 ITnswr (13 B.).
Hapany ¢ «oOHIKHOBEHHBIMU» ApPOGAMM NpPUMEHAINCH
(mpeMMy1leCTBEHHO B aCTPOHOMMUH) LIECTUECATEPUYHEE APOOH.
OHu GBIIM MO3IHee BHITECHEHBI NeCATHYHBIMH Apobamm. Ilo-
clielHMe BIepBble BBeJ BBHIAAIOIINACA CAaMApKAHACKMIL y4yeHBlk
Tuacapmun Tsxemuuy an-Kamum (14—15 Beka). B Espomne
AecATHYHBIe NpOOM GBIIM BBEMleHH B NPAKTUKY TIOJIAHACKUAM
KyNnuoM M BBHIFAIOIMMMCA WHKeHepoM-ydyeHbiM CumoHom Cre-

BUHOM (1548—1620).

1) O XPEeBHOCTM MOHATHUSA ¢[IOJIOBUHA» CBUIETEIbCTBYET TOT PAKT, YTO
BO BCeX fI3bIKaAX OHO MMeeT 0co6oe HauMellOBaHHMe, He MPOUCXONALIEe OT
CJI0OBA «Bas. BoIpajKeHUA «GONBIIAA MOJOBMHA®, «MEHbUIAA NMOJOBHMHA,
«OJTY KABOMH», «m0JIGedbl» U T. JI. MOKA3LIBAIOT, YTO CIIOBO ¢HOJIOBHHA»
NepBOHAYAJILHO 03HAYAJIO OJIHY M3 ABYX YacTeil (He 06A3aTeIbHO PABHKIX
OpYT ApPYTY).
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§ 32. ITpoueHTH

ITpoyenmom (OT IATMHCKOrO pro cento — C COTHU) Ha3bi-
eaemcs comaa wacms. 3anuchk 1%, o3navaer 0,01; 279% = 0,27;
100% = 1;150% = 1,5u T 1.1).

19, oT 3apnaaTh o3Hayaer 0,01 3apnJaThl; BHMOJHUTL BeCh
IJIAaH — 3HAYMT BHIIOJHUTE 1009, niaHa; BeimodHeHUEe 1509,
NJaHa 03HayaeT BHINOJHeHHe 1,5 miaHa U T, A.

YroOel HAWTM NpOLEHTHOE BHIpAMKEeHME NAHHOTO YUCJA,
HY*KHO YMHOKHUTb 3TO 4McJIO Ha 100 (uam, YyTo TO »Ke, Iepe-
HeCTH B HeM 3amNATYI0 Yepe3 ABA 3HAKA BIPABO).

IT p u m e p b1 IlpolenTHOE BhIpaskeHue yuciaa 2 ectb 2009%;
yucaa 0,357 ects 35,7%,; uucaa 1,753 ectb 175,3%,.

YToObl HATM YUCIO MO ero NPOLEHTHOMY BHIPAMEHHUIO,
HYHO Das/eJMTh MPOLEHTHOe BhIpakeHnme Ha 100 (uau, uTo
TO e, MepeHecT! 3AMATYIO Yepe3 ABA SHAKA BIIEBO).

Ilpumepsn. 13,5% = 0,135; 2,39% = 0,023;145% =1,45;
2/5% = 0,4% = 0,004.

Tpyn ocHOBHBIE 3aa4M HA MPOLEHTH TAKOBHI:

3anava 1. HaiiTu yka3aHHBIf IIPOIEHT RAHHOrO YMCIA
(cp. II, 24, mpaBuao 1). JaHHoe YMCI0 TOMHOKAETCA HA YUCIIO
NPOLEHTOB, pe3yJabTaT ReJUTcA Ha 100 (uam, 4yTo TO e,
3aMATasA NMePeHOCUTCA Yepe3 ABa 3HaKa BJeBO) 2).

ITpumep. Ilo nnany cyrouynasa mobbl4a LIAXTHL MOJHKHA
paBHATHCA 2860 TonHaM yrJd. lllaxTa npunana 06A3aTenLCTBO
BBIIOMHATL 1159, niana. CKOJBKO TOHH YIJIA [JOJIMHA AATh
HIaXTa B CyTKM?

Pemenwue. 1) 2860-115 = 328 900. 2) 328 900 : 100 =
= 3289 m3).

danaya 2. HaliTi yMeno mo faHHON BeaMYMHE YKA3aHHOIO
ero nponenta (cp. 1I,24, mpaBmmo 2). [laHHaA BeJdMuuHaA
JIeJIUTCA HA YMCII0 MPOIEHTOB; pe3yJbTaT YMHO#aeTcA Ha 100
(T. e. 3anATaA NEePeHOCUTCA 4Yepe3 ABA 3HAKA BIPaBo) 4).

IIpumep. Bec caxapHoro mecka cocrasiaser 12,5%, or
Beca nepepaboTanHoit cBeKIOBULB. CKOJIBKO CBEKJIOBUIIHI Tpe-
Gyercs nns uarotoBienuA 3000 y caxapHOro necka?

Pemenne.1)3000:12,5=240.2) 240 -100 =24 000 (y) 3).

1) OGo3HayeHne % NPOM3OIIIO OT MCKAKCHHMA 3aNNUCH ¢;, (COKpa-
1{cHHe cy10Ba cento).
2) MHBIMM CTIOBAMM, IAHHOE YUCJI0 MOMHO0KACTCA Ha Apo0bh, BLIpaikialo-
LY10 YKa3aHHH{ IPOIEeNT.
3;)asg)mfwauﬂoe neiicTBHC paABHOCIIILHO cilefyloneMy: 2860-1,15 =
4) JINLIME CTOBAMM, JlAHHAST BEJANYHUL JIENTATC Ha po6nh, BhIpa-
JKAIOULY1I0 YKA3aHHBIA MPOIEHT.
2~';)O(T())l(1)1/xcallil()e HeiicTBHE paBHOCWILHO cieayiouiemy: 3000 : 0,125 =
= {1 .
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Sajjaua 3. HaliTH BLIpaMKeHUE OJHOr0 4YHCiIa B IPOLEHTaX
apyroro (cp. II, 23, mpaBuio 3). YMHO<aeM NepBOe 4HUCIO
na 100; pe3yJbTaT BeJIMM 112 BTOPOE YUCIIO.

ITpuwmep 1. Meron ckopocTHOro o0 Kura KUpnu4a, npeg-
JoskeliHblt Macrepom I1. A, JlyBanoBbIM, 1103BOJMIL €My yBeJu-
YUTD BHIIYCK KUPITMYA.C 0HOr0 KyOuyeckoro Merpa nmeun ¢ 1200
7o 2300 mryxk. Ha cronbio npouenToB yBeJuuiiIoch IpU 3TOM
NPOU3BOACTBO KUpLUYaA?

Peumenune.

1) 2300 — 1200 = 1100,

2) 1100-100 = 110 000,

3) 110 000 : 1200 ~ 91,67.

ITpousBoncTBO KMPNHMYA yBeJauynaoch HA 91,67%,.

Ilpumep 2. Ilo cemmiernemy mnuamy pobbiya HedTH
B CCCP pmomxua Onina coctaBuTh B 1961 r. 161 MaH. m.
darTuyeckan e [o0bYa cocTaBuaa 166 M. m. Ha crob-
Ko mpolenTon OblJl BHIMOAHeH mian B 1961 r. no xoGbiue
nepTu?

Pemenmne.

1) 166-100 = 16 600;

2) 16-600 : 161 ~ 103,1.

daxTnyecKkoe KoJMyecTBo oObIToll Hedr B 1961 1.
coctanasger 103,19, 1 3aNTAHUPOBAILIOMY KOJIUYECTBY.

Jameuvanne 1. Bo Bcex Tpex 3ajlauax MOMIO MEHATh
HOPAJIOK JleficTBuif, nanpuMep, B IociefHeif 3agadye CHA-
HaQJIa BBRIIOJHMTH Jellellue, & 3aTeM pe3yJbTaT MOMHOMUTH
na 100.

3ameyanue 2, Humenpuseneunnit npumMep npemocre-
peHET uNTATENsT OT Clejylolileit 4acTo JejdaeMoif omUOKHU.

ITycrs TpebyeTcst y3HATH, CKOJIBKO CTOMJI METP TKAlIN 0 CHU-
MEHUA LeH, eclin NocJe MOHUKeH NS NPOAaKHOI Henbl HA 159,
9Ta TKAaHb NpofiaeTcs no 12 pyo. sa metp. Unorna naxoant 159,
or 12 py0., T. e. nomuosator 12-0,15 = 1,8. 3aTem ckIamb-
BatoT 124-1,8 == 13,8 M cuuTaloT, YTo0 cTapan Icna Oniaa 13,8
py0. 32 MeTp. OTO lieBepHO, TaK KAK IPOIEHT CHUMKEIHA yCTa-
HABIMBAETCS 110 OTHOUIEHMIO 1 IIpEMHMM IleHaM, a 1,8 pyo0.
coctaBuseT oT 13,8 py0. ne 15%, a okodao 139, (cM. samauy 3).
IlpaBunbHoe penlenne TaKoBO: Mocje CHMMEHNUsI LeH CTOM-
MOCTh TKaunu cocTanuaa 100% — 15% = 859%, ot mpemucit
nennl. ITodoTomy mnpemusia iena (cM. 3agady 2) cocraBisia
12:0,85 = 14,12 py6. 3a mMeTp.

Sameuanne 3. Ipu secex BLuiciensix ¢ n1poleHTaMu
Ha IIPAKTHIe cJefyeT 110J1b30BATLCA CII0Co0aMu IPpUOIINKEHHBIX
BHIYHCIEHUIT (CM. cllepylouie maparpafsi).
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§ 33. O npnéMMKeHHBIX BHIYHCICHUAX

Uncia, ¢ KOTOPLIMII ML MMeeM fell0 B usiu, ObiBalOT
AByX pojoB. OgHM B TOUHOCTH [IAOT UCTUHHYIO BeJIMYHHY,
Apyrue — TOIbKO NMpuOAM3MTeJbHO. [lepBble Ha3BLIBAWOT Mmow-
HblmMU, BTOpHe — npubauscennvimu. Jacto Mb co3HATETBHO
GepeMm mpuOiMKeHHOE UMCIO BMeCTO TOYHOrO, Talk KaK Mo-
ciegHee HaMm He Tpe0yerca. Bo MHOrMx ke ciayuyaax Tounoc
YMCII0 HEBO3MOMKHO HATH 10 CYyTH Hella.

Ilpumep 1. B oroit kuure 420 crpauuu; yucio 420 —
TOYHOE.

MMpumep 2. B uectuyronvuure 9 guaronateit; wicio
9 — TouHoe.

ITp umep 3. [pojaseu B3secus Ha ABTOMATHYECKUX Becax
50 2 Macna. Yueno 50 — npubanikenoe, Tak KaK BeChbl Hevyn-
CTBUTEJILHLI K YyBeJINYCHMIO WM YMeHbIlleHuo Beca Ha 0,5 2.

ITpumep 4. Paccrosnuue ot ct. MockBa po ct. Jlenun-
rpag Okrabpbekoir k. J. cocrasaser 651 kam. UYncao 651 —
npubaukennoe, Tak Kark, ¢ 0JHOIL CTOPOHL, HAIIM U3MepPUTEb-
Hble HHCTPYMEeNThl HeTOIfbI, C JIPYTOif He CTOPOHLI, CAMU CTaH-
1I1M UMEeIOT HeKOTOpoe HPOTSKeHNe.

PesyabTar neifctouit ¢ npuOanmcenHbIMU YUCIAMHM  €CTb
Tome npubaumennoe uucio. Ilpu oTOM 1ETOUHBLIMU MOrYT
oKasaTbea M Te nudpel, KoTopLie MoJyyenb AeHCTBUAMM HaR
TOYHBLIMU IUPpaAMN JAlHBIX “UCedl.

ITpumep 5. llepemuosmasorest npubinnenuvie yncaa 60,2
n 80,1. UaBectno, uro Bce BhinMcanbie HUQPLI BEPHHI, TAK YTO
MCTHHHbIE BeJMUMILI MOI'YT OTIMYATLCH OT NPHUOINHEHHBIX
JINIIB COTBHIMHM, THICAMHBIMM H T. J. JoJsiMu. B npoussenenun
nonyvaeM 4822,02. 3mxech MoryT ObITb IeBepHLIMU He TOJbKO
uMPpbl COTHIX M JeCATHIX, 110 M uudpsr eguunu. Ilycrts, na-
NpHUMep, COMHO ¥UTeJN noJyyelbl okpyrienuem (11,35) mownunx
uucen 60,251 80,14. Torga rounoe npounanegeine Oyner 4828, 435,
TaK u4TO NUPpa emMHUI B NpuOMIKEHHOM IPOU3BENeHUU
(2) ornuuaercA oT TouHoM UMPpH (8) HA 6 egUHUIL.

Teopusa npubiuseHHbIX BbIMMCIIEHMIA 1M03BOJIAET: 1) 3nHaA
cTenenb TOYHOCTH JAHHBIX, OLCHUTh CTeNeHb TOYHOCTH Pe3yJlb-
TATOB ellle [0 BHINOJHeHMA JeifcTBuit; 2) OpaTb [JaHHbIE
¢ HajJJIerKalleit cCTeneHbio TOUHOCTH, ROCTaTOUHOM, 4TO6H 06ec-
neuntb TpebyeMylo TO4YHOCTb pe3yJbTaTa, HO He CJIHMIIKOM
Goab0it, yTo6b 136aBUTH BLIMMCAUTENS OT Gecnosie3HBIX pac-
4YeTOB; 3) paNMOHANUIMPOBATbL CAMBIIT MPOICCC BBHIYMCIEHUA,
0CBOGOAMB €ro OT TeX BLIKIIANOK, KOTOpHle HEe OKAMKYT BIUA-
HUA Ha TOYHbIe LUPPLI pe3ybTATA.
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§ 84. Cmocod sanmmeu NPUGIIKEHHBIX YHCe

IIpu npudaMIKeHHBIX BLIYUCTEHIAX OTIHYAIOT 3anuch 2,4
ot 2,40, 3amce 0,02 ot 0,0200 i 7. . 3amich 2,4 o3navaer,
4TO BepHbl TOJBKO IGIPPHI IeJbIX M JAEeCHATLIX; HCTHHIIOE e
3HAYenue Yucaa MomeT OulTh, nanpumep, 2,43 wau 2,38 (npu
oTOpaceiBanun 1MPpsl 8 MPOUCXOJMUT OKpYrieHHe B CTOPOHY
yBelHuenus npepiiecTsyoileit eif nudpsol; cM. § 35). 3anuch
2,40 o3HayaeT, YTO BEpPHLI M COThie }OJM; MCTHHHOE YHUCIIO
MoaceT OpITh 2,403 nau 2,398, 1o ie 2,421 u ne 2,382.

To e oTaAH4Me NPOBOMITCA M U NEJBLIX Yucel. 3anuch
382 osnauaet, uTo Bee IMQPPLL Beplbl; CCIlll 3Ke 32 IoCIegHIo0
nuppy py4aThCA HeJb3si, TO UUCIO OKPYIJISICTCH, HO 3AMUCHI-
BaeTcs 1e B Buge 380, a B Bije 38-10. 3anuch ke 380 o3na-
uaer, uTo nociueaussi uudpa (0) nepua. e B oyueae 4720
BepHLI JIMIIL 1IePBbIE JiBe HHUPPLI, €I'0 1Y IKI0 3AIMCATL B BHjE
47 -10% HTo YMCIO MOKIO Takke 3aumMcath B Bulge 4,7-10%
T L

Snavaqumu yugpasu HA3LIBAIOTCI Bee Bepuble LUPpLI
UKCaa, KpoMe Hydeit, cTosimux buepejn unciaa. Hanpumep,
B yncye 0,00385 Tpu snavawue ndpul; B uicdae 0,03085 yersipe
snadaue qudpsl; B uncie 2500 — vernipe; B uicie 2,5-10% —
ase. Huedto snavamux mup HEKOTOPOro HHeTa HA3HIBAETCA
Cro sHavHoOCmbIO.

§ 35. IpaBwia OKpyracHus

B npuGsncennpix BHIYHCICNNAX YACTO HPUXOUUTCA 0Kpya-
asamp qicaa Kak npuliuKeniibie, TaK I TouHble, T. e. oTOpa-
CLIBATDH OJHY MM HECKOJbKo mocieanux uudp. Yrolsl obecne-
YHTL HaM0OJIDIYI0 OJU30CTh OKPYIIIEHHOr0 YHCIA K OKpYTiife-
MOMY, coOJII0/laI0TCH Cilejly IoLiie NpaBuila.

IIpasuno 1. Lcau neppast us oTépacbiBaeMbix Lupp
GoJiplite, 4eM 5, TO MOCJEJHIA 13 cOXpaHsdeMbx Hudp ycuau-
saemest, T. €. YBeJHUNBAeTCsl 1A CAMHUIY. Ycullenue coBep-
HIQETCSE M TOIMA, 'KOTHA Tnepnasd u3 orOpaceiBaeMbix 1udp
paBHa 5, a 3a Heif ecTh 0/11a ML 1ICCKOJNBKO 3HavYaumX uudp.
(O cayuae, xorga 3a oTdpacwBaeMoii narepkoit Her nudp, cm.
HiKe, npasiio 3.)

ITpumep 1. Oxpyrass uucao 27,874 4o Tpex 3Havauux
nudp, nuniem 27,9, Tperps nudpa 8 ycuiena no 9, Tak Kak
nepsasi orOpaceisaemast uudpa 7 Goawuie yem 5. Yucao 27,9
OaMoke K JIaHHOMY, YeM lieycHilenoe okpyrileHHoe uncio 27,8,

ITpumep 2. Oxpyrasia uucno 36,251 no nepporo jecs-
THUHOrO 3naka, wmem 36,3, Hudpa necatuix 2 ycunena go 3,
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TaK Kak mepmas orOpachiBaemMad Ludpa paBHa 5, a 3a Helt
ecTb sHavaman uudpa 1. Yuciao 36,3 Giamike K JaHHOMY (XOTH
M HE3HAUUTEIbHO), UeM HeycCmJleHHoe 4ucio 36,2.

IlpaBuao 2. Ecm neppas u3 orGpachiBaeMbIX Hup
MeHblIIe YeM 5, TO YCUJIeHUA 11e Tes1aeTCA.

IT p um e p 3. Oxpyrassa uncio 27,48 1o equHML, muieM 27.
DT0 uucao Gimrie K JAHHOMY, uyeM 28.

IT pasBuxo3. llcin ordpaceiBaeTca nudpa 5, a 3a Heit HeT
3nayamux Hup, TO OKpyrieHHe NPOUBBOAUTCA Ha Gaudrcali-
wee wemmoe YUCHIO, T. €. NIOCIEIHAA coxpanaemaa nudpa ocra-
BJIAETCA HeM3MeHHoif, ecIM oHa YeTHAA, M YCUJIMBAETCA, eClu
ona nedernas. llouemy npumensieTcsi 9To IPaBUIIO, CKA3AHO
HUe (CM. 3aMeuanue).

Ilpumep 4. Oxpyrasia uucno 0,0465 j10 TpeTbero jecdA-
THUYHOI'O 3iaka, uiieM 0,046, Ycusienus e jgejiaeM, Tak Kak
nocJe;sia coxpausieMast uudpa 6 — yernas. Yuciao 0,046 croub
e 0uM3Ko K jlannomy, kak 0,047.

Ilpumep 5. Orpyrass yuciio 0,935 j10 BTOpOro pgecs-
TUUHOrO 3HaKa, numem 0,94. Ilocnennsst coxpansnemas nudpa 3
YCHIIMBAETCA, TAK KAK OHA HeueTHAasI.

Ilpumep 6. Oxpyrasa uiiciaa

6,527; 0,456; 2,195; 1,450; 0,950; 4,851; 0,850; 0,05
JIO 11epBOr0 JICCHTUYIION0 3HAKA, MOJIy4yaem:

6,5; 0,9; 2,2; 1,4; 1,0; 4,9; 0,8; 0,0.

3ameuanne. [Tpumensisi npaBuno 3 K OKpyrieHuio of-
HOFO YMCHIA, MBI Hle yBeJUYMBACM TOUHOCTH OKPYTLJeHnus (CM.
upuMepdl 4 1t 5). Ho npu MuorouucienHplX OKpYriCHUAX W3-
OuiTounble uuciaa OyayT BCTpeYaThCA NPUMEPHO CTONb e
4acTo, KaK HejocTarovible. BiauMnas KoMneHcanus norpeui-
nocreit ofecneunT 11anGoIbINYI0 TOUYHOCTL pe3yJibTaTa.

ITpaBnsio 3 MoMci0 M3MEHUTH M IIPUMEHATH BCCIAA OKpYT-
Jenue Ha Oamkaifinee nedernoe ynckxo. Tounocrs Oymer Ta e,
Ho vernble IUPpL yjoliee, yeM HeyeTHbIe.

§ 36. AGcomoTHASI M OTHOCHTEIBHAA IOTPEITHOCTD

AGeonommnoli noepeusrcocmvio WIK, KOPOUE, No2pemHocmbsio
l'lpHGJIlfli‘I{ellll()l‘O YMCJa HA3LIBAETCSI PAa3HOCTB MeHAYy OTHUM
UUCIIOM W ero TOMHBIM 3HaveitneM (M3 00JIbLIETO UMCIA BHIYM-
TaeTcH Menbulee) !).

1)y Hnaue ropopst, ecliv @ ecth NpUGIMReHHoe YHCT0, 4 X — ero To4-
Hoe sHaveHue, To abcoOTHAS HOTPENIoOCThL ecTh aGCcoMIOTHOE 3HavYenue
(111, 5) pasHocTd a --x. B HEKOTOPLIX PYKOBOJCTBAX a6COMOTHOI MO-
IFpeHHoCTbI0 HA3LIBACTCH caMa pa3nocTh a — x (MSIM pasHocrh x — a),
DT BEIMIIA MOYSeT GHITE HOMOKUTEILION WK OTPHILATETIBH O,
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IMpumep 1. Ha npexnpusitun 1284 pabounx m ciaysxa-
nmx. Ilpu okpyrienum sToro umucia mo 1300 abcomoTHAA
MOrpenrHocTs cocraniser 1300 — 1284 = 16. [Ipu okpyraeHun
‘0 1280 a6co0THAA MOrPEUIHOCTL cocTanyaseT 1284 — 1280 =4.

Ommnocumenvroil noezpewriocmbovio NpUOJIMKEHHOTO YHCTA
HaseiBaeTcA oTHoleHue (11, 48) aGcooTHOI MOrpeHOCTH NpH-
GJIMIKEHHOT0 YMCIIA K CAaMOMY 9TOMY YHUCIY.

IT punmMep2. Bukone 197 yyaumxca. OKpyriseM 3To 4uc-
710 10 200. AGCOMIOTHAA MOrPELIHOCTh cocTaBAeT 200 — 197 = 3.

OTHOCHTeNbHAA NOrpemHoCTh panua% W, OKpYIJIeHHO,
3
700 = 15%:

B GonpuIMHCTBe CllyyaeB HeBO3MOMHO Y3HATL TOYHOE 3HA-
4yeHUe MPUGIMIKEHHOr0 YUCTA, A 3HAYUT, M TOYHYIO BEINYUHY
norpeirHocT. OJJHAKO MOYTH BCErga MOKHO YCTAHOBUTB, 4TO
NOrpelHOCTh (a0COMOTHAA MJIM OTHOCUTEJIbHAS) He NPeBOCXO-
JAUT HEKOTOPOro YMcJa.

ITpumep 3. IIpogaBen B3BemuBaer apOys Ha YalIEYHBIX
Becax. B HaOope rupp HaumMmenpmaa — 50 2. Basemmsanue
nao 3600 e. 9o unucao — npubaumxennoe. Tounslit Bec apGysa
nensBecTeH. Ho aGcomoTHAA MOrpeuiHOCTh He NpeBHIIaeT 50 2.

OTHOCHMTeIbHAA TNOTpPeutHOCTh He NPeBOCXOMNT 3220 ~1,4%.

Yncmno, 3aBegnMo MpeRbILIAoLIee aGCOMOTHY IO TOIPeLIHOCTh
(vim B XymumeM cly4yae paBHoe eif), Ha3bIBAaeTCA npedenbHoll
abcoaromioii  nozpewrocmulo. Uucio, 3aBefloMO MpeBHILIAIO-
Hiee OTHOCHTEeJIbHYIO TOTPEIUHOCTb (MIM B XyJ[ieM cJydae
PaBHoOe eit), Ha3LIBAETCA npedeablioll OMMHOCUMEABHOL No2Zpewt-
HoCcMbIo.

B npumepe 3 3a npepeipHyio aGCONIOTHYIO NOTPeIIHOCTH
‘MOHO B3ATb 50 2, a 33 Npelesbliyl0 OTHOCUTEJIbIIYIO Morpell-
HocTh — 1,49%,.

Benuunna mpemenbHOit MOrpeuinocT He ABIAETCA BHOIIe
onpenielleHHoli. Tak, B npuMepe 3 MOM{HO MPUHATD 33 Npej(eib-
Hylo a0COMIOTHYI0 HmorpemiHocTh 100 2, 150 2 u BooOuie BeAKoe
uyucio, Goabuiee yeM 50 2. Ha npaxtuke GepeTcs Mo BO3MOMK-
HOCTM MeHblllee 3HauYeHWe NpeAelbHON norpeimHocTd. B Tex
cIy4aAX, KOT/la M3BecTHa TOYHAA BeJIMYUHA IOTPEIIHOCTH, 3Ta
BeJIMYMHA CJIYKUT OJHOBPEMEHHO IpejellbHOM MOrpentocThIo.

HOnsa waporo nmpubiIMKEHHOro yucia RoJ#HA ObITh M3-
BECTHA ero npegelibHaA MOTPelIHocTh (aGCOMOTHAA HIlM OTHO-
curenbHad). Horma ona nmpAMo He ykasaHa, mojpasyMeBaeTcH,
4TO mpefeNbHaA a0COMIOTHAA TOrPeUIHOCTh COCTABIAET MOJIO-
BUHY eZMHULbI NOCICIHEro BHMUCaHHOro paspajpa. Tak, ecau
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npuBelieHo npubanxKentoe yucio 4,78 Ge3 yka3aHus npefelib-
HOIt MOrpeurHoCTH, TO 1I0ipa3yMeBaeTcA, YTo npefeilbHana abco-
JIIOTHAf NOIpeIlHoCTh cocTaBiaser 0,005. Benenctsue aroro
corjatienus BCerga MOKHO oloitTuch Ge3 yra3aHUA IpeRelb-
HOl TOrPemHOCTH YMCJa, OKPYIJIEHHOro o npaBujam § 35.
IpenenbHasa abcoIOTHAA NOrpeniHOCTh 0603HAYaeTCA Ipe-
yecKolt OyKBoit A («iedbTa»); npenejbHaA OTHOCUTENbHAA MO-
rpeiiHocTh — rpedeckoif OykBoit ¢ («esabra Manas»). Ecau

4
npuGanskennoe uncao 0603nauuth GykBolt a, T0 & = —-.

IMpumep 4. Jlnuna KapaHjgamla uaMepeHa JIMHelKoik
¢ MUIJIMMETPOBBIMHU JieJienusaMu. Vsmepenine nokasano 17,9 cx.
KakoBa npefiesibHad OTIOCUTEJNIbIAA TOTPEIIHOCTD 3TOr0 M3Me-
peHus?

3pech a = 17,9 ca; Moo npunath 4 = 0,1 cm, TaKk KaK
C TOYHOCTBIO 10 1 MM M3MEPUTH Kapanjall HeTPYJHO, a 3Ha-
UUTeJbHO YMeHbLIUUTh Ipelefibiy0 NOTPellHoCcTb He yAacTcA
(mpu HaBLIKE MOMKHO IPOYECTb Ha Xopolueit Juneitke u 0,02
n game 0,01 cu, HO y caMoro KapaHpmama pebpa MoryT pas-
HUTBCA HA 00JbINyI0 BelnyuHy). OTHOCUTENIbHAA MOTPEUIHOCTh
paBia -1—(-)7'—,15 . Oxpyrisas, HaxoauM 6 = —2‘—81— ~ 0,6%.

Mpumep 5 Inaungpuueckuit nopiueHb HMeeT OKOJIO
35 mat B jinaMerpe. C KaKoif TOYHOCTLIO HYHO €ro M3MepHThb
MMKPOMeTpOM, UToOBI pejlelibHAd OTHOCUTEJIbHAS NMOTPEUIHOCTh
cocrasisaaa 0,059%,?

Pemenue. llo ycnosumo, npejeibiiad 0THOCUTEIbHAA NO-
IpeltHocTL Jodsiia cocrapiaaTe 0,05% ot 35 wmm. CiegoBa-

Tenbno (§ 32, m. 1), upenensHas a0COJNIOTHAA INOrPeINHOCTDb
5. 5
paBHa—3°—1360!'— = 0,0175 (ws) wam, ycuausad, 0,02 (mm).

Moo Bocnodb3oBaTheA GopMyIoit & = % . Ilopcrapasana
B nee a = 35 & = 0,0005, umeem 0,0005 = %. 3HaunT,

A = 35-0,0005 =.0,0175 (aen).

§ 37. llpeypaputenHoC OKPYyrileHHE HIPH CHOMKEANH
H BBIYHTAHHH

Ecnu He Bce faHible yucila 3aKaHUYMBAIOTCA HA OTHOM U TOM
Ke paspsifie, TO O BLINOJHEHMS CJI0IKeHUA WJIM BHIYMTAHUA
cileflyeT mpoussecTd oxpyrieiine. Mmenno, HyHO yaep:KaTb
JIMLIB Te PaspsAibl, KOTOpbie BepHLI y BeeX caaraemulx. Ocradb-
Hele orOpaceiBaloTca Kax Gecnoniesnsie. [lpu neGonbuiom yncie
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CAraeMbX BCe [U@PLI CyMMBI, KPOME Ioce/tel, Gy LyT Bepuol.
Ilocuenuan Momer ObITH He BIIOJHE TOUHON. Ty HETOYHOCTH
MO3IKHO CBECTM K MUHUMYMY, €CJIM yuyecTb BJHHMe Ludp cie-
Jiylouiero paspafa (sanacnuvie yufpu).

ITpumep 1. Haittu cymmy 25,3+ 0,442+ 2,741.

He oxpyrasa cnaraemslx, noiyuum 28,483. Iocneguue gse
nudpsl Gecrnoiie3Hb!, TAK KaK B HEPBOM CJIAraeMOM BO3MOMH(HA
HETOYHOCTh B HECKOJBKO COTHIX. OKpYriff CyMMy 10 TOYHBIX
1udp (T. e. Jio meCATHIX Aoeif), noay4yaem 28,5. Ecnn npous-
BefIEM OKpYIVIEHHME 0 TOUHBIX HUp NpeABAPHTEILHO, TO HAii-
nem Oes smmiiero Tpyaa 25,3+ 0,4 +2,7 = 28,4. lludpa yecs-
THIX MOJyyusdach Ha 1 MeHblue. Ecau e ydectb H nudput
COTBIX, mojyyuMm 25,340,444 2,74 = 28,48, T. e. OKpyIJIeNIIO
28,5. Lludpa 5 HamexHee, yeM &, XOTA He UCKIIIOUEHA BO3MOK-
HOCTb, YTO BepHasA Ludpa — UMeHHO & 1).

ITpu yuyeTe 3anacHeIX u@p BLIYKMCICHUE PACTIONATAETCH, KaK
NOKAa3aHO Ha cxeMe (3amacHble LUQpPH OTAEJEHLI YepToif).

Cxema:

25,3
0,4] 4
+ 2,7 4

28,5

IT p n mep 2. Haitru cymmy 52,861 40,2563 -- 8,1+ 57,35 +
+0,0087.

Bes yuera 3amacusix 1udp (coxpasieM TOJIBKO OKpYrJei-
nule NuQpLl IeCATHIX; CM. NpPaBMWja oKpyrieuus, § 35) moiay-
yaem 118,7. G yuerom 3amacubix uudp moayuaem 118,6.
B nocnepiiem peayibTtaTe nudpa JecATHIX MOET 0KA3ATLCA He-
BEPHOIt BCIIEICTBME HETOYHOCTH TPeThero cjIaraeMoro; BMecto 6
MOIKeT CTOATbL 5 (eCJM TpeThbe CJaracMoe ecTh OKpYIJieHHe
uncia 8,06). Ho undpa 6 ropasmo mnamesiee. Bo BcAxoMm
cayuyae, nudpa 7 He MoKeT ObITh BEpHOIi. YUeT 3anacHeIX 1uQp
AaeT yJaydylieHne, HO He3HAYUTeJbHOE. (Cxema cieBa MOKa3bi-
BaeT cloxenue Ge3 yuera 3anmacibix udp, cnpana — ¢ y4eToM:

52,9 52,8 6
4 03 0,2 6
8,1 + 8.1
57,4 57,3 b
118,7 _o.0p1

118,6

1) Ecau npeinoiioHuTh, iTO NePpBOC cllaraeMoe eCTL OKPYIrileHUe YUCITa
25,26, To cyMMa ¢ TouHocThio o 0,01 cocrasiisiia 6nr 28,44, T. €. OKpYr-
JieHHO 28,4, Ecam e 25,3 ccTh oKpyrienuc vucia 25,27 naum 25,28
M T. JI., TO IIOCJIE OKPYIVICIIMH CYyMMA CcOCTaBMUT 28,5.
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§ 38. llorpemwiHOCTh CYMMBI M Pa3HOCTH

I pedeavras alcoaOMHAL NOZPEWHOCL  CYMMbL  PABHA
cymate npedeabHbir abcoalomHbT nozpewnocmeii omoeabHblT
CAACAEMBLY.

ITpumep 1. CknagsiBaioTcA NpuOIMHeHHBe YyKCIa 265
u 32. Ilycto npenesibuan norpemwHocTb NepBOro ectTh 5, a BTO-
poro 1. Torma npepenbHada morpelHoCTb CyMMbl paBHA 5+
+1 = 6. Tak, ecniu HMCTMHHOe 3HAuYeHMe nNepBoro ectb 270,
a BTOpOro 33, To mpubauKeHHasa cymma (265432 = 297) Ha
6 MeHblLIe MCTHHHOI (2704 33 = 303).

Ilpumep 2. Haittu cymmy npuOIMsKeHHBIX YHCEN
0,0909 +0,0833+40,0769 +0,0714 40,0667 + 0,0625 40,0588 +
+ 0,0556 +0,0526.

Cnosenne naet 0,6187. IlpegenbHas NorpellnocTb Kaxaoro
citaraemoro 0,00005; npefieabliad norpemHoCcTb cyMmst 0,00005x
X9 = 0,00045. 3HaUNUT, B NOCJEeIHEM (4€TBEPTOM) BHAKE CYyMMBbI
BO3MOMHA omnOKa A0 5 eguuuil. IloaroMy oxpyrisem cymmy
JI0 TPeThero 3HaKa, T. €. Ao ThICAYHHIX. [lomyuyaem 0,619; amece
BCe 3HAKH BepHbIe.

3ameyaune. Ilpy 3HaUNTENbHOM 4YHCIE CIAraeMBIX
00bIYHO NPOMCXORMT B3AMMHAA KOMIEHCAUMA MNorpenrHocTeit;
MOYTOMY MCTMHHAA MOTPEUIHOCTD CyMMBI JIMIIDL B UCKITIOUUTEIb-
HLIX CJIyyasiX COBNAJAeT € Npefleliblioif MOrpentiocTbio MM
6ausra Kk neit. Hackoapko pelku 9Tu ¢iayyan, BUIHO M3 Npu-
Mepa 2, raey Hac 9 ciaraemblx. MctunHas Beanuuuna Kammaoro
M3 HUX MOKET OTIMYAThCA B MATOM 3HaKe OT B3ATOr0 mpubiam-
HEHIIOro 3HaYeHnsd Ha 1, 2; 3, 4 nau gare HA O eAMHUL B Ty U
B ipyryio cropony. Hanpumep, nepsoe ciaraemoe MoxeT OHTh
GoJiblie CBOEro MCTMHHOrO 3HAYeHMA HA 4 eIMHMIBI MATOTO
311alka, BTOPOe — Ha JiBe, TpeThe — MeHbIlle UCTHHHOTO Ha OHY
enununy u T. X. IToacueT noka3piBaeT, 4TO YNCIO BCEX BO3MOMK-
HBIX CJlyYaeB pacnpefesieHUA MorpeurHocTeii COCTaBIACT 0KOJ0
of(HOr0o MUJLTHapAa. Memy TeM JIuMb B ABYX CJy4asaX Morpeu-
HOCTb CYMMbI MO{eT HOCTUTHYTb HNpefielibHOi MOrpemHoCcTH
0,00045; 9T0 npousoiifeT: 1) Korga UCTUHHAA BeJIMYNHA KAKAOr0
ciaraemoro 6osbine npndaMkeHHoK Ha 0,00005 m 2) Korpma
VCTUHHAA BeNIMYMHA KaKI0T0 CIaraeMoro MeHbiie mpuGInKeH-
noit Ha 0,00005. 3Ha4MT, CIyyau, KOTAA IOrPEIIHOCTb CYyMMBbI
COBIIafiaeT ¢ npefenbHoit, COCTABIAT ToIbKO 0,0000002 9%, Bcex
BO3MOHBEIX CIIyYaeB.

HanbHenii moficyeT MoKa3bIBaeT, YTo CIy4yau, Korga mo-
IPELUIHOCTb CyMMBI [eBATH CJIaraeMblX MOKeT NpPeBHICUTh TPHU
CAMHMLEI TIOCJTEHEro 3HaKa, Toxe oyeHb penku. OHM cOCTaB-
asior auimb 0,079, U3 yncaa BceX BO3MOIKHBIX. [IBe emuHMIBI
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10CJIe/{Her0 JIIaKAa MOI'PELIHOCTb MOMeT 1IPEeBHICUTH B 29, Bcex
BO3MOMHBIX CJlyyaeB, & OJHYy eIMHHUIy — npuMepHo B 259%,.
B ocranpHBIX 759, clly4aeB MOrPeiIHOCTbL UEBATU CIaraeMbix
He TPeBLIINAeT OHON eMHMILI IOCJelHero 3HaKa.

ITpumep 3. Cuurag ciraraeMble nmpuMepa 2 TOYHBIMHU
4YucIaMu 1), OKPYTIIMM MX 70 THICAYHBIX M cioxkuM. Ilpemens-
Has INOrpeurHocTb CyMMel Oygmer 9:0,0005 = 0,0045. Me:xny
TeM UMeeM:

0,091 +0,083+ 0,077+ 0,074 40,067 + 0,062 + 0,059 +

+0,056 40,053 = 0,619,
T. e. mpuOJMKeHHAA CYMMa OTJIMYAeTCA OT MCTHHHOK Ha
0,0003, T. e. HA TPeTh eMHMIBI OCIERHET0 BHAKA NPUGIMHeH-
HBIX uucedl. Bce Tpu 3HaKka npuOINKeHHON CyMMEL BepHBI, XOTA
TeopeTHYeCKN mociefHAA mudpa Moriaa GHITh rpyGo HeBepHOIL.

ITpousBenieM B HAIIMX CJAraeMbIX OKpYIJIeHHMe [0 COTHIX.
Tenepb mnpefelbHasdg NOTPEWIHOCTh CYMMHL OyaeT 9:0,005 =
= 0,045. Mexngy TteM mnoayyum 0,094-0,08+0,08+0,07+
+0,07+ 0,06+ 0,06+ 0,06+ 0,05 = 0,62. McrunHasa norpeiu-

HOCTb COCTaBJAET TOJbKO 0,0013, T. €. —é— eVHULLI TOCIIeHero

3HaKa NMPHUOIMKEHHBIX YUCEJ.

ITpedeavrasn abconommas nozpewHocmd pa3Hocmu pasHa
cymme npeae./wubm: abcoaromubix noepemnocmeﬁ YMmeHrdvulaemozo
U evlumaemozo.

IT p u M e p 4. IlycTb npegenbHas 10rpeLIHOCTE NPU G KeH-
HOr0 yMeHblIaeMoro 85 paBHa 2, a npefleJibHAaA NOrPeIlHOCTh
BBIUMTaeMoro 32 pasHa 3. IIpefesibHaA NOTrPeNIHOCTb PA3HOCTH
85—32 = 53 ectb 2+3 = 5. B camoM [esle, UCTUHHBIE 3HA-
YeHUA yMeHbIIAeMOro M BHIYMTAEMOro MOTYT PaBHATbCA 85+
+2 =87 u 32—-3 =29. Torma MCTMHHAA pa3HOCTH €CThb
87—29 = 58. OHa Ha 5 OTNIMYaeTCA OT MpPHONMMEHHON pa3-
HOCTH 53.

ITpemenbHyl0 OTHOCHTENBHYIO NOIPEIIHOCTh CYMMBI M pas-
HOCTH JIErKO HaliTH, BLIYMCJIMB CHAYyaJa npefelbHyio a6CcomoT-
HY10 morpemHocTs (§ 36).

IIpedeavras omHocumesbHas nozpewrnocmsd cymmuvl (HO
He PasHOCTH!) sexwcum wmesncdy Haumehdbwell u HaubGoabuteld
us3 OmHOCUMENLH LT nozpeumocmeli caazaembiz. Ecau Bce
ciaraeMble UMEOT OXHY M Ty 3Ke (MJIM NPHMEpPHO ORHY M Ty
#ee) MpefleibHY0 OTHOCHTEJbHYIO IOIPelIHOCTh, TO M CyMMa

T I | 1
1) BTH cmaraeMuie 1103y'IeHH oOpaiienueM 1pobelt o, 1o 30 g
B IECATHYHBIE C TOYHOCTLIO 10 YeTBEPTOrO 3HaKa, JUTATENb 11YCTh BO3LMET
NPYrUe Hayrax B3ATHIC YUCIA.
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uMeeT Ty iKe (WJIH IIpUMEpHO Ty ’Ke) HpeleJbHYI OTHOCHU-
TEJIBHYK 1OI'PEelHOCTb. VIHLIMM cjloBaMM, B 9TOM Clydyae To4-
HOCTb CYMMBbI (B MpOLEHTHOM BBLIDAMeHUH) He yCTynaeT TO4-
nocT! ciaaraemuix. IIpi 3HAYUMTENBLHOM »Ke uYUCIle CIAraeMblx
CyMMa, KaK IIpaBUJIO, TOPa3jo TOYHee claraeMbix (mo npu-
yyHe, 00LACHEHHOM B 3aMe4aHull K NpuMepy 2).

IIpumep 5. B kamuoM ciraraeMoM CyMMBI 24,4+ 25,2 +
+ 24,7 = 74,3 npefenbnasd 0THOCUTEJbHAA TOTPEIIHOCTh MpPHU-
MepHO OAHA M Ta e, umenHo 0,05 :25 = 0,29,. TaxkoBa e
OHA M JJA cyMMbl. 3jech npefenbnan aGcollIOTHAA NOrpei-
1HoCTL paHa 0,15, a oTuocurensnast 0,15: 74,3 ~ 0,15:75 =
= 0,2%.

B 1n1poTHBONONOAKHOCTL CYMME pasziocmdv npubAUICEHHLLT
wucea moxcem Oumb meiee mounoﬁ, HeM  YMeHdbWaemoe u
eviuumaesoe. «IloTepsi TouHocTH» 0co0eHHO BeJIMKA B TOM
ciyuae, KOI'Jla YMEHBIIACMOE M BHIYMUTAEMOE MAJI0 OTIMYAIOTCA
JIpYT OT ipyra.

Ilpumep 6. Nsmepenne BHeluHEero um BHYTPeHHEro gHa-
MCTpA TOHKOCTeHHOM TpyOKu a0 AJdA nepsoro 28,7 mm, a fas
BTOPOTro 28,3 mat. BHIUIICAMB 110 DTHM TAHHBIM TOJLIMHY CTEHKH,
Haitnem ; -(28,7—28,3) = 0,2 (mae). IlpemenbHasa oTHOCHTEIND-
HafA NOrPemHoCTh yMelibuiaeMoro (28,7) u BulunTaemoro (28,3)
onHa u ta xe: 6 = 0,29%,. [lpenenpuan oTHOCUTEILHAA NOTPeELI-
HocTh pasHocTM 0,4 (a Takme ee mMoJOBMHHI 0,2) cocTaB-
aset 25%.

- Beujy ywkasaunoro gakta cilemyeT Bcerga, Korga 3To BO3-
MO?KHO, u3bezamv GLIMUCACHUL UCKOMOLL 6eAUNUINLbL c no-
Mmouyvro euinumanin Gauzkux wucea. Cp. 111, 26, nmpumep 9.

§ 39. llorpeuwHOCTL 11POH3BENeHHS

Ilpedesbras omrocumenvias nozpewthocmsv npouseede-:
Hua npu6./zuwceuno pasia cymme npeae./zbubm: omHocumendb-
nux  noepewnocmets commcancumesei. (O TOYHOR BedUYMHe
npejiesbHOI MOrPelHOCTH CM. 3aMeyaHue K mpumepy 1.)

IMpuwme p1. Ilycts mepemuoxaloTca npubIuKeHHBIe YNCIa
50 m 20 M mycTh mpejiesbHAs OTHOCHTEJbHASA MNOrpelrHocTb
nepBoro comHoxwuTeas ectb 0,4%, a mroporo 0,5%. Torma
npefleibHaA OTHOCUTEJLHAA NOrPEINHOCTb Npou3BeNeHua 50 X
X 20 = 1000 npudmuxenno passa 0,99%. B camom pgeite, npe-
AenbHAA aGCOMIOTIIAA 10rPENIHOCT TEPBOr0 COMHO KUTEJIS eCTh
50-0,004 = 0,2, a Broporo 20-0,005 = 0,1. IloaToMy ucTHH-
HAA BeJMYMHA TpOU3BefeHUA He Gonblie, yeM (50 +0,2) (20 +
+0,1) =1009,02, n He menbine, uem (50 —0,2) (20— 0,1) = 991,02.
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can ucTnHHad BeJMUMIA NPOU3BEReHUsA ecTh 1009,02, To mo-
I'peurHocTh npoussefeHiisa pasua 1009,02 -1000 = 9,02, a ecau
991,02, To norpemHoOCTs nNpoussenenus pasia 1000 — 991,02 =
= 8,98. PaccmMoTpeHuble jiBa cilyyas — camble HeOmaronpusr-
nble. 3HAYMT, MpefelbHasA a0COIOTHAS TIOTPEINIIOCTh NIPOMU3Be-
geuusa ectb 9,02. Ilpenenbuad OTHOCHMTENBHAA IOI'PELIHOCTD
paBua 9,02 : 1000 = 0 ,9029%,, T. e. npudauikesto 0,99%.

Sameuanue OG03HAYUM NPEIENbHYI0 OTHOCUTEIBHYIO
MOrpeLnocTb Npoussedennsa OyKBoit §, a mpemeabilylo OTHOCH-
TEJIBIYI0 MOrPEelHOCTh cOMIORuMTEe] — OyxBamu 6, u 0,
(B mpumepe 1 §; = 0,004; 6, = 0,005; 6 = 0,00902).

Haiue npaBuiio (IJs JIByX COMHOMKUTeJelt) 3anNuIIeTCA Tak:

8 ~ 6+ 96,
Tounoe e Brpasenue 6 Oyner:
0 = 01+ 8,4 6,0,

T. €. TPefeabias OTHOCUTEIbHAS HOrPellHOCTEL HPOU3Be e
Bcerfga 0oJIbllle, YCM CYMMa IlpefeldbilbIX OTHOCUTEJILHLIX I10-
rpeulnocTeif COMHOMKUTeNEIl; OHA NPEBHLIIACT DTy CYMMY Ha
npoussefiecne OTHOCUTENABHBIX HOIPCHINOCTEl COMHOMUTENENt.
9To npesuiliende OOBIMHO TAK HEBENHKo, UTO €ro He IpH-
XOAMTCA yUMTLIBATh. B ycnoBusax npuMepa 1 imeem d=0,004+
+0,005+0,004-0,005 = 0,00902. IIpenbiuienue 3jech cOCTa-
Baser 0,00902 - 0,009 = 0,00002, T. e. 0koy0 0,29, oT npuban-
KEeHHOJ BeJMUYNHLI NpefeNbHOl OTHOCUTEIbHO MOTPEeIUIHOCTH.
OTO MpeBBIIIEHNE CTOJb HEe3HAYUTEJNbHO, YTO ero HeT CMBICIA
YYHUTHIBATE.

ITpumep 2. lycTs nepeMHOKAIOTCA NPUOIN H@HHDIE YUCTA
53,2 n 25,0. IlpenenbHasa adcoMOTHAA NMOIPENIIOCTh KaMI0T0
ecTh 0,05. [Toaromy 4, = 0,05 : 53,2 = 0,0009; J, = 0,05:25,0=
= 0,002. lIpenenbnas oTHOCHTEIbHAH NOIPEIHHOCTE NMPOU3BE-
jenus 53,2-25,0 = 1330 npubmiskenno pabna 0,0009 40,0020 ==
= 0,0029. Beauunna 6,5, = 0,0009-0,002 = 0,0000018 cToip
MaJjla, YTo YUMTHIBATh ce HeT cMbicaa. [Ipejenbiiast abcooTnasn
MOrpeitnocTs npoussemenna 1330 pasHa 1330-0,0029 =~ 4,
TAK 4TO IOCHefHAsa nPpa npousBefeHus (Hyib) MoIKeT ObITH
HeBepHOit.

IIpumep 3. Hamu 00'beM KOMHATLI MO JAHHLIM usmepe-
HMA: UIMHA 4,57 e, nipuna 3,37 a, puicota 3,18 w4 (npeadin-
Hble a600mo’rm,u, noxponmocm 0 000 M). IIepeMuomaﬂ HaH-
HBIE YHCIa, HAXO/IIM, uTo 00heM cocTanasieT 48,974862 al, Ho
31ech JUIL jBe NUQPpL 0e3yClOBIO BepHLI, y:ke B TpeThbeit
nudpe MoxceT ObITh HeGoJbNIAA morpelunocTh. JleitcTBuTeNbHO,
NPCJCIHBILIC  OTHOCHTCIBILIC  HOI'PCHUIOCTA  COMITOUTEMeH
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pasHb: 6 = 0,005:4,57 ~ 0,0011; J, = 0,005:3,37 ~ 0,0015;
03=10,005:3,18 ~0,0016. ITpenmenbuas oTHOCUTEJNbHAA MOTpeLl-
HOCTb NpON3BeeHnA ectb 6= 0,0011 + 0,0015+0,0016 =0,0042.
IlpemensHas aGCOMIOTHAA NOrPENIHOCTh HpPOU3BeNeHUA A =
~ 49,0:0,0042 =~ 0,21. IloaTOMYy ye TpeTbsa 3HayaIaA yudpa
NpoM3BeleHNA HeHale/KHA. SHAYMT, HY HKHO CUUTATh, YTO 00beM
KOMHATHl COCTaBJIAeT 49,0 w3,

§ 40. IlogcyeT TOYHLIX 3HAKOB IPH YMHOMKEHHM

ITorpemwHocTh NpOM3BeAEHNA MOMKHO OLEHUTH mpolle (HO
3aTo rpy6ee), yem mo cmocoGy § 39. dra omeHKA OCHOBAHA
Ha ClledyIoleM MpaBHJe:

ITycTe mepeMHoKal0OTCA 1B IPUOINHEHHBIX YHCIA K NYCTh
Kampoe uMeeT no k sHavamux mudp. Torma (k—1)-a1 uudpa
npousBefieHnA 0e3ycilOBHO BepHa, a k-A uudpa MosxeT OBITH
He BIIOJIHE ToyHO}. OJZHAKO NOrpeilHOCTh NPOM3BeJeHNA He
NPEBOCXOMUT 5!/, euHMUI k-if MEQPHI M UL B UCKIIOYUTEIND-
HBIX cly4aAax OJM3KA K 3TOMY mnpefeiy. FCIM e IepBBIC
1udpH COMHOMKHUTENEN B MPON3ELAENN TAIT YMciIo, Gomabluee
ReCATH (C y4eTOM BIHMAHMA CIefyoINX uudp miam 6e3 sToro
yueTa), TO MOTPELIHOCTb MPOM3BEEHMA He NPEBBIIAeT OXHOMK
eMHUIBl k-it {udpHI.

Mpumep 1. IlepemHomum npudiaurxkeHHsle yucaa 2,45
i 1,22, nMelIMe KaMaoe o Tpu sHavaumumx uudpel. B mpo-
usBefileHun 2,9890 mepBule faBe HuPpH 0e3yCIOBHO BepHHL.
Tperba nudppa Moxer GHITH He BHoJHe ToyHoit. IIpuM KaHHBIX
BeJIMYMHAX COMHOMKMTelNlelt npefelbHasaA a0COMIOTHAA Morpe-
HOCTb NPOM3BEJeHNA (ee MOMKHO HallTH, KaK B npuMepe 1 § 39)
cocTasider 1,8 equHUIL TpeTbeit nudpsl (T. e. 0,0018); ncTuH-
HaA NOTPEeIIHOCTh, KaK NpaBudo, Oynmer eme Menbiue, Ilo-
3TOMY TpeThio LUUPpPY CleAyeT yAep:aTh; YeTBepTyIo ke Lud-
PY HeT CMBICTIA coXpaHATh. OKpYyriIAdA, uMeeM: 2,45 1,22 ~2,99.

IIpumep 2. IlepemHosum npubianrxennsie yucaa 46,5 X
X 2,82. B npoisBegennu 131,130 nepprie ABe UuPpH 6€3yCIOBHO
BepHH. Tak KaK nepBele UMQPH COMHOKHUTeJelk ¢ yyeroM
BIMAHUA ClefylIUX Iudp XaloT B IpousBedeHUH 13 (mep-
BHe 1Be IuQpH yncaa 131,130), To MOrpemIHOCTH IpOM3Bee-
HHUA Ge3yCIOBHO He MPEBOCXOAMT eXUHUILL. B maHHOM ciydae
npefiebHasA a0COMOTHAA NMOTPENIHOCTh NPOUBBEAEeHMA COCTa-
BJIAET TOABKO 0,37; MCTUHHAA e NMOrpeIHOCTh, KaK NpaBuilo,
Gyner eme Menbine. IToaTomMy TpeTbio LMPpPYy HYHKHO yHep-
»artb. YeTBepTylo ke udpy (He BNOIHE TOYHYIO) MMEET CMBICT
yHepKUBaTh (B KaYeCTBe 3aMacHOlt) JIKIIb B TOM ClIy4yae, KOIAa
HaJ| MpousBefieHHeM HY IO BLINOJHATD JajbHeRIINe AeHCTBIA.
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11pu nmepeMHOMEHUM TpeX, YeTBIPEX M T. X. MPUOIMKEHHLIX
Yucell npefesbHan NOrPeIIHOCTh MPOIOPLUIOHAIbIIO BO3PACTAET
(T. e. yBeqIMUMBAETCA MO CPABHEHUIO C BHLILIEYKA3aHHOI B M0JI-
TOopa, ABa M T. X. pasa). Ho B nomaBiaAwiieM 00ablIMICTRE
clyyaeB MCTHMHHAA HOTPENIHOCTb NpH 1e00JbIIOM 4HCTe CO-
MHOM(UTEJIef OCTAeTCA B TeX e IpaHHLaX (BCIEICTBUE KOM-
NeHcaluyu TorpeuiHocreit; cp. § 38).

Hpal('rnqecnne BBIB O[] BI:

1. Eciu nepeMHOMKAIOTCA NPUOIMKEHIIbIE YUCHA C OTHUM
M TeM jKe KOJMYECTBOM 3HAYalUX Ludp, To B NpPOM3BENeHUU
cllefyeT yRepaTh CTOJbKO ke 3Hauauwmx nudp. Iocaemuss
U3 yAep:aHHBIX 1UPp OyneT He BIONHEe HATEIKHA.

2. Ecau HeKoTOpbIe COMHOMKUTENH UMEIOT GoJIblIe 3HAYAIMX
uudp, 4eM Apyrue, TO A0 YMHOMEHUA CJefyeT MepBble OKpYyI-
JIATh, COXPAHMB B HMX CTOJIbKO UUPP, CKOJBKO UMeeT HauMe-
Hee TOYHBINL COMHOKMTENb, WM ellie ORHY (B KauyecTBe 3amac-
noit). HanbHeiine nudpsl yrepKuBaTh 0ECroJe3HO.

3. Ecau Ttpelyercs, uToOsl mnpousBeleHue HBYX uucel
MMeJI0 3apaHee JaHHOe YMCIO BIOJHe HafemHLIX LuPp, TO
B KaRJIOM M3 COMHOMUTeJell 4MuCI0 TOYHBIX IUPp (HalkmeH-
HBIX U3MepeHMeM MJIH BHIYHMCIIEHMEM) NOMKHO OLITh HA eIUHHLY
Goaplre. Ecau KoluuecTBO COMHO M uUTelNeil G0JIbIIe ABYX M MEHb-
nie JeCATH, TO B KAaMIOM M3 COMHOMHTeNelf 4MCJIO TOYHHIX
mudp AJA NMONHOK rapaHTHH AONKHO ObITh HA [Be eXMHMIILI
Goabuie, yeM Tpebyemoe uucio Tounelx Hudp. Ilpanruyecku
e BIOJIHEe JIOCTATOYHO B3ATH JMILBL ONHY JHMILIHIOW Iudpy.

YToGbl NMpOBEPUTH 3TH BHIBOABI, PACCMOTPUM TPUMEp, Iie
HarnepeR M3BECTHHI TOUHbIE 3HAYEHWUA IEPEMHOMKAEMbIX NpHU-
GanKEeHHBIX Yuced.

IT p umep 3. O6parum npoussesenne STV SO SO N T
B JleCHTUYHYI0 Apo0b. B3aAB 4 3nHavamme UUPpH, NOIy4uM
0,0003330. IlycTe Temeph HaM M3BeCTHBI TOJILKO NMpUOIMIKeH-
Hble 3HaYeHMA COMHOMKuUTeel:
4+ =0,33333; 1 = 0,14286; < = 0,09091; 4% = 0,07692 1),
u TpebyeTcsa HaTH mMpousBefeHMe C ABYMA BHauawumu uud-
pamu. 1A MONHONK TapaHTHM Mbl JOJIKHBI B3SITH BCE COMHO-
MUTEIN C YeTHIPbMA SHAYALMMH LIUPPAMH, T. €. TIePEMHOKUTD
0,3333-0,1429-0,09091-0,07692.

1) Haxonum 0,3333-0,1429 = 0,04762857.

Vnep:kupas vyersipe snavamue uudpst, momayuzaem 6,04763.

1) UHUTATCIO DPEKOMEHUYCTCH BIATL JMIOOLIC NPYTUCE COMIOMMTENM,
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2) Borosuisiem cilefyioluee yMIoHiene:
0,04763-0,0909 = 0,0043300433.

3) VYnepupast versipe sHavamue uu@pel 1) 1 BLUIIOJHSI
HOCJIe/{Hee YMHOMKeHHe, HaXOHUM:

0,004330-0,07692 = 0,0003331.

IIBe mepBble 3Havaue UUPpPLl Ge3YCIOBHO INPABMIILIUBI,
TaK 4YTO MCKoMoe uuclo ecth 0,00033. 3a MOJNHYW0 TOYHOCTH
TpeThbeif 3navaueil Hudpn 3apanee Hedp3sa mopyuutheA. Ho
OHA oOKasuiBaeTcsA BepHoit. YersBeprTas smavauan uudpa He
BIOJIHE TOYHA, HO OIMOKA Ii¢ NpeBBIIAET eMHMLBL COOTBET-
CTBYIOILETr0 Pa3psAa.

Ecau Bectu namre BuluMclleliue 1ia TPH 3HAKA, TO HeNb3s
8apaHee MOpyuuThCcA 3a BTopyw uudpy. OmHako Ha camMoM
Jede pace TpeThs Hudpa Oymer BepHa. Umenno:

1) 0,333-0,143 = 0,047619;

2) 0,0476:0,0909 == 0,00432684;

3) 0,00433-0,0769 = 0,000333.

Ecnu Becty BBHIYMCIICHMe HA JIBA 3HAKA, TO B [IPOU3BEACIHHN
noayyurcs 0,00032, T. ¢. ownbka cocraBuT 1,3 eXUHHILI BTO-
poro sHaka.

§ 41 Cokpainennoe ymioskeuue

ITpumensisi npaBusia yMHOMEHUA TOYHBIX MHCEJ K YUCIAM
npuOnuKeHHbIM, MBI HEPALMONAJILHO TPATHM BpeMA U TPYX
HA BbIYUCIeHUe TeX LUQp, KOTOpPhIe 3aTeM HYHHO OTKUHYTh.
BeruncauTtesbHplit npouece Mo#HO PANHONAIM3NPOBATL, eCIH
PYKOBOJCTBOBATHCS CJIEXYIOIMMU NPABUIIAMM:

1) yMHOMCliMe HAUUHAIOT He C HU3MIUX Pa3psIoB MIUOHH-
TeJif, A C BBHICIIMX; NP YMHOMEIMM MHOMMMOTrO Ha HaUBbIC-
Uit paspsaL MHOMKUTEIS YMHO AKefille BHIIIOJHIETCS T0JIHOCTBIO;

2) nepeji yMHOMeHMeM Ha cJefyIoluit paspaAx MHOHUTEIS
B MHOMHMMOM BLIY€DPKMBACTCA IOCJIeAHsAA LuPpa, yMHOMeHMEe
NPOUBBOMUTCH Ha YKOpPOUEHHOe MHOMKNIMOe, HO K pe3yJbTaTy
npubaBiseTcA OKpYrieHHnoe NMpou3BefeHUe B3ATOr0 pas3pafa
MHOMUTeNA Ha oTOpomenuyo udpy MHOKIMOTO;

3) mepej yMHOMeHMeM HA TPeTUit (OT Hayasa) pa3pAN MHO-
HUTeJIA 3a4ePKUBACTCA ellle OfHA IUPpa MHOKUMOro (BTOpast
OT KOHIIA); YMHOKEHUE ITPOU3BONUTCA Ha OCTalouUiMecs LUu@pLl
MHOMKUTEJISA, NMPU ITOM YYHUTLIBAETCA BILMAHIE TOJBKO YTO
oTOpoIIeHHO HUPpH U T. 11.;

1) 3mechb MOCTATOUNO OLUIO OBl YACP/KATL 110 TPH 3Hauyautie nUOPLL
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4) nodiyyaemble TPOMBBC/CHMH PACHOIRTAIOTCH TAK, YTOObT:
JIPYT HOJL APYTOM PaCHOJATATNCH BCE /titsuuue Paspsyjibl;

5) mast ompefelieHHsi MeCTd 34lATOR B HPOU3BEICHHUM cy-
1eCcTBYIOT 0cOOble MpaBMiia, HO NPAKTUYHee BCCro OCHOBBI--
BaTbCs Ha rpy06oit MpeABapUTeNIbHON OLCHKe BeJINYUHDBL IIPON3--
sefenns. Pexomengyercs Bo usbenainne onmmboK 3a4epKuBaTh
yKe MCHOJb30BAHHYI0O HUPDY MIHOHIUTENA.

Mpumep 1. Ilepemuomuts npubINIKEHHBIE YUCIA.
6,7428-23,25. YpaBuupaeM 4MCJIO 3HAYAMX KUPp: B MepBOM
comnoxurese orOpacuiBacM 1udpy 8, 3aMeHAH NpexbIAy-
wyio nudpy 2 rpolikoit. Briuucisem no mpuBOAMMOl cxeme:
B CcJeyioleM MopakKe:

3anmuce: 1) ne ofpamas BHMUMaHHsA HA 3SanfATHe,

% 6,743 MHOMUM 6743 Ha 2, pesyabtaTt 13 486 BhHIIN-

23,25 ChIBaeM II0JIHOCTBIO; YMHOMeHHe TPOU3BO-

13486 AUTCA, Kak OOBIMHO, Ha4yuHasg ¢ 2X3 = 6

+ 2?%‘; (oTa mecTepKa MOAMUCHIBAETCA IMON HM3LIUMU
34 paspsJlaMu COMIIOMuTeNelt);

156,78 2) sauepKuBaeM UCNOJNB30BaHHYIO IMppy

MIOMUTEISA 2 U MOCTAeAHIO0 HUPPY MHOMKH-
MOro 3; yMHOKAeM CJejlylouly0 Hudpy MHOMKUTEIA 3 Ha YKO-
poueliiioe MioKuMoe 674, npejBapuUTeNbHO YYTHA, YTO 3a4epK-
nytas uudpa 3 pgana Oul B mpoumsselenun 3-3 = 9; NoITOMY
K npousnejeHinio NpubaBisieTcs: 1 (C caMoro ke Hayalla yMHO-
enusa 34 = 12;12+1 = 13; 3 3au1cano; 1 yaepamo B yme).
Huswmit paspsj npousseicHusl (3) 3aUCHIBACTCA MO HU3LIUM
Pa3’pAnOM NpeibIiyliero npouspenenuns (6);

3) sauepkuBasg BTOPYIO OT Havyada IUppy MHOMMTENA M
BTOPYIO OT KOHIIA UMPPY MHOMHMOr0o, MHOMKUM TpeTbio Ludpy
MIOMITENA 2 11a YKOpOUeHHoe MHOAUMoe 67; npeBapuTesbHO
3aMeuaeM, UTO OT YMUOMeHUs 9Toit NUPpBI MHOMKHTENA HA
TOJBIO YTO OTOPOIEeNHY 0 I(PY MHOHUMOIO 10y nst O 8,
TAK YTO K Ipou3Beienio npubapisem 1;

4) HAKOHeEL[, 3auepkuyB edle 2 B MHOMKHATENEe U 7 B MHO-
MUMOM, YMHOMKAeM 5 na 6, IpeiBapuTel]bHO 3aMeTHB, UTO
5.7 = 35, Tak 4TO K npousBefenuo 5-6 = 30 nmpubanisem
4YeTBepKY (Jydlle, 4eM TpOItKy, TaK KAK YMHOMKATh HYKHO
Ob10 On He TOABKO HA HUPPY 7, HO H Ha CIeRyiollue 3a Heil
orOpourentisie [HQpHI);

5) BCC MOJY4YeHHBIC NPOM3BEIEHHs CHIALIBAEM, T10JyUaeM
15 678.

Yro0bl BLIOPATE MCCTO 3amATOI, Ppy0O OKPYTIsAEM COMILO-
KUTCIN, OCpsi BMECTO ICPBOTO, Hampusep, 6, BMECTO BTOPOro
20. Nckomoe nmpouspenenute rpy6o pasusercsa 120, T. e. ueaas
YacTh HAUIEro pesyNhTaTa JINIFAETCA TPEX3HAWHLIM YHCIOM,;
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clle/loBaTeJIbHO, B HalleM pesyJibTaTe IYH(HO OT/AedUTh 3allfi-
Toit mepBHle TpU LMPpH, T. e. HyHHO B3ATHL 156,78, a He
15,678 11 He 1567,8. B aToM pe3dyibraTe BepHHI TOJIbKO IEpBLIE
uersipe uupsl. Ilocaenniolo uudpy (koTopas Momwer cogep-
KaTh OIMOKY MO TpeX egMHMI) MCHOJIB3yeM JIA OKpYTJIeHWs
pe3yJibTaTa M noJiydaem 156,8.

IMIpumep 2. 674,3-232,5. YMHOMEHMNE NTPONIBOAUM, KAK
B upepabiaymem npumepe. Iloayuyus 15 678, BuiOupaem MecTo
sansroit. I'pyGoe ymHosxenne gaer 600-200 = 120 000, T. e.
HIecTUsHaYHOe yucio. Tak Kak Lejlasg 4acTh HAIIEro pe3yilb-
TaTa MOJIKHA COAEPsKATh LIeCTh NUPp, a MOoJyyenHoe HAMM
yucao 15 678 comepKUT NATH IUPP, TO NPUIHCLIBAEM Ik ITOMY
YHCJY CIIPaBa HYJb; MECTO 3aNATON BLIXOMUT 3a NMpefeJiLl BLI-
uMCaHUBIX IMp, T. e. pe3yabTaT Hallero yMHOMEHUA BLIpa-
MWaeTcs LedbM umcioM 156 780. Tax rak nociegHsas uudpa
(nynip) 3aBeMOMO HeBepHa, NMHUILEM pe3yabTaT B Buye 15 678-10
uin 1568102 (cm. I1, 34).

§ 42. [leacune npuGIHKEHHBIX YHCeT

IIpasuno 1. Ilpedesvran ommocumendras noepeutiocnsd
YACMHO020 NPUBAUNCEHHO PpABHA CcYymme npedeabHbls OmHO-
cumeavnux noepewrocmel deaumozo w Odeaumeasn (cp. § 39).

ITpumep 1. Ilpubausxkennoe uucio 50,0 AelHTCA HA NPH-
G6nuntenHoe yuciao 20,0. IlpenenbHas MOrpemHocTs AeIUMOT0

" JeJINTeJs 0,05. TOPJI& npejpejibHaA OTHOCHUTENbHAA IOorper-
0,05

HOCTb JIeJUMOT0 eCTh o= 0,19, 2 HpeeNbHasT OTHOCHTENE-
’ [
Had NOrpeuIHOCTb HeJIHTeINsl eCTh -g’(?’ 3 = 0,25%. llpemens-

Has OTHOCHUTeJbHAA IOIpeuInocTh yacTioro 50,0 : 20,0 = 2,50
JIOIMHCHA COCTABIATH nMpubnusutesbro 0,19 +0,25% = 0,35%,.

JTelicTBUTENbI0, NCTUHIIAS BEIUUNHA YACTHOrO e OoJblle,
yeM (50,0 +0,05) : (20,0—0,05) = 2,50877, u 1He MeHbUIC, UeM
(50,0—0,05) : (20,0 -+0,05) = 2,49127. Ecau ucCTUHHOe 3HAUe-
HUe YacTHOro ectb 2,50877, To al0COMIOTHAA MOrPelIHOCTH
coctaBiser 2,50877—2,50 = 0,00877. Eciau e uctuHHOe 3HA-
yeHMe ecTh 2,49127, To aGCOJIIOTHAA IIOTPEIHOCTL COCTABMT
2,50—2,49127 = 0,00873. PaccmoTpeHHLIe cllyyaln — camble
HeOnaronpuATHele. 3HAYUT, NpeRelbHAA OTHOCHTENbHAA MO-
rpeutHocTs cocrasisier 0,00877 : 2,50 = 0,00351, T. ¢. mpubiu-
eHHO 0,359,.

Sameuauue. Tounmaa BeruuMHa npeIeNbHOi OTHOCH-
TeJILHOM MOTrPENIHOCTH BCErjiA TpeBBIIACT NPUOIHHENnyo,
BLYUCIENHYT0 o npaBuily 1. IIpoLenT npesbitienusi NpUMEpHQ
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paBeH IIpefelbHOM OTHOCHUTENbHOR IOrPELIHOCTI JeJKTeJsA.
B nawem npumepe npebiiicane cocraBiager 0,00001, yro
cocrasiger 0,299, ot 0,0035. [IpegenbHan e OTHOCUTEIbHAA
MOrpelIHOCThb AeNnTed paBHa 0,25%,.

ITpumep 2. Haittn npenenbryio aGCOMOTHYIO NoOrpeut-
HOCTh yacTHoro 2,81 : 0,571.

Pemenune. Ilpenenpnaa oTHOCHMTEIbHAA MNOrPELIHOCTD
nexumoro ectsb 0,005 : 2,81 = 0,29%,; neaurens 0,0005 : 0,571 =
= 0,19%,; u4acraoro 0,29%+0,1% = 0,39%,. IIpemenbnan a6co-
JIIOTHAA TOrPEeNIHOCTh YACTHOrO MpUOIIKEeHHO paBHA 28 X

0,571
X 0,003 = 0,015. 3uauut, B yactHoM 2,81 : 0,571 = 4,92 yme

TpeThbA 3HAYaAlAA UPpa HeHaTerKHa.

Bosee mpocras, no 3ato Goyee rpybasd OLEHKA TOYHOCTH
YaCTHOrO OCHOBAHA Ha NofcueTe TOYHHX Iudp (cp. § 40).
Bort aTa onenka:

IlpaBuao 2. Ilycmv Oeaumoe u Oeaumeav umeiom
Kancdoe no k smavawux yupp. Toeda abcomiomian no-
epewnocmd  wacmuozo 6 xydwem cayvae 6auska x 1,05
eduruywvt (k—1)-2z0 3nara (3TOro 3HAYEHMA OHA HUKOITA
He JIOCTHUTraeT).

Hax BugumM, npejesibiias MOrPELIHOCTE YGCTHOTO TEOPETH-
YeCKM BABOe OOJbllle HpejellbHOK IHOrpelHOCTH NpOU3Befe-
HuA (§ 40). OgHako Ha caMoM JeJle MOrPELIHOCTh YACTHOrO
NpPeBOCXOMUT 5 euHUL k-t nudpH JMb B HCKIIOYUTEIBHHX
ciayvyaax (oguH pas3 u3 ToicAun). IlosToMy e wacmmuom cae-
dyem 6pamb cmoabko e 3HAYAWUT YuPp, CKOAbKO UX
umerwm deaumoe u Oeaumentd.

Ecau ke ofHO U3 JAHHBIX 4MCeJ (AeJIMMOE MJIHU JeIUTelb)
uMmeer GoJblne 3HAYaWMXx IUPp, 4YeM HApyroe, TO CcilenyeT
OTGPOCHTH BCe JMINHUE LUPpHI MM COXPAHUTHL TOJBKO Iep-
BYIO M3 HUX (B KauecTBe 3aNacHoif).

Ecau tpebyercsa, uToOB YacTHOC MMeJIO 3apaHee JAHHOE
YMCI0 BEPHHX HuPp, TO B KEIUMOM M [eliuTelle HYIKHO UMETh
Ha 00ny 3Havawylo yuppy Goabvuwe.

§ 43. Cokpamennoe geaenue

Bo u36erxaHne U3IMIIHMX BHIKJIAOK JleJleHNe MpHOIINIKeH-
HLIX YHCEJ MOKHO BHINIOJIHATD CIeAyOUMM o0pasom:

1) He ofpaumaa BHUMaHUA HA NOJIOKEHNE 3aATHIX, MOJY-
yaeM mnepBylo IUPpPY YacTHOro TaK »Ke, KAK NPU NeJeHHAH
nenslx umcell. BEciu snayamue 1uPpH HeamMmoro o6pasyioT
uncio, Goibiee, yeM 3Havawme UudpHl geautensa (oba uuciaa
PACCMATPUBAKTCA KAK Lejble), TO MepBad Ludpa 4acTHOrQ
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YMHOMACTCS 1A Bech jleJuTedib. B npoTHBHOM cilyuyae B Jelln-
Tesle 3aUepPKUBAEM 1I0CHENHIO0 LUUPpPY M YMHOMkKAEM Ha YKO-
pPOYCHHBIX JeJIuTeslb, HO B pe3yJbTaTe YYMTHLIBaeM BIUAHME
orbpomentoii uudps. Tak, ecam penum 2262 HA 7646, TO
neppaa uudpa yacrtHoro 2(22:7 = 3 ¢ ocTaTKoM, HO 3 He
roputes, Gepem 2). Ona yMHoMaeTcs Ha 764, K pe3ylbTaTy
npubasidercd 1 (9To—rmnepBad Hudpa npousBefeHns 2 -6 = ¥2).
9To JeNlaeTcA Cpady IPU YMHOMKEHUMM Ha IOCaefHI0 Ludpy
YKOPOYEHHOro JeanTes.

2) PesyabTaT yMHOMeEHUA IepBO LUQPpPH YacTHOro Ha
JeJIUTeNb (MAM 1fa YKOPOUYEHHBI [eJMTesb) 3alUCHIBAEM TOJ
IeJIMMBIM — HUBLIMA pa3pAm MOJ HUBIINM M TaK Aajee. 3aTeM
HaXOMM OCTATOK.

3) Bmecro Toro uto6bl K OCTATKYy CHOCHTb HYJb, yKOpa-
YHBaeM JleJINTelIb, 3auepKuBas B HeM NociefHo0 nudpy (ecau
YKOpoYenune yie Aelasoch, TO Termepb NPOM3BOAMM OTOpPACHI-
Banue 1oclefHeit us ocrasmmxca uudp). Ilomo6pas BTOpYIO
nudpy 4acTHOro, yMHO}KAaeM ee HA YKODOYEHHBI NeJuTellb,
YUHUTBLIBAA BIMAHUE TOJLKO YTO OTOPOINEHHON LUPPHI.

4) IlonmmiceiBaeM pesyJibTaT YMHOMEHUA TIOf IEepBBIM
0CTATKOM — HU3IIMIT paspax mop nusumM u T. K. Haxomum
BTOPOIf OCTATOK.

5) Bmecro cHecenmsi HyJig yKopauuBaeMm AesIUTeslb elle Ha
oany nudpy u T. A

6) Ilonyuun yacTHoe, onpeyeiseM MeCTO 3aNATON IO rpy-
Goii npeyBapuUTeILHOM OlLleHKe.

IIpumep 1. 58,83 :9,658.
3anuce: 1) Tak wKak 5883 mMeHbuie 9658, TO ¢

58.83 19,658 CAMOI'0 HAuaJa 3ayepKMBaeM IMOCIIEHION0
- 57:95 éfggé mudpy nennrens 8. Ilepsaa undpa uactHoro 6.

BT ITomuomaem ary nudpy Ha 965, yunmThiBad,
86 uyTo or0pomleHHaa LM@pa AACT 5 eTUHMIL
-y (6-8 = 48; 8 orbGpachiBaeM, 4 OKpyrisaeMm
2 [0 5).

2) Ilpouspesetine 5795 MOAMMCHIBAEM IO
JIeIMMBbIM — DPaspAf noj paspaigoM. OcraTok 88.

3) 3auepruBaeM BTOpYl ¢ KoHua uudpy meauteasa 5.
YKOpOUeHHHI NeNnTeNb 96 He COJEPIKUTCA HU pasy B JHesu-
MOM 88; CTaBMM B YaCTHOM HYJb }); HUKAKOr0 YMHOMEHUA Npo-
U3BOTUThL He HYMHHO.

4) Her Hy»as1 HAXOMUTh M BTOPOIL OCTATOK.

1) O6Gpamaio 0oco6oe BHUMaH1e Ha 3TOT MOMEHT; 4acTO JeJIaloT rpy6yio
OIIEOKY: He N03aGOTHBIIACH NMOCTaBUTh HYJIb, TOPONATCA OTGPACHIBATD
CIIEAYIOmYio Kadpy ROAATCIA,
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5) 3auepkuBaeM eule ofHy uudpy neamureasa 6. Ykopo-
YeHHBIM [eNNTeNb 9 COMEpKUTCA B OCTaTke HeBATh pas. Ilo-
3TOMY TpeThbl HUPpa 4aCTHOro 9. YMHOMKAA HA YKOPOUEHHBI
JleUTeNb C y4eTOM BINAHMA 3aUYepKHYTOIl IMPpLI, MMeeM 86.
Octatok 2. Ha arom pmeifcTBue He 3akaHumBaercA. «OTGpach-
Bafl» MOCHETHION OCTaBUWIYOCA LUpy, HO YUYNTHIBAA ee BIUA-
HHMe Ha pe3yibTaT, MBI HAXOAMM B 4acTHOM ewe uudpy 2
(2-9 = 18; 8 orbGpaceiBaerca u 1 okpyrasercsa po 2). Ilpoie
BCEro MOJY4YUTh INOCIeJHIO LUPpy, CHecA MBICIEHHO HYIb
K MOCJIe[HeEMY OCTaTKy 2; moiiyyaem 20 : 9 =~ 2.

6) Mecro samdTOll ompefenserca no rpyOomy mnopcuery.
B peanMom u fenuTesie ocTaBAseM TOJBKO LieJble YaCTH; ACHO,
4yTo 58 : 9 = 6, T. e. LeJasg 4acTh YaCTHOTO €CTh YMCIO OJZHO-
aHayroe. Ilosromy pesyabrar paBen 6,092, a He 60,92 u ne
6092 u Tak manee.

Bee nudps pe3ynbraTa BepHBHIL.

IIpumep 2. 98,10:0,3216.

3anuche: 1) 9810 Goupuie ueM 3216. IlepByio ungpy
_98,10]0,3216  yacrHoro 3 Muoxum Ha 3216. ITonyuaem 9648.

96,481 305,0  2) Ocrarok 162. 3) 3auepKuBaeM NOCIETHION
162 uudpy AenuTeds 6. YKOPOUYEHHBIX AeIUTENDb
161 321 He COLEpKUTCA B OCTATKE HU OfIHOTO Pasa;

1 BTopas HuPpa pesyabpratTa — HyIb. 4—>5) 3a-
YepKHBaeM ellle ONHY LUPpY AenuTeld 1; ocraTok 162 mennrca
Ha YKOPOUEHHBIt [eluTelNb 32; TpeTbsi nudpa YacTHOro 5.
VYMHoKaA ee HA 32 ¥ YUNTHIBAA BINAHMNE OTOPOINEHHON HUPpLI
nenuTeds, noxyyaem 161. Berunraem u3 ocrarka. Iomyuaem 1.
3avepkuBaeM 1udpy 2 B genuTele. Y KOpOUEHHBI JeJnTedb 3
HU pady He cofep:rurcAa B octaTke 1. Iloatomy mnocnemnas
uudpa YaCcTHOro — Iynb. 6) 3aMATYI0 CTABUM HA OCHOBE Ipy-
060oro OKpyrjleHUuA RAHHBIX uncel: Gepa 100 Bmecto 98,10 u
0,3 Bmecto 0,3216, Bugum, uto 100: 0,3 =~ 300, T. e. Heyan
4YacTh 4YacTHOrO Tpex3HauyHa. 3HAYUT, yacTHoe ecTh 305,0.

§ 44. Bo3sBegeHue B crelieHh M H3BIeYeHIe
KBA{PATHOTO KOPHA M3 NPHOIMKEHHLIX YHCeT

Bo3sBenenne B (Lelylo) cTerneHb eCTh IIOBTOPHOE YMHOMeHNe,
U NOTOMYy K HemMy OTHOCHTCA BCe CKasaHHoe B §§ 40—4&i.
ITpu Bo3BemeHMM B He(oJbILYI0 CTeNeHb pe3ydbTAT HMeeT
CTOJIbKO e BepHbIX LUUPP, CKOJbKO B3ATOE YUCIIO, UIIU CONEP-
#HUT HeGoabinylo ownOKYy B mociefHeM 3Hake. Ecim e cre-
[eHb BeJIMKa, TO HaKoIlleHWe HeGoapINX oluboK MOKeT OTpa-
3UThCA U HA uPpax BLICUIEr0 pa3pAna.
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1pn ussievenuu kophus Mo0oit cremeHu pesyJbTaT MMeeT
110 MeHbllUeil Mepe CTOJILKO e BepHBIX Hudp, CKOJIbKO UX GblII0
B noaxopenHom yucie. Tax, M3BJekaA KBAJPATHBIA KOpeHb
u3 npubinikeHHOro umciaa 40,00, MOMKHO IOJNYYUTb HYeTHIpE
Bepuble GuPpst (V40,00 ~ 6,324) 1).

Cnoco6 u3BlIeyeHNs KBAaApaTHOro KOpHA, oOBIYHO UBYya-
eMblif B IIKOJIe, FPOMO3TOK U TPYRAHO 3aIOMMHAETCA, a Teope-
THYecKoe ero o00OCHOBaHMe /JiA OONBIUMHCTBA YyaIMXCH
0CTaeTCA HeTOCTYNMHBIM. HMsKe NMPUBOAMTCA NPOCTON M JIeTko
3aMOMUMHAEMBIl Ccmoco6 W3Blle4eHMA KBAJPATHOTO KOPHA
(c moboit TpeGyeMoit cTemeHbI0 TOYHOCTH). DTOT cnocol omu-
cai ApeBHerpeyecKMM yveHniM I'eponom npumepno 2000 et
Hasap %). Tor ke cnocod MOKHO NMPUMEHUTD U JJIA UBBIIEYEHUA
KODHA TpeTbeit (1 Gollee BHICOKON) CTemeHn (cM. HusKe, § 44a).

IIpaBuio WaBjIedeHMA KBAAPATHOr0 Kopua. UroOu u3Bleynb
KBaJpaTiBif KopeHb, GepeM «Ha rilas» nepBoe nmpubanxenue u
HOCTYIaeM TaK.

1) JenuM I10AKOpeHHOe YMCIO Ha IepBoe NpubinxeHue
KOpNA; eCJH OKAaMeTcA, 4YTO IOJy4YeHHOe YacTHOe PasHUTCA
OT nepBoro NpuOJIMIKEHNA HA BEINYMHY, He NPEBHILIAIHIYIO
HOIYCTHMOIL NOrPeIHOCTH, TO KOPEHb U3BJIeYeH.

2) B NpoTHBHOM ciyuae HAXOXUM CpefHee apuMeTUUeCKOE
(IT, 45) menuTensa m yacTHOro. STO cpefHee apuMeTHyecKoe
JaeT 3HAYMUTENbHO GoJiee TOYyHOe 3Hauyenue (Bropoe npubin-
aenue) KopHdA. IIpu ckonbko-HMGYAB yMesoM BEIOOpE MEePBOTO
npubinenua BTOpoe npubiuKkeHNe RaeT 3 BepHble HUQPHI,
a o0biYHO He MeHee 4 BepHHIX Undp. Boobie B KaKAOM 110BOM
HpUOIN;KEeHNM YUCII0 BepHBIX iMdp yABaMBaETCA IO CPABHEHUIO
C TPeBIAYLHM.

3) Ilogsepraem BTOpoe NpuGIMIKeHUEe TAKOMY Ke HCIIBI-
TaHMIO, KaK IepBoe, TO eCTh AeJUM IOAKOPEHHOE YMCJIO Ha
Bropoe mnpubmamkenuve. Ecanm Ob 0Ka3alloch, 4TO TOYHOCTb
pe3yibTaTa HeJOCTATOYHA, TO HAXOAMM TpeTbe NMpHOIMKeHHe
TeM 3te croco0oM, KaKMM HAIIM BTOpOE, M T. M.

damevaune 1. MNanomenust cmoco6 «He OGoutcs
omMOOKY: OH aBTOMATHYECKH MCIPABIAET apUPMeTHYECKYIO
omuOKy, eclau TaKoBasA [HONyLIeHA Ha IpeRbIAyIleM dTare.

1) Eciu 10Jib30BaTbCA €NocoGoM H3BJIeYeHUA KBAAPaTHOrO KODHA,
OGbLIYHO M3YYaeMbIM B 1IKOJeE, TO, YTOGBI NOJNYYHTh B pe3dyibTare 6,324,
HAIO NMOAKOpeHoe YNCJI0 NpeICTaBUThL B BuAe 40,000 000, T. e. npunucaTh
K HeMy uYeThipe HYJIA crnpaBa. IIpunucaHHble HYIM GYIYT HesepHubLMU
uudpamMu, HO COOTBETCTBYIOUIME HUUPDPHI pPe3yabTaTa BepHbl. Pe3yabTar
OCTaHETCA TEM ;Ke, eClIM BMeCTO YeThblpex HyJleil MonucaTh YeThipe NMpo-
M3BOJIBHO B3ATLIC HUPPHI.

2) 'epOH I10JIL30BAJICST NPOCTBIMU JIPOGAMM; MBI, KOHeYyHO, GyneM
NONBL30BATHCSA ACCATUUHLIMU ApOGAMHU.
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EJIMI-ICTBCHHLIM BpeAHLIM 110CJIeJICTBUEM (ryne'r 3aMenJienne
BBIKJIQAKH.

NMpumep 1. ¥40,00. Ilogkopennoe nCI0 MMeeT YeTHipe
BepHble IHMQpH;, BHYUCIATL OGoNlee uYeTHpex HUPp KOpHA
HeT cmbicia. HaitneM ueTnipe nu@ps.

3a nepBoe nNpuGIMIKeHMe HANO NPUHATL KaKoe-HNOYAb
4yucyo0, 3aKI0YeHHoe Mexay 6 M 7 (Tak Kak 6% = 36 MeHblIe
TIOAKOPEHHOI0 YUCaa, a 72 = 49 — Ooasiue). B aTx rpannnax
MO?KHO B3ATh J1060€ YMCI0, HO eCIIM XOTUM COKOHOMMTD [aJIb-
HeMWuni TpyR, TO HAZO B3ATh KAKOE-TO YMCIO, MeHbIlee 4YeM
6,5 (Taxk KaK NOAKOpEHHOE YMCJIO 3HAYMTENbHO Oumike K 62,
4yeM K 72). BosbMem, Hanmpumep, 6,4 1). [lajlee mocTynaeM Tak.

1) JenuM mopxopeHHoe ymcio 40,00 Ha mepBoe mpuOGiu-
wenue 6,4. ITomywaem 40,00:6,4 = 6,25. Vike Bo BroOpoif
uudpe vacruoe 6,25 pasnurca ot geaumoro 6,4. TounocTb
pe3yJIbTaTa HefloCTaTouHa.

2) B kauecTBe Broporo npubianikenuns Gepem cpefgHee apud-
MeTHuyecKoe geaumoro 6,40 u yactHoro 6,25. [lonyyaem (6,40 +
+6,25): 2 = 6,325. MoHO 0KMAATH, YTO B 3TOM BTOpOM
npulOiuKeHNN BepHBl eCIM 1le Bce YeThpe, TO NepBHEe TpU
HuPpHL.

3) Jnsa KOHTpPONA AeJuUM MNOAKOpeHHoe umMciao 40,00 Ha
BTOpoe npnbiauskeHne 6,325 (moBoxA nelleHne IO YeTBepPTOH
nudpr): 40,00 : 6,325 ~ 6,324. Ilomyuennoe uacTHoe 6.324
PAsHAUTCsT OT JeauTeld 6,325 ML HA eJUHUIY YeTBEPTOro
aHaka. OTciofa cileayer, uTo KopeHb (¢ TpebGyeMolt cremeHbio
TOYHOCTH) HaitjleH.

JeltcTBUTENIbHO, €CJM BO3BeCTHM 4ucio 6,324 B KBajpar,
T. €. TOMHOKUTH ero Ha 6,324, TO MOJNY4YUM YMCIIO, MeHbllee
yeM mpousBefenue 6,324-6,325, woTopoe (mpuOIMMKEHHO)
cocraBasger 40,00. Ecaun ke Bo3BecTH B KBaApaT yucio 6,325,
TO NOJYyuYHTCA 4Yucio, Goubuiee uyem 6,325-6,324 = 40,00.
CremoBaTellIbHO, MCKOMBI KBAZPATHBIA KOpeHb JeHNT Memay
6,324 n 6,325. IloaToMy MCKOMBIX KOpeHb pa3HUTCA OT 6,324
(i1 ot 6,325) Menblle yeM Ha eJWHMIYy YeTBEPTOro 3HAKa:

Vm,o_«m 6,324 (Bce 4 BHaKa BEpPHHBI).

Mpumep 2. V23,5. McroMblit KOpeHb 3aLJIIOYAETCA
MeKIY 4 M 5 1 JIeHUT ropasfo 6iausKe K 5, 4eM K 4 (Tak Kak 23,5
ropasgo Gamixe K 25, yeM K 16). BosbMeM 3a nepBoe npubin-
JKeHHne KpyrJioe yucio 5,0.

1) eauM MOAKOPEHHOE YUCIO0 23,5 HA MepBoe MPUOIH KeHne
5,00 (moBomA yacTHoe Ko Tperwbeit nudpu): 23,5: 5,0 = 4,70.

1) MOKHO B3ATb 6,3 unn 6,2, Ho 6path 6,1 HeT cMuicaa, u6o 6,1 canur-
KoM 0JIN3KO K 6.
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2) B xavecrse nToporo mnpuGauscenusi OepeM cpejiiiee
apudmernveckoe (5,004 4,70) : 2 = 4,85. MoKHO 0KUHATD,
YTO BCe TPU HHPPLI BEPHBI.

3) HJis1 KOHTPOJNA JieduMM IMOAKopeHHoe Yucio 23,5 Ha BTO-
poe npubmaumenue 4,85. llosmyuaem 23,5: 4,85 ~ 4,85.7 Tax
KaK 4acTHOE PaBHO (C TOYHOCTHIO 10 TPEThero 31HaKa) KeJnTeNlo,
TO KOpCHb M3BJleYeH (C MAKCUMaJbHO BO3MOMKHOM CTeneHbhlo
Tounoctn): V23,5~ 4,85.

3ameuvanue 2. Ecan nojikopentoe YHCIO €CThb Hecsi-
THYHAA JIpo0b, UMCIOINAsA B 11eJI0if YacTM OfHY 3HAyallyio
HUQpy M1 HYAL, TO JUISI ITOALICKANMA 11€PBOTO NPNGIMKEeH s
PeKOMeHJIyeTCA IepeHecTH 3anATyl0 BOpaBo Yepes JBe,
yeThipe, HICCTh M T. JI. LUPDP C TAKUM PACUETOM, YTOOLI B 11eJI0it
YacTH 0Ka3ajloch HeboJbloe YMcio 3HaKoB. Jlanee mocTynaem
KaK B npuMmepax 1 4 2, ¥ B OKOHYATEJILHOM pesyJbTaTe mepe-
HOCHM 3alsATyIo B o0paTHOM nampaBlieHMM uepe3 OfiHY, ABe,
TPU U T. Ji. IUpPBE. AHAIOrMYHO MOMKHO IIOCTYNaTh B TEX CIy-
4asx, KOI7a HOMKOpPeHHOoe UNCIIO0 MMeeT MHOTO3HAYHYIO 1esylo
4acTh; 110 TOT/A 3aNATaA BHaYajle IepeHOCUTCA 6.1e60 Uepes ABe,
YeTwIpe, HIeCTh M T. JI. nudp.

B noaiopeniom .uuciie 3amnATYI0 MOMKHO IepeHOCHUTD
MOALEO Uepes uemioe Lucao ].Url(l)p.

Ilpumep 3. ¥0,008732. llepenocum 3anaTyio uepes 4
anraka supano. llonyyaem 87,32; npu BriGope nepporo npu6mu-
aeHnst OyJicM YUNTHIBATH TOJBKO Ileiyio wacTb. IIpumem 3a
nepBoe npuimKenme, cKakem, yucio 9,3.

1) Jleaum 87,32 na 9,3. ITpojomas jemeniue g0 ueTRepToit
snavanieit nudpot, monyunm 87,32 : 9,3 ~ 9,389.

2) Haxopum cpennee apudmernuecioe (9,300 +9,389) : 2 ~
~ 9,344.

3) Jlua KoHTpodst BblONNAeM Jedenue 87,32 : 9,344 =~
~ 9,345. 3nauur, B m060M U3 uncen 9,344 u 9,345 Bce ueTHIpe
‘3l1aKa — BepHLIC (MepBoe JAeT lejlocTaTouHoe mpuOIIKenue,
BTOpOe — H3GBITOUHOE).

4) Tax rax pHavajie MLl IIepCHECHIU 3AMATYI0 BOPABO 4epes

4 3naKa, To B o0paTHOM HANpaBlieHHH (T. €. BJEBO) 3AMATYIO
Hazo nepexectn yepes 2 snaxa. Iosryyaem
Y0,008732 ~ 0,09344.

IHpumep 4. V8732000. Ileperocum B3amATyr BIEBO
yepe3 6 nupp. Ilomyuaem 8,732 (ecim mepeHecTH BanATYIo
yepes 4 nudpul, moayuum 873,2, Ho He 87,32, KaK B mpejLILy-
meM npumepe!). 3a nepnoe npubianskenue npuMeM vmuclio 3.

1) 8,732:3 = 2,911.

2) (3,00042,911) : 2 = 2,955.
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W3 mepBoro meficTBUA ACHO, YTO B IEPBOM NPUGINIKEHMH
(3,000) Gsrmm mBe BepHble IuQphl. IToaTOMy HAXO OMKMEATH,
YTO BO BTOPOM NpuOauseHnn OynyT BepHH 4 nudpsr. Konr-
POJIb TOATBEPHAALT 3TO.

3) Tak Kak BHAvYaJe Mbl IepeHeCIll 3aNATYI0 BJeBO Yepes
6 3HAKOB, TO Telephb IEPEHOCUM e¢ B 0OpPATHOM HANpABIEHMH

yepes 3 anaka: /8732000 ~ 2955.

§ 44a. ITpaBuno M3BICYEHNA KYOHIECKOTO KOPHS

Yro6Ll M3Bileyb KyOMYecKUit KopeHb, OepeM «Ha rias»
nepBoe npuOIMKeHNe M TOCTYIIaeM TaK.

1) JlelleHue Ha mepBoe NpuOIMKeHNe (Cp. MpaBuio § 44)
BLITONHAETCA ABAMIBI CHAYaJa JENMMBIM CIYKHT IORKO-
PeHHOe YMCIIo, & BaTeM — YHCIIO, MOJyYeHHOe B pe3yJsbTare
nepBoro AedeHud. Eciyu yacTHoe (mosiyyenHoe IOCIe 6mopozo
TieJIeHUsI) PA3HUTCA OT NEepPBOro MpuGIMKeHUA (T. e. OT Jeyn-
TeJIs1) Ha BeJIMYUHY, He IPEeBHIAMYIO AOMYCTHMOM Iorpent-
HOCTH, TO KOpeHbh M3BIIeYeH.

2) B npoTUBHOM CiIyuae HaXOUM cpefiliee apudMeTuyeckoe
TpeX umces, a HUMEHHO YaCTHOro (OT MBYX leJleHNit) u ABaM OB
Ba3saTOoro geimtedis ). ITomydyaem BTOpoe npubnueHue; y Hero
(rrput croybKO-HUOYAB yMeJIoM BHIGOPe NepBoro NpuOIKeHNA)
TpU IMPPE GYRAYT BEPHBIMM, & YeTBePTasaA B XYHAIIeM CIydae
norpebyeT McpaBieHNA HaA 1.

3) Bropoe npuGameHNne MOMHO IIOABEPTHYTh TaKOMY
JKe UCTBITAHMIO, KAK IIepBOe; HO 9TOT KOHTPOJbL yYTOMUTEJEH.

3

Mpumep 1. ¥785,0. Mcrommit Kopemnb BAKIIOYEH MEMIY
9 u 10. 3a mepBoe npubauKeHne Bo3bMeM 9,2 (TaK Kak TOA-
Kopernoe YUCIO NPIMePHO B 4 pa3a Oauske K 9%, yem Kk 103),

1) Hamo pasmenuts nHa 9,2 cHavalla NOZKOPEHHOE YMCIIO
785,0, a satem yactHoe 785,0 : 9,2. BMecCTO 3TOro MOMKHO pa3-
Jennth 785 na 9,2* = 84,64. Ilonyvaem

785,0:9,2:9,2 = 785,0 : 84,64 ~ 9,275.

ak BupgunM, nepBoe npubIMKeHMe HNMeeT [(Be BepHbIe
mudper. YroOsr Hamdyymum obpasoM HalkTu BTopoe npubiu-
sKeHHe, yuTeM, UYTO NMOoZKopeHnIoe yucio 785,0 0Kas3ajoch Mpo-
H3BefeHMeM TpeX HepaBHBIX COMHOMUTeNei: 785,0 = 9,2X
% 9,2% 9,275, a HaM HAJ0 TPEACTaBUTb ero B BUIe NpPOMU3Be-
TIeHMA TpeX PpaBHBIX COMHOKuTeseli: 785,0 = x-2-z (rAe

1) OThyjla BO3HMKAET 3TO BTOpoe jeiicTBMe -— GyjeT BUHO M3
npumepa 1.
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4
x = ¥785,0). licTeCTBEHHO HpPEOI0KUTE, YTO Ka#ABIL M
OTHX PaBHLIX COMHOMMTeJIeif J[0JIHeH NPUMEPHO PABHATHCS
cpenHeMmy apudmernyecKkomy coMmuokurtesaeir 9,2; 9,2 u 9,275.

2) Hrak, b kavectBe BToporo mpuOausieHusa Gepem cpe;l-
Hee apudmernueckoe (9,275+ 9,200+ 9,200) : 3 = 9,225. Bmn-
YlClleHMe PpeKOMeHAyeTCd NPOM3BOAMTL MO COKpalleHHOMY
crocoby (II, 46).

3) A KOHTPOJA MOMKHO PasfedNTh NOAKOPEHHOe YUCII0
785,0 Ha BTOpoe mMpuOmMenne 9,225, 1 pe3ylbTaT elle pas
pasmesuTh Ha 9,225 (MM pasfesuTh MOXKOPEHHOe YMCJI0 HA
9,225 ~ 85,09). Ilomyuum 9,225 (ecau npu BHYMCIEHHAX
He coXpauATb 3anacHyo uudpy, noayuurcsa 9,224):

3

V785,0 ~ 9,225 (Bce 4 UMPPH BEPHH).

3ameuaunue. IIpu nojpicKaunir repBoro NpuoINHeHun
OLiBaeT MOJE3i0 TECPeHeCcTH 3aNATYI0 B IOJKOPEHHOM uucle
BUpaBo (MJM BJIeBo) yepes 3, 6, 9 u T. x. undp (cp. 11, 44, na-
Meyanue 2). B oxoHuaTellbHOM pesyJbTaTe IEPeHOCHM 3a-
1ATYI0 B 00paTHOM HAmpaBlleHny 4epe3 1, 2, 3 u T. 1. UUPPHI.
ITeperocuTs 3aIATYI0O MOMHO MoabKO Uepe3 MaKoe HUCAO
yughp, komopoe deaumes na 3.

3

Ilpumep 2. V1835-10. B mopkopentom umucie 18 350
HEPeHOCHM 3aniTyio (noyxpasyMeBaeMylo 1ocie IM@pLl exu-
HuL) BiaeBo uepes Tpu uudpsl. ITomyuaem 18,35. D10 umeno
HAXOJUTCH NpUMepHO IOCpeduHe Me:Kay 2° = 8 u 3% = 27,
IToaTomy 3a mepBoe mpubauienue mpuHiMaeM 2,5,

1) Hano xBaskAasl BEIIOJIHUTH jelenue 1a 2,5 WM, UTO TO
ke, OAMH pa3 pasmeauth uyuciao 18,35 na 2,53 Ilonyuaem
18,35:2,5:2,5 = 18,35: 6,25 = 2,94.

Rak BHauM, B mepBoM NpHOJMKEHHH BepHa TOIBKO OJRHA
1pa. 3nadyuT, HaZo 0/KMIATH, UTO BY BTOPOM MpPHOIHKeHHI
Oyuyr Jamb ase pepunie mugput. [lostoMy B caenywoinem
;leitcTBHM BefleM BRIYIICHeEHMe JMIIb 1A 7{BA 3HAKA.

2) B wxauectse BToporo npubiikenus OepeM cpejuee
apupmernyecroe (2,5-+2,5+2,9):3 =~ 2,6.

3) UtoObl YTOUHUTH Pe3yabTAT, Hajlo jIBAAKUL BHIIOJNHTH
nenenne na 2,6. Ioxyuaem

18,35:2,6:2,6 = 18,35: 6,76 ~~ 2,715,
Ihax BInM, BTOpoe npnliiKeniie MMeeT jiBe Bepuule 1(ug-
PBl; BHAUUT, TpeTbe, BePOATHO, GyHeT MMeTh 4 BepHble IHQPLI.

4) B KauyectBe Tpertbero lpHOMMKeHHsT OepeM cpejuee
apudnretireckoe (2.715 2,600 2,600) : 3 = 2,638,
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Konrpoan (koTopbiif Mb 011yclaeM) 1oKasa:1 Obl, YTO 3[ech
Rce yeThipe NUGPH BepHEHI:
3

Y1835-10 =~ 26,38.

§ 45. Cpepue BeAMIHHBI

Ecau nan psAj BeIUYKH, TO BCAKASA BeJIUYMHA, 3aKITIOYEHHAA
MeIy HauMeHbllelt ¥ HauOojbllell M3 JAaHHBIX BeIMYUH,
Ha3bIBaeTCA «cpefHeit. 113 cpeanux BeltnyuH HauGosee ynorpe-
OuTesIbHBl cpedHas apugmemudeckas M cpednas zeomempu-
ueckas.

Cpednaa apugmemuueckasn (MIu cpednee apugdmemu-
ueckoe) TONMYYaeTCs OT CIOMEeHUS JAHHHX BeJUYUH M.Jelle-
HMA CYMMBI Ha YMCIIO 9TUX BeJHYMH:

ayt+az+ ... +ay

cp. ap. = -
(ay, @, . .., a, — JAHHbIE BEJIUYHUHBI, n— MX YUCJIO).
ITpuwmep. Jaus uncna 83, 87, 81, 90;
cp. ap. = 83+87-[i‘-81+90 - 85%.

Cpednee ceomempuueckoe MONY4aeTCA OT IEPEMHOMKEHUA
MaHHBIX BEJMYMH M WSBJIEYEHUS U3 NPOU3BENEHUA KOPHA, IO-
KasaTellb KOTOPOTrO PaBeH YHCIY BeJMYMH:

n

cp. reoM. = Vaa, . . . a,

(ay, ay, . . ., @, — HaHHBIE BEJINYMHBI, n — UX YUCJIO).
ITp umep. Jaun uncna 40, 50, 82;

3 3
cp. reoM. = V40-50-82 = Y164 000 ~ 54,74.

CpefHee reoMeTpnyeckoe Bcerga MeHblie cpegHero apud-
MeTHYeCKOro, KpoMe TOro Cllyyas, KOrja BCe B3fThe 4HCIA
paeuel. Torma cp. ap. pasHo cp. reoM. Horma pasinuyms
Me)KIy B3ATHIMM UUCJIAMU COCTABIAIOT MaJible MOJIM CAMHUX
uMces, TO U PAa3HOCTb MeAYy Cp. ap. U Cp. TeoM. Maja
B CPABHEHMU C HUMH.

Briuncienne cp. ap. umeer GoJibliloe 3HAUeHHe BO BCeX
00JacTAX NPAKTHKMU.

Ilpumep 1. Vsmepsaerca paccrosiHMe Memay HABYMA
NYHKTaMu ¢ noMoliblo 10-MeTpoBoii pyJIeTKM C CAHTUMETPO-
BoIMN JlenennamMu. CrenaHo 10 mpomepoB. PesyabTaTel UX
(B meTpax): 62,36; 62,30; 62,32; 62,31; 62,36; 62,35; 62,33;
62,32; 62,38; 62,37. Pasmuume DeaylbTaTOoB O0GBACHAETCA
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CIy4YajfHEIMII HEeTOUHOCTAMU mu3MepeHMit. Torna BHYUCIHAIOT
CpenHIo apuPMeTHYecKyio:

cp. ap. = (62,36 +62,30+ 62,32+ 62,31 + 62,364 62,35 --

+62,33+62,32+ 62,38 +62,37) : 10 = 62,34.

9TO YMCJIO NpefcTaBideT Gojee HANEHKHYI0 BEINYMHY H3Me-
PAEMOro PacCTOAHMA, YeM YMCJIA, NOJIyYeHHbIe IIPU U3MepeHnH,
TIOTOMY YTO CIy4daifHble OomMOKM IOYTH BCErZa KOMIEHCH-
PYIOTCH IIpM BHYMCIEHNN CPeJHero (cM. Huxe § 47).

Ilpumep 2. Y ThiCcAYM B3POCTBIX JIOfeH M3MepeH pOCT.
Haitnena cp. ap. 9To — Tak Ha3LIBaeMblif «CpeRXHMIX POCT».
On He BHIpaKaeT, BooOllle TOBOPA, POCTA OMpe/eIeHHOr0 YeJo0-
Bexa. Ho ecam u3MepuTh pocT 00JBUIOr0 YMCIA APYFUX
JIOfEIt N cHOBA BBIYUCIHUTD CP. ap., TO CPEAHMIE POCT 0KaKeTCHA
MOUYTH TaKuM ike. PasyMmeeTcsi, TeopeTHYeCKM BO3MOMKHBI CILY-
4yau, Korga B rpynne u3 1000 auiy 6yAyT npeoGaajaTh BeJM-
KaHel Wi Kapauku. Ho M3 dicsa BceX MBICIUMLIX cly4aeB
9TH MCKIIOYMTeJbHbIEe CIy4yal COCTABJIAIT, KAaK NOKA3LIBAIOT
BEIYMCJIEHMA, HUuTOMHekwmit npouedt. Ilostomy npakmu-
uecku 6e30MMO0YHO MOMKHO CYMTATH, YTO B J0Goit rpymnme us
1000 uenoBeK cpeguMit pocT OyAeT IOYTH OFUHAKOBBIM.
Cpennue apudmeTHyeckue, HalifleHHbIe N3 MACCOBBIX I3Me-
PeHnit, Ha3bIBATCA cmamucmuveckumu cpednumu. CraTn-
CTHYECKHE CpefHNe MMeIoT 00NblIoe IPAKTHYeCKoe 3HAYeHHe.
Hanpumep, snas cpeanuit ymoit 1KopoBLl ompefesentol mo-
PONHL TIpM ONpefesleHHLIX YCIOBUAX ee MNUTanua u T. K.,
MO3KHO BBIUHCIUTL YO CTafa, IOMHOKAA Cpeluuit yjmoit Ha
YHUCII0 KOPOB B CTajie.

§ 46. CokpaieHHOC BBIYHCIEHNE CPEJIHET0 APH()METHUECKOro

Yucaa, Gepyuivecs fAjisA BEIYUCIEHUA Cp. ap., oOLIUHO MaJo
OTJIMYAIOTCH APYT OT Apyra. Torga BLIYMCIEHHE CP. ap. MOMHO
o4eHb 00JIEr4uTh C MOMOIIBIO CIe[YIOIero mpueMa:

1) BuiOupaeM nmpousnosibiio KaKkoe-HUOYAb uncio, Oauakoe
K MaHHBIM 4MciaM. Eciir fanHele 4Hcia pasHATCA APYT OT
Apyra ToJlbKO B mocienueit mudpe, To B BHIOMpaeMoM uucie
OPeNNOYTUTENIEHO B3ATh 34 IociefHiolo uudpy 0; ecaum AaH-
HBle YUCJIa Pa3HATCA [PYT OT APYTra B ABYX NMOCIeAHUX HuPpax,
YROOHO B3ATH YNCIO ¢ ABYMA HYJIAMN HA KOHIE M T. TI.

2) BuluuTaeM 2T0 WHUCIO0 MO OYepexnm W30 BCEX JAAHHBIX
ymncen 1),

1) TIpH 3TOM MOTYT IOJYYaThCS 110JI0KUTENIbHBIE M OTpUIlATENIbHbIE
yycaa (06 oTpUIATeNbHBIX YHeTaX cM. 111, 3). Eciu XOTAT 3TOro m36earh,
HY#(HO B3fITb 4YMCJIO, MeHblllee BceX MAHHBIX uMcedl. HO BHIYMCICHUA
OYRYT HECKONLKO Jlerye, ecli B3ATh KaKoe-HUOYNL cCpefiHee Memny
MAHHBIMY YHCTTaMU.
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3) BepeM cp. ap. naifienybIX pasHOCTel.

4) IlpuGaBasiem cp. ap. K B3ATOMY YHCJIY.

I pumep. Haittm cp. ap. mecarn uucenm: 62,36; 62,30;

2,32; 62,31; 62,36; 62,35; 62,33; 62,32; 62,38; 62 37 (cp npu-
Mep TIpeJbIAY Iero naparpa(l)a) 1) Bm6mpaeM qucT0 62,30.
2) Burumraem 62,30 M3 DaHHLIX 4MCeJ; HAXOAUM pa3HOCTH
(B coTeix mousx) 6; 0; 2; 1; 6; 5; 3; 2; 8; 7. 3) Bepem cp. ap.
pasHocCTelt; noJiyyaem s (co'mx) 4) Hpuﬁan'mem 0,04 k 62,30.
[Tosryuaem 62,34. 9To — MCKOMOE cp. ap.

§ 47. TounocTh epeHero apudMeTHICCKOro

Ecan cp. ap. NoxyueHo U3 CPaBHUTENbHO HeGOJBLIOrO
pfla AAHHBIX M3MepeHus (Hanpumep, us 10, Kak B npuMepe 1
§ 45), To He MCKIII0YEHA BO3MOKHOCTDL, UTO MCTHHHAA BeIMYMHA
HECKOJIbKO OTKIOHAETCA OT Boluymc:lenuolf cpejueit. Torma
BAKIIO BHATH, KAK BEJINKO MOJKET OBITH DTO OTKIOHEHUE; peyb
MJET e O TEOPEeTHYECKM MBLICIMMOM OTHJIIOHEHHMU (OHO MOIKeT
OLITh KaK YrOJHO BeJHKO), & 0 NPAKTHYECKH BO3MOIKHOM
(cp. mpumep 2 § 45). Beauumuna mocilefiiero 3aBUCHT OT BeJH-
UUMHBI cpedrezo Keadpumuuiiozo omEAOHEeHUS.

Cpednum  keadpamuunvine — omraonenues  HA3bIBAETCHA
KBaJlpaTHBIL KOpeHb M3 Cp. ap. BCeX KBaJpaToB pas3HoCTelt
MeAy UAHHBIMM YHCJIAMU M MX cp. ap. Cp. KB. OTKIoHeHMe
npunisITo 0603HAYATh I'peveckoit 6yKBoif o (curma):

o= ‘/(al'—a)2+(az-—a)27:- ... +(an—a)? , (A)
ree ¢ = (ay+ay+... +a,): n(30ech a,, a,, ..., a, — TAHHEIE
4qHuCcaa, n — HMX YUCI0, @ — WX CpP. 4p., 0 — Cp. KB. OTKIO-
1HeHue).

Sameuvanne B (I)Op\lleG (A) moOyio u3 pasHoCTelt
MOKHO BaMeHUTb eif 00paTHOIl; 9TO ;[aeT BO3BMOMHOCTL He
BBOIUTH B BLIYMCIEHMe OTpUHATENbHLIX uucenx!). HwmeHHo,
KOTA OJHO M3 TAHHLIX YHCEN MeHbLIe, YCM Cp. ap., TO MBI
OcpeM ero 3a BEIUMTAEMoOe, & CpP. ap. Ba yMeiblIaeMoe.

IIpumenp. BBIMCTIM Cp. KB. OTKIOHEHHe JIA 4MCes
npepuaymero maparpada. Tam MB Hauwm ux cp. ap. 62,34.
PasnocTu Mexay MaHHLIMU ynuciIaMu 62,36; 62,30 u T. n W fiod
cp. ap OynyT (B eqUHHIAX. COTHIX noneﬂ)' 2; /1 2; 3; 2; 1, 1;

2; 4; 3. KBagpats aTnx pa:moCTer{ &; 165 4; 9, s 1 1; &; 16
9. Cp ap KBaJpaToB pasHocreit
AF164+449+4+1H1HAH1640 X
. L R = 6,8

10

l) 00 oTpuuau-n,m.:\ uneaax e I, 8.
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(cothix pouett). KBagpaTumit Kopenb u3 aToro uuciaa }6,8 =~ 3
(coTsix moueit); o = 0,03.

Ecan uncao namepennit upuMepHo paBHO 10, To MCTHMHHOE
3HayeHUe BEJIMYMHBI MOKeT OTJIMYATHCA OT Cp. ap. He Golee
4YeM Ha BeJIMYMHY Cp. KB. OTKJOoHeHuA o. TouHee rosops, oT-
KJIOHeHNs, GONBbIINE, YeM ¢, BOBMOKHEL JINIIb B HCKIIOYMTEIb-
HBIX CJy4YaAX, YHCNO0 KOTOPHIX COCTaBJIAET OKOJIO MOJYIpo-
UEHTA BCeX BO3MOKHBIX CIy4yaeB. B paccMoTpeHHOM NpuMepe
MCTHMHHAA BeJMYMHA NPAKTHYECKU HEe MOMET OTKIOHMTHCA OT
uyucaa 62,34 Goubure, yem Ha 0,03. IloaTOMy OHa BaKiO4eHA
B IIpefiesiax Mexay 62,34 — 0,03 = 62,31 n 62,34+ 0,03 = 62,37.

Ecaun yncio msmepenmit snauurtenpio 6Goablie AECATH, TO
MAaKCHMaJIbHOE MPAKTHYECKN BO3MOMHOE OTKIIOHEeHNe UCTUHHOI
BeJIMYMHEI OT cp. ap. OyAeT MeHble 4yeM o. VIMeHHO OTKIO-
HeHNe He NpPEeBBICUT BEeIMYMHBI ::/;: (n — umcio wuaMepenmit).

n
Tak, Korga 4mcio u3MepeHuit mpuMepHo paBHo 1000, mpakTu-
YECKM BO3MOMHBI JIMIIL OTKJIOHEHNA, He npesblatomue 0,1 o.

§ 48. OTHOWIeHNE M NPONOPUHA

YacTHoe OT [lelieHUA OfHOI0 YMCJA Ha JPYroe HasbiBaeTCA
TaKMe UX omuoweruem. TepMUH «OTHOLIEHME» NMPUMEHAJICA
Mpe e TOALKO B TeX CIYyYaAX, KOTAA TpeGoBajoch BHIPA3MTH
Oy BEJMYNHY B HOJAX ApPYroit, oXHOPOAHOK C mepBoif, HA-
npuMep OFHY JUIMHY B JOJIAX APYroi, ofHY IJIOUIANbL B JOJIAX
JApYroft milomagu 1 T. X., YTO BHINOJHAETCA C IIOMOULILIO JieJie-
HudA (eMm. II, 24). OTclopa NMOHATHO, MOYEMY TOABMIICA 0COOBIK
TepMUH (OTHOILEHME»: palbllle ero CMbICH OB HHOI, 4YeM
TEepMUHA (eJIeHMe», KOTOPBIi OTHOCHIM K JeJIeHUI0 HEKOTO-
POl MMEHOBAHHOM BeJMYMHBI HA OTBIeuenioe uucio. Ceituac
OTOro pasiM4MA He [1eJIAI0T; FOBOPAT, Hampumep, o0 orTHolue-
HUM HEOTHOPOMHBIX BEJNMYMH, CKAKeM Beca Tejla K ero o0beMy
u 1. 1. Horna peub uper 06 0THOIIEHMU ONHOPOTHEIX BEJIMYNUH,
€ro 4acTo BEIPAKAIOT B NPOLEHTAX.

IMpumep. B 6ubnuorere 10 000 kuur; u3 Hux 8000 Ha
PYCCKOM fA3bIKe; KAaKOBO OTHOLIEHME YUCJIA PYCCKHUX KHHUT
K ofwemy ux yuciay? 8000 : 10 000 = 0,8. Vickomoe oTHolIe-
Hue ectb 0,8 uian 809,.

HenuMoe HA3BIBAIT npedudywust 41eHos OTHOILEHHU,
AennTeNb -— nocaedyrwuium. B Hawem npumepe 8000 — mpe-
Iy wmit wiend, 10 000 - mocJexyouif,

Hea pasnuwiaz omiowenua o6pasyiom nponopyur. Tax,
ecan B omuoit OubGamorere 10 000 wuur, u3 uux 8000 Ha
pYccrom Asbike, B Apyroif Oubanorere -~ 12 000 Kuur, U3 HIX
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9600 Ha pycCKOM A3bIKe, TO OTHOIUEHME UMCIA PYCCKUX KHUT
K ofueMy uuciay KHUr B olfemx OubamoreKax OZMHAKOBO:
8000 : 10 000 = 0,8; 9600 :12 000 = 0,8. M uMeeM 3mech
MPONOPIMIO, XKOTOpas sanmuceiBaeTcA Tak: 8000 :10 000 =
= 9600 : 12 000. TI'onopaT: «8000 oTHOoCcHMTCA K 10 000 TaK,
Kak 9600 Kk 12 000». 8000 1t 12 000 — xpaiinue wrensr; 10 000
11 9600 — cpedrue uaenvl nponopyuu.

ITpouseedenue cpednux waenos nponopyul. pasio npo-
wsgedenuro kpaiinux. B Hawem npumepe 8000-12 000 =
= 96 000 000; 10 0009600 = 96 000 000. Oxun u3 KpaitHUX
4JeHoB MPONOPUUM paBeH TPOU3BElleHUI0 CpefHUX 4YJeHOB,
JlellenHoMy Ha Apyroit kpaitnuit. Touno Tak ’ke oguH uU3
Cpe/ilUX YJIeHOB PaBeH IIPOM3BENEHNI0 Kpalinux, JeJeHHomy
na upyroit cpeanuit. Ecan

a:b=c:d,
TO
= by ool
d ¢
i 1.0 Tak, B HaweM npuMepe
10 000-9600
8000 = ——o55—-

OTUM CBOMCTBOM HOCTOSIHHO 1I0JIb3YIOTCH JlJIH BbLIYHCICHHMA
HEU3BECTHOI'0 YJIeHA MPOMNOpIMH, KOr/ia TPH OCTAJIbHBIX YJIeHa
U3BECTHBI.

Mpumep. 12:z2 = 6:5 (z obo3HayaeT HeU3BECTHOE

125

uncio). x = —— = 10.

ITpakTyeckue npumeHenns nponopuuit cm. II, 50.

IIponopuna, B KOTOpOit cpejHMe uJieHbl paBHBI, Ha-
3LIBAETCA nenpepuigHoli; Hamnpumep, 18:6 = 6:2. Cped-
nuli  uaen  HenpepuisHoli  nponopuul  ecmbv  cpedinee 2€0-
sempuyeckoe (cM. 11, 45) kpatinux waewos; B lauiem npu-

mepe 6 = V182,

§ 49. liponopunoHaibLHOCTH

SHAUYEHUA [IBYX PA3IMUYHBIX BEJIMUYUH MOI'YT B3aUMHO 3aBM-
ceTh JApyr ot apyra. Tak, niowane KBagpaTa 3aBUCUT OT
JIMHBL €ro CTOpOHBI, I o0paTno, JJIMHA CTOPOHBI KBafpaTa
BABHCHT OT ero IJIOLALL.

,7’0(3 B3AUMNHO  3ABUCUMBIE  BCAUNUNLL  1LA3VIEAIOMCA npo-
NOPYUOHAIBHBIMU, cC.lu  omHowente ux 3naveHull ocmaemcs
HEUIMETLILLLAM.

Il punmep. Bee nepociia npQuopimonaien ero o0bemy;

2 . repociuta Beesit 1,6 ke, 5 . BecHT 4 we, 7 aecATd 5,6 we.
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56
7

4
OtHoutenue peca Kk o0bemy Gymer 176 =0,8; %- = 0,8;

=0,8uT I

HeusmenHoe oOTHoLIeHHMEe NPONOPLMOHAIBHEIX BEJIMYHH
HaBHIBAETCA Kosdfuylermonm nponopyuonasbHocmu,; Kodddu-
LIMeHT NPONOPUMOHAJBHOCTY IIOKA3BIBAET, CKOJBKO eTMHMUIL
OJ{HO¥ BEJMYMHBI NPUXOAMUTCA Ha eNUHMIY APYTroif; B HaueMm
npuMepe — CKOJIBKO ke BeCUT 1 . KepocMHA (y[elbHBIE Bec
KepoCHHa).

Eciyn xBe BeIMYMHEL NPONMOPUMOHAIBHH, TO Jiobad mapa
3HaveHult ofiHON BenMUMHH 00pasyeT HPONOPLMIO C MAapoit
COOTBETCTBYIOIIUX BHAYEHHt Apyroif, B3ATHIX B TOM ke IIO-
pAnke. B namem npumepe 1,6 : & =2:5;1,6:5,6 = 2:7uT. 11,
B coorBeTcTBMM. ¢ STHM BMECTO BhILIENIPUBENEHHOIO OINpe-
AelleHUA NPOMOPIIMOHAIIBHOCTH MOKHO JNaTh TaKoe: dée geau-
UKL, 3asucswyue Opye om Opyea ImMar, 4mo npu yeeau-
4eHuU O00HOU U3 - HUX Opyeas yeeauwusaemcs 6 Mmom oice
OMHOWEHUL, HA3LIBAIOMCA NPONOPYUOHANLHBIMU.

Hee eeaununv, sasucaujue Opyz om Opyea mak, wmo
npu yeeauueHuu o0HolU Opyeas 6 mom e OMHOUWEHUU
ymenbuwiaemesn, — Haswviealomes ~ 06pamuo  nPONOPYUOHAAb-
namu. Hanpumep, Bpema npobGera moesfga Mempy ABYMA
CTAaHUMAMU 00OpaTHO INPONOPIMOHAIBHO CKOPOCTH II0e3.a.
IIpu cropocTi 50 Kat/vac MOE3N NPOXOAUT PACCTOAHUE MEMHTY
MocxkBoit u JIennHrpagoM B 13 yac.; IpU CKOPOCTH 65 Km/uac —
B 10 yac., T. e. KOIfla CKOPOCTb yBeJMYUBACTCA B OTHOLUEHMU

g—g. =-1o"» IPOAOIKUTeILHOCTE IPOGera yMeHbIIACTCA B TOM e
OTHOLIEHUM: 5.

10

Ecnu gBe BeIUYMHBL 00paTHO NPOIOPLMOHAIBHEI, TO JI00as
napa sHaYeHMit ofHOM BeJMyUHBLI 00pasdyeT NMPOMOPLUIO C Ma-
poit COOTBETCTBYIOIIMX 3HA4YeHMIt Apyroit, B3ATHX B 00paT-
1OM nopsAfke. B Hailem npumepe 65 : 50 = 13 : 10.

Jns aByx o6paTHO MPOMOPIMOHANIBILIX BEJIUYMH OCTAETCS
LiEH3MEeHHBIM TIpOM3BeJieHue X 3HauyeHuit. B nmauem mpumepe
50-13 = 650; 65-10 = 650 (650 kM — pacCTOAHUE MEKILY
MockBoit u JIeHMHIPagOM).

§ 50. ITpakTHYeckue LpMMeHEHUsT TIPOIIOPLMii,
Mnreprnonsamus

Peureiine MHOrHMX 3ajad CBA3aHO C PACCMOTPEHHEM IIPO-
MOPUAOHAJBHEIX BeJIMYNH; IPUMEHEeHUe NPABUI § 48 MexaHu-
3upyeT pelieHHe TAKUX 3ajla4, CBOAA UX K efuUHOH cxeme,
TIOKA3aHHON HUMEe HA NpuMepax,
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IIpumep 1. CyTounoe norpebieHne TOIJINBA HA 3aBOfie
COCTABJIANIO 10 NPOBefAeHUA paluoHanusanun 1,8 m,; romoBoi
pacxonx Ha TOIMIMBO cocTaBiasail 3000 py6. Ilocme mposege-
HUSL PALMOHANIM3ALMM CYTOYHOe ToTpebienne CHUBMIOCH MO
1,5 m. Hakylo cyMMy pacxofoB Ha TOIIMBO HY?KHO 3amJIaHU-
poBarts Ha rop?

BesbICKYCCTBEHHOE pellleHMe 8aJadd TaKoBO: HAXORUM
1) romoBoe morpebieHMe TOIIMBA [0 PAUMOHAIUBALMM:
1,8-365 = 657 (m); 2) croumocts 1 m Tomamsa: 3000 : 657 =
=.4,57 (py®6.); 3) romoBoii pacxox Ha TONJIMBO NOCIE PALMOHA-
hvEEY

4,57+1,5+365 = 2500 (py6.).

T'opasmo ObicTpee U Jlerye pewmuTs 3afaqy, Y4TA, YTO
CyTO4HOe MoTpebJiieHNe TOMIMBA M rOfOBOI pacXoX HA HEro —
BeJIMYUHABl MPONOPIMOHAJIbHbIE (4YTO BMIHO M3 TOr0, YTO yBe-
JMYeHNe CYTOYHOro MoTpebiIeHNs yBeIMYMBAET B TO 3Ke YMCIO
pas3 rofoBoit pacxofm; cM. § 49).

CxeMa peureHus:

1,8 m 3000 py6.;

1,5m =z pyo.,;

x:3000 = 1,5:1,8,

z = 2008 — 9500 (py6.).
’

XoTA UPONOPLMOHAIIbHAA 3ABUCUMOCT BCTPEYAETCHA OYEHb
4acTo, BCe jKe OIPDOMHOE YMCJO 3aBUCHMMOCTEI, ¢ KOTOPBIMIH
NMPUXOAUTCA UMeTh [esI0 B NMPAKTUKe, He MOTUUHACTCA BAKOHY
1ponopuuoHajdbHocT. TeM 6ojlee Ba#HO OTMETHUTH, YTO JaKe
IJsT TAKMX BeJIWYMH CXeMa NPONOPLUOHAIBHOIO pacyera He
TepseT 3Havyeunsa. VIMeHHO, eclM paccMaTpuUBaTh M3MEHEHMA
HEeNpPONOPLUUOHAJILHBX BeJIHYMH BHYTPM HEKOTODBIX MeESH blL
NpEfeJIoB, TO BTH M3MeHeHUA OYXYT npakmuuecku TPOIOP-
LUOHAJBHBL,

ITosscaum 310 mpumepom. CTopoHa KBajpara M ero Io-
1ajh He IPONOPIMOHANBHBI HANpHMep, CTOPOHe 2 M OTBe-
4aeT MIoWamb 4 Mm% cTopoHe 2,01 w4 — maomans (2,01)% =
= 4,0401 ~ 4,040 (m?); cTopoHe 2,02 — muromazns 4,0804 ~
~ 4,080 (s?) 1 TaKk mayee. OTHOlIeHMe CTOPOH (HampHMep,
2,01 : 1), Kak BUUM, He PABHO OTHOIUEHMIO COOTBETCTBYIOIMX
niowazeir (4,040 : 1). Ho- oTHolleHMe uamenenull cmopowvl
BO B3ATHX HAMU NIpeliefaX MPAKTHYCCKN DPABUO OTHOMUICHMIO
uastenenuli naowadu.

IleficTBUTENbHO, KOTAA CTOPOHA YBENMYMBAETCHA C 2 M
4o 2,01 a4, ee naMmeHenue cocrasiaser 0,01 u; KOrga oHa
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yBeaudyutesa ¢ 2 » 1o 2,02 m, nameHenue cocrasifer 0,02 .
OTtHomeHnue u3ameneHmit 0,02 :0,01 paBHo 2. CooTBeTcTByI0-
Ke UsMeHeHMA miomamu OyayT (¢ TOYHOCTBIO [0 TpeThero
JHAKa) COCTABIAThL: B NepBoM ciaydae 0,040; Bo Bropom 0,080.
OTtHomenne usamenenuit 0,080 : 0,040 Taxxe paBHO 2. Takum
00pasoM, VM3MEHeHVE JUIMHBI LPOHOPIMOHAIBHO HM3MEHEHUIO
TUIOIIAAM, eCIM BeJMYUHHE MOCIeTHAX OpaTh ¢ TOYHOCTBIO J(O
TpeThero ReCATHYHOro 3Haka. Ecum e Opatb uyeTsipe necsi-
THYHBIX 3HAKA, TO 00HApYKUTCA HeGOJbILNOE OTKIOHEHUEe OT
nponopuuoHansHocTy. Ho MomHO moburhesa, uToGH U B yer-
BepTOM 3HaKe He OBLII0O HUKAKOrO OTKIOHEHMA OT TNpOMOp-
1MOHAJBHOCTH; JIJIA BTOF0 HYKHO PACCMATpPMBATL H3MeHeHMe
cropolsl B emie 0ollee ySKUX npefesax (CKarkeM, 1e OT 1 .
10 1,02 4, a oT 1 wm g0 1,002 ). ITpaKTHyecKkn Ml Bcerga
YUYMTHIBAEM TOJIBKO OIpelelleHHOe KOJIMYECTBO MEeCATUYHBIX
3HAKOB (TpM, uveTHIpe, PENKO MATh). BOT moueMy MHl MoikeM
Mallple M3MEeHEeHUA CTOPOHBI M ILIOLIQJIM KBAApATA CYUTATh
BeJMYMHAMHU MNponopuuoHadbHbMU. To 3Ke sABlleline uMeeT
MecTo B orpoMHeituiem OoJIbIIMHCTBe ApYIMX ciyvaes. Biaro-
JIAapA 3TOMY OKa3bIBaeTCA BO3MOMKHBIM 110 Talnulle, copepra-
IUefi CpPaBHUTENBHO HeOOJbLIOE YUCIO HAHHBIX, HAXOAUTH M
TAKKE pe3yJbTaTH, KOTOPHIX B Tabuuue HeT, KaKk OBl «4uTas
Me K]y CTPOK» B Hejf.

Ilpumep 2. BosbMmeMm Tabmuiy KBaJ[paTHHX KOpPHeit

(ctp. 14—17). IlycTs Mol scenaem nafitu J63,2; B Tabuuue mer
uyncaa 63,2, 1o ectb 63; 64; 65 u Tak gainee.

N - " HameHenue
Iloll‘llcp?‘g«{(l)moe hn}.:gg::::bm KBAAPATHONO

KOpHII

63 7,937
0,063

64 8,000
0,062

65 8,062

|

Hoiacunraem (CM. TPEThI0 KOJIOHKY ), HACKOIBKO U3MEHAETCs
BeJMUYHIIA KOPHA NpPY H3MeHEeHUN IOJKOPeHHOro umeaa Ha 1
oT 63 ;10 64 1 oT 64 g0 65. MEl yBHIuM, UTO pasiuyue B OTIHX
uaMerienitAX OyjgeT TONbKO HA OJHY €IMHULY TPEThEero 3Haka.
(Ha camom jesie 9To pasiauuite elie Melblile: 0110 CKA3LIBALTCA
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TOJILKO B YeTBEPTOM 3lHakKe, M JIMIUL OKpYTJeHHe N0 TpeX 3Ha-
KOB BBI3BAJIO 9TO pasiuuue.)

Ecau e 6paTh TOIBKO TPM 3HAKA, TO BCE HAIIM M3MeHe-
HUA OKAMYTCA IOYTH PABHBIMM, T. €. B mpefesax Memay 63
n 65 M3MeHeHMA KBAJAPATHBIX KOpHeil, B3ATHE C TOYHOCTHIO
0 TpeX MeCATHUUYHBIX 3HAKOB, MPOMOPUUOHAILHE UBMEHEHUAM
noaKopenubix uuces. [Toatomy Mbl Haxomum: J63,2 nmo Taxoit
cxeme:

Iamelienne H3smeuenne
HOJIKOPCHHOT'0 KBaNPaTHOrO
YUCIIA KOPIIN
1 0,062
0,2 X

2:0,062 = 0,2:1,
= 200202 0,012,

nennoe yucyao 0,012, ITomxyuaem:

V63,2 ~ 7,949.

Ecau u3siedeM 3TOT KOpeHb € TOUHOCTBIO JO TpPeThero
JIeCATHMYHOr0 3HAKa, TO yOeXMMCA, 4YTO BCe 3HAKM HallUero
pesyJiibTata NnpaBUJbHBL.

OnucanHblii Bblle Croco0 BBLIYUCIEHUA HOCUT Ha3Baiile
unmepnoasyuu (MM UHTEPNOJUpPOBaHUA). JIaTMHCKOe CJIOBO
(MHTEPINOJIAUMAY B INepeBojie 03HAYAeT «BCTABKA BHYTPH».
B maremaTnHKe HMHTePIOJAIMell 1A3bIBaeTCA BCAKUIE crocol,
¢ MOMOU{bI0 KOTOpOro mo Tabu;uile, cofmep:auleif HeKOTOpbIe
YUCJIOBLIE JAliHble, MOM{HO HATH NPOMEIKYTOUHBIE DPe3yJlb-
TATHl, KOTOpBIC HEIOCpPeRCTBeHHO e JaHL B Tabiauue. Pac-
CMOTPEHHBIA HAMU NpocTeifmnit cnocod MHUTEPNOAALMU HA3HI-
BAETCH aunelinoi urwmepnoasyueli.

Wurepnonsanua WHPOKO NPUMEHHACTCA HPH I10JIb30BAHMI
TA0JNLAMHI caMoro pas3inoo0pasHoro cojepHauus.



III. AJITEBPA

§ 1. Ilpegmer anredpol

IIpeamerom  anreGpbl  SIBNAETCSI M3YUEHMC  ypaeneriui
(III, 15—17) ¥ pAZa BONpOCOB, KOTOpbIE PAZBUIMCL U3 TCOPHI
ypaBuenuit. B HacTosimee BpeMsi, KoIjga MaTeMaTUka pasjie-
Jmilack Ha pAL cneuManbHbuIX obsacteil, K oGiacTu asiredphi
OTHOCAT JIMIUL ypaBHEHUA ONpeNeJeHHOro THIIA, Tak HasbiBac-
Mble aazebpauneckue ypasnenust) (111, 19). O mponcxosmeniu
uHasBauusa «rebpas cm. § 2.

§ 2. MeTopnyeckue ¢BeIcHMs 0 PA3BUTHI AIredphl

Basunmou. MHWcronn anreOpul BoCXOAAT K I1LyGoKoif
JPEeBHOCTH. Y3Ke oKoJo 4000 JeT Ha3aj BaBUIIOHCLKUE yueHDle
BlIalelIN pelleHueM KBafgpaTHoro ypasHenus (III, 29) m pe-
IIAJIM CHCTEMH! BYX ypaBHEHMIf, U3 KOTOPBIX OIHO — BTODOIi
crenenu (III, 33). C nomomplo Takux ypablieHuii peulIaIuCh
pasioo0pasible 3a[a4i 3eMIeMepPUs, CTPONTENBHOr0 HCKYCCTBA
U BoenHOro gea.

Byksennbie o6o3nayedusi, npuMeHAeMble HaMKu B anreOpe,
e ynorpe0ds;IAJINCh BABUIOHAHAMM; YPABHEHUS 3aNMUCLIBAJINCE
B caoBecHoit dopme.

I' p e u u a. IlepBLle cokpalleHHble 0003Ha4YeHUA [J1A HeHsBe-
CTHHIX BEJIMUMH BCTPEYAOTCA Y JpeBHErpedecKoro MaTeMaTHKa
HOnodanra (2—3 8. H.9.). Henssectnoe [Juodant umenyer«apur-
MOC» (YMCiI0), BTOPYIO CTemelb HEU3BECTHOTO —- IIOHAMICH

1) Caedyer 3aMeTUTL, Yt0 B MIKOJILULIL Kype QJaredpol NpHisiTo
BIJIIOMATH 1 TaKHe BONPOCLI, KOTOPbie 11 yueuno 00 ypaBHEHMAX HMeloT
JMIIB BeCbMa OTMAJIEHHOC oTHolueHne. Tawonhl, HamnpUMep, Teopiist
1porpeccuit M JOrapuMMINICCKIC BLIUIICIEHNA, KOTOPLIE MO CYHECTBY
NPHHAIEKAT ckopee apudMeTiike, 4eM anredpe; BKIOYEHHME MX B Kype
IredpLl OIPABILIBACTCS 1 IATOIICCRIIMIT COOTPAIKCHIIIMIT,
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(9T0 CJIOBO MMeeT MHOIO 3HAYeHWif: CHJIa, MOTYIECTBO, HUMY-
niectBo, creneib n Ap.!)). Tperblo crenenr [Auodant Haswl-
BaetT «kWoO6ocy» (KyO), deTBEPTYI0 —  «TIOHAMONIDHAMMCH,
HATYI0 — «IIOHAMOKI00CY, mIcCTyI0 -— «kio00Kk10000Y. OTH
BEJIMYMHBI OH 0003HAYAET MEPBHIMI Oy KBaM# COOTBETCTBY IOIIMX
HaNMeHOBaHuit (ap, dwo, ki, 0010, k1, KkKi0). V3BecTuble uncaa
JUUIST OTIIMYMA OT HEeM3BECTHBIX CO]’]pOBO}RI{&}OTCH obo3Hauenmnem
«onr (MoHac — emgmHuna). Ciosxkenue ne o0oznavaercss coBceM,
ANs1 BLIMMTAHUS MMeeTcA cokpaiuennoe o0o3HauyeHue, paBeH-
cTBO 0003HAYAETCA «MCH (11COC — PABHBIIL).

Hu BaBmionase, HM IpeKH He pPacCMATPUBAJIM OTpUILA-
TeJNBHLIX Ynces. YpasHeHie 3 ap 6 ao uc 2 ap 1 mo (3x+6 =
= 2z+4-1) duodaur HaswBaer «<HeyMecTHbIM». IlepeHocs uieHsl
W3 OHHOK YacTM ypaBHeHMs B HApyryl, Huodaut rosopur,
4TO cJaracMoe CTAHOBUTCA BHIYMTAEeMBIM, a BBIYNTaeMoe —
CIATAeMBIM.

Hirait. 3a 2000 Jer o Hallero BpeMeHM KHUTalfCkue
yuenble peulajii ypaBHeHMS INepBOit CTemeHU I UX CUCTEMBI,
a Tak:Kke KBafpaTHble ypaBHeHUA. VIM Obliin 3HAKOMBI OTPHILA-
TeJbHBIC M MppanuMonalbHble uncia. Tak Kak B KHUTANCKOM
nMcbMe KaK/Ibli 3HAK 1300parkaeT HEKOTOpoe MOHATHE, TO B
KuTalicKoif aireGpe He MOIJIO OBITH «COKpPAIIEHHLIX» 0003HA-
YEHMIA.

B nociuenyonie BIOXM KUTACKAaA MaTeMaTHKa 000raTu-
J1ach HOBBIMH FoCTHKeHMAMM. Tak, B KoHlle 13 BeKa KUTARLBI
3HANIUM 3aKoH 00pa3oBaHMA OMHOMHAJBHBLIX KOI(PPUIMEHTOB,
M3BeCTHBIL HBIHE NOJ MMeHeM «TpeyrosbHuka ITackansm» (cM.
cTp. 249). B 3anagHoit Empome aToT 3akon OB OTKPHIT
(IHTudesem) na 250 yeT nosxHee.

N H g v a3, npnitckne yueHble MNUPOKO IPUMEHSJN COKpa-
1eHHble 0003HAUEHMA HEU3BECTHHIX BeJIMYMH M MX CTemeHelf.
orn o0o3HavyeHNA ABIAIOTCA HAYAIBHBIMU OyKBaMM COOTBET-
CTBYWOLIMX HAUMEHOBAHMIt (HEM3BECTHOE HABBIBAJIOCH «CTOJb-
KO-TO»; JJIA OTIIMYMH BTOPOTO, TPETHETO M T. J. HEM3BECTHOrO
YHoTpeGJsaInch HAaMMEHOBAHUA IIBETOB: «UepHOe», «roiyGoen,
wKeJaToe» M T. A.). Unauiickie aBTOPH MIMPOKO YHOTPeOIsAIM
UppanuoHalbHbie ) 1 OTpUllaTedbHbIE Yncia. BMecte ¢ oTpu-
IJaTeNbHBIMU YUCJIAMHM B YHCJIOBYI0 CEMbI0 BOWIeJN HYJb, KO-
TOpHIt npexae o003HAYaAN JIMLIb OTCYTCTBHE YMCJA.

1) Ha apalckMii i3blK TepMHUH «IIOHAMHUC» OBIJI NepeBefleH CIIOBOM
«Majib», 0603HAYAIIIMM «MMYUIECTBO». 3amafHOoeBpOINEHCKNe MaTeMa-
THKM B 12 BeKe INepeBe)IM TEPMMH «MaJlbs Ha JJATMHCKMIA A3bIK PaBHO-
3[{13.(;1"th CT0BOM census. TepMUH«KBaJIpaT+BONIEN B ynoTpeGiaeHue JHIIL
B 16 Bexe.

2) I'peyecKre MaTeMaTUKM yMeNIM HAXOAMTH NpUOIIMIKEeHHbEe 3Haue-
HHA KOpHelf, Ho B anreGpe crapanuch wu30eraTb MPpPaUMOHATHLHOCTEIl.
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Crpanus apadcecroro sizpika. YaberucTan
Tajumurneran Y Huuickix apropon airebpaunueckune
BONPOCHI M3JAIATMCL B ACTPOHOMMYECKUX COUMHEHMAX; CaMo-
CTOATENbHOM IMCLUIIMION ajredpa CTAHOBUTCS Yy YYEHBIX,
NUCABLIMX HA MEH1YHAPOLHOM A3bIKE MYCYIbMalCKOT0 MIpa-—
apa6ckoM. OcHOBoNOJOMHIKOM aire6pH, Kak ocoboit HayIH,
HYKHO CYMTATh CpeAHEA3UATCKOro ydyeHoro Myxammena wus
Xope3ma, U3BeCTHOTO NOJ, apaOCIKUM IPO3BHILEM allb- X BapU3MH
(Xopesmuen). Ero anrebpauueckuit TpyA, COCTaBJeHHHIf B
9 B. H. 9., HOCUT HasBauue «KHura BocCTaHOBJIEHMA U MPOTH-
ponocraBienus». «Boccranoniennem» Myxammen HasbBaer
nepeHoc BLIYUTAEMOr0 U3 OJHOIL YaCTH ypaBHenus B JIPYyryio,
IJie OHO CTAHOBUTCA CJIaraeMblM; (POTMBOIIOCTABJIEHUEM) —
co0MpaHue HEeM3BECTHHIX B O[HY CTOPOHY ypaBHeHMA, a Wi-
BECTHBIX — B JIpyrylo cropoiy. ITo-apaGcku «soccraHoBIeHMe)
HasbIBaeTCA «all-mKeOpr. OTclofia HasBauue «ajirebpan.

Y Myxammena XopesMCKOro M y MOCHIeAyIOLMX ABTOPOB
anrefpa MUPOKO IPUMeHAETCA K KyMeyeCKHM M MHBIM JleHeX-
HBIM pacyeTam. Hu om, Hu Apyrue MaTeMaTMKH, NucaBLIMe
110-apabCKu, He yHOTPeOIANN HUKAKNX COKpallleHHbX 0603Ha-
ueHMit 1), OHM He MPUBHABAJN M OTPUIATEIBHBIX UUCe: yYeHue
00 oTpHLATEIBHBIX YNCIAX, BHAKOMOE UM U3 MHIMACKUX MCTOY-
HUKOB, OHM CYMTAIM MJI0X0 000CHOBaHHBIM. dT0 OBIIO chpa-
BeJINBO, HO .3aTO MHAMIfCKUE YueHble MOIJM OrPAHUYUTHCS
OIHMM CIIy4YaeM II0JIHOFO KBAApPaTHOI'0 ypaBHEHMA, TOIAA Kak
Myxammen, XopeaMCKUIt M ero NpeeMHMKH JIOIKHEL OLITIM pas-
JmyaTh Tpu cayuasa (2*+pzx = ¢, a*+q = px, x* = px+gq;
pu g — TI0JIOMUTEJIbHBIE YHCIIA).

pelHeasnaTCcKue, Inepcuackme u  apalckue  MaTeMa-
TUKK oforatuau anreGpy psaxoM HOBBIX MocTuxenuit. Jlis
YPaBHeHMI BBHICHIUX CTeneHeil oHM yMeJl HAXOXUTb nmpubin-
JKeHHBle 3HAYeHMA Kopleif ¢ oyeHb OOJNBIIOK TOYHOCTBHIO.
Tak, sHaMeHMTHIt cpenHeasuarckuit ¢uiaocod, acTpoHom
M MaTeMaTUK allb-BupyHu (973—1048), pomom Toxe us Xopes-
Ma, CBeJI 3a[1auy O BHIUMCIIEHMM CTOPOHBI NPABUIILHOTO 9-yrodh-
HUMKQ, BIOMCAHHOTO B JAHHYI0 OKDYKHOCTb, Kk KyOUYecKomy
ypaBHeHMI0 z° = 1+3x u Hamex (B 60-puuHbx ApobAX)
npubnnikeHnoe s3HaveHune x = 1,52°45°47'"’13"""2) (C TOYHOCTHIO

1) B HMX He¢ ObWIO M HYkUbI, MO0 apadcKoe MUCLMO OYeHbL KpaTKo:
rjacHble He 0003HaYalOTCsA, colVlacHble M MOJYriIacHble GYKBBI NPOCTHI
10 HaYepPTaHMIO H CJIMBAIOTCA N0 HECKOJILKY B OAVH 3HaK. [J1A nanucanms
MHOTMX cJIOB TpeOyercs He OoJyibile BpEMeHM, 4YeM JUIA HaMMCAHMIsL
HEKOTOPLIX Hawux GYKB (HanmpuMep, ¢, 1M). 3aTo apaGckas rpaMmoTa
MHOFO0 Tpy/iHee Hauiei,

2) T. e. oftiia 1eyas, H2 WeECTH;IECATLIX, 45 TPH THICAYM IHECTUMCOTHIX
HT T
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1 ~
no Bov 5 B JIECATHUHHIX JIPOVAX ITO jIaeT CEMb BCPHBIX JI€CATIY-

HBIX 3HakoB). Kaaccmk mpanckoit 1 TagAnnRCKoli  11093MI1,
soifaomuitca  ydenwit Omap  aan-Naitam  (1036—1123) 13
Humanypa mnojsepr cicreMaTHUCCKOMY H3yUeHMIO ypaB-
HeHus TpeTbeit crenenn. Hu emy, HIt ApyriM MareMaTHRAM
MYCYJIBMANCKOr0 MHpQ Ie YXaJloch HAKTH BHIPAKEHHA KOpHel
ryOnyeckoro ypanuenus yepes koapdunnents. Ho anp- Xaitam
paspaloTas ciocod, 110 KOTOPOMY MOHHO (reoMeTpUYecKH)
HAMTH YUCIO NelCTBUTENILHLIX KopHelt KyOuueckoro ypas-
HeHns1 (ero caMmoro MHTCPCCOBAIM TOJMBKO I10J10MHTeJbHbBIC
KOpHHM).

CpenunesexoBass Espomna. B 12 Beke «AnreGpa»
aJib- XBapusMu crajla naBecria B EBpome u Gbula mepeBefeHa
Ha JatuHckuit A3LK. G 3TOro BpeMeHM HAUYMHAETCA pa3BHU-
The anreOpel B eBpONECKUX CTpaHAX (CMepBa MOA CHUIBHHIM
BITUSIHMEM HayYKM BOCTOYHBIX HapofnoB). IloAaBasioTca cokpa-
lennele 0003HAYCHUMA 1€M3BECTHBIX, peIIaeTcA PAX HOBBIX
3471a4, CBA3AHHLIX ¢ noTpeGHocTaAMU ToproBiau. Ho cyuectsen-
uoro cusBura une Oviiio g0 16 Bexa. B mepsoit Tpetn 16 neka
UTadbAHUM Jedb-Peppo 1 Tapranbd HAWANM NpaBUIa IJA pe-
uenua KyOnueckux ypasHeHuit Buaa «® = px-+gq; 2+ px = ¢;
L34+ g = px, a Kapgano B 1545 r. nokasas, 4To BcsKoe KyOu-
uecKkoe ypaBHeHue CBOAMTCA K OAHOMY M3 9TUX TpeX; B OTO e
spemst @eppapu, yuenik Rapgano, namied perieHue ypaBHeHHs
4-11 crenenu.

CIl0MHOCTB NPABIII JJIs1 PeLIeHUsI DTHX YPABHEHMIT cllesaja
11e00X0[MMBIM yCOBEPUICHCTBOBAHME 0003HaYeHuit. IT0 coBep-
HIATIOCh TOCTeNIeHHO B TeueHWMe Lesloro CcTojeTHdA. B KoHIe
16 Bexa QpaHuyscKRit MaTeMaTHK BueTa BBeN GyKBeHHbIe 060-
3HAYeHUs, U IPHUTOM le TOJBKO JUJIA HEeU3BECTHHIX, HO M JJIA
M3BECTHBIX BeJMYMH (HeuapecThble 000311a4aJMCh 3arJaBHBIMU
vIacHBIMM OyKBAMM, MBBECTHBIC — 3aITTABHHIMU COTJIACHBIMH).
Buuin BBeJieHBI cokpalijemiiie o0osnadcius gefcTBuit; y pas-
HBIX ABTOPOB OHIl MMCJM pasublf Bui. B cepepune 17 Beka
aireOpanyecKkas CUMBOIMKA Giaropapst QpaHLyscKOMY ydeno-
sy Hexapry (1596 —1650) npuoOperaer BHI, OYeHb GIM3KMIL
K HbIHELIHei.

OTpuumarecuabnoie uuc:a. 313—16 Bekax oTpuna-
TeIbHble YICIA PACCMATPUBAIOTCA eBpolieifllaMi JIMIIb B MC-
KIOYHTEIbUBIX cIydasax. [locie OTKPHITISI pelileHUA KyOuye-
CKOTO ypaBHEHMs OTpINIATENbHBIE “UCTA TOCTeNeHHO 3aBoe-
BLIBAIOT NPaBO IPaskAaHCTBA B areOpe, XOTA MX M HA3bIBAIOT
wiomubiMuy. B 1629 r. upap (Ppaniua) gan o0ien3BecTHEI
1hite crocod reoMeTpuueckoro 1306paMeHus oTpUIaTeIbHHIX
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ynced. Jlet gBajuath CHyCTA OTPULATETBHEIC YMCIA TIOTY YN
BceoOlLIee pacnpoCTpaHeHue.

KomMnunexkcHre uucia. BpegeHMe KOMIJIEKCHBIX
uucen (III, 28 u III, 34) Takske GBHLIO CBABAHO C OTKPHITHEM
peleHuns Hyﬁuqecmro YPaBHEHHSA,

N mo 3Toro OTKPHTHA NpU PpeLIEHNHN KBAAPATHOLO ypas-
HeHMA z?+¢ = pr NPUXOAMIOCH CTAJIKHMBATHCA CO cllyuae,

p

Korfa TpeGoBajoch 3BJedb KBAfPaTHbL KOPEHb U3 (T) -q,

rae BeJIMYMHA ( ) ObI7Ia MEHbIIIe YeM q. Ho B Takom cily4ae

3aKJII0YaJIM, YTO ypaBHeHHe He uMMeeT pelueHuii. O BBefeHNUN
HOBBIX (KOMIIJIEKCHBIX) YHMCEJ B 5T0 BpeMsA (Korjga gare OTpH-
HaTeJbHBIE YHCIA CYMTAIMUCH IOMIBLIMUY) He MOIJIO OBITH U
mpicau. Ho npu pemenunm xyOumyeckoro ypaBHEHHA IO npa-
puny Tapraiem oka3zalyioch, uto Oe3 meiiCTBMIt HaX MHUMBIMK
YUCJIAMM HEJNb3f MOJYYUTh Deticmaumesvruiii KOpeHb.

OOGwsacuuM 310 noppobHee. ITo npasuiy TapTannu KopeHb
YPaBHEeHUA

= prtq (1)
NPEACTABIAECTCH BHIpaMKeHNeM
3_ 3 _
z = Yu+Vo, (2)
Ie u M v — PpellleHNA CHCTeMBI
3
u+v =g uv=(—731). (3)

i

Hanpuwmep, ana ypasHenns z® = 9z+28 (p = 9; ¢ = 28)
nMeeM:

utv = 28; u = 27,

OTKYJa HaXomuM, uto ubo u = 27;v = 1, Mmbou = 1;v = 27.
B o6oux cayuaax
3 3
x=y27+V1 = 4.

Hpyrux peificTBUTEILHHX KOpHeil JaHHOe ypaBHeHle e nMeer.

Ho, kak samermn yme HKappawo, ciicreMa (3) MoskeT He
IIMeTh JeHCTBUTENBHBIX DeIUeHHMit, MeKAy TeM KaK ypaBHe-
e (1) MMeer MeHCTBUTENBHEIA M NPUTOM NOAONCUMEALHLLI

Kopenb. Taxk, ypaBHenue z® = 15x+4 UMeeT KOopeHb x = 4,
HO CHCTeMa

u+tv = 4; uv = 125

UMeeT KOMIJIEKCHble KOpHM: u = 2+11i, v = 2—-11¢ (uam
w=2-11i, v = 24110).
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Ha aT0 3aramouHoe sABJeHHe BIEpLLIC NPOAUI cBeT BoM-
Gensu B 1572 r. OH ykasad, uto 2+ 11{ ecrb Ky6 uncaa 2+,
a 2-11: - Ry6 4yucaa 2—i; BHAYUT, MOKHO HAINMUCATb

V2+11z— 241 V2 1Mi= 2—i, u Trorna (opmyra (2)
AaeTx = (2+1i)+(2—-1) = 4.

C oToro Momenra iedb3s OblJI0 MTHOPUPOBATH KOMILIEKC-
Hpie ynciia. Ho Teopua KOMIIeKCHBIX YMCes pa3BHBAJach Mex-
JIeHHO: eule B 18 BeKe KpynHeiilniue MaTEMAaTHKU MUPA CIIOPUIIU
0 TOM, KaK HaXOAMTh Jorapu@mMbl KOMIJIEKCHBIX uuced. XoTA
C TMOMOUIbI0 KOMIJIEKCHBIX YHCEN YAAJOCh TOJYYUTb MHOTO
BaMHBIX (PAKTOB, OTHOCAIUXCH K JCHCTBUTEIILHBIM YNCIAM, HO
caMmoe CyIeCTBOBaHMe KOMIUIEKCHBIX Yucell MHOIMM Ka3ajoch
coMHuTeNbHLIM. McueprnpiBatolite npaBuiia JeitCTBHI C KOM-
ILIEKCHEIMM YUCJIGMM J1adl B cepefuHe 18 Bexka pycckuil aka-
deMuK Oitylep — OJMH M3 BeJHYalilliMX MATEMAaTHKOB BCexX
BpemeH u napoxos. Ha pyGesxxe 18 u 19 BekxoB OblI0 yKasa-
Ho Becceaem (ilanmsi) u Apranom (Ppannma)!) reomerpu-
yeckoe wusolpaskeitme Komiuiekcnnx uwmcen (III, 40). Ho
Ha paborot Becceast w1 Aprana He o0parniav BHUMAHMA,
u Jumb B 1831 r., Korjga TOT e cnocob O pa3sBUT BEIHKUM
maremariticom ayccom (I'epmamis), on cran BceoOwumM fo-
CTOATCM.

Bceaen 3a TeM, Kak OblM peuledsl ypasueHnus 3-it M 4-it cre-
IICH!, MATEMATHKM YCHIIeHHO UcKanu opMylly AJA pemleHuA
yvpasueuus: 5-if crenenu. Ho Pyddunn (Mramua) na pyoesme
i8 1 19 BexoB jioKasai, uto OyKBenioe ypaBHeHHe INATO
crenneHt x84 axt+ba' 4 cx’+dr+e =0 Heavsa  pelIuTb
anrefpauyecky; TouHee: HeJdb3sl BLIDABUTE €ro KOpeHb uepen
OykBenHLIe BeJMYHHLI @, b, ¢, d, e C MOMOILBIO LIECTH aJire-
Opaudeckux [eifcTBUil (CloMeHHe, BBHIUNTAHHME, YMHOKelue,
Heslenite, Bo3Befenne B CTelNelb, H3BJIcUuenne KOPHA) 2).

B 1830 r. Tanya (Ppaunus) xoxasan, uto HUKAKoe o0uiee
ypanueine, CTelenb KOTOpPOro Gollblle uyeM 4, Helb3A pe-
AT ANreOpanyeceKi.

TeMm He MeHee BCsiKOe ypaBlienne n-ifl CTCHeHH nMeeT (eCau
pPaCCMATPUBATL I KOMIUIEKCHLIS YUCHA) . KopHel (cpeau Ko-
TOPBIX MOryT OuiTh M paBHLle). B aToM MaremaTuku Obiiu yGe-
MIeHH ewie B 17 Beke (ocHOBLIBafch Ha pasbope MHOroYM-
CIEHHLIX YACTHLIX CJyuaen), Ho JuiuL Ha py6Gemxe 18 u 19 Be-
10D YHOMTHYTas Teopema Onna jorxasaHa I'ayccom.

1) [lepsHe wWArk B STOM HANpasJIcHUH OLUIM CHENaHLl Banaucom
(Am'mm) B 1685 r.

) B jiokasaresibeTse Pydduau 6ulu HeKoTOpLIE HetoueTn. B 1824 r.
AGean (Hopserna) nan Geaynpeunoe J0HA3aTeNdbCTBO,
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Bompockl, KOTOPHIMYI BaHUMAJMCE adre6paucTs 19 u 20 Be-
KOB, N0 Goibliejt 4acTH BHIXOMAT 3a Npeesl dlleMeHTapHOM
mareMatuku. IloaToMy yKaskeM TOJNBKO, uTo B 19 Beke Ownuin
paspaGoTaHH MHOTHE METORB MpUGIIMKEeHHOTO PelIeHHA ypaB-
HeHN. B 9TOM HampaBJIeHMN Ba)KHble Pe3yIbTATH GBIIM II0JIY-
YeHH BeJMKuUM pycckuMm MmarteMatukom H. I. JloGauemckum.

§ 3. OTpuuaTeabHbIe YHCTA

Ha caMbiX paHHUX CTyNeHAX Pa3BUTUA JIOAU BHAIHN TOJIBKO
HarypaibHble yncia (II,2). Ho atumu unciamu Hedwas oGoit-
THCh Ja’Ke B CAMBIX IIPOCTHIX CIy4YasaX KU3HU. [lelicTBUTENbHO,
OHO HATYPaJbHOE YHCII0 HEBO3MOKHO B ofumeM ciyyae pas-
JleJIUTh 1A JPYroe, ecjiu IoJIb30BaTbCA TOJNBKO HATYPAJbHLIMU
yuciaamMu. Mexxy TeM B 'KUSHU HYHiHO0 ObIBAeT 1eJIUTh, CKAKEM,
3 Ha 4, 5 Ha 12 u Tak manee. Bes Bremenns npoOHbIX uMcea
neJleHUe HATYPAJIbHBIX 4YMCeJ eCThb HeBO3MOM(Hoe JeicTBue;
BBefleH1e po0eit meaeT 3TO KeliCTBUE BO3MOHCHBIM,

Ho peiicreue BHIYMTAHMA M IOCJIe BBefieHHA npobeli oc-
TAECTCA He BCErJa BOBMOHBIM: HeJIb3A BHIYeCTh Golblllee YUCIo
13 MeHbllero, nanpumep 5 u3 3. Onnako B TOBCEXHEBHOI
MKUBHU M He NPeNCcTaBjAeTcA HeoOXONMMBIM NPOU3BOAUTEL IO-
no0Hoe BEIYMTaHMe, U TOTOMY OYeHb JOJroe BPeMs OHO CYM-
TaJOCh HC TOJLKO HEBO3MOMHBIM, HO M COBepUIeHHO OeccMLI-
CJIEHHBIM.

PasBurie anreGps MoKas3alo, 4yTo Taxoe meifcTBue Heo6Xo-
TUMO BBECTM B MaTeMaTMKy (cM. HMike, § 4), u omo Ouuio
Y3aKOHEHO MHEMHCKUMM YYeHBIMM NMPUMEpHO B 7 B. IL 9., &
KUTalfcCKUMKU emle paHbuie. MHauitckue yueHble, cTapafAch
HallTH ¥ B KM3HU 00pasubl TAKOrO BLIYMTAHMA, NPHULLINA
K TOJIKOBAHMIO ero ¢ TOYKH 3PEeHMA TOProBHIX pacueroB. Eciu
Kynen umeer 5000 py6. m 3akymaer ToBapa‘una 3000 py6.,
Yy Hero ocraetca 5000—3000 = 2000 py6. Ecau ke on umeer
3000 py6., a sakymaer Ha 5000 py6., To oH ocTaerca
B oary Ha 2000 py6. B coOTBETCTBMM C DTUM CUMTAJIU, 4TO
3[IeCh coBepluaeTCA BHYuTaHue 3000— 5000, pesynbTaToM ke
ABisAeTcA yucio 2000 (2000 ¢ Toukoit HaBepXy), o3HAYAILEE
«{Be THICAYM TOJIran.

ToakoBanue 3T0 HOCHJIO MCKYCCTBEHHBIN XapaKTep, Kylel|
HHUKOrJA He HaXOMUJI CyMMy moJira BeuMTaHueM 3000-— 5000,
a BCerfa BHIMOJHAN BHYuTauue 5000 —3000. Hpome Toro, Ha
9Tolt OCHOBe MO3KHO OBLIO ¢ HATAMKON OOBACHUTH JIMLIB lIpa-
BUJIA CJIOMKEHUA W BEIYUTAHUA «UUCEJ C TOYKAMH», HO HUKAK
HeJib3A OblII0 0G'BACHUTH NMPAaBHJIA YMHOMEHUA WM HeJleHUuA
(o mpaBuaax geicTBuit cM. HixKe, § 5). Bee ke TodKoBaHuUe 3TO
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J0JIr0 NPUBOAMIIOCH B y4eOHUKAX M B HEKOTOPHIX KHUIaX MpH-
BOJIUTCA W TNOHBIHE.

«HeB03MOMKHOCTbY BHYMTAHUA OOJNBLIET0 YMCIA M3 MEHb-
mero 00yCIIOBINBAETCA TeM, UTO HATY PAJIbHEI PAN yncel GecKo-
HeuyeH TOJBKO B OJIHY cTopony. Ecim nociemoBaTelbHO BHYH-
TaTh 1, HAYMHAA, CKaMeM, M3 4YUCiIa 7, MH NMOJNYYUM YHUCIA

6,5, 4,3,2,1,

JalbHellllee BBIYMTAHHE JACT YiKe (OTCYTCTBUE YHCIA», A
RaJIplile He U3 Yero y e BHIYUTATH. EECIINM 7ce MBI XOTHM CHeJaTh
BLIYMTAHME BCETfa BO3MOMKHBIM, MBI JOJIKHBEL: 1) «OTCYTCTBME
4MCIIa» CYNTATH TAK:Ke YUCIIOM (HYJIB); 2) OT 3TOro MOCIeAHero
YHMCJIA CYUTATH BO3MOKHBIM OTHATH €Ille eAMHUIY M T. J.

Tax MBI moJiyyaeM HOBble uMCIa, 0603HA4YaeMble B HACTOA-
Iiee BpeMs TakK:

-1, -2, =3 urT K

OTH YHMCIA HA3BIBAIOTCH YEALIMU OMPUYAMEALILIMU YUCAUMU.
CroAmuit Brepen 3HaK «(MUHYC) HATIOMUHAET O IPOMCXOHIIe-
HUU OTPHUIATEIBLHOrO0 YUCIA U3 OCTeX0BATENIBHOr0 BEIYUTAHMSA
eMHNILI. 3HAK 9TOT HA3BIBAETCA (3HAKOM KOJMYECTBA» B OTIIU-
Me OT 3HAKA BHIYUTAHUA, UMeIOLEero Ty ke GopMy; mocieHuit
Ha3bIBAETCA 3HAKOM e CTBUAN.

BBepeHne LedbIX OTPUIATEIBILIX YMCes BiledeT 3a coboif
BBefienine M Jpobrux ompuyamesvrux duces. ISCIU MBI NpU-

numaeM, 4ro 0—5 = —5, TO NOIKHL IIPHHATH TaKHE, UYTO
12 12 12

0——= =— —==. Yncio -- - - ectp npobioe oTpUNATEIbLIOE

yucio.

B npoTUBONOIOAHOCTL OTPUIIATENLHLIM YHUCIAM (IEJIBIM K
ApoOHBIM) Te uMcaa (LeJbic H Jpobuble), KOTOpPLle PacCMaTpu-
BalOTCA B apuPMeTHKe, 11a3BIBAIOTCA nosodcumensituimie. ITo0Ll
eute 6oJiee OTTEHUTD OTY IIPOTHBOLIOIIOMHOCTD, OJ0KUTEeIbHbIE
yucna CHAOMAITCA 4aCTO 3HAKOM (ILIIOCH, KOTOPHIL B DTOM
CIIyyae eCTb 3HAK KoJIMuecTBa (a ne sHax jgeiicrsud). Hanpumep,
YUCJI0 2 3aMMCHBALT +2 1),

OTpuuaTesbHEIC M MOJ0KUTEILILIC YHCIA, BIATHIE BMeECTe,
B IIKOJIHHIX PYKOBOJICTBAX MMEHYIOT OTHOCUTEIbHLIMM UMCIIA-
mMu., B npuHATON HAY4HO! TEPMMIOJOTMM DTU YUCIA BMeCTe

1) OMMHAKOBOCTh BHJa 3HAKOB KOJHYECTBA (4 M —) M 3HAKOB Jeii-
CTBUI MMCET PAX NPEMMYyUIECTB WIA BLIMMCIIMUTEILIBIX ICJeil, HO Ha 1ep-
BBIX IHOpAX MPUUMHAET YYAUUMCH PAJL TPYSHOCTell. 1109TOMY B HaYaJILHOM
1PENnojIABAHNY [10JIe3HO PAa3IUuaTh 3HAK JICHCTBUA OT 3HAKA KOJIMYECTBA,
HanpuMep IMICaTh OTPMILATENbLHYIO JIBOIKY He B BMjl¢ —2, a B BUE 2,
KaK 9TO M JIeNaeTCHA BCerja B JOrapugmmnyeckux spuenenusx (em. 111,
65 1 caeyt.).
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€ YUCIIOM HYJb HA3WBAWT payuonasbhbimu. CMBICT 3TOr0 Ha-
3BaHMA BHIACHAETCA IIPH BBEIEHUN MOHHATHA MPPALMOHAIBHOTO
uncaa (cM. 111, 27). Tlono6Ho ToMy Kak 70 BBeeHMA OTpHIA-

TEJIbBHOTO YUCJIA HET HUKAKHUX IOJOHMUTEJIBHEIX YUCEeJ 1 ‘lﬂCJ’IO%

ecTb mpocTo Apo6GHOe YMCII0, A He IOJIOMKHTelbHOe ApoGHoe
YHCTO, TAK M RO BREJIEHUA MPPALMOHANBHOIO YUCIA uicia

+5, —5, ——2— » + 5 M T. A JIPOCTO CYTh MOJOKUTENbHEE U

OTpHLATeJIbHbIe I[CJIble U Ilp06llble YHnCI3, & He PAlMOHAJIBbHLIC
yucia.

§ 4. Ilponcxo:xkieHne OTPUMIATEILHBIX YHCET H NPABHI
nelicTBuii HAX HUMH

Ensa 1 e caMbIM TEMHBIM [ y4AIMXCA MECTOM B ajireGpe
ABJAETCA YYeHMe O JIeHiCTBUAX C OTPHMLATENbHBIMU YUCJIAMM.
" oTo me noromy, uTO yCTaHABIMBaeMble NMpaBMJIA JeltcTBUI
cliokuel. Hanporus, onu ouenb npocThl. Ho TeMHBIMU oCcTalOTCH
nBa Bonpoca: 1) 3ayem BBOAATCA oTpULaTesabHble yncaa? 2) 1lo-
ucMy HaJ HAMM COBEpIIAOTCA AelCTBUA N0 TAKUM-TO IPABUJIAM,
a He no uHLIM? B yacTHOCTH, 0OYEHD NJIOX0 MOHUMAETCH, IT0YeMYy
HpM YMHOMEHUMH U [ieJIeHHH OTPHIATesIbHOr0 YMCia HA OTpH-
1aTesbHOe Pe3yNbTaT ecTh MOJIO0UTENbHOE YHCIO.

Bcee vru Ronpochl BO3HMKAIOT MOTOMY, YTO C OTPHMIATEJNh-
HBIMH YHCHAMH ydaluuxcs oOblYfio BHAKOMAT A0 TOT0, KAK OHM
HAYAIH pemath ypasHeuus, u Oonbille He BO3BPALIAIOTCA K
NPABMJIAM JeHCTBMIT ¢ OTPMLATENbHBIMUM uMcIaMu. Memny
TeM JIUIMb B CB3M C pellleHNeM yPaBHEHMI BLISICHAETCA OTBET
Ha 00a 110CTaBleHHLIX Bhile Bonpoca. Mcropuyecku oTpuna-
TeNBHBIC YMCIa BOBHMIUIM MMeHHo B dToit csasu. He Oyan
ypaBiienuit, He 6LI10 OBl HYMALI K B GTPUIATENBLHBIX YUCIAX.

JloJiroe BpeMs1 ypaBHeHHsI U3y4yaluch Ge3 MOMOILM OTPULA-
TeJbHEIX YMCEJN; NPM DTOM BOSHHKAMN MHOTME HeyHXoOCTBa;
JJIA yCTpAHeHus 9TUX HeyAoOcTB 1 OblJIN BBeJeHH OTPHIATEIND-
nele uncaa. Ilpu 5ToM B TeyeHMe KOJIroro BpeMeny MHOTHE BLIIA-
IolHec MaTEeMATHKH OTKA3LIBAJIKMCH BBOJUTH MX B ynorpel-
Jgenve wnim BBORMIM ¢ Gosnioit Heoxoroit. Eme exapr
HA3LIBAIL OTPUIATEJILHLIE YKCTIA JIOHCHBIMM YHCIIAMMY.

O xapaKkTepe yNoMsAIHYTHX Hey/00CTB Jaer npeacTaBienue
TaKoit mpoctoit npumep. Ilpu pemennn ypaBnenus nepnoit cre-
HeHU ¢ OIHUM HeM3BeCTHLIM, HAllpuMep ypaBHEHUA

Jz—5 = 10z—11,
MBI uepeuoch YJeHbnl Tan, ‘lTOGbl B O}IHOV[ 4YacT ypaBHemm

0Ka3aJIMCh U3BECTHBIE, B JIPYIofl — HeusBeCTHHE BeJIMYUHEI.
Ipu dToM anaxu Mensiorea na obparunie. Codupada Hensmect-
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Hble B IPABYI0 YaCTh, & U3BECTHHIE B JIEBYIO, NOJIyyaeM:
11-5 = 10z—-7x; 6 = 3x; == 2.

9Ti n1peoOpasoBAHUA MOKHO BHIIOJIHSATE, COBEPUIEHHO HE M0JIb-
3yACh OTPULATEJbHBIMH YMCIAMH M PACCMATPHUBAA 3HAKU + M
— KaK 3HAKM CJIOKEeHMA M BHIYMTAHMA, A He KAK 3HAKH I0JI0-
FKUTEJBHBIX M OTPULIATeIbHBIX yucedl. [{o Torna HyHo 3apanee
NMpoOAyMaTh BONPOC, B KAKYI0 CTOPOHY, BNPABO MJIM BJIEBO, CliC-
AyeT MepeHOCUTb HeW3BeCTHhle uJieHBl. Ecii, Hanpumep, B
BhIlIENPUMBEeHHOM YpaBHEHN! [epeiiecT HeM3BEeCTHBIE YJIeHbl
BIIEBO, MOJY4MM:

7z—10x = 5—11.

He Boojst oTpuUuATENbHBIX uMCeJ, MBI HC MOMKeM M3 5 Bbl-
yecTh 11, e MOMeM M3 7x BbluecTh 10x M, 3HAUYUT, HE MOIKEM
JaJibllle IIPOABMHYTBCA B pelueHuu ypaBHenus. Menyly Tem
3apaHee He Bcerga BHUIHO (0COOGEHHO eCJM YJIEHOB MHOIO),
B KaKYI0 CTOPOHY HYIO IICPCHOCUTb HEHU3BCCTHLIC WYJICHBHI,
YTOGBI TAKOTO MOJIOMEHMSA He CO3ABAN0Ch. BHYKUCINTENb 10JI-
M#eH OBITH OTOB HPOJAENATDH J{BOKHYI0 paboTy, BTOpHYHO CO-
Bepulasg MEpeHoc 4YJICHOB B HYIMKHYI0O cTopolny. 13 mopajke
PALMOHAJIN3AIMK BRIYMCIMTENBHOIO 11POIIecca U GBIIM BBEJEHLI
oTpMuaTeNbuble Yncaa. eicTBUTENbHO, CCIM MBI COITIACUMCS
CYMTATh (BO3MOKHBIMY (HEBO3MOMKHOC» BLIYMTaHMe 5—11,
0603Ha4YMB pe3yJbTAT Yepe3 — 6, M TOMHO TAK e BHIMHUTAHHUE
7x—10x, 0003HAYMB Pe3yJIbTAT — 3z, TO MOJYHUM:

—3z = —6.

Onpepnensd x, HAXOAUM, YTO £ = —6: — 3.

Teneps BHIACHAETCA, UTO, BBeAA OTpULATEIbHbIE YUCIIA, MbI
JOJI3HBI YCTAHOBUTL NPABMJIO, UTO NPH JleJIeHMH OTPULATEIIb-
Horo umcaa (—6) Ha oTpuuATeNbHOe (—3) 4acTHOe eCTh IO-
JI0KUTeJIbHOe YUCTo (2). JeifiCTBUTENIBIIO, DTO YACTHOE JOJMHKHO
JlaTh 3JHAYEHMEe HEeM3BECTHOM BeJMUMHH X, KOTOpOe paHblle
OblI0 HAWFEHO APYrMM IyTeM (0c2 OTpMIATENBHLIX 4HCes) U
0Ka3ajloch PABHLIM 2.

Takum npumepno o0pasoM M ObliiM Bpejelbl OTPULATENDb-
Hble YMCIIA; Liedb dTOTO BBEJEHUs — pAIMONATM3AIMA BLIYMC-
JINTEJILHOTO IIpolLlecca; NPAaBHIA JefcTBUA HAX OTPULATENb-
HBIMI YMCJIAMH ABUJIMCH PE3YJbTATOM BHEXPEHUA 3TOr0 Paluo-
HAJIM3ATOPCKOr0 IpHeMa B BEIYUCJIUTENbHYIO IIPAKTHKY.

MuoroseTHe 1 MHOrooGpa3HLe NCHHITAHKA 1I0KA3AJH, YTO
aToT mpueM ob6aagaer orpoMHoit 5¢PeKTUBHOCTEIO M HAXOZUT
cebe GiecTAlMe NpNMeHEHUA BO BceX 00JIaCTAX HAYKM M TeX-
Huky, Bcelogy BBeleHHe OTpPUIATENBHBIX 4YMCEd I03BOJIAET
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OXBATUTH C/IMHBIM 1PABHIIOM TAKHC FIBJICHUHA, UL KOTOPBIX
HY#HO OBITI0O Obl BEAYMBIBATE JIECATKU NPABMJ, €CIIM OrpaHu-
YUTHCH YUCIAMM TOJIO0HUTEIbHLIMU.

WTak, Ha /1Ba BEILIENOCTARJIEHHBIX BONIPOCA HY #{HO OTBETHTD
cienynoumum o6pasoM: 1) oTpunaTebHble YNCIA BBOAATCA 3aTCM,
4To0Bl YCTPAHUTL PAX TPYAHOCTEl, BOBHMKIIMX IPEK/C Bee-
ro npu peuleHUy ypaBHeuuit; 2) npaBuila AeiCTBMIA HAJL HU-
MH BBITEKAIOT M3 HeoOXOAMMOCTH COrJIacOBAaTh Pe3YJbTATHI,
HOJIy4YeHHble C IIOMOLIbI0O OTPMIATENbHBIX YHCeJ, € TeMHU
pesyJIbTaTaMu, KOTOpble MOrJIM Obl OBITH MOJIyYeHbl M 0e3 HHX.

Bce ot npasuna (cM. § 5) MoryT GHITh YCTaHOBJIEHBI IIPH
PacCMOTPEHMH NpOCTeiIINX ypaBHeHuit mogobmo ToMy, Kak
Boiie G110 BBIBEJICHO 11PABUIIO JleIeHMsT OTPUIIATEIbHOIO YUCIIA
HA OTpHUIlaTENbHOE.

§ 6. IpaBuia peiicTBHil ¢ OTPHUIATEILHBIMEI
M HOIOKNTeNbHBIMH YHCAAMH

Ab6coaromnoii eeaunuroli (Mau aOCOTIOTHHIM 3HAYEHUEM) OT-
PHLIATEJNBHOI'0 YMCJIA HA3BIBAETCA MOJIOMUTENbHOE YUCIIO, 110-
JydaeMoe OT liepeMeHBl ero sHaka (—) Ha oOpaTubit ().
AGcomoTHasa BeJMYyuMHa —5 ecTh + 5, T. €. 5. AGcomoTHoit
BeJMYNHOMN TOJIOKUTEIBHOrO YMCIA (4 TaK:Ke yucaa 0) Hasbi-
BAeTCA CaMo 9TO YUCIQ.

3Hak a6CoMOTHON BeNnymMIibl — JiBe MPAMBIE YePTH, B KO-
TOpbIe BAKIIYAETCS YNCI0, a0COIIOTHAA BeIMYUHA KOTOPOTO
Geperca. Hanpumep, | —5| = 5,| +5|=5,]0] = 0.

1. Cuaoxkenmme. a) [lpu caoscernuu deyx - wucea c¢ oduna-
Ko6bIM 3HAKOM CcKaadbieaomca UL abcoalomuble 6eauuui bl
u neped cymmoli cmasumes o6wull ur 3HAK.

Hpumeps. (+8)+(+11) =19; (—7)+(-3) = —10.

6) Ipu caomcenuu Ogyxr wucea ¢ pPASHBMU 3HAKAMU U3
Gbcoalommoll eeaunund, 00HOZ0 U3" HUT ebuumaemcs abeo-
aromian seaununa dpyeozo (menvwan u3 Goavweid) u cma-
eumcea 3HAK 1Mo20 uucad, Yy Komopoezo abcoalomnas eeau-
yuna Goavue. .

Mpumepsn. (—3)4(412) = 9; (=3)+(4+1) = —2.

2. BprumTanue. BruuTanue oAHOr0 uMCIAa M3 Jpyroro
MOHCHO  3AMCHUMD  CAOMCEHUeM; 1IPHU 3TOM yMeHbUlaeMOO
OepeTcst CO CBOMM 3HAKOM, & BLIYMTAEMOe C 0OPATHBIM.

IIpumeps.

(+7)=(+4) = (+7)+(—-4) = 3;
(+7)—(—4) = (+7)+(+4) = 11;
(=7)=(=4) = (=7)+(+4) = =3
(—4)=(~4) = (&) +(+4) = 0
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3aMmeuanne. IIpn BHNOJHEHMH CIOMEHUS U BHIYUTA-
HHUHA, 0CO0EHHO KOIA MMeeM MeJI0 C HEeCKOJbKHMHU YUCJIaMH,
Jiy4iie BCEro MOCTynaTh TakK: 1) ocBoGOMUTH BCe YMCIA OT CKO-
00K, MM ITOM Ilepef;, YNCJIOM IIOCTABUTH BHAK « +», €CIIN IperK-
HUit 8HaK Nepej ckoOKo#t ORI OMHAKOB CO 3HAKOM B CKOOKe,
M «—», ecin OH ObII NPOTUBONOJOMKEH B3HAKY B CKOOKe;
2) CHOMHTb AGCOJIOTHBIE BEJIMYMHBI BCeX 4YMCeN, MMeILIUX
Temephb ClieBa 3HAK +; 3) CIOMUTH aGCONIOTHbLIE BeJUYHHB
BCEX YMcell, MMeloIUX Tellephb ClleBa 3HAK —; 4) U3 Goiblelk
CYMMBl BHIYECTb MEHBIIYI0 M TOCTABUTh 3HAK, COOTBETCTBYIO-
wuii Goabureit cymme.

Mpumenp. (=80)—(=17)+(—6)— (+12) + (+2);

1) (—30)—(—17)+(—6)—(+12)+(+2) = —30+
+17—-6-12+2; 2) 1742 =19; 3) 30+6+12 = 48;
4) 48-19 = 29. PesyabTaT ecThb OTpUIATENbHOE YHUCIO
—29, Tak Kak 60ubmasa cymMa (48) MOIYYNIIACH OT CJIOMEHMA
a0COMIOTHLIX BeJIMYHH TeX 4YUCeJ, Yepefl KOTOPHIMHM CTOAJIMU
MHMHYCHI B BLIpaMenun —30+17-6—-1242.

Ha aTo mociegHee BbIpa)KeHME MOMKHO CMOTPeTh M Kak
Ha cymmy uucen —30, 417, —6, —12, 42, u Kak ua pe-
3yJBTAT MoOCJc/oBaTesbHoro mnpubasienua Kk yuciay — 30
yucia 17, 3aTeM BHIUMTAHMA uMCIa 6, 3aTeM BuluMTanua 12 u,
HakoHell, npubasieHusa 2. BooOuwe na BreiparkeHue a—b+
+c¢—d ¥ T. I. MOKHO CMOTpeTh M KaK Ha cymmy wucer (+a),
(=b), (+¢), (—d), 1 Kak Ha pe3ydABTAT TAKHUX IOCIEN0BA-
TeJIbHBIX HAefcTBHA: BBIYUTAHHA u3 (+a) uuciaa (-+b), npu-
6apueHus (+ c), BHIYMTAHUA (+d) n T. 1.

8. Ymuoixenne. Ilpu ymwuoocenuu O06yx uucea yYymiio-
orcaromen ux abcoaromHble BeAUNUHBL U nepea npouaoeaenuem
cmasumca 3HaAK nawe, ecau 3Haru comroncumeneti oauna-
Kogbl, U MUHYC, ECAU OKU DA3HbIE.

CxeMa (MpaBMJIO BHAKOB IIPU YMHOMEHNHN):

+

([

I+ +
I+ 0+

+

Mpumeps. (+2,&)-(=5) = —12; (-2,4)(-5) = 1%;
(—8,2)+(+2) = —16,4.

1I PU NEPEMHOMCEHUU HECKONDKUT cCoOMHOMCUmMenel 3HakK
npouaaeaeuun noAoHCUMEeneH, ecau HUCA0 ompuyamesdbHuvlr
comHoNcumeneli YemHro, U ompuyameneH, ecaiu UUCAO ompuqa-
MeALHHIX comHoxcumeneli HevemHo,
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Ilpumenp.

(+4) (+2)-(=6)(=7)- (- 5) = 14

(TpM OTPHMIATENLHEIX COMHOMKMTEA);

1 1
(= 5)-(+2)(=3)-(+7) (+4) =7
()ma OTPHULATEIBHBIX COMHO)KHTGJI}I).

4. Jeanenumne. IIpu Qdeaernuu o0dnoeo wucaa na Jpyeoc
deasm abcoslomuyio GEAUNUNY nepeo2o  Ha  abcoalomiyio
GeAURUNY 6MOP020 U neped HUACIIbM CMAGUMCN 3HAK NAOC,
ecau 3naku deaumozo u Jdeaumeasn oduiakoguvl, U Mmunye,
ecau onw pasruvie (CXeMa Ta e, 4TO JJIS YMHOMKEHNM).

Ilpumeps. (—6):(+3) = —2; (+8):(-2) = -4
(—12):(-12) = +1.

§ 6. [leiicrBus ¢ ORHOWICHAMM; CII0KEHHE M BLIYMTALINE
MHOTOLICHOB

O0rouaeriomn Ha3LIBACTCH NPOU3BEJACHHE IBYX MIM HECKOJIL-
KUX COMHOMKHUTelNe#, KaAbi#l M3 KOTOpHIX ecTh I160o 4ucio,
aubo GykBa, amubo crenmenp Oyksboi. Ilampumep, 2d, a®b, 3abe,
— &z?y® — onuHousaeHbl. OTHENBLHO B3ATOE YMCIO MIIH OTHCIBHO
B3ATAA OyKBA TOMe MOMKeT PACCMATPUBATBCA Kalk OJHOUJENS.

JlroGolt 13 COMHOMKHUTEJIEH OHOYJIEHA MOMKHO HA3BATh €ro
Kosgpuyuenmom. Yacro mox KodpPMLUMEHTOM IOHHMAIOT
ucacsoll MHodMcumead (HampuMep, B BoipaKeHun — 4z?yz’
YKucao — 4 ecTb Koadpuument). Briensia ogun 13 MHOMKUTeT el
B KauecTBe Ko3PPUIUEHTA, XOTAT NOAUePKHYTh, YTO OJHOYJIEH
HOJNYYWJICA B Pe3ylIbTaTe YMHOKEHMA BCell OCTAJIbHOM YaCTH
Ha BTOT KoaPduuuent. Braensasa YNCIOBOA MHOMKUTE]Ib B Ka-
yecTBe K0IPPHIMEHTR, MBI TOfY€PKMBAEM, YTO OCHOBHYIO POJb
urpaer 6yKBeHHOe BLIpajKeire, KOTOPOe MOBTOPSAETCA clarae-
MBIM HEKOTOPOE YHMCIIO pa3 MJIu APOOUTCA HA [OJIM.

OnHOYJIeHB! HA3BIBAIOTCA ri00061iblmu, €CIN OHU OFMHAKOBBI
MIIM OTJIIMYAIOTCA TOJAbKO KoaPduuuentamu. OTCiona BUAHO, 4YTO
ABA OMHOYJIEHA MOKHO CUHMTATh M NMOJOOHBLIMU U HEMOXOOHBIMH,
CMOTPA MO TOMY, YTO cuMTaeTcA MX Kodddunuenramu. Ecau
K09(PUIIMEHTaMM CYMTATH UYMCIOBblE MHOKHMTENH, TO MONO06-
HEIMM OfHOYTeHaMM OynyT TakHe, y KOTOPHX OJNHAKOBLI Oy K-
BeHHble vacTM. Hampumep, omHowleHH az®y?, bz?y?, cx?y?
nmOROGHH, ecitn cunTarth KodPPUUUEHTAMN a, b, ¢; ONHOUIIEHL!
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3x?y?, —5x*y?, 62%y? mopoOHBI, eciu cuuTath Koddpuiyen-
TAMH YMCIIOBble MHOMUTEIN.

Caoxkenme ogHowieHoB. (Clojielne JIByX HJIM HECKOJbKMX
OJIIOYJIENIOB, B0oOOILEe rOBOPsH, MOMHO TOJBKO 0603HAYNTH; Ji0
TOrO Kak BMeCTO Oy KB MBI BO3bMeM Kakue-HUOYb YMCaa, CyMMa
OJIOYJIENOB, KAK HPaBUIO, lie NPHBOJMTCA K Golice mpocTo-
My Bmjly. e Monio npeoOpasoBaTe K& Gollee IPOCTOMY BHAY
JIMIIb TOIYIA, KOIA CPeliM CIAraeMblX UMelTCs 1ofo0bubie: BMe-
CTO ITMX YWJIeHOB HANUINETCA HOXoOHbIE MM YileH, Koadduumuent
KOTOPOTO paBeH cymMMe uX Koddduuuenton. dTa 3amena Ha-
SLIBAETCS npusedeiuesm nodobrbx 4aeios.

ITpumep 1. 32%y®— Sx%y?+ 6x%y® = ha?y?.

ITpumep 2. ax?y?-bay?+cxy® = (a—b+c)xiy

Ilpumep 3. 4ady?— 3a*y®— 2ady® + 622y -+ Say = 22%y* +
-+ 3x*y* + Sxy.

Buinecenne 3a ckoOku. [lciicTnue, coseplieHnoe B IpH-
Mepe 2, HA3LIBACTCA ablteceriuem 3a ckoOKu; TOBOPAT, 4YTO
zly* «Brineceno 3a croOkm. ITo cyuecrBy BbiHeceHHe 3a
CKOOKM — TO 3Ke caMmoe, YTO HpHBe/eHNe MOJOOHBIX YJIEHOB.

MuorowieH. Cymma o0dHowACI06 NHAILIGACMCA  MHO20UAC-
nom. Cilomenue JIByX MM HECKOJBKNX MHOIOYJICHOB €CTh e
4TO MHOE, Kalk 06pa3oBaHye HOBOrO MHOIOWIIeHA, BIIIOUAIOLIEr0
B cebs BCe WIEHLI BCeX B3ATHIX MHOIOYJCHOB.

BoiyuTalue MHOTOUJIEHOB eCTh lie YTo MHoe, Kak 1pnbanie-
I1Me MHOI0YIIela, YIeHH KOoToporo opa3’oBanbl U3 4JICHOB B3fl-
TOr0 MHOTOYJICHA HepeMeHoii 3HaKa Ha o6paTHBIA.

Ipumep. (ha*+2b-22%%) — (12a*—c) + (7b — 2x%y2) =
= ha*4-2b—2x%*—12a%+ c+ 7b —2x2y* = --8a’+

+9b— hx*y? + ¢ (ONMIAKOBBIM YMCIOM 4YepT CHU3Y 0003HAYEHLI
1nog00HbIe YJIEHBI).

Y MHO:KEHHE OJ[HOWICHOB. YMIHOMKeHe OfHOUJICHOB, B0OO-
Ille TOBOPS, MOKIIO TOJBKO 0003HAYUTH (Cp. CKa3aHHOE BHIILE
0 cronenuu opHouwienos). llponssenenue AByX MM HECKOIBKUX
0/IHOYJICHOB MOMKHO YIPOCTMTH JMLIb B TOM CiIyyae, KOraa B
HUX BXOJIIT HCKOTOpPbLIE CTEIIEHH OJAHUX M TexX Ke OyKB Mim
YMCIOBbIe KOOP(UIMEHTE; TOKAa3aTeNyu cTelleHei y COOTBET-
CTBYOIMX OYKB CKIQJ(BIBAITCH; 4YMCJIOBbIe KodQPUIMenTh
11ePEMHOKAIOTCHI.

Il pumep. Sax?y® (—3a’x'z) = —15a'zfy5z [cllOMeHBI NO-
KasaTenu crenenu OykBbl a (1+3 = 4) u OykBbl = (2+4 = 6)].

Jlenenne opnowieHos. [lenenie ofHOYIeHA HA ORHOYJIEH,
BooOLIe I'0BOPA, MOMHO TOJbKO 0003HauuTh. YacTHoe [BYX
OIHOYJIEHOB MOJKHO YNPOCTHMTh, £CJIM eTUMOe U JAellnTelb CO-
AepaT HEKOTOpHIe CTCIeHM OJHUX M TeX ke GyKB MM UMCIo-
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Bble KO3QPuLMeHTDI; II0KA3ATEIIb CTECH M JIeTIUTeJIH BHlYUTAELTCH
M3 TOKA3aTelIA CTEIeHNM HReJIUMOro; 4YMCIoBolt kodadduuuent
JIQIIMMOTr0 JEJIMTCA Ha YNCIOBON KoapPuumeHT nenuTeld.

ITI p u M e p. 122%y4z5 : ha?yz? = 3xy3z® [BLIYTEHBI IIOKa3aTe-
au cremeHn OykBH z (3—2 = 1), OykBnl y(4—1 =3) n
6ykBH 3(5—-2 = 3)].

3aMeuaHnue 1. Ecin nokasaTean cTeneHn y HeKOTOpoii
GyKBH B AIeIMMOM M [ejiuTelle OXHU M Te ’Ke, TO B YaCTHOC
aTa GykBa He BolifieT (geleHHaA cama Ha ce0sf, oHAa JacT emu-
unny). IlpomsBemsa BBHIYMTAHME IOKA3aTesel CTeleHelt, MbI
noJryunin 6b1 0. IToaTOMY MBI TOJIMKHBI NPHMHATH, YTO HYACEAN
cmenenb 106020 wucaa ecmd wucao 1.

IIpumep. ba?y®: 22% = 220%* = 2y%(2° = 1).

3amMevaunue2 Ecan mokasareib cTemeHd Kako-uu-
6ynp 6y KBHI B I€JTMMOM Melibllie, YeM I0KA3ATeJb CTeIIeHU TOM e
6yKBBHI B JieJIMTeJsle, TO BHIYMTAHHE JIACT OTPULATENbHYIO CTC-
neHsb 310l OykBH. Ilonpo6uee 06 OTPUIIATCIBHEIX CTENEHAX CM.
111, 61. Pe3yabpTaT MOMHO NpEACTABUTH TakKe B BuAC Hpobu;
TOrAA MOKHO 000iTHCh Ge3 OTpUIATeNLHON CTeneHu.

IMpumep. 10x%y5: 228y = Sz %y = —‘?"-(:v“ = —-1-—).

x4 x4

§ 7. YMHOKeHNE CYMM H MHOTO4/ICHOB

IIpousecdenue cymmul deyx ual HECKOABKUX @bLD adice-
Huil Ha Kakoe-aubo euipadcerue pasio cymme npoussederiu
Kaoc0020 U3 CAAZAEMUIE 1A 63MOC BLIPANCEHUE

(@a+b+c)r = ax+bxr+cx (oTpHTHE CKOGOK).

Bmecro GykB a, b, ¢ MoryT GhiTh B3ATH JI00ObIe BHIpaKe-
HMA, B YaCTHOCTH Jl00OLle O{HOYJIeHEl. BMecTo OYKBH £ MOHO
TaKke B3ATH J000e BhIparkeHNe; €CJIM BTO BhHIPAKEHHE CaMo
IpefCcTaBiAeT CyMMY HAKOTOPHIX CIIaraeMhIX, Hampumep m+ n,
TO MMeeM:

(a+b+c)(m+n) = a(m+n)+b(m+n)+ec(m+n) =
= am+an+bm+bn+cm+cn,

T. €. npouaeedeHUe CYMMb. HA CYMMY PABHO CYMMe 6cexr
603MONCHBIT npoussedenuil Kawcdozo uteHa O00HOU cymmbl
Ha KancOwil wien Opyeoll cymmbl.

B w9acTHOCTH, 5TO NpPABMIO OTHOCHTCA K HPOU3BENEHMIO
MHOTOYJICHA HA MHOTOYIIeH:

(82%—2x+5) (4x+2) = 122°— 822+ 202+ 62— 42+ 10 =
1222 — 2224162+ 10,

It
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3anmMch YMHOMEHHU A

3x2—2x+5
1228 — 8x2 + 20x
6x2— 4x-+10

12— 22% 16410

§ 8. ®opMyibl COKPAICHHOI'0 YMHOKEHHA MHOIOWICHOB

Ciiepyomue yacTHBE CIy4yad YMHOMKeHMA MHOTOWICHOB
YACTO BCTPEYATCA, M IIOTOMY MX NOJIe3HO HOMHUTB. Ocobenno
BAHKHO HAYYUTHCA NPUMEHATh HiKenpuBeleHHble (opmymnl
Torja, Korfa OyKBhH a, b, BXOiAIME B HUX, 3aMeHAIoTcH Coliee
CJI0MCHBIMM BHIPAXKeHUAMH (HAlIpUMep, OJHOYJIeHaMu).

1. (a+0b)? = a*+2ab+ b2 Keadpam cymmu Osyxr ee-
aunui  paser. Keadpamy nepgoii natoc yogoeHioe npouseederue
nepeoti 1a emopyio nawc Keadpam emopoti.

Ilpumep 1. 1042 = (1004-4)? ==

= 10 000 {- 800416 = 10 816.

Hpumep 2. (2ma®+0,1nb?)? =

= hm2a®-+ 0,4mna?b?- 0,01n%b%.

1lpenocrepemenue: (a-+b): ne pasio a®-+ b

2. (a—b)% = a*—2ab+ b*. Keadpam pasnocmu deyx eeaunun
pascis keadpamy nepeoil munyc ydsoeriioe npoussedenue nepeoi
na emopyw nawc keadpam emopoii. OTy GOpPMYJIy MOMHO
paccMaTpUBAThH KAk YacTHBIE ciyyait npeaviayineit [omecro b
Gepercs (—b)].

Ilpumep 1. 982 = (100—2)* = 10 000— 400+ 4 = 9604.

IMMpumep 2. (523—2y%)2% = 2528— 20z3%y3 + 4y®.

Ilpenmocrepeskenne: (a—b)? e pasno a®—b? [cMm. 3].

3. (a+b)(a—b) = a2—-b2,  Ilpoussedenue cymmvr OJsyx
6CAUMUH HA UT DPA3HOCMb DAGIO pA3NOCMU UT Keadpamos.

Dpumep 1. 7169 = (70+1) (70—-1) = 702—1 = 4899.

Ilpumep 2. (0,2a2b+c?) (0,2a%b—c®) = 0,04a%%— (5.

4. (a+b)3 = a3+ 8a?b+8ab?+ b3 Ky6 cymmu Jeyx
ecauvun pasen Kyby nepeoii naoc ympoeniioe npoussederue
Keadpama nepeoii na 6mopylo naC YmpoewHoe Rnpousse-
Jenue nepeoii na keadpam emopoii nawc ky6 emopott.

IMIpumep 1. i2% = (10+2)3 =

= 10°+3-102-2+3-10-22423 = 1728.

Ipumep 2. (5ab*+ 2a%)3=

= 125a%° + 150a°b* 4 60a’b® 4 8a®.
IIpenocrepesenne: (¢ +b)3 ne pasio a4+ b3 [cM. 6].
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6. (a—b)® = a®—8a*b+8ab?-b3, Iy6 pasnocmu deyx
seaunun pasen Kyby nepeoii MuHyc ympocnHoe npousse-
Oenue Keadpama nepeoi. Ha 6MOPYI0 NANOC YMPOEHHOE
npouaeedenue nepeoii Ha neaapam semopoil muryc Ky6 emopoii.

Mpumep. 993 = (100—

= 1000 000—3- 10 000 - 1+3-100-1—-1 = 970 299.

ITpenocrepemenne: (a—b)® ne pasno a’—b3 [cM. 7). .

6. (a+b) (a?—ab4-b?) = a3+ b3 ITpouseedenue cymmo
Jeyx eeAUMUH MG (HENOAHBUL Keadpam pasHOCMU»  paso
cymme ux Kybos.

7. (a—b) (a*+ ab+b?) = a*~b°  Ilpoussedenue  pai-
nocmu . deyxr GeauMUN HA  (HENOANull Keadpam  cymmbly
pasio pasnwocmu ux Ky6os.

§ 9. /lenenne cyMM M MHOI'OWICHOB

Yacmmoe om Ocaenus cymmvr 06Yr uUAU MHECKOALKUL
BLIPANCEHUTE  HA  KaKoe-AUGO  6bIPAXHCEHUE DABHO  CYMME
YacmuBT, noayieHnur om Oeenus Kadxncdozo caazaemozo
Ha 638MOC GbHLPAJICCHUE:

at+b+c a b ¢
- ———— e +__. - ;
x x x x
a, b, ¢, x — noOble BEIPAMEHUA; e BCe OHM —-- OJIHOYJIEHHI,
T. €. €CM BHIIOJHACTCH OeAeHUE MHOBONAENA Ha 0OHOUAel,
TO KaMI0C M3 4aCTHLIX ObiBaeT Bo3MoMHO ympoctuts (III, 6).

3a’b+ 11ab? 3azb  11ab?

Ilpumenp. i e 3a+ 11b.

Ecau a, b, c — OIL}IO‘{JIeHH, a £ — MHOI'OYJIEH, T. €. ecJu
BBIIIOJIHAETCA deaerue MHO204AEHA HA MHO20YUAEH, TO YaACT-
Hoe, BoOOINe ToBOpA, -Heaban npedcmagumbd 6 eude MHO20-
uaena (MOKOOHO TOMY KaK YacTHOe OT fleJIeHMA LeJIoro 4yuciaa
Ha IeJioe He BCErKa MOIKHO MNpPEACTABHTh B BHUAE LeJIOro
4yucna). Minaye roBopsA, He BCerfga MOMHO HAaHTH TaKo#i MHO-
ro4JIeH, KOTOpHIA, GyAy4n yMHOMEH HA MHOTOYJIEH, CTOSIMMA
B FeInTeNe, KAl Obl MHOTOUTeH, CTOAIIMIL B KEJTUMOM.

ITpumep. Yacruoe @x »nem,:m HpPeACTaBUTh B BUJIE

MHOTOYJICHA; ‘-laCTHOGa—_HC——MOH(HO IIpeACTaBUTh B BUAE MHO-

. a?—x?
royjeHa: — =a-—x.
ousIeHa: —-— a—x
Heaenue muozouaena Ha mHozouser B o6weM ciayyae

MOMHO BHIIQIHATL C OCMAMEOM, l'IOI[O6HO TOMYy KaK 93To
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JellaeTCA NpU NeJeHHM Uedux yucelx. Heobxommmo, omuako,
YCTaHOBUTh, 4TO TaKOe [ejleHMe MHOTOYJIEHOB C OCTATKOM.
Ecau MBI flenuM IieJIoe MOJIOKUTENIbHOE YMCJIO0, HampuMep 35,
Ha IeJjloe MOJIOKUTEIbHOe YMCI0, HAPUMep 4, TO NOJy4YaeM
813 B ocraTke. Umcaa 8 © 3 o6magaloT TeM CBOMCTBOM,
yto 4+8+3 = 35, T. e. eCIu p — [eauMoe, ¢ — JeJUTelb,
m — 4acTHOe, & n — OCTaTOK, To mg-+n = p. Ho atoro Hemo-
CTATOYHO [JIA MOJIHOTO ONpefelleHNA YaCTHOIO M OCTATKa; TaK,
B HauleM npumepe (p = 35, ¢ = 4) TaKuM ke cBoiicTBOM 06ua-
JAaloT TaKKe uucaam = 6, n = 11; m = 4, n = 19. Hy:xHo eute
H0GaBUTB, YTO YHCIO n FOJMHO OBITH MeHbwe 4MCIA ¢. OTO
nobaBieHue Helb3A GYKBAJBHO ITePEHECTH HA CIydyall AelleHus:
MHOr0YJIeHOB, 00 NpU OFHUX 3HAYEeHMAX GYKB ONHO M TO e
BHIpaXKeHHe MoeT OuTh GoJiblle, a MpHU APYTUX — MeHBbIIE
Apyroro. YmomaHyToe no6GaBiieHue HOJMKHO OHITH BHEOMBME-
HeHo. B KaK[OM M3 MHOro4JIeHOB ORHA KaKaa-HMUOYAb U3 BXO-
JALQMX B €ro YJieHbl GYKB IpMHHMAETCA 32 TVIABHYIO; Haugbic-
wan cmenenb amoii 6yl€8bl 1La3bl6AEMCA CMENEHBIO MHO20UAECHA.
Torma yielleHue ¢ OCTATKOM OINpe/eNsieTCA TakK:

Paszdeaumdv mrozouren P na mnoeowaen Q -— 3nauum
naiimu mrozouaensvt M (wacmnoe) w N (ocrmamox ), ydosae-
meopsalowue 0eym mpebosanuam: 1) doasscno cobaicdamoves
pasencmeo MQ+N = P u 2) cmenenv mmuozodaena N 0Goa-
ocHa 6blmb NuUdIKCE cCMenenu MHO20UAEHA Q.

3ameuanue. Ocrarok N MoMeT BOBCS He COAEPHKATD
raaBHOK OyKBBI; TOr/la TOBOPAT, YT0 N IIMECT HYIeBYIO CTENEHb.

MHorounenst M u N, yR0BIeTBOPAIOLME 3TUM TpeOOBAHHAM,
BCerfga MOMHO HAifTM M NMPUTOM eIWHCTBEHHEIM 00pa3oM npu
nanHoM BeIGope riaBHoit OykBbl. O@HAKO OHM MOryT OBHITD
UHBIMU, €ClIM M3MeHMTh BHIOOp riaBHoit O6ykBhl. IIpomecc Ha-
X0IeHNA yactHoro M m ocraTka /N aHAlOrMYeH mpoleccy
JieJleHHA (C OCTATKOM) MHOTO3HAYHOI'O YMCJIA HA MHOrO3HAa4-
1oe. Posb niudp BEICIIEr0 M HU3LIErO Pa3pANOB MIPAIOT YJIEHH,
copepKaime riaBuyo OYKBY B BHICIIEN M HUBIIEH CTeNMeHAX.
ITepen meneHneM YJIEHH (eIUMOro M JieIUTEIA PACMONAralnTes
B nopAjKe yOLIBaHUA cTeneHell riaBHON OyKBHI.

Januch JJedeHuA:

8a3+16a2—2a+4 | 4a?—2a+1

-+ - oath
+8a3= 4a?+2a 2a+5

2002~ 4a+h
+

20a2-10a+5.
6a—1
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1) leauMm nepBLld 4JeH [NeJuMoro 8a® Ha MepBHIX ulen
AenuTeNA 4a®; pe3yabTaT 2a eCTh NePBhIi YJIeH YaCTHOrO.

2) IloMHOKaeM NoJyYeHHBI YJleH Ha NeJuTenb 4a®—2a+1;
pesyibTar 8a®—4a’+ 2a mopnuchHiBaeM INOJK ReJIMMbIM, NORO0-
HBEIA YJIeH IOH MOX0GHBIM.

3) BriunTaeMm ulleHbl pe3yJIbTATA U3 COOTBETCTBYIOIUX 4Jie-
HOB JeJIMMOro; CHOCUM cneuylomnﬁ 110 TOPpAXKY YJIeH IgeJIn-
Moro; mojgydaem 20a*—4a+ 4.

4) IlepBelit wien ocraTka 20a® meJHM HA HepPBHIL ulen
JleJIUTeJIA; Pe3yNIbTaT 5 eCTh BTOPOIA 4JIeH YACTHOTO.

5) IToMHOM¥aeM mOJy4YeHHBIi BTOPOHl 4YJeH YacTHOrO Ha
fleluTellb, pe3yibTaT 20a’—10a+5 moanuceiBaeM MOX Iiep-
BBIM OCTATKOM.

6) BniuuTaeM uJleHHLI 9TOr0 pe3yJbTaTa U3 COOTBETCTBYIO-
HIMX 4YJIEHOB IEepBOr0 OCTATKA; IOJydYyaeM BTOPOl OCTATOK
6a—1. Crenens ero Membliie cTenenu jenureds. Jlenenue
JAKOHYeHO; YyacTHoe 2a+ 5, ocTaTok 6a—1.

§ 10. Jle/renne MHOrOWIeHA Ha JABYWIeH HePBOif cTenen

ey mMuorousten, cojep:;kamuit OyKBy x, JCJUTL 1A JIBY-
ujleH MepBoit creneuu x—I, rae I — Kakoe-1mudo ymeyo (mo-
JIOMKUTENBHOC WJIM OTPULATENLHOE), TO B OCTaTKe MOMKeT
NONYYATLCH TOJLKO MIOroujien HyJjeBoit crenenu (§ 9), T. e.
HeKoTopoe uucio N. Uunciao N MOMKHO OTBICKATH, He HAXOJ(I
yacTHOro. MMenno, 9To 4uCI0 paBHO TOMY 3HAYEHMIO HeJH-
MOTr0, KOTOpOe NocJejiHee MoJyyaeT npu z = L.

Ilpumep 1. Haittu ocrarok oT jlelennsa MHOI'oOYJeHA
23-32*+5x—1 na x-—2. llogcravnaa z = 2 B Jjpanunit
MHOrouJieH, Haxojum N = 23—-3.2245-2-1 = 5.

JeficTBuTenbHo, BHNGIHUB  jlellenne, HalileM 4acTHoe
M = z*—x+43 u ocTatok N = 5.

ITpumep 2. Haiitn octarok oT AeldeHust MIOro4JeHa
47 na z+2. 3upecn ! = —2. llopcraBnaga x = -2 B
at+7, naxouum N = (—2)147 = 23.

VkasaHHOoe CBOMCTBO 0OCTATKA HABLIBAIOT meopemoli besy
1Mo WMEHM OTKpLIBUIEro ero (pamHIy3cKOro MaTeMaTHKA
(1730—1783). Teopema Besy dgopmynupyerca Tan: siozousern

ax™ +a @™ b aem T L a
npu deienuu na x—1 daem ocmamor
N = agl" -+ a)l" ' 4 a2 ... H-a,,.
Hoxasareuancrtsno. llo onpexenenuo fnenenua (§ 9)
nMeeM:

n

aga™ J-agam -ty oL a, = (e-—1) Q- N,
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rae Q — Kakoii-To MHoroyJsieH, a N — uexortopoe yucio. Ilog-
CTAaBUM CIOfia x = [; uleH (z—1[) Q nponageT, ¥ Mbl MOJYYHUM:

agl™ +alm '+ ... +a, = N.

3aMeuanue. Moer okasarscd, uto N = 0. Torgma [
€CTh KOpeHb ypaBHEHMA

apz™ +axm '+ ... +a, = 0. (1)

IMTpumep. Muorowren z3+5x2—18 pmeaurcAa Ha z+3
Ge3 ocraTka (B 4YacTHOM mnoiayyaercA x*+2x—6). Cie-
JA0BaTeJbHO, —3 eCTb KOpeHb ypaBHeHUA x°+5x2—18 = 0.
HeitcrBurensuo, (—3)3+5(—3)2—18 = 0.

OG6parHo, eciim [ ecThb KOpeHb ypaBHeHUsA (1), To JeBasa
YacTh 3TOT0 ypaBHEHUA MeJUTCA Ha x— | Ge3 ocraTka.

IIpumep. Uncio 2 nABIAeTcA KOpHeM ypaBHeHUA
23—-3x—-2 =0 (2°-83-2-2 = 0). CiemoBaTelbHO, MHOrO-
yjaeH z%—3x—2 jeantcAa Ha x—2 06e3 ocratka. J[leicr-
BUTCJIBHO,

(@3—82--2) : (x--2) = 2+ 2z 1.

§ 11. JlerumocTh IByWIeHa X" F a” HA X F a

1. Pa3HOCTH OMHAKOBLIX CTemeHeif JBYX uucesd NeTUTCH
(Ge3 ocraTka) HA Ppa3NOCTh DTUX Yucesd, T. e. a"™—a™ JHe-
JUTCA HA T—a. JTOT IPU3HAK, KAK M cllefylollie, BhHITeKaeT
u3 reopemul Besy (§ 10).

HacTHOe COCTOMT M3 m WIIEHOB M MMeeT CJIeAYOIMit BUJL
(zm —am) i (x—a) = 2! + az™ % + a%™ 3 4+ ... +am7}
(mokasaTeau npu x HempecTaHno yGObIBAIOT HA eJUHMLY; B TO
e BpeMA IOKa3aTeld IpPU a BO3PACTAOT HA egUHUNY, TaK
4YTO CyMMa NoOKasaTellelf HeM3MeHHO paBHa m—1; Bce Ko3f-
(uumMeHTH paBHB +1).

HHpumepun.

I

(22~ a?): (z—a) = zta

(a—=ad) : (x—a) = 2%+ ax+ a¥

(x¥—at) : (x—a) = x*+ ax®+a%2x+ a3,
(x3—a%) : (x—a) = x4+ azx®+ a*zx?+a’c+al.

2. PasHOCTL ORMIIAKOBLIX uemiulz CTeNeHel IBYX uucel
NeJIUTCA He TOJIbKO HA PAa3HOCTb BTHX YHMCeN (MYHKT 1), HO M
Ha MX CyMMYy, T. €. 2™ —a™ Npd YeTHOM m [eJUTCA M Ha
z—a ¥ Ha z-+a. Bo BTOopoM cay4yae yacTHOe MMeeT BMJ
g l_gxmffq%m3-- .., (3HAKM TUIIOC M MAHYC ue-
peayioTcsa).
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IIpumeps.
(2*—a?): (z+a) = z—q;
(xt—a?) : (x+4a) = 2°—ax?+ a’z—a®;
(x6—af) : (x+4a) = 2°—azx?+ a’z®— a®2? + a'z — a’.
3amevanne. Tax Kak pasHOCTb UETHBIX CTemelieif jie-
JINTCA HA £—-a U HA Z 4 a, TO OHA JIEIUTCH U Ha x? —a®.
HNpumepun.
(20— at) : (22~ a®) = 2®+a?
(28— a®) : (22— a?®) = x'+a’2®+at;
(28— ab) : (a*—a?) = a8+ a’z'4 a'x® + ab.
3aKOH COCTABJICHUS HACTHHLIX O'CBMJEH; OH Jerko MojBo-
JAUTCA TOJ 3aKOH NyHKTA 1, Hanpumep
(28— aB): (x%—a?) = [(£?)*—(a®)1]: (x*—a®
= (@)% (.

()| (af)

2a. PasHocTh OAMNAKOBBIX reucmrux CTElCie ABYX “u-
CeJl He NeJUTCH HA CYMMY DTUX Yucell.

Hanpumep, it ad—a®, um a’--a® ne jeasrest na z-a.

3. CymMMa OJMHAKOBLIX CTeNeHel JIBYX "yHced HUKOIJia ne
JICIMTC S HA Pa3HOLTh DTHX fiMCed.

Hanmpumep, Hu a* ¢*, nu a®+4a®, mt at at e ReanTesn
HA Z—a.

4. CyMMQ OjiMIAKOBLIX rMewemmblx CTENeNelt JBYX uucel
HeJUTCH Ha CYMMY DTHX UMCET (B UYACTHOM 3HAKU INIOC U
MUHYC YepeayIoTCs).

Ipumepsn.

(z®+ad) : (x4 a) = 2*—ax +a?
(x5+a®) : (x+a) = 2'—-ax’+a*®—a’x + a'.
4a. CyMMBI OFNMHAKOBLIX YETHLIX CTElleHell IBYX uMces He
JIEAATCH He TOJBKO HA PA3HOCTL (NYHKT 3), HO M HA CyMMY
orux uuces. Hampumep, a*-+a* ne Jnenuress nu na x—a,
HM HA Z - a.

§ 12. Pasnoxenve MHOIOWICHOB H MHOKUTENH

Muorouilenl MO’KHO MHOI'ZA HPEYCTABUTL B BIe NMPOM3BE-
JIEHNA [IBYX MJIM HEeCKOJBKHUX MHOPOYIEHOB. OTO BO3MOMHO
AAJICKO He BCerja, M B TeX Clly4asX, KOTJAA 9T0 BO3ZMOMIO,
Halttu TpebyeMmoe pasnosxieHe yacto ovenb Tpypno. Ilpaxru-
yecKoe 3HAYeHMe TAKOro PAsJIoKeilusl COCTOMT Mpeie BCEro
B TOM, 4TOI'0lI0 4acTO MMO3BOJSET YNPOCTHTL BHI BBHIPAMKEHMS
(HampumMep, B ToM cIyuae, KOrAA B YHCIHTENe I 3HAMeHATeNe
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/pobu MOKHO BLIXEIUTH ONMHAKOBbIE MHOMKUTENN; NMpPUMEPHI
cM. B ciaegyiomeM maparpade). Huxke nepeunciessl mpocreit-
nie CcJaydad, KOrfa pasjioHeHHe HA MHOKUTEJM BbIMOJ-
HseTCA.

1. Ecau Bce 4jleHb MHOTOYJIEHA COJEPKAT B KAUeCTBe MHO-
YKUTEJIA OHO M TO Ke BBHIPAKEHME, €T0 MOMKHO «BBIHECTH 3a
ckoOkmr (cM. 111, 6, ciloxenue OXHOYTIEHOB).

ITpumep 1. 7a2ry—14a°z® = Jax(y—2a%z?).

Hpumep 2. 6x2y®—2uxy® + hu’zry =

= 2zy (3zy®— uy + 2u?).

2. UHorga okasbiBaeTCA BO3MOMKHBLIM, PasGMB YJIEHH HA
HEeCKOJIbKO I'PYNI, BLIHECTH B KaKA0# HEKOTOPHI MHOKUTEND
3a CKOOKM, mocjle yero BHYTPHM BCeX CKOOOK OKAMKETCA OIHO
U TO 3Ke Bbipaenue. Toraa 3To BHIpayKeHME B CBOIO OYepenib
BBIHECETCHA 33 CKOOKM, M MHOro4JIeH OyfeT pasiloHteH Ha MIO-
IKHTEIN.

Ipumep 1. ax+bx+ay+by =

= z(a+b)+yla+d) = (at+b) (x+y).
IMIpumep 2. 10a%—6b3+ 4ab*—15a% =

= 5a%(2a—3b) + 2b*(2a— 3b) = (2a—3b) (5a®+ 2b%).
3ameuanue. [lonesno uMers B BUAY, YTO BHIparkeHUe
a—b MOMKHO Bcerga NpeACTaBATH B Bujge — (b—a), TaKk 4TO
HA 1IepPRBIA B3TIAN pPa’IuvyHBle MHOMKUTETH MOMKHO JIeTKo clie-
JIATh OMHAKOBBIMM.
Ilpumep 3. 6ax—2bx-+ by —27ay =
= 2x(3a—b)+9y(b—3a) = 22(3a—b)—9y(3a—-b) =
= (3a—1b) (22— 9y).
3. IIpeoGpa3oBanue, oGbACHEHHOE B 1. 2, UHOIAA yAaeTCA
OCYIIeCTBUTh HOCIHe MPeBAPUTESILHOrO BBEJeHUA HOBHIX (B3a-
MMHO YHUYTOIKAIOIMUXCA) YJIeHOB UM Pa3soKeHUd OAHOro U3
UJIeIOB HA JIBA CJIaraeMuiX.
Mpumep 1. a*—2* = a? tar—ax—2* =
= aflat+z)—ax(a+r) = (a+2) (a—2z)
[cp. gopmyay 3 § 8).
Ipumep 2. p*+pg—2¢* = p*+2pg—pg—2¢* =
= p(p+29)—gq(p+24 = (p+29) (P—9q)-

4. OT npuMeHeHUS HOCHIEJHEro NpUeMa WHOTAA MOMKHO
130aBHTh cebA, TONB3YACH HECKOJIbKUMH FOTOBHIMU opMyIaMu
pasioxeHus, nolyyaeMeiMu oOpauienueM GopMyJt cokpaleH-
Horo ymHomenusa (III, 8), umenHo: a®+2ab+b%* = (a+b)*
a*—2ab+b* = (a—b)?% a®*—b* = (a+Dd) (a—b) u 1. A.
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Ilpumep. 42%+20zy+25y% Ilpumensia mnepByl U3
npuBefleHHBIX Gopmya (a = 2z; b = 5y), noayuaem:

422 + 202y + 25y* = (2x+ 5y)*.

Vna!moe BBITIOJIHEHUE PpAa3JI0EeHUA MHOrouJIieHa Ha BO3-
MO3KHO GOJNIbLIlee YUCIIO MHOMKUTEJIe 3aBUCUT OT YMEHUsd KoM-
GHHMPOBaTB BLINICIIEPEYUCIIEHHBIE TPUEMBI.

MMpumep. 12+a’—ha—3z® = 12—3z? + 23—hx =
= 3(h—a?)—a(h—a?) = (h—a?) (3—2) = (2+2) (2—) (3—).

§ 13. Anreépanyeckue npoou

A
Anzebpauneckoti dpoGulo HABLIBACTCS BLIpaenue BUMA 4,

rie 6ykBol A u B o6o3nauaior nio6ble OyKBeHHbIE UM YKCIIO-
Bble BBHIPA’KEHUA, a YepTa MeKAYy HMMM eCTb 3HAK JeJleHusd.
JHenumoe A HA3BIBAIOT wucaumeaem, NeiauTelb B — 3namena-
meaem. Jlpo0u, paccmaTpuBaemble B apudmeruke, mnpeacra-
BJAIOT YACTHBIL cayuait aareGpanyeckoit ApoOu (uncaurenn u
3HaMeHaTedb — IleJible TOJIOMUTeNbHble uucha). lleitcTnus
¢ adrebpanyeckuMu Apo0sIMM COBepIIATCA MO TEM Ke Ipa-
BUJIaM, u4To fielicTBUA ¢ ipobamu B apudmernre (cm. I1, 16—22).
Beupy atoro Mul 3xech OrpaHHuMMCs JIMIL HECKOTMLKUMHU TH-
NUYHLIMA TIpUMepaMU.

Cokpamenne gpot6u

IHpumep 1. Jlpoon ;1,‘;’“2‘”‘

15a2x¢ 5x

Uasx3 ~ Tad®

Mpumep 2. HpoOb 4

MOIKHO COKPATHTL Ha 3a®ad;

2a?—ab—3b2

JaZ—5ab+ 302

2a—3b. UToGr1 0GHAPY MUTH DTO, HY HKHO PABIOKUTE YUCIHTED

M 3namenaTenh na MHomutenu (em. 111, 12, cayuait 3):
2a2—ab-3b2 _ (2a-3b)(atb) _ atd

2a?=5ab+3b2  (2a-3b)(u—-b)  a—b"
CrosKeHHuMe U BLIUNTAHUE npoﬁeii

MOMHO COKpATUTL Ha

m

Mpumep 1. YroOu caomuts jipodu w1 npuin-

b’ ’
MaeM 3a oOIWMIk 3HaMeHaTeIb a’h®; MOMOJHUTENbHBIE MHOMII-
Teq: b -— JIIs NepBOro CJIaraeMoro, a — JJIA BTOpOTo:

m + n mb-+na
a*h abt T it



§ 14. IPOIIOPIIMM 147

9 . @e-b _ etb
Mpumep2 o, r 35 ~ 2ar—babs 3 —
_ _ a=b ____a+b _
= (2a=3b) (a+0) ~ (2a-3b) (a=b)
(a—b)2—(a+bd)? —4ab

2a=3b) (a+b) (a=b) — (2a—3b) (a2—b7) *

3amevanmne Jlump npu cneuuanbHoM mnoaGope npu-
Mepa MHOTro4YJIeHHbie 3HaMeHaTesu Apobeit OyxyT umerb o6uiue
MHoOM»uTenu. Boobule e 9To cayyait kpaiiue penkumit. Ecan
e 9T o6llMe MHOMKUTENIN CYLIECTBYIOT, HAX0MK/AEHHE UX Tpe-
Gyer nmoBonbHO MHOro BpeMenu. [{ia pasButusa ajrebpauue-
CKHX HABBLIKOB BTH NOMCKM IOJIE3HLI, O9TOMY BHUMAaHHe, yne-
JfeMoe MM B yueGHO JMTepaType, BIOJIHE ONPABALIBAETCH.
Ho npakTuyeckas moib3a UX HeBeJMKA, M YaCTO ropaspo Jyu-
1lle, He TPaTA BpeMeHM HA pas3biCKaHMe mpocreifuiero obuero
3HaMeHaTelld, MPOCTO B3ATH 3a OGIMI 3HAMEeHATeNh Npou3Re-
JleHue JIaHHBIX 3iIaMenaredeit.

VMunosxenne u feanenuve gpoobeir

hab 2c%d? _ Baed

Mpumept. g5~ - =, - Cokpamenye Moxio npo-
M3BOOUTL JIMGO JI0 HepeMHOMKeHnst YuciuTesel 11 3Hamena-
redielt, aubo nocue,

9 w-a? o l-avoovtae
IWpnmep 2 vvevmbe ™ ami
_ (x2-a?) (x2-07) __ (x+a) (x+b) _ (x+a) (x+Db)
Co=b) (x40 (v—a) (v=¢) T (x+e) (x=¢) T az—¢? :

§ 14. Hponopumu

Onpepenenue ortuolitenust 1w nporopnuu cm. I, 48. Us

c
HPOHOPIMK % = - bureraer ad = be (upousnejienue  cpesi-

HUX YJIEHOB PABHO MpOM3BEJeHMI0 Kpaitnux); olparHo, U3
ad — be BHTEKAIOT TPONOPUUK

a c, a _ b d

. b, ¢ _ ¢
b d? c d?’ b o«
u Jip. Bee aru nponopium Moskiio MOJyunTh M3 MCXORHOM

—Z~ = —% C NMOMOIIBbIO CJIeJIyIOHHX 1fpaBuL.,
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1. B npomopuuu 4 = = MOMHO MEIATL MECTAMH Cpefl-
HMe WM Kpaltnue ulensl wiu Te u Apyrue. ITomyuaem:
a _b. d_c. d_b

c d’ b a’ ¢ a-
2. B npoﬂopu“l’[ MOMHO MEHATH MeCTaMU npejabiaylue
¢

M nocienyioliue ujeHnl oOoux ee orTHowenmit. Us il: =i

b d
noJy4aeTcA — = . OTa NPONOPUUA yHte NOJyueHa Bie

b
(B BUIE -—g = Tl) Touno Tax e HUYEr0 HOBOIO Iie noJy-

'IUM, ITepecTaBJIAH NPEAbliyliie U MmociiejlyIo1ine Wienbl B Tpex
BBIIIE HAROEHHBLIX nponopunAax.

Ilpoussopusie mponopunn. Icaum ib‘ = % TO clpanej(-

JUBBL M Cclleflylolijiie NMPOMOPUUM (TAK Ha3bLIBACMLIC npou3eod-
npe nponopyun), MOJyuaeMele U3 AAHION:

atb _ c+d | a=b __c-d atb _ c+d | a=b _ e—d |

a ¢ Ta T ¢ b Td b Td
e _ £ . e e b d b d_.
a+b T ce+d’  a=b " ¢c—d’ a+b T e4d’ a=b  ec—=d’

b erdate o e oatb o b
a=b " e=d? b+d T b T d? e+d e T d?

Lo b a-c a a
¢ d’ b=d b T d”

OTH M MHOZKECTRO HOJO0OHBIX 1TM HPOMBBOMLIX TIPOITOPIGH il
MOl‘yT GH'N) 06'!;(‘}'(""@"” B ]l".\'.\' OCHOBHIIX l])()pMﬂX:

ma+nb _ metnd (1 )
myatah T e dond

ma+ne _ mbind (0)
myatome  nybigd -

e mi, o, my, ny - o0e veaa ).

Taw, nonarast w popmyae (1) m = n = m; = 1, n, = 0, no-
a+ ct+d

JYUUM  TIPOMBBOANYIO  HPOTIOPIITIO -'-7,--1 = »—:i-'--; HoJaras

ate bid

B opmyse (2) m = n — m; — 1, n; = 0, uUMeeM T
g
. N ate a
MII, TIEPECTAIIBIE CPENIE WIIeH b, -2 = = T L,

1) ®opma (R) MoiKeT GLITH 1TOJYUYeHa o TOMY (ke NPABUAY, To U (1),
CCAN NPEJIBIPUTENLNO HEPEETABITL CPEARIE MHEHB R JEHHOR 1DOIOPIN,
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§ 15. aueM HymHBLI YPABHCHUN

BoluncaunTennusie 3ajlauu ObIBAIOT HPAMBIC H KOCBEHHBIC.

Bor npumep npsamoii 3a5a4n: CKOJBKO BECUT KYCOK CIIABA,
H& MBroTOBJIEHME KoToporo mnonuio 0,6 da® mean (ya. Bec
8,9 re/om®) M 0,4 Om® 1uuka (ym. sec 7,0 ke/om®)? Ilpu ee
pelleHuu Mbl HAXO0/IMM Bec B3ATOK Menu (8,9:0,6 = 5,34 (xe)),
sateM Bec nunnia (7,0-0,4 = 2,8 (ke)) u, HaKoHell, BeC CIIABA
(5,34 +2,8 = 8,14 (ke)). Bumonnsemble JIeCTBUA M MX TOCIe-
JI0BATEJbHOCTh AUKTYIOTCA CAMUM YCJIOBUEM 3aj1auM.

BoT npumep kocsemroii 3amayu: KyYCOK CIJIaBa Mejiu M
1uHKa o6beMom B 1 Om?® Becut 8,14 we. Haittn oGbeMiibie Ko-
JIMYECTBA MeAu M IMHKA B OTOM cmaBe. 3jieCh U3 YCIOBUH
3alaYM He BUIHO, KaKue JIeficTBUA BefyT K ee peureHuro. Ilpu
TaK HalbLIBAEMOM apH(METUYECKOM pellleHMM HYHHO NPOABUTH
noayac 6onbliryio M300peTaTeNbiocTb, YTOOGL HaMeTUTh NJAH
pewrenusi Kocsennoit 3ajauu. Kamjgaa HoBasa 3apmaya TpeGyer
CO3JaHuA HoBOro Iulana. Tpyil BBHIUUCIANTENA 3aTpauUBaCTCH
Heparonaibio. JLis panonaansannn BHYUCINTENBHOTO NPo-
necca M OblI COBlAH METOJ YpaBHeHMIt, KOTOPHIY ABJIAETCH
OCHOBHBLIM mpeametoM usyuenusi B airedpe (cm. III, 1). CyTs
YTOr0 MeToJia TAKOBA.

1. McKomble BeJM4MUBL HOJIYYAIOT 0CO0bIC HAMMEHOBANMH,
Mul 10JIb3YeMCH JIIIA OTOM 1esid Oy KBeHHBIMU 3HAKaMU (11peji-
HOUTHTENBHO HOCHSHUMKU Oy KBAMHU JIATUHCKOTO alndaBuTa &, y,
3, u, v). YCIOBUE 3a/JIlaUM ¢ MOMOUIBI0 OTHX 3HAKOB M 3HAKOB
JecTBUit (+, — M T. A.) (IEPEeBOMMUTCS HA MaTeMaTH'eCKkuit
SI3BIKY, T. €. CBASM MEIY NAHHBIMU U MCKOMBIMU BeJIMUMHAMM
Mbl BLIpAMaeM He CIOBAMM M (PpasaMu pasroBOPHOI'0 H3BIKA,
a MaTeMaTHYeCKMMH 3HaKaMmM. Haias Takaa «MareMaTuye-
ckaa (pasa» u ecTb ypaBHeHHe.

2. ITocne sToro MbI peliaem ypaBHeHHe, T. €. HAXO[UM
3HAYeHUA MCKOMBIX HeM3BEeCTHBIX BeJnuuH. PewieHue ypashe-
HIA NPOM3BOAUTCA COBEPUIEHHO MeXaHUYecKHd, mo obuM npa-
punaM. Ham ne npixomaurcst Godibute Y4UTHIBATh 0COOEHHOCTH
JQHHOM 3alauu; MBI TOJBKO JIOJKHBLI IDUMEHATh Pa3 HaBCcerga
YCTaHOBJIEHHBIE NpaBUJIa M Npuembi. (BbIBomoM ODTHX mpaBui
M 3aHMMaeTCs B NEpPBYI0 ouepeib aaredpa.)

Takum 00pasoM, ypaBHeHUMA HYHHHI [IJIA TOro, 4To0bl Mexa-
HU3UPOBATL TPYJ BhluucauTedA. [locie Toro kak ypaBHeHHe
COCTABIIEHO, pelleHHe ero MOKHO MOJIyYMThb BIIOJIHE aBTOMa-
THYeCKM (B HAcTosUlee BpeMsA CKOHCTPYMPOBAH PpAX Ta-
KUX aBTOMATOB). BeA TpyAHOCTE pellleHMA 3aXauu CBOAUTCH
JMIIB K COCTABJIEHUIO YPaBHEHHA.
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§ 16. Kak cocTaBiadaTh ypaBHeHHs

CocTaBUTb ypaBHEHHE — JHAYMT BHIPAIUTL B MATeMaTH-
4ecKoit opMe CBA3bL Mely HAHHBIMU (M3BECTHBIMM) 3ajlaym
U MCKOMBIMU (HeusBecTHbIMM) ee Beanuunamu. Muorma ora
CBA3b HACTOJILKO ABHO COAEPUTCH B QOpPMYJINPOBKe 3alayM,
4TO COCTaBJIeHNe ypaBHEHUHA eCThb IIPOCTO JIOCIOBHBIf 1lepecKas
3aJlauM Ha A3BIKE MATeMaTHYeCKUX 3HAKOB.

Ilpumep 1. IlerpoB moayuua 3a pabory Ha 16 pyo.
GoJsiblie, 4YeM MOJIOBMHA CYMMBI, KOTODYI0 mojiyyuit lBaHos.
Bmecre o moayumau 112 py6. CKoIbKO MOJy4usIM 3a pa-
Gory Ilerpos u Usanos?

OGosnauuM vepe3 x sapaGorox Wsamosa. llosoBunHa ero
sapaboTKa ecTb ;— x; MecsiuHbli 3apaGoTok Ilerpona —% z+16;
BMecTe oHM 3apalareiBaloT 112 py0.; MaTeMaTHuecKas 3aMUCh
nocyaenHeit ¢passt Gyner

(—;—z+ 16) 42 = 112.

Vpasuenne cocrabieno. Pemast ero mo pas masceria
ycranopiaennsiM  npasuaam (I, 20), naxomum, uro sa-
paGotox Msanosa xz = 64 py06.; sapaboror ke llerpoBa

1 .
5 2+16 = 48 (py6.).

Yame, ofiHAKO, CJIyYaeTcH, YTO CBA3L MEMly JAHHBLIMH H
MCKOMBIMM BeJIMYMHAMM He YKa3biBaeTCA B 3ajaye IIPAMO; ee
HYHHO YCTaHOBMTb, UCXOAA M3 YCJOBMi 3agaun. B nmpawxtu-
YeCKMX 3ajayax Tak M ObiBaer mouru Bcerpa. Toabko uTo
npuBeeHHbI TpuMep HOCUT HAXYMAHHBIE XapaKTep; B MU3HU
NOYTH HUKOIrAA NMOJOOHLIX 33/la4 He BCTpeYaeTcA.

a5 cocTaBlleHMA ypaBHEHUA HO3TOMY HeJlb3A AATh BIOJIHE
UCYepNbIBAOINX YyKasaHuii. OXHAKO Ha MepBHIX NOpax 10-
JIe3HO PYKOBOACTBOBaThCA cienylomuM. Ilpumem 3a sHaveHune
MCKOMOIX BeJIMYNHBI (NJIM HECKOJIbKUX BeJNYUH) KaKkoe-HUOyab
HAayrajg B3fTOe YHUCJIO0 (UIIM HECKOJIbKO YMCeld) M TIOCTABUM
cebe 3alauy NpOBEPUTH, Yrafajau Ju Mbl MPABUIIbHOE PELIEHUE
sajaud MM HeT. Ecam Mbl cymenm nposecTu aTy NpOBEpKY
n obHapyuth au6o To, yTO0 JOrajgka Hawa BepHa, Jubo To,
YTO OHA HeBepHA (CKOpee BCEro CIYYMTCA, KOHEYHO, BTO-
poe), TO MBI HeMeAJIEHHO MOeM COCTaBUTb HY KHOe ypaB-
HeHMe (MM HeCKOJbKOo ypaBHeHuit). VMenHo, samuuiem Te
camble ReACTBUA, KOTOpHE MBI NPOU3BOAMJIM [IJIA NMPOBEPKH,
TOJIbKO BMECTO Hayraj B3ATOro YHcCia BBeAeM Oy KBeHHBIN 3HAK
HeU3BeCTHOMt BeanyuHsl. MBI nmojyunm tpebyeMoe ypaBHeHue,
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Hpumep 2. Kycok cniaBa Memm u uumnka oGbemom
B 1 Om® BecuT 8,14 xe. CKOJIBKO Me[M COREPMUTCHA B CILIaBE
(ynm. Bec menu 8,9 ke/0m3; uunKa — 7,0 Ke/0m3)?

Bosemem Hayraj umucio, BHIpaKaiollee MCKOMBIA 00beM
menu, nanpumep 0,3 Om®. IlpoBepum, ymauno Jiu Mbl B3AJM
aro umuciao. Taxk kaw 1 Om® memu Becur 8,9 ke, T0 0,3 Om®
BecAT 8,9:0,3 = 2,67 (xe). O6beM LMHKA B cCIUIaBe eCTh
1—0,3 = 0,7 (dm®). Bec ero 7,0:0,7 = 4,9 (x2). OGwnit Bec
UMHKA 1 Menu 2,67+ 4,9 = 7,57 (ke). Memnuy TeMm Bec Hauero
KyCKa, N0 YCJOBMIO 3ajaud, 8,14 xe. Jloragka Hawma Heco-
cToATeNbHA. Ho 3aTo MBI HeMeJJjleHHO MOJYYMM ypaBHEHHe,
pellleHMe KOTOPOro MACT NpaBMIbHHIL oTBeT. BMecTo nayrajg
BaATOro ymcaa 0,3 dm® oOozHaumm o6beM Megu (B Im3) ue-
pe3 x. Bmecro mpousseneHus 8,9:0,3 = 2,67 GepeM mpowusse-
nenue 8,9 . 9T0 — Bec Meau B cniase. Bmecro 1—0,3 = 0,7
GepeM 1—x; aT0 — 00beM nuHKA. Bmecro 7,0:0,7 = 4,9 Ge-
pem 7,0 (1—=x); aTro — Bec uuHKa. Bmecro 2,67+ 4,9 Gepem
8,9+ 7,0 (1—x); oro — olwmit Bec puHka u megm. Ilo yc-
JoBMIO OH paBeH 8,14 xe; 3uaunt, 8,9x+7,0(1—2z)= 8,14.
Pewenue aroro ypasHenna (cm. III, 15) maer = = 0,6. Ilpo-
BepKy Hayraj B3ATOr0 peLIeHMA MOMKHO HeJIaTh PasiINYHbIMU
€1oco0aMH; COOTBETCTBEHHO 3TOMY MOMKHO MOJYUYMTh AJA Of-
HOM M TOj 7Ke 3alayM pas3iMuHble BUAbI ypaBHEHMA, BCE OHH,
OIHAKO, JIAAYT JIA UCKOMON BeJUMYMHBI OJHO M TO Ke pelle-
HHe; TAKMe YPABHEH A HABBIBAIOTCA PagIOCUAbILIMU BPYT APYTY
(cm. 111, 18).

Pasymeerca, mocje HOJyyeHHWA HABLIKOB B COCTaBJIEHUMU
YPaBHEHMt HeT LyJbl NPOM3BOAUTH NPOBEPKY Hayraj B3A-
TOI'0 YMCJIA: MOMKHO /I 3HAYEHMA UCKOMOi BeJIMuuMHHl GpaThb
He YMClIo, A KaKylo-HuOyap GYKBY (z, y M T. &) M NMOCTYNaTh
TaK, Kak ecau Ol oTa OykBa (Heu3BecTHOe) ObIJIA TeM YUCIIOM,
NPOBEPUTH KOTOpPOe MBI cobmpaeMcH.

§ 17. O0ume crefieHnA 00 ypaBHEHMAX

JiBa BbIpaKeHUA, YMCIOBble NN OyKBeHHBIE, COeAUHEHHbIE
3HAaKOM paBeHcTBA (=), o0pasylT pasencmeo (4ucioBOe
nin GyKBeHHOe).

Bcakoe BepHOe YMCIOBOE PABEHCTBO, & TAKHe BCAKOe OyK-
BEHHOE PaBEHCTBO, CIPaBeAJIMBOE NPH BCEX YMCJOBHIX 3Haue-
HUAX BXOAALIMX B Hero OYyKB, Ha3biBaeTCHA mocdecmeom.

Mpumepn. 1) Yuciosoe paBenctso 5-3+1 = 20-4
ecTb ToMAecTBO. 2) DyrBeHHoe paBeHcTBO (a—b)(a+bd) =
= a?—b? eCTh TOMIECTBO, TAK KAK NMpPH BCEX YHCJIOBHIX 3HA-
YeHUAX a U b NpaBaA U JIeBaA YACTH JAIT OJHO L TO e YHCIO.
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Pasenctso, copgepmauice HeussecTHble OyKBenHbIC BEJM-
YMHBL M He FIBJIHIOLICECH TOMIAECTBOM, HABBIBACTCH Yypasic-
nuen ). YpaBreHMe Ha3bLIBAETCHA OyKeeibim, €CIM Bee IR
HEKOTOphle M3BEeCTHbIe BeJIMYMHBI, BXOJsiliMe B Hero, BLIpa-
eHbl OYKBaMM; B NPOTHBHOM CIy4yae ypaBHeHUC HABLIBACTCH
UUCAOBLIM.

Hakue u3 Oyks, BXOAALIME B ypaBHeHMe, NpPEACTABJISAIOT
N3BECTHbIE, a KaK1e — HEH3BECTHBIC BEJIMUYUHBI, TOJMKHO OLIThL
OT/eNIbHO YKa3aHo. OGBIYHO [IJIA DTOr0 Heus3BeCTHLIE BeJIMYMHDL
o6o3HayawTcA 1nociefHuMu OyKBaMM JaTHHCKOro andaBuTa
z, Y, 2, 4, v, w. Mo uyucay HeM3BECTHBIX ypaBHeHUF pasfie-
JIAIOTCA HA YPaBHEHMA C OXHMM, IByMfA, TpeMa M T. JI. HeMs-
BECTHBIMHU.

Pewumb wucaogoe ypasnerue — 3UAUNT HANTH TaKkue YuC-
JI0Bble 3HAYEHMA BXOJIAILIMX B liero HEU3BECTHBIX, KOTOpLIe
o0paTAT ypaBHeHME B TOKAECTBO. OTU 3HAUCHUA HABBLIBAIOTCH
KODHAMU YPABHEHUR.

Pewumbs 6yreerroe ypasienue — SHAUUT HAHTH TAKUE Bbl-
Pa’KeHUA HeM3BECTHbIX Yepe3 BXOMALIME B ypPaBHeHUUA U3BECT-
Hble BeJIMYMHBI, KOTopbie, OyAyud NMOACTaBJEHB B ypaBHeHue
BMECTO COOTBETCTBYIOLIMX HEM3BECTHBIX, 0OpPATAT ypaBHenue
B TomAecTBo. Halijiennbie BeIparKeHMs HA3BBIBAIOTCA KOpHAMU
YpasHenus.

Dl
IIpumep 1. -»3»;’_3_- = ;—x - 4MCIOBOE YpABHEHMC C OJi-
P2 1
nuM HemssecTHbM z. lpn z = 1 o0a Buipanenus Frral
00pasyIoT TOIK/IeCTBO, T. €. AAOT OHO M TO Ke YHUCIIO;
Z = 1 €CTb KOPeHb ypaBHeHHs.

IIpumep 2. az+b = cx+d — OykBeHuoe ypaBHeHue
C OJ{HUM HEM3BECTHBHIM z; IpU & = %}2— 0HO ofpauiaeTca B To-

1) 3To onpeaesieHnue JUUb 10 PopMe OTIAUUAELTCA OT NPUHATOTO B ITbI-
HeIUHMX yyeOHNKax. IIpeuMyHiecTBO €ro i BUMY B TOM, YTO OHO [TO3BOJIII-
€T Cpa3dy e IPOBECTH YETKOe Pa3JIMYMe MCHLY PeIiCHUEM YMCII0BOTO M
peweHueM GYKBEHHOI'0 YPaBHEHMA, a 9TO BAIKIO M ¢ Hay4YHOIl U ¢ neja-
T'OI'MYCCKOIl TOYKM 3pEHUA.

3aMedy, 4TO MHe KaeTcsa Oojiec 11¢aec000pa3HbIM  ONpeNesATh
YPaBHeHHMe IIPOCTO KaK «paBEHCTBO, COJEpiialllee HeM3BECTHbIC BeJIMYM-
HbI», Ne UCKAIOUAAR CIYYaH, KOTAA 3TO PABEHCTBO ABIAETCA TO;KIECTBOM.
Benb, uMea GYKBEeHHOE PaBEHCTBO, Mbl B 061IleM Cilyyae He 3HaeM 3apaHee,
TOMAECTBO OHO MIIM HeT. UTo6bl Y3HATL 3TO, HYKHO OOLIYHO MOJIb30BATLCH
TeMH 3Ke NpPUEeMaMM, KOTOPbIe TIPUMCHFIIOTCA TIPU DPeIleHUN YypaBHEHHMI,
I103TOMY €CTECTBEHHO CYUTATL OYKBEHHOE TOIKIECTBO HACMHLIM CAYYALM
ypasrenun. TaK Npexe ¥ Aeaiu; CyLleCTBOBAJ Naxe TEPMUH «TOMHIAECT-

BEHHOe ypaBHeHHes. JIyMaio, YTO 1t 3TOMy 06bIYal0 Cl1ef0BajI0 Gbl Bep-
HYTBCA.
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CCTBO, TN KAl BRIpaMeHNsT ail—-- +b n c-d l' +d npmn

Bcex suauenuax Oyxs a, b, ¢, d J.l,alO'l‘ O)U/lllcll(OBble MEeKRYy

coGoit uncna (ecnu npcoﬁpasona'rb 9TH BLIDAMKEHMA, TO Ka-
d—
MJLOC M3 HUX MOMKHO IIPEACTABUTL B BH/E 9—_—93) . Suavenue
d-b
o €CTh KOpelb ypaBHeHuUs.

ITpumep3. 3z+ 4y = 11 — unciioBoe ypaBHEHHE C IBYMsI
neussecTubiMu. lipn x = 1,y = 2 oHo oOpawaercs B TOHECTBO
31+4-2 = 11. SHavennsi x = 1, y = 2 — KOpPHHM YpaBHe-
uus; x = —3, y = 5 — TaKmKe l(oplm YpaBHeHNA. 3HaYeHNsA

1
r=2y=1 - — TalKe KOPHU yPaBHEHHU . YpaBHenne uMeer

Gecuuciienioe MHOMECTBO KOpHeit, OXHaK0 OHO — He TOMXecT-
DO, TAK KAaK, HANpuMep, NMpu = = 2, y = 3 NnpaBasa M JeBad
€ro 4acTH He paBHH MeHtay coboif.

Ilpumep 4. 2243 = 2 (x+1) — uncioBoe ypaBHeHHe
¢ ojuuM neussectibiM. Ono ne obGpauiaercA B TOMAECTBO HU
1IpM KaKUX 3HAYeHMAX z (MPaByl0 YacTb MOKHO IPEICTABUTL
B Buue 2zx+2: yemy Obl HM paBHAJNOCh 2z, npuGabileHune
K 2x yucia 2 He MOKET IaTh TOrO Ke YMCJA, YTO W mpuban-
JIeHMe K 2z uucaa 3). JTo ypaBHeHUe ¢ UMeeT KopHeit.

§ 18. PaBHOCH/bLHBIE ypaBHEHMH.
(OcCHOBHBIC TIPHEMBI PCLIEHHA YpaBHEHHH

Pasiocusvitomu ypasHenuam HA3BIBAOTCH TaKKE ypaB-
lielus, KOTOpble UMCIOT OJIHU M TC Ke KOPHM, HalpuMep ypas-
Henua z* = 3x—2 u z®+2 = 3 paBHOCHJIbHH (00a HMelT
xopuu.x = 1 u x = 2). Ilponecc pemlenna ypaBHeHnH 3aKJIio-
4YaeTCA B OCHOBHOM B 3aMeHC JAHHOTO YPaBHEHHA [PYTUM,
€My paBHOCHMJIbHBIM.

OcioBHble TpUeMbI, IIpUMEHsCMbIe NPU DElleHHH ypaBHe-
HUs, TAKOBBI.

1. 3aMeHa OFZHOIO BbIpaMKeHUs APYTHUM, TOMAECTBEHIO eMy
paBubiM. [lanpumep, ypasuenue

(x+1)2 = 2z+5
MO?KHO 3aMCHHTL PAaBHOCHJIBHBIM ypaBHEHUEM
x4+ 2x+1 = 2x+5.

2. Ilep€ioc caraeMeIX M3 OJHOI 4acTH ypaBHeHUA B APY-
ryio ¢ nepemeHolt s3HaKa Ha o0paTHml; HanpuMep, B ypaBHe-
HuM  z?24-2x4+1 = 22+5 MOMHO TIepEHeCTH BCe YJEeHH

JIERYI0 1ACTh, NPUYEM YIeHHl -+2x U + 5 M3 mpaBod 4acTy
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B JleByl0o IepeifiyT cO 3HAKOM MMHYC. Ypasieuue x*--2x 4
4+1—-2x—95 = 0, wau, 4To TO Ke, x*—4 = 0, paBHOCHJIBLHO
HCXOJIHIOMY.

3. ¥Ymuosenune uiM fieslenne obeux uacrteil paBeHCTBA Ha
OJlHO M TO 3Ke BhIpameHune. Ilpum aTOM HyMHO MMETL B BHIY,
YTO 11060€ YpasicHue moxcem e Obums pasiocunbievim npc-
dndywemy, ccau evipancernue, MHA KOMOPOE Mbl YMILONCACMH
uau (')mum, Modcem 6bvimb PABGHLIM HYAIO.

IIpumep. Jlano ypasuenme (x—1)(x+2) =4 (x—1).
PasgenuB oGe ero yactm Ha x—1, HojdyyaeM z+2 = 4. ITo
YpaBHEHHE MMeeT eNMHCTBeHHBIE Kopenb xz = 2. McxopmHoe
’Ke ypaBHelne KpoMe KOPHA = = 2 UMeer elle Kopenb x = 1.
Ilpu menennn na x — 1 9ToT Kopeub «motepaiacs. HaoGopor,
npu  yMHoMenuM o0eux uacTedi ypaBHeHMA x+2 = 4 Ha
(z—1) cBepX KOpHA z := + 2 NOABJIAETCA HOBHIL Kopenb = 1.
U3 sroro oTHiofb He clleAyeT, YTO He HYH{HO YMHOMaTb MIM
nesuth o0e yYacTM ypaBHeHMs HA BbIpaMieHue, Moryuiee
PaBHATBCA Hyo. HyHo TolbpKo KaMblif pas, Korpa Takoe
AeitcTBUe NMPOM3BOAMTCA, Y4eCTh, He NMPOMAAyT JM IIpH ITOM
Kakue-HUOY/ib cTapble KOPHYU M He MOABATCA JM Kakue-nubynb
HOBBHIE.

4. MoHo Tarme Bo3BOJUTbL 00¢ YacTH ypaBHEHUA B OLHY
H Ty Ke CTelenb MJIM M3BJeKaTb U3 obenx vacreit KopHu oji-
HOM M TOMi 7Ke CTemenU; OJHAKO NPHU ITOM TAKHE MOLYT IOJY-
4aThCA ypaBHEHMs], He paBHOCHJIbHbIE MCXoAHbIM. Hanpumep,
ypaBHeuue 2xr = 6 uMeeT OiMH Kopelb x = J; ypaBHEHME iKe
(2x)2 = 62, T. e. 4a* = 36, UMeeT /1Ba KOpHA: &z = 3 M & = —3J.
ITepen Tem Kak BLIMOMHUTL MpeoGpa3oBanue ypaBHEHUA, HY K-
1O 110CMOTPETh, He MOr'yT JIM NIPH HTOM IPONACTh HeKOTOpLIe CTa-
pble ero KOpHM WJIK NMOABUTLCA HoBbIEe, OCOOEHHO BaMHO yCTa-
HOBHUTb, lie NpPONAjAIOT JIM CTapble KOpHM; MOABJIeHHe HOBBIX
He TaKk omachHo, M60 Bceria MOMHO, HOJYYUB HEKOTOPHIit
KOpeHb, NOJACTaBUTL €ro B UCXOHHOe ypaBHeHMe U Hemocpel-
CTBEHHO IIPOBEPHUTh, YIOBJIETBOPHETCA JIM OHO.

§ 19. Knaceuduranus ypaBHeHHii

YpaBHenHe HA3BIBAETCA aqzebpautieckum, €CIM Kamuasn
13 ero yacreif ecTb MHorowsen uiu oaHouided (III, 6) mo or-
HOUIEHMIO K HEN3BECTHBLIM BeJIMYMHAM,

Ilpuwmep o br+ay? = zy+ 2™ — anreGpandeckoe ypas-
HeHHe C ABYMA HEM3BECTHBIMM; HO YypaBHeHMe bx+ay* =
= zy+2% ne anzebpauueckoe, TOTOMY UTO IIpaBad 4acTh
PaBEHCTBA — He MHOrOYJIeH OTHOCHTeNbHO OYKB z, y (ciaarae-
Moe 2% 1le eCTb OJ{HOUJIeH OTHOCHTeNbHO OyKBLI ).
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Cmenenv aazebpaudeckozo ypaswenua. llepeHecem Bce
"JleHbl anrebpauyeckoro ypaBHeHUs B OJHY €ro 4acTh M Npo-
u3BeleM NpUBeleHue MOJOGHHIX ero 4JIeNoB; ecU ypaBHeHHe
110CJIe DTOTO COHNEPMHUT TOJNBKO OJHO HEU3BECTHOE, TO cme-
nenvlo  ypagHenus nasviearom nauboavwiuil u3 nokasame-
aeii npu neusgecmiom. Ecim ypaBueHHne COAEpHUT HECKOIBKO
HEW3BECTHBIX, TO JJIH KaMJOro ujleHa ypaBHEHUA COCTABIsEM
cymmy noxazameacii npu ecex 6xodauuxr ¢ Heeo MHeusgecm-
noiz. Hauboavwuan uz smux cymm nasbieaemcs cmenenvio
YPasHEHUS.

Ilpumep 1. Ypasuenne 4x°+2x*—17x = 4x°—8 ecThb
YpaBHeHMe BTOPOH CTENEeHU, TAK KaK MOoCJe lepeHecenus Beex
‘WIEHOB B JIEBYI0 4acThb YPaBHEHUA MoOCJej(Hee NPHUMET BUJL
2z =17z +8 = 0.

IMpumep 2. YpaBHenue a'r+b5 = c® ecTb ypaBHeHHE
nepBoit cTemeld, TAK KAK BHICUIAA CTeNeHb HEeU3BECTHOrO
& — nepsad.

ITpumep 3. VYpasuenne a*x®+br’y®—adzy'—2 =0
€CTb ypaBHeHMe 6-if cTemenu, TaK KA CyMMbl NoKasaTelei
cTeneHelf 1PN HEU3BECTHHIX T M Y COCTABJIAT § IJA Iep-
BOI'0 1 TPETLEro YileHoB, 6 AJA BTOPOro M HYJb JJIA YeTBep-
Toro; HauboJblasA U3 ITUX CYMM ecThb 6.

Yacro 1 uucny aiareSpanuccKux OTHOCAT M Takue ypasie-
HUA, pellielde KOTOPHIX NpPUBOAUTCH K pelucHuI0 ajirebpau-
veckuXx ypasuenuit. CTeleHbI0 TAKOro YPaBHEHMH HA3LIBAIOT
cmenens  moeo  aazebpauneckozo Ypasmenus, K - Komopomy
o1o npugodumed.

- x+1

IIpumep 4. Vpasueuue So7 = 2x ecTb  ypasuemue
BTODOIL CTelleHu, XOTA B Hero BTOpad crelellb HeU3BECTHOrO
npAMO He BXOAUT. Hc eciu 3aMeHUTDb ero (paBHOCUILHBIM eMy)
anrebpanyecknM ypaBHeHUeM (OCBOOOAMTHCA OT 3HAMEHATeNA),
TO OHO mpumer BuA 2x2—3x—1 = 0. YpaBHeHue INepBOi
creneHu (¢ JMOOBIM YMCIIOM HEM3BECTHBIX) HA3bIBAETCH TAKIKe
Aunelinblm ypaBHEHUEM,

§ 20. YpaBHeHME 1IePBOii CTCHEHU C OJIHMM HEH3BECTHBIM

YpaBHeHuA 1-if CTeneHH C OAHMM 1IEU3BECTHBIM MOCJHe HaJl-
JieRaWMUX npeobpa3oBaHmit MOKHO NIPEACTABUTD B BUfie ax = b,
rae a 1 b — faHHble yucaa Mau GyKBeHHble BEIDAKEHMHA, CO-
AeprKalllMe M3BECTHHIE BeJIMYMHBL. PelreHue (KOpeHb) uMeeT

BuA, x = — . TexHHYecKHe TPYAHOCTU MOrYT BCTPETHTHCA
TOJIbKO NpHU NMpoBefeHnH npeobpazoBauii.

ale
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JBx=5 o dat
2(x+2) — 2w+Dd a2
1) llpuBeueM 1paBylo HacTh paBeHCTBA K 00UEMY 3HaMe-
HaTeo: Jx=5 _ (Bx—1)(x+2)— (2x+5)

Hpumep 1.

2(x+2) (2x+5) (x+2)
2) B yncauresie npaBoit 4acTH 0TKpPOeM ckoOKH I npHUBejeM
3x—5 3a24+3x -7

10/100HbIE YJICHbI:

2x+2) T (x+5)(x+2)°

3) Homuontum oGe uyactu pasencrBa Ha 2(2x+5) (x+2),
uro0bl  0cBOOO/IMTH ypaBHeliMe OT 3HaMeHaTeded. (Bomnpoc
0 TOM, He BBOJATCA JIM IIPU ITOM JIMIIHUE KOPHH, OCTaBUM
OTKDPBITHIM 10 OKOHYAHUS pelleHns.)

(3z—5) (2x+5) = 2(3«*+3x—7).

4) OrkpuiBaem ckoOxu: 6x*+4 Sx—25 = 6x*+ 62— 14.

5) llepenocum Bce HeusBecTHBIE WIEHBI B JIEBYIO 4aCTb, &
M3BECTHbIE B IIPABYI0; 110CJIe IPUBENEHUA IOA0OHBIX YJIEHOB
noJjiyyaem -—xr = 11, u Kopeib ypaBHeHMA ecTb x = —11.

ITopcraBasist oTo 3HavYeHMe B MCXO[HOe ypaBHeHue, yOei-
jlaeMcs, 4To OTOT Kopenb —- He JUIUHN.

9 a (x—a)® | (x=b)r .

Hpumep 2. (x—a)(x—0b) 1 x(x—b) + x(x—a)

1) llpuBosnm NeByI0 4acThb K obLIEMY 3lIAMEHATEJO:

a(x—a) (x—-b).
(MonoimuTenbuple MHOMUTENM: & JUBL 1tepBoit ApoOu; x—a
JUIsT BTOpOit; x—b i TpeTbeit.)
Pk Gt ) Gt ) D 3
x(x—a)(x—b) -
2) Oco0oskjiaeMcst 0T 3HAMeHATeNsi, YMHOKasA 00e 4acTu
paBencrtsa na x(x—a) (z—>b):
2+ (x—a)®+ (z—b)® = 3z (x—a) (x—b).
3) OTkpuB cKOOKM, UMeeM:
2342 - 3ax* 4 3t — a® + 23— 3ba* + b2 - b =
= 3z°— 3ax*— 3bx* -+ 3abx.
4) llepenocum HeusBeCTHBIE YJICHBI B JIEBYIO 4ACTh, & M3BECT-
uvle B npasylo. [locye npusepelins Nogo0HBIX YJIeHOB NOJYyYaeM
3a%r— 3abx + 3b%x = a®+b3, uan 3(a*—ab+b%)x = a®+ b
5) Haxomum oTcioga KopeHb ypaBHeHMA
a3+ b3

= Ja—abt0?) "
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ITO BHIpAMEHNE MOMHO YNPOCTHUTh, COKPATHB JipoOb Ha
at—ab+b*:
a+b_

3

§ 21. Cucrema BYX ypaBHeHHMii IIePBOii cTeneHn
€ BYMSA HEH3BECTHHIMM

ITocne Buinodnenus mpeoGpasoBanuit, 1MogoGHHIX paccMo-
TpPeHHBIM B npeAbixyiieM maparpafe, ypaBuenue 1-it creneuu
¢ JIBYMS HeU3BECTHBIMU =z, y TpUMeET BUA ax+by = ¢, rae
a, b, t — manmple Yucaa U OyKBeHHblE BbIPAMKEHUHA.

OTaesbHO B3ATOEC TaKoe ypaBHelue MMeeT OeCYMCIEHHOEC
MHOKeCTBO KopHeit. OmIOMY M3 HeM3BECTHBIX (HANMpHUMep, x)
MOJKHO JIaTh COBepLIeHHO NPOU3BOJbIIOe 3HAUYEHMNE; 3HAUEHHE Y
HAJETCA U3 YPABHEHUS ¢ OJHUM HEM3BECTHLIM, KOTOpOE TMOoJLy-
YUTCA TOCTe MOACTAHOBKM 3HAUEHMHA x B Hallle ypaBHEHMe.
Hanpumep, B ypaBuenuu 5z -+ 3y = 7 MOKHO NOJIOIKUTD T = 2;
Torjia umecm 104-3y = 7, otkyna y = —1.

Ecnn neusBecTHbe £ My CBA3AHLL He OJHMM, A JABYMs
ypaBuenusimu 1-it crenenu, To GecyucIeHHOE MHONKECTBO 3Ha-
YieHMit OHM MOTYT MMETh TOJNLKO B HCKIOYMTEJBHKIX CIY4Yaax
(em. I11, 23). BooGme nie cucrema AByX ypasuenuii 1-ii cre-
IeHyu ¢ JIByMH HeH3BeCTHLIMH HMeeT TOJLKO OHY CHCTeMY
pertenuii. MoeT okasaThesi (ToMe B HCKIIOUUTEIbHBIX CIY-
YafXx), YTO OHA M BoBce 1e umeeT pentenuit (cm. 111, 23).

Pemennte cucrempl JiByX y paBienuii nepBoit cTeneHu ¢ AByMs
HEHMBBECTHBIMM MOKHO PABJINUHBIMII CTI0COOAMU CBECTH K pellle-
HHIO OJIHOT'O YPABHEHUS MePBOit cTenenu ¢ OHIM HEU3BECTHLIM.
JIBa Takux cnocoba oObsAcHens B cllejylouieM naparpade.

Sajaum, npuBoIANIMe K cCHCTEMe JIBYX ypaBHeHuit ¢ AByMs
HEeUIBECTHLIMM, MO(HO BCEr/Ia PelIuTh M C TIOMOUILI0 OXHOIO
YPABHEHUS ¢ OJUIMM HCU3BECTHLIM; OJIHAKO HPH DTOM YacTo
HPUXOJIUTCH YJIeJIATH MHOI'0 BHUMAHMSA TEM PACUETaM, KOTOPLIA
HPH MOJNL3OBAHUH CHCTEMOIT ypaBHENN BLINOMIAWTCH 110 111a0-
JIONHBIM IIPUEMaM B caMoM lipoliecce pemtenns cuctemul. To
JKe CaMoe OTHOCMTCSI 1 K 3AJAUaM, PelaeMuiM ¢ NOMOIILIO
Tpex (uam GoJbliero 4Hcaa) Heu3BeCTHHIX. Mo#HO peniuTh MX
U ¢ NOMOINLI OJHOIt MIIIT JIBYX MeU3BeCcTHLIX Beanuun. Uem
GoJibllee KOJUYCCTBO HEM3BECTHHX BEJIMUUH BBOJAUTCA B pPjC-
cMOTpeHue, TeM, BoOOHIC roBops, Mpolule COCTABIATL Kam/Ioc
U3 ypaBHEHUIK, 3aT0 3ATPYAHAETCS NPOIECC PellleHusi CHCTeMBbI.
IlooToMy I1a IpaKTHKe NPCJNOYTUTENbHO BBOJMTL BO3MOMHO
Melblliee 4YUCl0 HeusBecTHLIX OyKB ¢ TeM, o0J(HAKO, 4T00LI
cocTapnenie ypaniennit GLIJI0 He CIUMKOM XJ0NOTILBLIM,
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IT p u M e p. Kycok cntasa menu u nuHKa 065eMOM B 1 9m3
BecuT 8,14 xe. CKOJIbKO MeIM M LIIMHKA B CIUIaBe (yACALHHIH
Bec Mefu 8,9 ke/0m®; unHKA — 7,0 Ke/Om?)? O6o3Havas yepes
M y HeusBeCTHHle 00beMBH MelM M LIMHKA, NMeeM [IBa ypaB-
HeHUA:

4y =1, (1)

8,9+ 7,0y = 8,14, (2)

TlepBoe BhipaskaeT, uTo obumit 0GbeM Melu W IMHKA (B Om3)
paBeH 1; Bropoe — uTo o0muit Bec uX (B ke) paBeH 8,14

(8,9z ectn Bec Menu; 7,0y — Bec nMHKA). Pemas cucremy ypas-
HeHuit (1), (2) no o6wmm npasniaam (111, 22), naxogum = = 0,6,
y = 0,4. 91y xe 3amauyy mbl pemnau B 111, 16 (nmpumep 2),
BBOJIl TOJIbKO OJIHY HeM3BeCTHYI0 OyKBY x. Y Ka3aHMA, CHEJIaH-
usle B 111, 16, ocraloTcss B culle ¥ NpU COCTABIEHMM CUCTEMBI
ypaBHeHuit ¢ ABYMs 1 GOJILIIUM YHUCIOM HEU3BECTHBIX.

§ 22. Pemuenune cueremMsl ABYX ypaBHeHmii nepoii
CTeNneHN ¢ JIByMA HeH3BeCTHBIMMU

a) Cnocos NMONCTAHOBKM COCTOMT B TOM, UTO: 1) M3 ORHOrO
ypabHenusi Mbl HAXOJAMM BHIpAKeHHE OJHOTO M3 HEeH3BECTHHIX,
HANpUMep x, Yepe3 U3BECTHLIE BeJMYMHBI M Jpyroec Heu3BecT-
Hoe y; 2) HaifjleHHoe BbIpaieHue IMOJICTABIAEM BO BTOpoOe
YPaBHeHHue, B KOTOPOM TocJjie 9Toi MOACTaHOBKM OyHeT comep-
ATbCA TOJBKO ONHO HEu3BecTHoe y; 3) peliaeM MONyuyeHHOe
YpaBHeHMe H HAXOAMM 3JHayeHHue y; 4) MONCTABIAA HaklJeHHoe
3HAYeHue y B BHIpa<elie HEeM3BeCTHOro x, Haliennoe B Ha-
vajie pelnenus, NMojiyuaeM 3Hauenue z.

ITpumep. Peiure cucremy ypanhenmii:

8x—3y = 46
Sz 6y = 13.
1) W3 nmepBoro ypaBHCIHMS TAXOMHM BHIpUIKEHHE a vyepen
JQHHBIE YUCTR I leH3BecTHoe y:
= A6+3y

8
2) Hojcrasndgem 5T0 Bbipaskelne BO BTOpOe YypaBHeHMe:

54013 ) gy = 13,

3) Pemaem noiyuentoe ypaBueHue:
5(46 -+ 3y) + 48y = 104, 230+ 15y+ 48y = 104,
15y + 48y = 104-230, 63y = —126, y = -2,
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4) HaitnenHoe sHayeHue y = — 2 MOJACTABIAEM B BHIpaje-
46 +3 46-6
HUEe = = ——6;—!; nojiyyaem: x = —Gg-— ,T.e.x = 5.

b) Cnocod caoxkeHMsA MIM BHIYUTAHHA COCTOMT B TOM,
4T0: 1) 06e YyacTM OTHOro ypaBHEHUA YMHOMKAIOTCA HA HEKO-
TOPHI MHOKUTEJIb; 00e YaCTH BTOPOTr'0 YPABHEHUA YMHOMAKTCA
Ha APYroi MHOMKMTeNb. JTH MHOMKMTENN MOXOMPAIOTCA TaK,
4TOGH KOIPPUIMEHTHI NMPM OXHOM U3 HEM3BECTHHIX B 000MX
YPaBHEHUAX MOCJe UX YMHOMEHUA HA 3TH MHOMHUTEIH UMeJu
OfHY U Ty e abCoNOTHYyI0 BeduduuHy. 2) CkIambiBaeM [Ba
YPaBHEHUA MJIM BBIYMTAEM WX JIPYT U3 APYyra, CMOTPA IO TOMY,
MMEIOT JIM ypaBHeHHble KOd(PQPUIMEHTH Pa3InyHble MU OfIMHA-
KOBBIE 3HAKH; 3THM OHO U3 HEM3BECTHBIX HCKIIoYaercA. 3) Pe-
1IaeM NOJy4YeHHOe ypaBHeHMe C OJHUM HeusBeCTHHIM. &) [ py-
roe HeM3BECTHOE MOMHO HAWTH TeM 3Ke NpPUEMOM, HO OGBhIUHO
npollie BCero IOACTABUTh HaitAeHHOe 3HaYeHMe MEepBOTO HeM3-
BECTHOTO B JI0060€e M3 TaHHBIX YPABHEHUH M PENIUTh MOJIYy4YHR-
eecA ypaBHeHMe C OXHUM HeM3BECTHBIM.

IT p umep. Pemute cucremy ypanuenmi:

8z—3y = 46,

Sx+ 6y = 13.
1) Ilpoue Bcero ypaBHATL aGCOMIOTHLIE BeAUIUIILL KOdPPU-
IMEeHTOB NpH y; 0Ge YACTH NEePBOro YpaBHEHUS YMHOKUM HA 2;

o0e yacTu BTOpOro — Ha 1, T. e. ocTapjifieM BTOpoe ypaBie-
HUe HeH3MeHHLIM:

8x—3y = 46| 2| 160 -6y = 92,
5246y = 13 |1| Sr+6y = 13,
2) CRIaALIBaeM IBA yPaBHEHWUS:

16x—6y = 92
4 Szr+6y = 13

2 = 105
3) PemaeM noayventoe ypaBHemme:
@ =20 s,

-
4) lloxcraBnsem 3pauenue x = 5 B 1llepBoe ypaBHelie;
HMeeMm:

403y = 46; -3y = 46—-40; -3y = 6.
Orcionia
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CnocoG cioMeHHMA U BBHIYUTAHMA CJeXyeT NpeanoYecTb
ApyruM crocobGaM: 1) KOTRa B JAHHBIX ypaBHEHHAX aGCOJIOT-
HBle BeJIU4YMHBI KOdQPUIMEHTOB NPU OXHOM M3 HEM3BECTHHIX
PaBHBl (TOTAA MepBBIf M3 ITAMOB peUIeHNsI CTAHOBUTCA He-
HYKHBIM); 2) KOrJa cpasy BUIHO, YTO YUCIOBbIe KOBPPUILIMEHTH
npM OHOM U3 HEeW3BECTHHIX YPAaBHHUBAIOTCA C MOMOMIBIO He-
GOJNBINMX IeJOUMCIECHHBIX MHOMKUTeNel; 3) Korga Kodhdu-
LMEeHTH yPaBHEHNMIX CofepKaT GyKBeHHbIE BLIPAIKEHNUSA.

ITp umMep. Petunte cucremy:

(a+ec)x—(a—c)y
(a+b)z—(a—b)y

2ab,
- 2ac.

1) YpaBHuBaeM KodQ@uuueHTsl TnpU z; IOMHOMKAA o0e
4acTH NepBOro ypabileHuda Ha (a-+b), a BTOporo Ha (a+c¢),
nojyyaem:

(a+e¢) (a+b)x—(a+b) (a—c)y = 2ab(a+b),
(a+c) (a+b)xz—(a—b) (a+c)y = 2ac(a+c).

2) BriuutaeM M3 1epBOro ypaBHeHMS BTOpOe; HOJIyvaem:
[(a=b) (a+c)—(a+b) (a—¢)ly = 2ab(a+b)—2ac(a+¢).
3) Pemaem mnoayuennoe ypasHeHue:

_ 2ab(a-+b) —2ac(a+c)
Y= @-o)ar0—(@+b)a—0"

9TO0 BHIpAKEHUe MOMKHO BHAYUTENHLHO YINPOCTUTD, JJIA Yero,
OfHaKo, 10Tpe0yIOTCA MOBOJBHO JoJrue mpeoOpa3oBaHus.
B uncamtene u 3naMeHaTelle packpoeM cLoOKM, IpHUBeJicM
nomoOHble uJeHBl M NPOM3BEJIeM PasJioKeniie Ha MIOMHUTENH.
ITocne vToro npobL COKpaTUTCA; UMeeM:

Ra(ab + b2 —ac —c?)

y= (a?—ab + ac —be) — (a? Yab—ac— be) =

_. 2al(ab—ac) +(b2—c?)] _

—2ab + 2ac

_ 2u[(b—c)a+(b-c)b+0)]
i —2a(b—c¢)

_fab-oatbre)
T 22 -0o) = (atbte).

4) YroGl HaliTn x, ypaBHAeM KoQPULUEHTH NPH y B UC-
XONHHX ypaBHEHUAX, NMOMHOMKHB INepBoe Ha (a—b), BTOpOE
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Ha (a—c). BHYTA OHO MoJiydeHHOe ypaBHeHUe M3 KPYToro,
pewiuM ypaBHeHUe C OJHUM HeU3BECTHHIM, Haﬁ'IleM:

_ 2ab(a—b)—2ac(a—c)

~ (a-b)a+c)—(a+b)(a—c) *

Brinonnsa Takue e npeo6pasoBaHusA, KaK B NP efbIAYIeM
NyHKTe, modyuuM z = b+c—a. IlogcTaHoBKA BHAYEHHA y
B OIHO M3 MCXOJHHIX ypaBHeHuit morpeGoBasa Ol GoJiee yTo-
MUTeJbHEIX BLYUCJIEHUIL; PN pelieHnM Gy KBEHHBIX ypaBHEeHMI
TaKk ObIBaeT OYeHb YaCTO.

§ 28. O6mme popMyas! U 0coGbie CIy4au pelIeHHs
CHCTeMBI IBYX ypaBHeHHii nepBoii cremeHn
¢ ABYMSA HeM3BeCTHLIMH

Peltenne cucreMsl ypaBHeHMit BuAa
a{t'*‘by =, (1)
ar+by = ¢ (2)
MOKHO IOJIy4aTh OHICTpee, eCIM NPUMEHATh pa3 HaBceraa
BhiBefieHHble o6ume ¢opmydusl. ITociemnne MoKHO MOJMYYHMTH
Jo6bIM €cMocoGoM, HANIpUMeEp CIOCOGOM CJIOMKEHHMA M BBIYHMTA-
Hus. Pemenne Oymer uMeTb BuJ,

. b,c—bc,
- abl—a,b ? (3)
_ aci—ac
T aby—apdb (4)

9t POpMyJIBl OYEHDL JIerko 3aMOMHUTH, €ClIM BBeCTH MJIA
uMcauTellelf M 3HAMeHaTeJlell Clelyiolliee ycJoBHOe 0G03HA-

ueHue. YCIOBMMCA CAMBOJIOM l”ql 0603HaYaTh BBLIpAMKEHHE

r s
ps—rq, NOJNyualoleecss KPecTooOpPasHHIM YMHOHEeHNeM
P q
r 5

¥ TOCJeAyIOIMM BEIYMTAHHEM OJHOro NMpOM3BEJeHUA M3 ApY-
roro (co sHakoM + GepeTcA TO MpousBelleHue, KOTOpPOe NpH-
HaJleKUT NUATOHAJM, oNyckawlleitcA Brpaso). Hanmpumep,

CHMBOJI lg‘ﬂ o3Hauaer 5:1—-2-(—8) = 5+16 = 21.

Buiparenue
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Ha3KBAKT onpedesumesesm emopozo nopsdxa (B OTIMYME OT
omnpeneuTeleif TpeTbero, YeTBEPTOro M T. . NOPAXKOB, BBONH-
MBIX NpPU pellieHMH CHCTeM YpaBHeHuit 1-if cremeHu c Tpems,
YeTHPbMA M T. . HEU3BECTHBHIMH).

C nomompio BBefleHHKX oGoaHaueHuit Gopmyunst (3) u (4)
3aNMIIYTCA TaK:

|c b la cl

¢ b ay ¢l .

x = al bl ) (5) y= Ial bl ' (6)
|a,b, a; by

T. €. KaMJoe N3 HeU3BeCTHHIX PaBHO Jpo0M, 3HaMeHATeNb
KOTOPOIt ecTb onpefeauTelib, COCTaBJIeHHBIN U3 KodadduimenTon
NpU HEeM3BECTHBIX, A YMCJINTENDb MOJYUaeTCA U3 DTOro ompeje-
JINTeNA 3aMeHOi Ko3PPULMEHTOB PN COOTBETCTBYIOMHIEM HEN3-
BECTHOM Ha CBOGOXHBIE 4JIEHBI.

ITpuwmep. Peunts cucremy:

8z -3y = 46,
Sz+6y = 13.
46-3
13 6| _ 46-6+13.-3 _ 315 _
8—3] ~ 8-6+5-3 63 %
5 6
8 46|
513: _ 8:13-5.46 _ 126 _ o

| 63 63

UccaenoBanue mnokaseiBaeT, YTO HpU pelIeHNH CUCTEMb
(1) — (2) MoryT npemcTaBMTbCA TPHM CYIIECTBEHHO PAa3JIUYHKIX
cayuas.

1) Koadpduuuentt ypasuenuit (1), (2) Hempomopuuo-

b
HaJILHH'—a—- o . Torxa, KakoBHI GBI HU GHLIM CBOGOHEIE UJIEHBI,

ypaBHenne umee'r e[MHCTBEHHOE pelieHNe, MNpeJiCTaBjAeMoe
q)opmynamu (3), (4), uau, uro To ke camoe, opmyaamu (5), (6).
2) Hoad){{\mmeﬂ'm ypaBHeﬂmf( (1), (2) MPOMOPIMOHAIBHEI:

b
2= - TOTIIa BaIKIHOBHATS, HAXOMIATCH JIM BTOM Hee OTHOUICHHUI

ay

b c
n cno60nm>1e yJieHsl. Ecan HaxoJATCA, T. €. eCIIH a_. =T
TO CHCTeMa ypaBHEHMH uMeeT GecuMcileHHOe MHOMECTBO pelile-
Huit. [TpuunHa aToro Ta, YTO B paccMaTpMBaeMOM Clyyae OXHO
U3 ypaBHEHMIt eCThb CIEACTBME APYroro. TaK 4To PaKTHieCKu

Y Hac OHO ypaBHeHMe, & He [ABa.
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ITpumep. B cucreme

10z + 6y = 18,
Sx+3y = 9

KOOUIMEHTH NpPH HEU3BECTHHIX T M y NPOMOPINOHATBHbI:

-’—g—:%: 2. B ToM ke OTHOLIEHMH HAXOAATCA M CBOGORHBIE
qnenu:-%g- = 2. OnHO M3 ypaBHeHHit ecTb CJeACTBHe APYroro;

MMEeHHO, NepBoe INOJIyYaeTCA U3 BTOPOr0 YMHOKeHHeM obenx

qacTelt nocienHero Ha 2. JlioGoe U3 6eCYUCIEHOr0 MHOMKeCTBA

pelieHNt OAHOrO U3 YPaBHEHU CIIYKUT pelleHUeM M ApYroro.
b

3) KoadypuuuenTh ypaBueHnit NPONOPUMOHATBHEL %:b—l ,
10 cBOGOAHEIE YIIEHH He HAXONATCA-B TOM e OTHOIIEHMH.
Torma cHcTeMa He MMeeT peuleHUH, MOTOMY YTO YpAaBHeHHMA
IpYr APYry NPOTHBOpeYaT.

ITpuwmep. B cucreme

10z + 6y = 20,
Sz+3y = 9
K03 GMUMEHTE NPOIOPIHOHAJIBHHL: —15& = —g—= 2. OTHouleHMe

e CBOOGONHBIX YJIEHOB MHOe, YeM OTHoUleHHe KodapPuiuenTon:
5 = 2—;—. CucTeMa He MMeET pelIeHu, TOTOMY YTO, TOMHOMHB

BTOpOE ypaBHeHMe 1A 2, uMeeM 10z + 6y = 18, 4To NMpOTHBO-
peunT nepBoMy ypaBHeHMI0, M00 OTHO M TO e BHIparkeHHe
102 + 6y He MoeT paBHATbCA U 18 u 20.

§ 24. CucreMa Tpex ypaBHeHHii nepBoii cTeneHu
¢ TpeMs HEH3BeCTHBIMH

ITocne punoaHeHua mpeoGpa3oBaHuif, mMogo6GHBIX paccMo-
TpennniM B III, 20, ypaBHeHue mepBoif cTemeHu C TpeMA He-
M3BECTHHIMM Zz, y, 2 NpHUMeT BUX axr+by+cz = d, rie a, b,
¢, d — paHHble ynciaa uiau GyKBeHHBle BhIpa)keHUA. OXHO
TaKoe ypaBHeHHMe, OTHAeJbHO B3fATOE, MIM CHCTEMA JBYX TAKMX
YpaBHeHuit uMeeT GecuncieHHOe MHOKeCTBO peweHuit. Cucrema
Tpex ypaBHeHHIt 1-# CTemeHM C TpeMsA HEH3BECTHBIMH MMéeT
B ofeM cayyae oqHY cUCTeMY pelleHUit. B MCKIIOUMTENBHEIX
CIyyaAX (CM. HUMKe) OHA MOMeT MMeThb OecyMClIeHHOe MHO-
eCTBO WJIM BOBCE He MMeTh pelleHUit.

Penlenue cucTeMbl TpexX ypaBHeHUI ¢ TpeMA HeUIBECTHBHIMU
OCHOBBIBAeTCA HA TeX e MPIEeMAX, YTO Il peUIeHUe CHCTeMBbl
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ABYX ypaBHeHUi ¢ IBYMS HeM3BeCTHHIMH, KaK BHJHO U3 Clle-
Aylollero nmpmMepa.
ITpuwMmep. Peumurs cucreMy ypaBHeHui

8z —2y+5z = 7, (1)
. Tx+4y—8z = 3, (2)
Sz—3y—4z = —12. (3)

BosbMeM IBa ypaBHeHUs 5TON CHCTeMHl, HanpuMep (1) u (2),
u OymeM MCXOMTH U3 IPERINOJI0HKeHH A, YT0 OAHO U3 HeU3BeCT-
HBIX, HApUMep z, yiKe HalifieHO, T. e. ABIAETCA M3BEeCTHOI
BeJUYMHOMN. Pelad B3ATYI0 CUCTEeMY OTHOCHUTEIIBHO HeHU3BeCT-
HHX z 1 y no npasuiaam II1, 22, naitgem:

17-2z 59z—40
T="13 YTz - (4)
TlomcTaBMB BT BHIPAM(CHUA x, ¥y B ypaBHeHue (3), MOIy4UM
y
YpaBHeHHe C OJHUM HEN3BECTHBIM

5(17—-22) _ 3(592—-40)

3 36 bz = —12.

PewmnB sto ypasuenue (III, 20), naiimem z = 2. ITomcranum
9TO 3HAYeHue.B BEIpamenusa (4), Haiifem z = 1,y = 3.
OO6mue GOPMYIEI INIA PelIeHUA CHCTEMEL

ax+by+ecz =d,
az+by+es = dy, (8)
a,x+byy+cyz = dy
MOKHO TOJIyYUTb TeM e INpueMoM. Pemienue Oymer uMeTh
CIIOKHBIA M TPYAHO 3aNOMMHAEMBIf BUJ, eCIM ero 3amMcaTb
B pasBepPHYTOM BHJe, HO eMy MOJKHO NPHUJAThL JIETKO 3aNOMH-
HaeMblil 1 yA0OHBIA 1A BHYMCIEHUA BUJ, eClli NpefBapUTelb-
HO BBECTH NOHATHe 00 onpedeaumene mpemveeo nopadka.
Omnpepennresb TpPeTbero HOPAAKA, COKpalleHHO o00603Ha-
YaeMBblit
abec
a, by ¢, (6)
ay by cy

€CTb He YTO MHOe, KaK BHIpAMKeHUe

ab,c, +beyay + cayby — cbyay — acyb, — bayc,. (7)
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9TO BhHIpaKeHUMe He HYKHO 3AIMOMUHATH, TaK KAaK OHO JIerko
[OJIy4aeTCsA M3 CBOEro CxXeMaTHyeckoro o6osHaueHuA (6) cie-
mylomuM obpasom: mepenumeM Tabauiy (6), NpunucaB K Heit
cnpazaa) ellle pa3 [Ba MHepBHIX ee CToJa0La; Tabauua npumer
Bug (8

& b ¢ g r2 5 3 =
,*i\‘r,\«‘f A N7 ;v\”j;y\j A
4 A6 4 7 4.8 7 4

LXK N0 N (8) 2O ANT)
4 PN \, S AN
% 8 4 g b3 A E 3
/ // /// \, N \\ i e i NN N

A “ooN T
= + + + < £ < + 0+ 4+

s

IIposesem fuaroHanbHble JUHMM, OTMEYeHHbIe HA CXeMe (8)
IYHKTUPOM, ¥ BELOMIIEM NPousBeReHuA Oy KB, CTOAIIMX HA KaH-
olf M3 MIeCTH AMArOHANBbHLIX JuHUA. Co 3HAKOM + Bo3bMEM
Te TPM NPOU3BENEHMHA, KOTOPble NPUHAJIEHAT JUACOHAJAM,
ONMYCKAIIMMCA BIPABO; CO 3HAKOM — OCTAJIbHEIE TPU NPOMN3-
Beflenns. Hanucas Tenepsb 5Tu MpousBefieHUsA MOAPS, HOTYInM
BHIpaskeHue (7).

II pmme p 1. BLIYUCIATE ONpefeNuTedb TPETHEro MOPANLKA

3 -2 5
7 &—8. (9)
5 -3 —4

Cxewma (8) npumer Bup (8°).
Omnpeneautens (9) paser
3:4-(—4)+(—2)-(—8)*5+5-7-(—3)—
—54:5-8-(—8)-(=3)—(—2)-7-(—4) =
= —48+4+80-105—-100—-72—-56 = —301.
C nomompio oupepenuTesielt pemicnue CUCTEMBL (5) MOMKHO
IpefiCTaBUTH B BUJe

filgc a gc all;d

101 C1 ay di €y ay by dy

ds by Co as dp C2 a2 bs ds (10)
abecl|”’ abecl’ ab cl’

a1b101 5% b1 C1 dg b1 Cy

as bz Ca [¢23 b: Ca as bz Ca

T. e. KQUKAO® U3 HeHmBBECTHHIX PABHO ApoOH, BHAMEHATENb
KOTOpOM €eCTh OIpeleNnTeNb, COCTABICHUNE M8 KoadPuuuen-
TOB NPH HeU3BECTHHIX, a YHCINTENb IOUYYALTCH M3 5TOrO
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omnpeaesuTeNA 3aMeHolt K09PHUIIMEHTOB NIPH COOTBETCTBY I0ILEM
HEeH3BECTHOM Ha CBOOOAHBIE YJIEHH.
Il puwmep 2. Pemnth cucreMy ypaBHeHui

3r—2y+5z = 7,
Tz +4y—8z = 3,
Sx—3y—4z = —12.

OOwuit sHaMeHaTesqb Qopmya (10) BHUYHMCIEH B NpHUMepe; OH
paBeH —301. Unucaunrean nepsoit u3 opmya (10) moaydaerca
u3 (9) sameHo#t mepBoro ero croyi6ua cronGuoM CBOGOAHBIX
yjieHoB. OH UMeeT BUJ

7-2 5
3 4 -8
| —12 -3 —4

Briuncaan ero no cxeme (8), moayuum —301. Taxum oGpasom,

MoJIyyaeM: & = :;g: = 1 (cp. npumep Ha cTp. 168). Tak ke
Haitaem:
_ =903 _ . =602 _
y=—"xmi =% =Tz -2

Cucrema ypaBHeHM#t (5) MMeeT eXMHCTBEHHOEe pellleHMe,
€ClIM  OIpefesINTeb, COCTABICHHBI! U3 KOd(PULMEeHTOB NpH
Heu3BEeCTHHIX, He paBeH HyJio. Torga ¢gopmyans (10), B 3HaMe-
HaTeJAX KOTOPBHIX CTOMT YMOMAHYTHIt OmpejesuTeNb, HAOT
pewenue cucrembl (5). Ecan onpepgenurtesip, cocTaBleHHbI U3
Ko3QduumeHTOB, paBeH HYJI0, TO GopMyasl (10) cTaHOBATCA
HempUroAHBIMM [IJIA BHIYUCIEHNA. B aToM ciyyae cucteMa (5)
anbo mMeeT GeCcuMclIeHHOE MHOMKECTBO pelieHu#t, 6o coBcem
X He uMeeT. BecunciieHHoe MHOMeCTBO pellleHUif oHa HUMeeT
B TOM CJIyYae, €ClIi He TOJIbKO OMNpefesuTeNb, CTOAILMI B 3HA-
MeHaTelAX, HO M ONpefeUTeH, CTOALMe B YncauTensax gop-
MyJa (10), obpaimaTcA B HYJb; BaKHO OTMETHTb, YTO €CJIH
ompeflesuTeNb, CTOALIMIt B 3HaMeHATeJAX, U OAMH M3 Ompene-
JIuTesIelf, CTOALMX B YHUCJIUTEIAX, PABHH HYJIIO, TO IBA APYTHX
onpeneynTedA B YUCIUTEIAX HeMPeMeHHOo paBHH HyJo. Hasu-
yue GeCUnCIeHHOT0 MHOKeCTBA pellleHnit 00y CI0BINBAETCH TEM,
YTO OJHO M3 Tpex ypaBHeHuit (5) ABJAETCA CJENCTBHEM ABYX
Opyrux [MimM faxe IBA U3 ypaBHeHUIt (5) ABIAAIOTCA KarKaoe
CIIefICTBMEM TpeThero], Tak 4To PaKTHYECKH MBI UMeeM He TDH,
a UMb ABA (MJM [la)ke OfHO) ypaBHeHHMe C TpeMA HEeU3BecCT-
HbIMHU.
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IIpumep 3. B cucreMe ypaBHeHuit

2z— Sy+ z= -2,

bx+ 3y— 6z=1, (11)
2x+21y—15z2 = 8
onpepaeinTeab U3 KodPPuIMEHTOB eCTh
2 -5 1
4 3 -6|=0
2 21 -15

[cMm. cxemy (8)]. B3sB opuH M3 ompefenuTedelf, CTOAIMX B YM-
caurensax gopmy (10), HampuMep onpeReIUTENb

-2 -5 1
1 3 -6,
8 21 —15

BXOAALMA B nepBylo u3 Gopmyda (10), HalimeM, 4TO OH TaKHkKe
paBeH Hyao. OCTaJbHbIE {BA ONpENeIUTeINA, BXOAALIME BO BTO-
pyio u TpeThlo Qopmyusl (10), He HYKHO BBHIYMCIATL: OHU
3aBefloM0 paBHbH Hymio. Cucrema (11) umeer GecumcieHHoe
MHO?KECTBO pelleHutt: 0{HO U3 ee ypaBHenuit (noboe) ABIAETCA
clieacTsneM AByx Apyrux. Hanpumep, eciiu MOMHOMKHATb BTOpOE
YPaBHeHKe Ha 2, IepBoe Ha —3 M CJIO0KUTH NOJy4YeHHble ypaB-
HEeHHA, MOJYy4YuM TpeThbe ypaBHeHHe.

Cucrema (5) BOBCe He MMeeT pellleHnii, ecilu onpefenTelb,
croAmuit B 3HaMeHaTelAaxX gopmya (10), paBeH HYJIO, HO HU
ONMH M3 omnpefenuTelielf, CTOAIIMX B YMCIMUTEJIAX, He PABEH
nyao. Ilpu aTom pocrarouHo ybemuThed, 4TO He paBeH HyJlo
OAMH M3 YUCJIHUTeJel; TOIAA ABA APYIMX HempeMeHHO OyAyT He
paBHH Hymo. OTCyTcTBUMe pelleHuit o0yCIOBIMBAEeTCA TeEM,
YTO OfHO M3 YpaBHEHUHt NPOTHMBOPEYUT [ABYM OCTAJIbHLIM
(nam mase KasKIAOMY M3 HUX B OTHEILHOCTH).

IIpumep 4. BosbmeM cucremy ypaBHeHMit

2z— Sy+ 3= -2,
bx+ 3y— 6z =1, (12)
2z+21y—15z = 3,

KOTOpasa OTJINYAETCA OT CHCTEMHI (11) TOJLKO BHAYEHMeM CBO-

GonHoro ujleHa B mocienHeMm ypaBHeHuu. IloaTomy ompemenn-
Tellb M3 KOO(PQIUIMEHTOB OCTAETCA TeM Ke: ol paBseH HYJI0.
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Ho onpegenurenn, BXxofAwue B YHCIAMTeNH, OyAyT MHBIMU.
Hanpuwmep, uncaurens mepsoit u3 gopmya (10) Gyner

-2 =5 1
1 3 — 6= —135.
3 21 —15

OH He paBeH HyJo. OcTalbHble [Ba YMCJIUTENA 3aBEOMO He
paBHbl Hymo. Cucrema (12) He umeer peiuenuit. OHa NpPOTHBO-
peuuBa, 60 M3 NMepBHIX ABYX YPaBHEHMIf BHITEKaeT KaK cJief-
cTBUe ypaBHeHue 2z +21y—15z = 8 (cM. npumep 3); Memxay
TeM TpeTbe ypaBHeHue cucTeMbl (12) Mmeer BMR 2x+21y—
—15z = 3, Tak YTO ORHO U TO e BbIpa)KeHHe OKA3LIBAETCH
PaBHBIM M 3 M 8, YTO HEBO3MOMKHO.

§ 25. IlpaBuia jieiicTduii co crenenammn

1. Cmenenb npouseedenus 06Yr uUAU HECKOALKUL COMHO-
olcumeneli pasHa npouseedeHU0 (MeneHeill IMUT COMHONCU-
meaneii (¢ mem oce nokazameaem) :

(abe ... )" = a"bc*. ..

IIpumep1.(7-2:10)2 = 72-22-10% = 49-4 100=19 600.
IMMpumep 2. (z3-a?)? =[(z+a) (x—a)P =
= (z+a)? (z—a)? (cp. 111, 8, m. 3).
Ilpakruuecku Gosee BamHo obGparHoe mpeoGpasoBaHue:
atb*c* ... = (abc...)",

T. e. npoussedenue o00unaKosulx  cmeneHeill  HECKOALKUL
6eAUNUN, PABHO MOU Jice cImenenu npousgedenus IMux ee-
AURUN.
T\3 (2)3 7 2)\3
3 a3 () (Y = (. L. 2) = 93 —

Ilpnmep 3. 4 (4) (7)—(4 7) 2 8.

Ilpumenp 4. (a+b)? (a®—ab+b?)* =

= [(a+Db) (a®—ab+b*)]* = (a®+b%)2 (cp. III, 8, m. 6).

2. Cmenendv uwacmuozo (Opobu) pasna wacmmuomy om OJe-
ACHUR MO Jce cmenenu 0eAUMO20 HA MY Hce CMeneHd

deaumenn:
a n an
('b—) = on

Hpumep 5. (—)‘ = % = %—.
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+b\3 _ (a+b)?
MMpumep 6. (z—b) = (Z_b)a.
ObparHoe npeobpasoBaHue: Z—: = (—‘;—)n.
Ilpumep 7. ;g; = (—;’%)3=33= 27.
2 h2)2 2_ph2\2 i
Ilpumep 8.%)1—=(‘;+b ) = (a—b)?

(cp. III, 8, m. 3).

3. Ilpu ymHOXMCeHUU cmeneHell ¢ 00UHAKOBHIMU OCHO8A-
HusMu noxasameau cmenerell cxaadvigaromes (cp. III, 6).
am an P am+n‘

Mpumep 9.22.25=2%45=27=128,
IMpumep 10.(a—4c+2x)? (a—be+x)® = (a—be+x)s.
4. Ilpu Odenenuu cmenenell ¢ 00UHAKOSHIMU OCHOBAHUAMU

nokasameab cmeneHil OeAllmeAast GobluuUmaemcs U3 MNokasamenst
cmenerniu Oeaumoeo (cp. 111, 6):

am
an

= qm"

Ilpumep 11. 125:123 = 12573 = 122 = 144,
IMMpumep 12, (z—y): (z—y)? = z—y.
5. ITpu eossedenuu cmenenw 6 cmenens nokasameau cme-

neneli nepemmoxcatomen: (a™)" = a™".
Mpumep 13. (2%) = 2° = 64.

azhd e (a2)4(b%)¢ asb12
anIMOp 14. (—C——) =-——-'C"—=c—‘.

§ 26. JleiicTsui ¢ KopHAMH

B uumenpupenennsix dopmynax suakom ¥ oGosuauena
alcoJlloTHAA BeJIMUMHA KOPHH.

1. Beauuurna KOpHA He uameHumcsa, ecau e2o0 nokasamend
yseauvums ¢ n paz u oOnocpemelmo 8036ecmu noanopennoe
KOAUYECME0 6 CMenens n .

m_ men
Va — Varz .
3. 6

3 2 e
lpumep 1. V8 = V8* = V64
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2. Beauuuna KOpHA He USMEeHUMCR, ecau nokazameadv
cmenenHu YMeHdvwumb 6 n pas3 u OaHOGPGMCHHO u3sneudb Ko-
Pexd n-ii cmenenu u3 noaxopennoao Koauvecmea .

'l— m:n
Va =

Via.
Ilpumep 2.;’5:?"‘78_—=}’§T

3aMeyaHHUe. ITO CBOMHCTBO OCTAHETCH B CHJIE U B TOM
ciyyae, Korga qucno% He GymeT LleJIHIM; TOYHO TaK e o6a

BHILIIEY Ka3aHHLIX CBOMCTBA COXPAHAT CMIYy M IJA n XpobHoro.
Ho psa oToro Hy:Ho cnayaja pacUIMPUTh TOHATHE CTENEeHH
U KODHA, BBeJA Apolune nokasarein (cm. I1I, 61).

3. Kopenv u3 npouseedenus Heckoabkur comHomcumenesi
Dpaser. npouseedeHulo KopHel moil e CMEneHU U3 IMUL
cokroncumenei :

m_— m_ m'— m_
Yabe...=Va ¥b Ve ...
3 a__a3_ 3
Npumep 3.Va%*=Va® Vb = a2y 2.
Hocnennee mpeoGpasoBanue OCHOBLIBAETCA Ha CBOHCTBe 2.

Mpumep 4 Vi8=V16-3=V16V3 = 4/3.

O6paTHo, pou3BefieHHe KOpHelt OHOM M Tolt Ke CTemeHM
PaBHO KODHIO TOit iKe CTeNeHHM M3 NMPOM3BENEHNA MOXKOPEHHBIX
KOJINYeCTB:

YaVb Ve ...=Vabe...
Hpumep 5. Vad - Yab® = Va'bt = a2
4. Kopenv om wuacmrozo pagen wuwacmHomy om Oenenus

KopHa ua Oeaumozo Ha KopeHb u3 deaumeasn (nokazameau
KopHell pasymeomen o0unaKosumu ) :

m

Ya:b =Va :Vb.

O6patno: Ya : Vb =Va:b.
3_ $_ 8 __ —_
NMpumep 6.¥27:4=V27:¥4 =3:Va.
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5. YmobGu eozeecmu xopend 6 cmenend, docmamouio 6o3-
eecmu 8 amy cmenend nNOOKOPEHHOE KOAUNECMEO

a)-va
Ya) =Va".

OG6patno, 4To6bl M3BJIeYh KOpPEHb M3 CTEMeHU, JOCTATOYHO
BO3BECTM B 3Ty CTelleHb KODEHb M3 OCHOBAHMA CTelleHH:

va - ()"
3_\2 3. 3 __ 3
ITpumep 7. (}’a’b) = Va%: = Va3 abt = ay ab®.

IMpumep 8. Y27 =V¥3% = (V3)s

6. YHMUYTOMEHUE MPPAIMOHATIBLHOCTH B
JHaMeHaTeJe MJIHM B uyMciauTedae xpobu.
Briyucienne ApoGHBIX BBIparKeHuit, COdepHANX PALUKATIL,
4acTo 06jeryaeTcs, eciau INpegBAPUTENBHO  «YHUUTOMKUTH
MPPaLMOHAIBHOCTbY B YMCIIMTEJIe MJIM BHAMeHaTese, T. €. Ipe-
o6pasoBath ApoOb TaK, u4TOGH B yMCaMTE]e MM 3HAMeNaTele
He CONepKaJMUCh PafUKAJILL.

K

Mpumep 9. Ilycrs TpeGyercA BHIYUCIUTH Vivs CTOY-
HocThio 7o 0,01. Ecim npousBect fAeiicTBUA B YKasaHHOM
nopAnke, To M umeem: 1) V7 = 2,646, 2) Y6 =~ 2,499;

1

3) 2,646—2,449 = 0,197; 4) XTI % 5,10. [lna nonyyenusn pe-
3yJIbTATA HY HHO OLIJIO BBIOJIHUTE YeThIpe AeliCTBUA; IPH DTOM,
4To0bl MOJIyYUTh BepHble LUUPDHI COTHIX, HYHHO ObLIO BHIYM-
CINTh KOPHH C TOYHOCTBIO O THICAYHHIX, B POTHBHOM Clyyae
B JleluTele Kpobu }’T’ 5 moJyyuynchk Obl TOJIbKO JBe 3HA-
yawye uuPpe ¥ B pe3yJiibTaTe He MOryio Obl ObITH Tpex Bep-
HBIX sHavamux uudp (cM. I1, 42).

Ecan e npegBapuTebHO MOMHOMUM YUCIUTENb U 3HAMe-

HaTeJs MaHHOM Apobu Ha V7 +V6, To monyuum:
1 VT+VY6  _ VT +V6

YT-¥s 1) -s)* 1
Tenepb BbluMciIeHHe TpeGyeT ToJbKO Tpex AeicTBmit, K
I(Oplﬂl MOMHO BHEMCJIHTI: JIMUIE Cc IO‘H[OCTHO 0 COTLIX:
1) V7 ~ 2,65;2)¥6 ~ 2,45; 3) V7 +¥6 =~ 5,10.
Husce II[WIBOIIHTCH elle HeCKOJbKO THUIMUYHBIX nplmepon.
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Y7 _ Y75 _ V3%

IIpume 10. —_— = .

P P T T 5
Va+Vo _ (Vo +V8)® _ a+2ab+b
Ya-vo  (Ya)*-(vo)* e-b

B aTuxX npuMepax MpPAaLUOHATNHHOCTH YHUUTOKAIACH B 3HA-
MeHaTesle. B cilefyl0mnX ABYyX nmpuMepax OHa YHHYTOMKAeTCs
B YuCIUTETE.

IMMpumep 11.

Vi _ YT /T _ 1

11 12. V2. %
pumep };;— VV5 V7y 1;3;

11 : 35-Vsh _ ¥35i-¥3er ! .
pumep 13. == 3(/35 +V3%) (35 +V34)

IlpeoGpasosaure B npumepe 12 SBHO 1ICBBHILOIHO qu
BLIYMCITMTEIBHBIX Leliei, Tak Kalk BHYNCIIEHNe BHIPAMEHns —— }/ =

Tpe6yeT JleJIeHUsT HAa MHOI03HAYHOE€ YMCJO0; BBIYHUCIIEHNE Hie

V35 RN,

cM. npumep 10) TpebGyer mellenuA Ha Hejoe uuciao. Ho
npeoﬁpaaoaaune B npuMepe 13 BHITOAHO, TAK KaK II03BOJIAET
BBIYUCIATH KOPHM V35 MV34 CO CTOJNBKUMU 3HAKAMU, CKOJIbKO
ux TpebyeTcA MMeThb B pesylibTaTe. B MCXORHOM jKe BHIpae-
HUM HYHO H3BJIEKaTh KOPHM C GOJBLIMM YNCIOM 3HAKOB
(cm. mpumep 9). IToaToMy npHIIAATOe B LIKOJNBHON INpaKTHKE
OryJibHOe YHHYTOMHKEHHE HMPPAIMOHAJBLHOCTH B BHaMeHarele
NpefcTaBiAeT BpefHYI0 CXO0JACTHYECKYIO TPaguLiMIo.

§ 27. UppanuoHaibHLIe YN0

Banak UEIX 1 APOGHEIX YHCEI ¢ M3GLITKOM J[0CTATOuEH T

- msMepuTenbHoii mpaxtuxku (cm. II, 31).

7 ¢ OnHako JJIfA TeOpUU M3MEpeHHA ITOro
3araca MaJjo.

Ilycts, Hampumep, Tpebyercs movu-

10 OIpeHelMTh [IMHY AuaroHamu AC

y r ksagpara ABCD {puc. 1), cTopoHa Ko-

Toporo paBHa 1 . Ilmomamp KBampara

ACEF, DoCTpOEHHOro Ha JUAroHalM,

¥ pasua  ymsoeummoi miomamu ABCD

('r ey rOILHMI ACB copepmurca B ABCD

Duc. 1. ' a pana, a B ACEF — uetnpe). IloaTo-

ecin z ecTb uckomag mymua AC,

TO HAOJAHO OBITDL 2* = 92 Ho uuxakoe 1elloe YUCIO ¥ HEKAKAA
ApoGb He MOTYT yOBAETBOPATH ITOMY Y PABHEHHIO,
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OcraercA OfHO M8 ABYX: MJIN OTKA3aTbCA OT TOYHOIO BHI-
pasKeHMA JJIMH YMCIAMH, WJIM BBECTH HOBHIE YHCIIa, CBEpX Iie-
abIx ¥ apo6ueix. Iocie mumurensHoi GopbOH BTHX ABYX TOYEK
apenns noGefuiia BTOpas.

Yucna HOBOTO POAA, npedcmasasiowue Oaunbl 0mpesros,
recousmepumsix ¢ edunuyetr macwmaba (T. €. OTPE3KOB,
KOTOpbie HeJIb3A BBIPASUTH ILEJBIM MK APOOHEIM 4UCIOM),
Ha3HIBAIOTCA uUppayuoHasvkbimul). B  IpPOTMBOMOIOMKHOCTD
VpPaLMOHAJIBHLIM YUCIIA IelIble ¥ APpoOHbIe NOMy YN Ha3BaHHe
payuonasvhbiz. 1lociie BBeNeHNsT OTPUNATENBHEIX YUCENl (OHO
npousouo nosyHee; cM. 111, 2) u cpean HUX CTANM pa3aMyaTh
PalMOHAJBHEIE M HPPAIMOHAJbHLIE.

Beanoe panyoHalbHOE YNMCIO MOAHO NPENCTABUTH B BHIE
m

put) rge m M n — 1eJible YUCIA (nonommenbuue WM OTpHLA-

TenbHHe). ppanuonaieHele ynciaa B 3TOM BUJe mouko Npef-
cTaBUTh Hedb3A. Ho mpubimieHHO BCAKOE HPPAUMOHAJILIIOC
YHCIIO0 MOMHO ¢ 41060l cmeneiblo mounocmu 3aMeHUTb P -

m
1IMOHAJIBHBIM YHUCJIOM —7—l-; B YACTHOCTH, MOMHO HAUTH JeCATIY-

1y Apo0b (NpaBMIBHYI0 MJIM HENpPaBUIBHYW0), KAK YTOJHO
MaJIo OTJIMYAIOILYIOCA OT JIAHIIOr0 MpPaIIoHaJbHOTO YMCIia.

3
3

Yucna V2, V5, V3+V2, V}/S +VY7 wu wmnorme mpy-
rue BBHIpA)KeHM#A, COAeprKallye pallMOHAJIbHbIEe YNCHA MOJ 3Ha-
KOM pAMKala, MPPAUMOHAIBHE. ITH MPPALNOHANbHEIE YUCIA
11a3bIBAIOTCA (BBIPAMKAIOIINMUCA Yepe3 PafMKalb.

OpHaKo MMHU JIAJIeKO He MCYEPIBIBAETCA 3amac Mppamyo-
HaNbHBIX uuces. Jlo KoHIa 18 Beka MaTeMaTMKH ObIM yGe-
HAEHBI, YTO KOpEHb BCSAKOro alrebpanyeckoro ypaBHEHHS
C PalMOHAJNBHEIMM KkodpPULUMEHTAMU, eClIM ITOT KOPeHb He
paloHaJeH, MO0 BEIPA3NTh Yepes pafliKaJbl; 3aTeM OBITIO 1{0-
Ka3aHO, YTO 9TO BepHO JHUUIb MJIA YpaBHeHUH IO 4-# CTemeHu
nrarouurensno (II1, 2). Mppauuonasblbie KOPHH ypaBHEHMIA
5-if M BBICIIMX CTemeHelf, KAK MPaBUJIO, He MOryT ObITh BBIpA-
’KeHbI yepes pamuKaJsl. Umcia, ABIAKLINECS KOPHAMH ajre-
OpanyecKuX ypaBHEHU € IeJNBIMH KodQPUIMEeHTaMM, Ha3Hl-
BAOTCA aﬂze6pauuecnwu yucaamu, JAUIb B HCKIIYUTEIb-

1) TepMHIl «UPPAUMOHAJILHLIIY OCJIOBHO O3HAYaeT «He MMeloUIuil
OTHOWEHUA». IIepBOHAYANBLIO ero OTHOCHIM e K MPPAIHOHAIRHOMY
"ICITY, 2 I¢ TeM BeJMYMHaM, OTHOMIEHMC KOTOPBIX MBI ceilyac BHIparKaeM
UPPAUMOHAILHBIM HcaoM. Ilanpumep, OTHOWEHMEe AUArOHAIIN KBaJApaTa
It ero cTopole MuI ceituac npecrapises uucioM ¥'2. Lo TOro, Kak GulIn
BBECJIEHBl MPPANMoONaNblivie YMCIa, TOBOPHIIM, YTO AMATOHAIU KBanpara
e uMenm omHoweHuL K ero CTOpoHe.
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HBIX CIIy4aAXx ajre6pauyeckue YnCla BHPAKAIOTCA paiuKaa-
MH; ellle peKe OHM PaLMOHAJbHHI.

Ho u anrebpamueckne uucia He MCUepnLIBAIOT 3amaca
nppauuoHaibHEX uuced. Tak, HanpuMep, U3BeCTHOE U3 reoMe-
TpuM yuciao n (cM. 1V, B, 15) nppanmoHaibHo, HO He MOJKeT
GLITh KOpHEM HMKAKOro ajreGpanyecKoro ypaBHEHMA C Iie-
JgpiMu koa(dunmentamu. TouHo Tak ke umcao e (cM. MI,
64) He AaBnserca airebpanyecknMm. VHbiMu cioBaMu, m M e —
He anrebpaMyeckue 4mcla.

NppannoHaiabHoe 4uciI0, He Moryiiee GLITh KOpHEM HUKa-
KKOoro ajire6panyecKoro ypaBHeHMA ¢ LeJbIMU Kodddnuuenramu,
HA3KBAaETCA mpancuem’)enmnbw Yucaom.

Jo 1929 r. nuwb [UIA HEMHOTMX 4uced GblIa JoKasaHA UX
TPAHCUEHJeHTHOCTD; TPAHCLEHIEHTHOCTD YNCIIa e Ghlia oKa3a-
na B 1871 r. ¢pannysckum maremaTukoM dpmurtom. B 1882 r.
nHeMel KM MaTeMaTHK JIMHIeMaH MOKa3aJl TPAHCUEHAEHTHOCTDb
yucia n. Akagemnk A.A. Mapkos (1856 — 1922) mokaaaa TpaHc-
LEHIEeHTHOCTh 4WCeJd e M 7 HOBHIM MeTOoXoM. B 1913 r.
. 1. Mopnyxaii-BoaroBckoit (1877 —1952) ykasad pAf HOBHX
TPaHCUEHIeHTHHX yuces. OQHAaKO BCe elle OCTABAJIOCh HEH3-
BECTHBIM, TPAHCLUEHAEHTHB JU TaKne «0OBIKHOBEHHBIEY YMCJIA,

xak 3'%, Y377, Coserckue marematnru A. O. Tenndonn (pox.
1906 r.) u P. O. Kysbmuu (1891 —1949) mokasanu B 1929 r.
u 1930 r., 4TO TPaHCLEHJEeHTHLIMU ABJIAIOTCA BCe YUCJIA BUAA
o’ e @ — anreb6panyeckoe UMCJIO, He PaBHOE HYJIO MIIM
eMHHLE, a n — [eJioe yucao. Yuncaa 3"z , Y377 u 1. n. kak pa3
uMeloT 3ToT BUA. B 1934 r. A. O. I'enpdoHn 3aBepUIMI 3TH
uccilefoBanua. OH J[0Ka3aJ TPAHCLEHIEHTHOCTh BCeX Yucel
Bufa of  rme @ u B — moGble anrebpanyeckne yuciaa (Ipu ycio-
BHM, 4TO & He paBHO 0 nau 1, a f uppaunonanbHo). Hanpumep,

4 3
YUCII0 (}’5 )ﬁ— TpaHCIEHAeHTHO. M3 TpaHCUEHNEHTHOCTH 4H-
cel af Jerko BHITEKAeT TPAHCUEHZEHTHOCTb MECATHYHBIX
JorapudMoB Bcex LEJNHIX 4ucCel (KoHewHO, Kpome 1, 10, 100,
1000 1 1. 1.).

§ 28. KBagpaTHoe ypaBHeHHe; MHUMLIe
H KOMIJICKCHBIE YHCaa

Anre6panyeckoe ypaBHeHue 2-if cTeneHN HHaYe HA3EIBAETCA
rxeadpamnuim. Hanbomee obumit BUA KBaXPATHOTO ypaBHEHUA
C OTHUM HEW3BECTHBIM €CThb

ax’+bx+c = 0,
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rAe a, b, ¢ — nmaHHBle YMCIA MM GyKBeHHHle BHIpAKEHMH,
cojlepKallMe M3BEeCTHble BeJMYMHBL (MpuyeM KoapPuuueHT a
He Mo<eT OblTb paBeH HYJIo, MHaue ypaBHeHHMe Oyner He
KBaf(paTHHIM, a 1-i ctemenu). PasgenuB o6e ero yacTu Ha a,
MH MOJIyYMM ypaBHeHHe BHAA

22+ pr+q =0 (p = %; q=7°).

HKBafipaTHoe ypaBHeHHe TaKOro BHAA HA3LIBAETCA npuee-
Jennvim; ypaBHenue ax®+br+c =0 (rae a = 1) HasH-
BaeTca nenpusedennuvim. Eciu omxHa u3 BeduuuH b, ¢ uian oGe
BMeCTe PaBHHl HYJIO, TO KBAJpAaTHOE ypaBHeHMe HA3bIBAETCH
Kenoanbim ; €CIM M b M ¢ He PABHHL HYJIO, KBAApaTHOE ypaB-
HeHHe Ha3HIBAETCHA NOAILLIM.

IMIpumeps.

322 +8z—5 = 0 — noanoe nenpusedennoe  xeadpamroe
ypasHexue ;

322—5 = 0 — nenoanoe  Henpueedenmoe  Keadpammoe
ypasHenue ;

z*—ax = 0 — nenoanoe npusederroe xeadpamuoe
ypasHenue ;

2*—122+7 = 0 — noanoe npueedertoe xeadpamiioe
ypasHenue.

Henonnoe xBafpaTHOe ypaBHeHHMe BHUAA
z* = m (m — u3BeCTHAA BeJIMYMHA)

fAIBJIAETCA CaMBbIM IIPOCTHLIM TUMOM KBajApaTHOr0 YpaBHEeHHUA U
BMeCTe C TeM OYEeHb BAaXKHBIM, TAK KaK K HeMY INPUBOXUTCA
pewieHe BCAKOro KBAaApaTHOro yYpaBHeHHA. Peutenue sToro
YpaBHeHUA UMeeT BIJ

z=Vm.

BoaMoKHLL TpH CIyyan:

1) Ecmu m = 0, To u x = 0.

2) Ecin m — nonoxuTelbHOe YUCTI0, TO €ro KBAaZp3THHII
KopeHb Vm MoMeT MMeThb BA 3HAYENMA: OHO TOJIOMKHTENb-
Hoe, QIpyroe oTpuuaTeJbHoe. AOCOJNIOTHEIE BEJIMYMHBI ITUX
3HaYeHMt omiiHakoBel. Hanpumep, ypaBHeHue z2 = 9 ymoBie-
TBOpPAETCA 3HauYeHUeM z = +3 n z = —3. JIpyrumMu cioBamu,
x uMeeT fBa 3HayeHua: +3.um —3. Yacto aTo BeIpakaioT
TeM, UTO fepej PAAMKAJIOM CTAaBAT iBa 3HAKA — IJIOC U MUHYC!
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z= V9. Ilpn TakoM HANMCAHMH MOAPA3YMeBAETCH, YTO

Bhipaskenne Y9 obosnauaer oburyio aGCoTOTHYIO BeJIHUHHY
JIBYX 3HaueHMH KODHSA; B HalleM NpuMepe — uMcio 3. Bemu-

unna Ym Moncer 6bTH MppaunonaNbbLIM ynciom (cM. 111, 27).
3aMeTHM, 4TO M CaMo m MOMeT ObIThb MpPALMOHAIBHBIM YMC-
som. Hanpumep, nycre TpeGyercsa pewmTh ypaBHelue
==

(reoMeTpMyYeCKM 3TO 03HAYAET HANTH AJMHY CTOPOHLI KBAajpaTa,
paBHOro mo miowaau kpyry c paguycom 1). Ero kopeHb
r =¥xm O cnocobe M3BIeYEHUA KBAAPATHOrO KOPHA U3 UH-
cex cM. 11, 44.

3) Ecan m — orpuuaTesibHOE YUCIIO, TO ypaBHeHUe 22 = m
(anpuMep, x2 = —9) He MOMKeT HUMeTb HMKAKOrO IOJIOMMU-
TeJIBbHOr0 ¥ HUKAKOr0 OTPULATENILHOTO KOPHA: Befib 1 IO0JI0HH-
TeJIbHOE ¥ OTPULIATeNIbHOE YNCIIO II0 BO3BEJEHMH B KBAJpaT faeT
noJoxuTeNbroe yucao. Takum oOpa3oM, MOKHO CKA3aTh, UTO

ypaBHenue x? = —9 le HMeeT peUIeHMI, T. e. YUCIO Y -9
e CyuecTByer.

Ho ¢ rakum ke ocHoBanueM 0 BBefleHMA OTPULATENBHBIX
uiices MOMHO ObIJIO rOBOpHTH, YTO M ypaBHeHue 2z+6 = 4
ite MMeeT peiueHuit. OXHaKo nocjie BBefleHNA OTPULATEIbHBIX
4iicedl 9TO ypaBHeHMe crajio paspewluMbIM. TouHo Tak ke
ypanuenue z? = —9, He MMelollee pelleHU Cpelu MOJIOMHM-
TeJbHbIX M OTPULATEJLHLIX YUCEJ, CTAHOBUTCH Pa3pellUMBIM
nociie BBeJelUA HOBBIX BeJMYMH — KBaJpPaTHHIX KOpHeit u3
OTPUHATENBHBIX YMCeN. JTH BEJUUMHB OBIIIM BliepBble BBEJ[eHLI
HTaNbAHCKUM MaTemMaTMKoM Hapnano B cepemune 16 Beka B
cBA3M C peiuenueM KyOuueckoro ypaBHenusa (cm. III, 2).
HKapmano nas3Bajd 9Tu uMclIa «COPUCTUYECKUMU» (T. €. «MYH-
peHbiMm»). Ilexapt B 30-x rogax 17 Beka BBeJl HaMMeHOBaHHe
(MHMMBIC YHKCJA», KOTOpOe, K COMKAJIeHLI0, YJep HUBaercs
JI0 cux nop. B mpoTHBOMONOKHOCTE MHUMBIM UMCJIAM Ipexfe
H3BECTHBIE MMCNIa (MOJIOMKUTeNblble M OTpHLATENbIbE, B TOM
uMcJie MPPAIMOHAJIbHbIE) CTAJNM HA3LIBATh Jelicmeumenbibimu
w  gewyccmeennbimu. CymMMa [@HCTBUTENLHOrO M MHMMOTO

YHCeN HABLIBAETCA Komnaerciovim wucaom'). Hanpumep, 2+ —3
€CTh KOMILJIeKCHOe uncido. YacTo M KOMIJIEKCHBIE YUCJIA 1AL~
satoT MuuMbIME, TlojipoGiiee o kKomnaencHbix uncaax cm. 1, 34
u ciem.

1) Orot TepMuH Bpejen Tayccom B 1831 r. Ciona «ioMIlJIeKCHbIi»
OZHAUYACT B 1CPEBS1€ «COBOKYNHDLITT»,
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Beensa B paccMoTpenMe MHHMBIC YMCJIQ, MOMKHO CKA3alh,
YTO HEMOJHOe KBajJipaTHOEe ypaBHeHMe x® = m BCerga uMmeeT
asa KopHsa. Ecmm m >0, dDTM KODHM HefiCTBMTENBHH;, OHM
UMEIOT OAMHAKOBYI0 a0COJIOTHYIO BeJNMYMHY M Pa3lM4HBEL IO
3Haky. Eciu m = 0, 06a oHU paBHH HYJI0; eclid m < 0, — OHHU
MHUMEHIE.

§ 29. Pemnenve KBaJIpaTHOr0 yPARHCHUS
Yrolnl HaifTH pelleHUe NMPUBEJEHHOTO KBafApATHOIO ypaB-
HeHUA
z?+pr+q =0,
JIOCTATOUHO 1llepeHecTd CBOOOAHLI 4JeH B NPABYI YacTh U
p

2
K 00enMM 4YacTAM paBeHCTBA NpuOaBUTH (7) * Torga ieBasa

YACTH CTAHET MOJHHIM KBAJPATOM, W MBI IOJyYMM PABHOCHIE-
10e ypaBHeHne
L PV (_2)2_
(‘t F 2) =\g) —¢

Ouno omiuuaerca oOT IpocTeiiiero ypaBHenusa 2 = m
(§ 28) TonbroO DHENIHMM BUAOM: x+%c'rom' BMECTO 2 M

(22—)2 — ¢ — BMecro m. Haxomum:

o+ = 2 B

Orcoa

e

dta cI)opmy.ua IIOKa3bIBAET, UTO BCAKOE KBaJpaTHOE ypab-
HeHNe UMeeT JBa KOPHA. Ho st KOpHH MOryT OHITH U MHHU-

(1)

2
MBIMH (ecam (%) <q). MoskeT TaKMe OKasaTbCA, 4YTO 00a
KOpHA KBAJipaTHOr0 YpaBHEHUA PABHEL Memmy coboi [ecam
P 2
(3) =4

®opmyay (1) ocobeHHo yRo6HO MPUMEHATH B TOM Ciyyae,
Korja p — Ielloe YeTHOE YHCJIO.
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IIpumep 1.
zt—122—28 = 0; 3uech p = —12; ¢ = ~-28;
z=6+V62+28 = 6 % V64= 6 + 8;
z = 6+8 = 14;
z, =6-8= -2,
IMMpumep 2 &*+1224-10 = 0;
= —6+V36-10 = —6 + V26;
= —6+¥26~ —0,9; 2, = —6—V26~ —11,1.
IIpumep 3. 22—2ma-+m?*—n? = 0;
x=m+ Vﬁ‘?(lh’— ;5’5 =m+¥Vni=m+ n;

x, = m+tn, Xy = M—n.

3ameuaHnue. B npumepe 2 06a KopHSL — AeHCTBUTEID-
HEle OTpMIaTeJNbHEe YMCia, HO mppanuoHansusie (III, 27).
HKsaapaTHble KOpHY, MOy JaloLMeCH NPY pelliel N KBaPATHHIX
YPaBHEHMIf, MOM(HO U3BJIEKATH C IIOMOLIbI0 BLIYMCIEHHSA
(cm. II, 44) uanm Haxomuth mo Tabmunam. K coxallenuio, B
GoJbIMHCTBe 3aladHIKOB yIPaKHEHNA HA KBAJpaTHEE yPaB-
HEeHUA HAPOUMTO COCTABIAIOTCA TaK, YTOOH KOPHY N3BIEKAJNCDH
rouHo. Ha npaxruke e noxo6HbIe CIyyau BCTPEYalOTCH OYeHb
penxo. IloaToMy MEI HACTOATENEHO PEKOMEHAYEM Y4YalMMCHA
u36aBUTLCA OT TOYt GOA3HN MPPALMOHAJBIBIX pelleHui, KoTo~
paA cosfaercA BCIeACTBMe YIOMAHYTON ocoOeHHOCTH 3afad-
HUKOB.

Horma p He ABIAeTCA LENBIM YeTHHIM YUCIOM, IIPU pellle-
HUM NPUBEIeHHOTO KBAJPATHOTO.yPaBHel s NPeHoUTUTeILHO
NOJIL30BATLCA HIKeNpUBeAeHHON Gosiee obmelt dopmyaroit (3),
moJjiaras B Helf a = 1 (cM. HMikKe, 1IpIMep ).

Henpugenennoe noinoe KBafipaTHOe ypaBHeHHe

az®+br4+c =0 (2)
MOJKHO peiatsh mo Qopmyie

—biVE’-—Tac . (3)

e

Ora mnosyyaerca ua Qopmynsl (1) mociic toro, kak obe
4acTi HenpUBENeHHOro ypapHeHus( (2) MBI pasjlelUM Ha d.
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IIpumep 4. 3a*—72-+4 = 0

(a=38,b= —=7,¢=4).

BEY G LT R RS E A

: 2-3 - 6 ’
LT O S 2 TR
h= T T RT g oT b

Mpumep5 a* | 70112 = 0
(’t i ’]7 b= 7’ c —= 12).

1Y

X = o .’l,‘l=_3; -732=-—4.
Hpunep 60,6042 3,2 -0
¢ e DOV T U0 (R
JORES] P ,
-3,245,5 L ~3.2-5.5
O N T N i

B npumepe 6, kak siscrByer u3 nanucauuda 0,60 z? (a ue 0,6 2?)
KOd(P@HUMEHTH 1PEJII0IArAIOTCH NPUOTMKEHHBIMU YHCIAMI.
ITooromy m peiicTiust, yicazbiBaeMbie JOpMyJIoit, peroMenyercs
BHLINOJIHATH COKpaLlenibiM criocoboM, nditoennsiMmBll, 33 — 44;
BO BCAKOM cllyuae HY:KHO 00A3aTebHO YUCCTH, YTO COTNJIACHO
MpaBUIIaM, U3NOKEHHBIM B YKadaHHLIX naparpadax, B peaylb-
TaTe MOKHO MMeTb TOJBKO JiBe TOullble 3Havalue LUQpLL
3aMeTuM, YTO HAWM Pe3yJHTATHl BEPHBI C TOYHOCTBbIO HO 0,1,
HO 9TO OTHIOAbL He O03HA4aeT, uTOo, NOACTABMB UX B JEBYIO
YacTh AAHHOTO yYPABHEHUsA, MBI IIOJYUYNUM YUCII0, PaBHOE HYJIIIO
¢ ToyHoctelo mo 0,1. llanpoTuBs, nomcraBuB B JieBYyl0 4acThb,
HanpuMep, 3Hauenue x = 1,9, Mbl NONYy4UM:

0,60-1,9°+3,2:1,9-84 ~ —0,2.

Ho ecin 3uauenue x yseauunrs na 0,1 1 B3sith @ = 2,0, TO
MOJIYUHM:

0,60-2,024+3,2-2,0-8,4 ~ 0,4.

Taxum obpasom, npu & = 1,9 Jesast yacTb Obljia OTpHILATENILHA;
npu 2 = 2,0 oHA ysKe NOJOMKUTENbHA. SHAUUT, OHA PABHA YO
NpyY KaKOM-TO 3HAuYeHnuu z, JemaleM Mme:xay 1,9 u 2,0. Ciue-
JpoBaTellbHO, Oepa x = 1,9, Ml omubaemcA He Oodblue ueM
Ha 0,1. 9T0 M MMeeTCA B BHJY, KOrfila FOBOPAT, YTO KOPeEHb
pasen 1,9 ¢ Tounocreio go 0,1.
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Ecuu b — uernoe umeso, To Jdyyule npejpcraButh o6uiyio
Qopmyay B Bupe

Mpumep 7. 3% 142 --80 = 0;
TYT243.80  74V289 7417
3 3 3
10
z =8; =z, = —g
910l e PopMyoit ynoOHO 1MOAB30BATLCH, Ko K0dPPu-
LMeNTH a, b, ¢ — OyKBelnble BIPAMKCHUSI.
IIpumep 8. az*--2(a-b)x4-4b = 0;
a+b+V(a+b)i—dgh _ a+b+Vai—2ab+b?
a - a
_ a+bi(a=b)
- A .

vy o= 2o, s ‘).bn.
R 2 oy D

§ 30. CoiicTBa KopHeii KBAXPATHOTO ypaBHEeHUSA
®opmyaa
_ —btVbi—4ac
- 2a
MOKAa3bIBAET, UTO NPK pellleHU KBAJ[PATHOIO ypaBHEHUA ax®+
+bz+c = 0 MOryT NpENCTABHTHCA ClefylolMe TPH CIyyas:
1) b%>—4ac = 0; Torma JBa KOPHA YpaBHEHUA [eilCTBH-
TeJIbHBI M PA3NMYHBL Meway coOoif.
2) b*—4ac = 0; Tora ABA KOPUA yPaBHEHUA [eACTBUTEIb-

HBI ¥ PaBHHEI MeMly coboit (063 PaBHBL —5—)-

3) b%2—4ac < 0; Torfa 00a KOpHA ypaBHEHMA MHMMEL.

Bripaenue b%—4ac, BeIMYNHA KOTOPOI'O MO3BOJIAET pas-
JMYUTHL ONMH M3 DTUX TpeX CiyuaeB OT APYLMX, HA3HIBAETCHA
duckpumuHranmom (B IePEBOJle HA PYCCKMI ASBIK (IMCKPUMU-
HaHT» — (pasnuyaouii).

O 3HaKax KOpHeii B TOM. Ccllyyae, KOI/la OHM [eiiCTBUTEbHB
(r. e. xorma b?—4ac = 0), ayuire BCero CyiuUTb Ha OCHOBa-
HUU CIIEAYIOIIEro CBOHCTBA KOpHeN.
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Cymma KopHeli npusedeniozo keadpamHnozo YpasHEHUS
2?4+ px+q =0

pasHa koadduyuenmy npu Heussccmiom 6 nepeoli cmenewu,
63AMOMY ¢ 0OPAMHBIM 3HAKOM, M. e.

zit+z, = —p;
npouseedenue osce Kopreii pasHo c60000HOMY uaeny, m. e.
Iyl = ¢-

§ 31. Pazno:xenne KBajipATHOTO0 TPEXWICHA
HA MHOKHTEIN

HKeagpaTHbiit TpexulleH ax®+bx-+c MOMHO pPasOKUTH
HA MHOKUTEJIN NIePBON CTeNeHU cileyiolum o0pa3oM: pemmnm
KBaJlpaTHOE ypaBHeHue ax®+bx+c¢ = 0. Ecau x, u 2, — KopHu
9TOro ypaBHeHMA, TO ax’+bx+c = a(zx—x,) (x— ).

IT p u M e p 1. Pa3iloxuTh Ha MIOMUTENN (IIePBO CTENeHN)
Tpex4ieH 2z2+13x—24. Pemaem ypaBHenue 2x2+13x—

-24 = 0. Haxogum KopHu: z, == ?,, x, == -8, (JegoBaTeib-

HO, 222413224 = 2 (z—-3) (v+8) = (22-3) (¢48).
IIpuwmep 2. Pasiomurs Ha MHOMKUTENN 2%+ a? ypaBHe-

Hue 2%+ a*® = 0 uMeeT MHMMbLIE KOpHM: X; = ¥ —az

xp = —V —a?% moaToMy pasNOMUTL x%+a? HA MEHCTBUTENDb-
Hble MHOKUTEJNIM NepBoit cTenenu Helb3A. Ha MHUMble MHOMKHU-
TeNM OH pasnaraerca Tak: a*+a’ = (T+) gt (z—Y = a?) =

= (¢4 ai) (x—ai) (vepe3 i oGosmaverro muumoe umcio ¥ —1).

§ 32. YpaBueHns BBICHIMX CTelleHeili, pa3peiiaemMbie
¢ NOMONHIO KBATIPATHOTO Y PABHEHNA

HekoTopsie anrefpairyeckite ypaniienns BHCIINX crelleHeit
MOMKHO PelNTh, CBEfii UX K KBajpatHoMy. BoT BakHeifmine
cIyyan.

1. WHorma NeByfo yacTh ypaBHEHUA JIErKO PasioKUTh Ha
MHOMMUTENM, M3 KOTOPBIX KaiKIblif — MHOTOUJIEH lie Bhbllle
2-# crenenu. Torpa, NpuUpaBHUBAsI KB MHOMKUTEIh HO
OTAEJBLHOCTH HYJII0, pelllaeM Noayuennste ypasHenusa. Halien-
Hble Kopnu GyyT KOPHAMM MCXOJHOIO ypaBHEHUS.

IMpumep 1. z*+ 523+ 62 = 0.

Muorousten z!+ 5234 62> Merko panmaraeress Ha MHOMH-
Teau: 2® u (2°+5x+4-6). Pemacm ypasnenuwe z* = 0: omo
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uMeeT JiBA PaBHBIX KOpHA: z; = z, = 0. Pewaem ypasuenue
2?4 52+ 6 = 0. OGo3HAaYUB €ro KOPHU Z; U T,, UMeeM x; =
= —2, r, = —3. KopHI MCXOQHOro ypaBHEHUR CyTb I, =
=2, =0, 23 = —-2; 2, = —3.

ITpumep 2. Pents ypasueune z3 = 8.

Tlepenucas ero B Bume 2°—8 = 0, Pa3loUM Ha MHOHCH-
TeJN JieByl 4vacTh: z°—8 = (r—2) (z*+2zx+4). ¥Ypabue-
Hue x—2 = 0 pgaer z; = 2, ypaBHenue z®+42x+4 = 0 jaer
2= —1+V=3; a;,=—-1-V—3. Hrak, ypaBHe:me
z® = 8 uMeeT ofNH NENCTBUTENBHBIl KOpPEeHb M ABAa MHMMLIX.

3

WubiMu copamu, V'8, KpoMe oueBMiOr0 NeHCTBUTENLHOTO
3navenusa 2, nmeetT eule asa muumuix (cp. II1, 47, npumep 3).

2. Ecau ypaBHenme umecr Buj ax*"+bz*+c¢ = 0, ero
MOMHO CBECTM K HKBaJpaTHOMY, BBels HOBOE HEM3BECTHOE
"t = z.

MMpumep 3. 2'—132*+36 = 0. I[lepenucas sT0 ypabiic-
nue B Buje (x2)2—13x%+36 = 0, BBefAeM HOBOe HEHM3BCCTHOC
a? = z. YpaBueuue npumer BHE z*—13z+36 = 0. IRopun
ero z, =9, z, = 4. Pemaem Tenmepsr ypaBueuus z* =9 n

% = 4. IlepBoc mmeer xopum z, = 3, =, = —3, Bropoec —
Kopun x; = 2, r; = —2. Kopuu 3agaHHoro ypaBHeHHsI CYTb:
3; —3;2; —2.

Taxkum 006pa3oM Mo’KHO peLIUTH BCAKOe ypaBHEHME BHJiA
axt+bz®+c = 0. Ero nasmbaoT Gursadpamiibim.

IMpumep 4 22—1623+ 64 = 0. Ilpexcranaasa 3ro ypas-
nenne B Bupe (2°)%2—16x°+ 64 = 0, BBOMMM HOBOe HEU3BECT-
noe z® = z. Ilomyuaem ypaBsuenue z2—16z+64 = 0, nmeo-
nlee J(Ba paBlLIX Koplia z; = 3, — 8. Pemaem ypasuenue
2% = 8; noxyuaem (oM. mpumep 2) o, — 2, x, = —14) =3;
@y = —1—) =3. llpyrse Tpu Kopus R JIANHOM CJyuae
(rax Kax z, = 2,) paBHBI 3TUM TpeM.

§ 33. Cnerema ypasuennii Bropoii ¢renenn
¢ JIBYMSA HEH3BeCTHLIMH

Hamu6ostee oOmuit BuX ypaBHeHus 2-if crenenu ¢ ABYMs
HEN3BECTHLIMU €CThb
ax® +bxy +cy*+detey+f =0,

rae a, b, ¢, d, e, f — nmauuble YMCIA UIAN BLIpAMKEHHUA, Cojlep-
KaliMe M3BecTHHIe Beanunnnl. Q0 ypaBHeHHMe 2-it cTenmeHu
C JByMf Heu3BeCTHHIMH IMeeT OecuucIIeHlioe MHOKECTBO
pewenuit (cp. 111, 21).
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Cucremy J{ByX ypaBHeHuli 'c [ByMA HEU3BECTHHIMHU, U3 KOTO-
PHX OfHO — KBAjIpaTHOE, a Apyroe — 1-it cCTeleHM, MOMKHO
pemuTh crnocoGoM MoACTanoBKY, omucaHubM B 111, 22. Bripa-
FMeHMe OJ(HOTO HEW3BECTHOro yepe3 J[pyroe HaXOJUTCA U3
ypaBHenus 1-ii crenenn. IlogcTaBuB 3T0 BHIpaskeHne B ypaBHe-
HUe BTOPOI CTeneHW, MOJyYyuM ypaBHEHME C OJHUM HeU3BecT-
HeiM. B o6uwem ciydae omo OymeT KBafpaTHHIM (CM. IpH-
mep 1). Ho MomeT oKasaTbCA, YTO WIEHH BTOPON CTEIEHH
B3aMMHO YHUYYOMKATCA, U TOrAA MH GyJeM MMeTh ypaBHeHUe
MepBoif cTenenu (CM. npumep 2).

IIpumep 1. 22—-3zy+4y*—6z+2y =0, 2—2y = 3.

U3 Broporo ypaBHenusa HaxomuM z = 3+ 2y. IloacraBusas
3TO BHIpAMeHUe B NIePBOe ypaBHEHUe, IMeeM:

(8+2y)2—3(3+2y)y+4y*—6(3+2y) +2y = 0.
Pemaem sTo ypaBHeHue:
9+ 12y -+ by? — 9y — 6y* + 4y? — 18 — 12y + 2y = 0;
2y2—T7y—9 = 0;

7T+ V49472 .
y="

9
=53 ¥ = —L

Haitmernrle 3HAYCHUA ¥y, = -g—, Yy, = —1 mnoacrasisaeM
B BLIpakeHUe x = 3--2y; moaydaeM z; = 12, z, = 1.

Hpumep2. a?2—y* =1, z+y = 2.

M3 Broporo ypasuenuss HaxoguMm y = 2 —z. IlomcraBuss
HTO BEIpAMENHe B IIepBoe ypaBuele, NOXyInM xz* — (2 —z)2 = 1.
Ilocne mpunejicHus MOKOOHEIX YlleHOB 4JIeHBH BTOPOI CTeneHu
B3aMMHO YHUYTOAIOTCH, M MLl IToJIy4aeM — 4442 = 1, OTKy[a

z = % TToACTaBIAA 9TO BHAYEHHe B BHpAMKCUME y = 2—1,
3
HAXOMMM Y = -

CucTeMy JIBYX KBJIPATHLX YPABHEHMIE © JBYMs1 HEU3BeCT-
HEIMI MO?IKHO pellaTh TaK: eClIM OMHO M3 YypaBHeumit He
COEPUT uJNeHa az® (MM 4jCHA cy?), TO NpHUMeHAeM CIO-
€00 TONCTAHOBKM, BEIp2IKAA U3 ITOr0 ypaBHeHUA x (UiM @)
Yyeped y (HaM x); ecam ke 00a ypaBHEHUsT CONEPHAT YJIEHBI
BUAA ax? M cy?, TO NPEIRAPUTENBIIO NPUMEHsIeM Crocob cio-
skeHnda uiau BuiyutTaHuA (117, 21), yTo6e MONYYUTE ypaBHEHHE,
He cofiep:kaniee wiena ax® nau cy®. Ilocame sToro moypsyeMcA
cmocobom mojictaonklr  Ilocse MCKIIOUEHUS TOJYy4Yaercs
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YPaBHEHUEe C OJHMM HEN3BECTHHIM, MMeloliiee, BOOGIIE IOBOPH,
4-10 crenens. K KBaipaTHOMY ypaBHEHUIO 0HO CBOAMTCA JIMILb
B VICKIIOYMTEJBHHIX CIy4asX, HO 9TH CIyYyau BCTPEYAIOTCHA
MOBOJIBHO YAaCTO NPM PeIeHUH reOMeTpUYeCKIX 3aad.

Mpumep3.
2t +ay+2y® = 74, 22+ 2xy+y® = 73.
O0a ypaBHeHUs COJepHAT KaK YJEeHBl ¢ x2, TAK M WIEHHI ¢ y>.

ITosToMy cHavala MpUMEHHMM CII0COG CJ0KEHUA MIM BHIYMUTA-
Hus, 4ToOBI MOJIyYNTh ypaBHelue, He cofeprKallee, cKaHseM, y2.

2%+ 2zy +y* = 78 2| _hx?+bhry+ 2y = 146
2+ xy+2y? = 74 2F zyF2yt = — 74
322+ 3xy 72.

Il

U3 mocuegHero yYpaBHenMs HAXOAUM BBIpAaKeHHNe y vepe3 x:

o 2ot
y=-=
:’)TO Bupameﬂﬂe TIOJICTABJIAEM B OJIHO M3 JIAHHBIX ypaB}lenm}i,
Hanpﬂmep B nepBoe; nonyqaeM:

24 —a2

@ of2h—an?

— 4
e = /4.

YnpoueHus paioT:

a4+ 2422 — 21+ 1152 — 9622 + 2204 = Tha?;
2% — 14622+ 1152 = 0;
a4 — 7322+ 576 = 0.

IHomyunnoce GuxBanparioe ypasuenue (cum. 111, 32, npumep 3).
TlonoxuB 2® = z, MPUBOXUM ero K YpaBHeHMI0 z%—73z+
+ 576 = 0. Pemasn mociegHee, HaXO0/INM:

_i3+V73IA-576 73+V3025 73450
“T 2 - 2 T
2y = 64, 2z,=9.
llepBoe pewenne paetr z, = 8; x, == —8; BTOpoe a; = 3,
xy = —3. Iloncrarnasa suavyenus x,, £,, r; &, B BHIpaKeHUe
24 —a2
y= x“ , TIOJIy4aeM COOTBETCTBYIOI[ME MM 3HAYEHNA ¥

B= -5y = +tdy,= +5y, = -5
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Jlas pelleHNs CUCTeM ypaBHCHUiI BTOPOIl CTCIEHH YacCTO
MOJKHO C YCIEXOM MCIIOJIb30BATh MCKYCCTBEHHBEIE ITPUEMHI pe-
IIeHUA,TI03BOJIAIONME [IOJYUNThb PesyIbTaT ObICTpee U U3sLIHee.

§ 34. 0 KOMILUICKCHBIX YHCIAX

B cBssu ¢ passurieM anredpsl (111, 2) norpeGoasocs BBecTu
CBEpX INpeMae M3BeCTHLIX MOJI0KUTCIBHLIX M OTPULATEIbHBIX
UMCeJNI YUCIA HOBOrO pofia. OHU HAa3LIBAIOTCH KOMNACKCHBIMU.

KoMmmitekcHoe 4uciIo umeeT BUJ a-+bi; 3nech a u b — fnei-
CTBHMTEJIbHBIE YMCHA, & { — YMCJIO HOBOTO POJA, HaBHIBaeMoe
mrumoii edunuyeti. «Muumeler uncaa (o mux cm. III, 28) co-
CTABIAIOT YACTHHII BUJ KOMIJIEKCHHIX 4uced (Korga a = 0).
C Apyroit CTOpOHHI, M JeitCTBUTEIbHEIE (T. €. IOJIOKUTENbHbIE
M OTpULATEeNbHBIE) YUCIIA ABIAIOTCA YACTHLIM BULOM KOMIJIEKC-
HBIX Yuced (korga b = 0).

HelicTBUTENLHOE YHMCIO @ 11a30BeM abcyuccoli KOMILIEKC-
HOro umucia a-+ bi; ueitcTBUTCNBHOE YMCHO b — opdunamoi
KOMILJIGKCHOI'0 4YHCJIA a-t bi. OCHOBHOE CBOICTBO 4MCHA U CO-
CTOMT B TOM, YTO IPOM3BE/ICHNe-T L paBHO — 1, T. €.

P o1 (1)

Ilosiroe BpeMst He y/laBalloch HaiiTu Takne Quanyeckue Be-
JIMUMHBI, HAJ[ KOTOPHIMM MOMKHO BLIIIOJIHATH NeHCTBMA, MOAYM-
HEeHHBIe TeM ke IPAaBHJIAM, YTO M JIeICTBUA HAJ KOMIIIIEKCHBIMH
YUCJIAMM — B YaCTHOCTH mpasuiy (1). OTciofia Ha3BaHMA: (MHH-
Maf eIUHHUIA», (MHIMOE 4YHMCI0o» M T. I. B Hacrosilee BpeMmA
M3BECTeH LeINbli PAX TAKMX PUINYECKUX BEJINYMH, M KOMIJIEKC-
HBle 4MCJIa HMNPOKO MPHUMEHAIOTCS He TOJBKO B MaTeMAaTiKe,
HO TaKke B QU3NIKe M TeXHUKe (TEOPHA YHPYLOCTH, DIIEKTPO-
TeXHMKA4, aDPOAMHAMMKA M .Ip.).

Humxe (§ 40) maHo reomeTpnuyeckoe MUCTONKOBAHME KOM-
naekcHex umced. Ilpemsapurensno (§§ 36 —39) ycramamiu-
BAIOTCA 1IPABUIIA JeHCTBUI HaJl HUMU; 1IPU DTOM OCTABJAETCH
B CTOPOHE BOIIPOC O TCOMETPHYECKOM WM (IM3MUECKOM CMBICIIe
YuCJIA I, IOTOMY YTO B Pa3HBIX 00JIACTAX HAYKHM ITOT CMBICI
pasinyeH.

ITpaBuiI0 KaKEOro AEHCTBUA HAX KOMIUIEKCHBIMM UMCJIAMH
BHIBOLMTCA M3 Onpefelenud atoro neficrsud. Ho onpenenenus
JedcTBIIT Hal KOMIIEKCHBIMY YMCJIAMM He BBIMBIILIEHbL I1POU3-
BOJIBHO, & YCTAQHOBJIEHHI C TAKUM PACYeToM, YTOOLI OHM COriia-
COBaJINCh C IPABUIAMM JIeHCTBUIT HaJ| BelleCTBEHHBIMU YMCIAMM
(cp. 11, 20). Beap KOMIIJIEKCHEIe YHCJIA TOJIAHEI paCCMATPUBATh-
CA He B OTpHIBE OT JIeMCTBUTENBLHBIX, 4 COBMECTHO C HUMU
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§ 35. OcHOBHBIC COrIAIIEeUNs 0 KOMIVIEKCHBIX YMCIax

1. JleiicTBUTENBLHOE YMCIO a 3AaNMCHIBAETCA TAKiKe B BUJe
a+0-1 (mam a—0-1).
IMIpumeps. 3amuce 3+0-i obosHauaer To e, 4TO

s3amch 3. 3amuch —2-+ 07 o3HaYaeT — 2. Bann%—?@—i—o-i

3V
O3Ha4aeT 2

3aMeyaHUe AHATOTMYHO MH IOCTYNAaeM U B oOBIYHOI

5
apudmernke: 3anuch - o0o3HauaeT To e, 4TO BamMCh 5.

3amnucek 002 — TO e, YTO 2, M T. 1.

2. HomnuiekcHoe umciao Buma 0+ bi HasHBaeTCA «YNCTO
MHUMBIM», 3amuch bi o6o3Ha4yaeT To e, uTo 0+ bi.

3. JIBa KoMmJeKCHHIX umncia a-+bi, a’+b’i cunraiorcs
PaBHBIMU, €CJIM Yy HMX COOTBETCTBEHHO PABHHI abCICCH U Op-
AMHATH, T. €. eciid ¢ = a’, b = b’. B NpoTUBHOM cily4yae KOM-
IUIEKCIIble YMCIIa He PaBHBL DTO ONpeXesieHue MOj(CKa3blBaeTCs
caenyomuM coobpaenneM. Ecam 65 MOrio cyuiecTBOBaTh,
CKaeM, TaKoe PaBEHCTBO: 2+ 5! = 8+2{, TO N0 NpaBUIAM
anre6pbi Ml MMedu OBl { = 2, TOMA KaK { He JOJIKHO OHITH
JeiCTBUTENILHBIM YUCIIOM.

3ameuaHue. MH ellle He ONpeReNNIH, 4YTd TaKoe ¢ JI 0-
7 € H M e KoMIIeKcHBIX yucen. IToaromy, crporo roBops, Mu
ellle He B IIpaBe YTBEPMKAATb, YTO YMUCIO 2+ 50 €CThb cymma
yucenx 2 u 5i. Tounee 6blI0 GBI CKA3aTH, YTO Y HAC €CTH napa
delicmeumenvnuir wucea: 2 (abcmmeca) m 5 (opAuHaTta); dTH
YHUCIA TOPOMAAIT HHCI0 HOBOTO PONa, ycaosno ofoznauae-
wmoe 2+ 51,

§ 36. Croxenue KOMINICKCHLIX THCEX

Onpepgexenue CymMMoit KOMIIEKCHLIX uuced a--bi
M a’+b’i Ha3HIBAIOT KOMIUIEKCHOEe 4YHCHO (a+a’)+ (b+b')i.

OT0 omnpefelienne IOACKASHIBACTCS NPAaBMIAMH JlcifcTsiit
¢ OORIMIBIMM MHOI'OUIIEHAMU.

IIpumep 1. (—3450) - (4—8() = 1-31.

IHpumep 2. (24-00) 4 (7-1-08) == 94 0¢. Taw xax (I, 35)
3amuch 2+ 07 03HAYAET TO e, YTO 2 M T. XK., TO BHIIOJHEHHOE
JelicTBue coriacyercsi ¢ oOnunoit apudmernroit (2+7 = 9).

Mpumep 3. (04+2:)+(0+5) = 0+74, 1. e. (III, 35)
20450 = 7i.

ODpumep 4. (—2+3i)+(—-2-3i) = —4.

B nmpumepe 4 cyMMa JIByX KOMIIEKCHBIX UMCEJ paBHA JIei-
CTBHTEJIBHOMY 4MCaIy. JIBa KOMIIEKCHBIX YUCIA a+-bi M a—bi
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1a3bIBAIOTCA CONPANCCHILLIALU. Cy.nMa conpaycenitoly  Koat-
naekcHulz wucen pasna delicmeumensiiosy wucay 2al).

3ameuane. Tenepn, Korga yeificTpie CIoKeHNA onmpe-
jeJiello, MBI MMeeM IIPaBO PacCMaTPMBATh. KOMIIJIEKCIIOe MNCIIO
a+bi KaKk cymmy unced a n bi. Tar, uuciao 2 (Koropoe Mbl
YCIOBHO 3ammchiBaeM 2+ 0¢) M yucao 5¢ (KOTOpoe COriacHo
III, 35 osHavaeT TO ke uucio, uyTo 04 5i) B cymme JamT
(corsacuo ompepelnenio) uncio 24-5i.

§ 37. BrrynTanue KOMILIEKCHBIX YIHCEIT

Onpeyuedenue. Pa3iocTbio KOMIIIEKCHBIX YHCeN a+ bi
(ymensiraemoe) 11 a’'+4b’l (BolunTaeMoe) HA3LIBACTCA KOM-
niecHoe uuciao (a—a’)+ (b—>b’)i.

Hpumep 1. (—5+21)-(3-5i) = —8474.

Mpumep 2. (3+2)—(—3+2{) = 6+0{ = 6.

Mpumep 3. (3—4i)—(3+4i) = —8i.

3aMeyaHue DBrunranue KOMMIEKCHBIX YHCET MOKHO
onpefeNuTh TaK Hie, KaKk JieiicTBite, oOpaTHoe CJINKEHMIO.
MmeHHo MBI MIIEM TAKNE KOMINIEKCIIOE YHCTO0 &+ yi (PA3HOCTh),
4To6bl (z -+ yi) -+ (@’ +b7) = a-+bi Cornaciio onpeneiennio § 36
Meem:

(z4+a’ )+ (y+b)t = a+bi.

CoryacHo YCIIOBHIO PABEHCTBA KOMMJIGKCHBIX uucel (§ 35)
z+a" =a, y+b =b.
W3 atux ypasuenuii naxonum z = a—a’,y = b->b".

§ 3S. VMHO:ReHIE ROMIUTERCHLIX TIcen

Onpemeneine YMHOKCHIT KOMITEKCILIX MIICeT Y CTANABII-
BAacTCsl ¢ TAKHM pacueToM, urodnt 1) wuicia a-+bi u a’+b't
Moo OLITO NepeMHOkATh, Kak airedpanyeckue HBYUJIEHHI,
n ytobul 2) uncio i obmamaio cpoitcTBOM 2 = —1. B cuay
rpeGosamist 1) npoussenenne (a--bi) (a”--b°t) womisio pan-
WATBCST aa’ -1 (ab’ - ba’) i+ DB'E2, 2 B cuay  rpebopannst  2)
DTO BHPUKCHIE JUIRHO - pasisitbest (ae” - bb7) -1 (ab”-1- ba’)e.
BB coorBercrsiin ¢ OTHM  YCTAUABINBACTCSI CIEYIONCe olpe-
neJenue.

Onpeneaenue. ITpoussegeneM KOMNJAEKCHBIX UUCeNd
a-Fbi ma’ b NasHBAeTCHA KOMINICKCIIOE YHCII0

(aa’ —bb’) + (b’ + ba’)i. (1)

1) o cyMMAa TIBYX HCCOMPSKEHILIX KOMIIeKCHLIX YNCelI TOKe MOMET
GLITL UCHCTBHTEILHLIM YUCIOM; HaupuMep (34 5i)+(4—5i) = 7,
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SamMeuanue 1. PaBeHctBo i* = —1 10 yCTaHOBJIEHHUSI
TIpaBMIIA YMHOMKEHUA KOMINIEKCHBIX YMCeJ HOCHJIO XapaKTep
TpeGoBanua. Temepb oHO BblTexaeT u3 onpefeiennsa. Benb
3amuch %, T. e. i-i, paBHo3Hauna (III, 35) sammeu (0+1-7) X
X (0+1 'i). 3mecba = 0,b = 1,a’=0,b"=1. UmeeM aa’ — bb" =
= —1, ab’+ ba’ = 0, Tak uTo npousBenenue ectb —1+0i,r.e. —1.

3aMeyaHue 2. Ha npakTuKe HeT Hy MBI M0IB30BATHCS
dopmymoit (1). MomHO mNepeMHOMKHUTH RAHHBIE YMCIA, KaK
JIBY4JIeHBI, a 3aTeM IOJIOMUTb 1* = —1.

IHpumep 1. (1-20) (3+2i) = 3—60+42i—4i?® ==
=3—-6i+2i+4 = 7—41l.

IMMpumep 2. (a+bi) (a—bi) = a®+ b2

IIpumep 2 moKasbiBaeT, 4YTO npoussedenue CONPANCEHHHLT
KOMNACKCHBLIT HUcen ecmb 6eﬁcmeumeﬂbnoe u npumom nosao-
ocumensvhoe wucaol).

§ 39. JlexreHne KOMIIEKCHBIX YHCET

B cooTBeTcTBUM C ompefeNeHMeM HeJEHUS NeACTBUTENb-
HBIX YHCeJ YCTAaHABIMBAETCA Cllefylolllee ompefelleHHe.

OnpenxeaeHue. Pasmeauts KoMmiIeKkCHOe YNCIO a+ bi
(menumoe) HA KOMMJIEKCHOe YMCIO a’+ bl (menuTenp) — 3Ha-
YUT HAWTHM TaKoe uuMclo xz+yi (YacTHoe), KoTopoe, Oymyuu
TTOMHO?KeHO Ha JIeJUTelNb, NaCT eJIUMoe.

Ecin menuTenh He paBeH HYJIO, TO JelleHHe BCerja BO3-
MOKHO ¥ YACTHOEe eUHCTBEHHO (OKa3aTeJIbCTBO CM. B 3aMe-
yauun 2). Ha npakTuxe yacTtHoe yHnoOHee Bcero HaXOMUTh
cirenyiomumMm o06pasom.

Ilpumep 1. Ham‘u yacrHoe (7 —4t) : (34 2i).

—4hi
3anucas 11p061> 339; ’ PacmmpseM ee Ha umcio 3-2i

conpsaseHnoe ¢ 3+2¢ (cp. III, 38, npumep 1). Ilomyumum:
(T—4i)(3—2i) _ 13-26i

Giwe_e) — 13— 1%
llpumep 1 npeprimyuiero naparpada maer IpoBepKy.
Moumenp 2, —2H0% _ (2450 (=3+4) _ —14—23i _
p P29y = (Ci—an (—s+4) %
= —0,56—0,92i.
—6+21i _

3
Mpumep 3. =i = T % 3jech mpolle Bcero co-
KpaTuTh Ha (— 24 7i).

1) Ho mnpousnejicHNe JIBYX HeCONPAMKEHHHX KOMIUIEKCHbIX YHCENd
'rome.Mome'r OLITH ACIiCTBUTEN bHEIM IOJI0 ACMTEJIbHLIM 4YucCJIOM; HanpuMep,
(2+31) (4—6i) = 26 (cp. § 36, cHOCcKa Ha crp. 187). Ecau e M cymMMa
M 1POM3BEJEHME JIBYX KOMIUIEKCHBIX 'LMCCJ1 SIBIAIOTCH ACHCTBUTEILHBIMA
YHCIAMH, TO 3TH KOMIIJICKCHLIE YUCJIA HEIIPEMEHHO COPsMKEHIIbIE,
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ITocrynan, Kak B npumepax 1 u 2, Haitgem oGmyto dop-

MyJIy:
. ’ oy pes '+ bb’ ‘b-b'a .
(@+bi): (a"4-b%) = %‘,1-2—:76;2—+ % i (1)

Yrobbl foKasaTh, YTO MpaBasg 4Yacth (1) MAelcTBUTENBHO
ABIAETCA YACTHHIM, JOCTATOYHO IOMHOKUTH ee Ha a’+b'l.
IMonyunm a + bi.

3ameuaHue 1. Popmyiuy (1) MomHO OBIITO GBI MPHHATDL
34 olipelielieHue JelleHUA (cp. ompefmeienua §§ 36 u 37).

3ameuanue 2. Popmyny (1) MOMKHO BLIBECTH elIC
ciegylomuM o0pasoM. COIJIACHO -ONpEeNeNIeHNI0 MBI JTOJHHBL
uMerh: (a’+b't) (x+yi) = a+bi. 3Hauur (§ 35), ROIMKHBI
YIOBIIETBOPATLCA ClleAyIOlle BA ypPaBHEHNA:

az-by = a; bx+ay =b. (2)
9Ta CHCTeMa MMeeT eJMHCTBEHHOE pelleHue:
aa’+bb" | a’b—ba

= wirrr 0 YT g
a’ b ¢ N ‘2 ‘2

ecmt—- = —-—  (III, 23), 7. e. ecam @'+ b"* = 0.

Ocraerca paccMoTperhb ciydad a’2+b'%2 = 0. Ou BO3MO-
HeH JIMIUb TOTAA (YKcia a’ M b KeiicTBUTENbHE), Korga a’ = 0
u b’ =0, 1. e. Korga meiurelib a’+b’i paBeH Hymo. Heiau
TEPM 3TOM M HejiuMoe a+bi paBHO HyJ0, TO YaCTHOEe Heolpe-
nenenHo (II, 23, m..2). Ecun e qenumMoe He paBHO HYIIO, TO
YaCTHOe He CyIEeCTBYeT (IOBOPAT, YTO OHO PAaBHO Gecko-
neqnocru) (cp. I, 23, m. 3).

§ 40. T'eoMeTpuIecKOe M30GpasKkeHe KOMILIEKCHBIX JHCeX

JeitcTBUTENbHEIE YNCIA MOMKHO U306pasuTh TOUKAMU IPA-
MOHf JIMHMM, KAaK IOKA3aHO HA puc. 2, rige Touxka A usolpa-
AT YNCIIO &, a TOUKA B — 4mcaIo — 5. DTH Ke YUCIA MOMHO

g , . . M A
S —4-3-2-1 01 2 3 4 5
Pue. 2.

usobpamaTh Tare orpeskamu OA, OB, yuyuTHBAA He TOIABKO
MX JJMHY, HO M HAIpaBlleHue.

Hamxpaa Touka M «uCloBoif mnpAMoit»y usoOpakaer
HEKOTOpoe MeliCcTBUTENbHOE 4YHCIO0 (palioHAJbHOe, eciu
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orpesoit OM cousMeplM ¢ ¢UIMLEH AL, 1T HPPALIONAlL-
noe, ecau uecounsMepusm). Tawxum oGpasom, Ha UYUCIOBOI
NpsAMOJi 11 OCTAeTCA MecTa AJIA KOMILIEKCHBIX YIICes.

ITo xoMnucncibie YHCIA MO/KHO M300PABHTH A IHCIOBOI
niockoctiy, JIys vroro MLt BHIOMpaeM HAQ IJIOCKOCTH NPAMO-
yroubuyp cicremy koopgunar (VI, 6)
C OfIHUM I TeM e MacwmiTaboM Ha o0eux
ocax (puc. 3). KommiexcHoe uucio a-+ bi
Mbl m300paskaeM Toukoit M y KoTopoit
aoenueca @ (na pue. 3 a -2 OP = QM)
pasua abergrece @ KOMITICKCHOro MHCIa,
a opjuuara y (OQ = PM) pasua oppuua-
Te b KOMINJEKCHOro 4ucaIa.

Ilpumepuw. la pue. 4 rouxa A
¢ afdcuuecoit @ = 3 11 opjHarToil y = 5
n300paskaer KOMINICKCHOE ulelo 3+ 51,
Toura B msobpaacr KoMeRcHoe umcio —24-61; Touka
C — KOMINICKCHOC UMeilo —6 — 2¢; Touka D — KOMIIEKCHOe
yucno 2 — 6i.

JeitcTBuTeblbie WiCia (B KoMIIlekcoil opMe o111 uMeloT
BIL a---0f) uzobpaskaior ToukaMit ocu X, a4 UHCTO MHIUMDIE
(Bua 0-1-b1) — rouxamu
ocn Y. 8 14

Hpunmepu, Touka K T
Ha puc. 4 usobpaskaer | \ H
Jefictirredsiniioe vneio 6 ! I\
(ua1m, 4T TO e, KOMIICKC- C1C 1/
noe uucio 6-0:), Touka ™ \|/
L — 4ucT0 MHHMOE YIHCI0
37 (1. e. 0+ 3i); Toura N — R O
YMCTO MHHMMOE YICIO —4i -1l
(T. e. 0 — 41). Hayaso xoop- .
TUHAT M300paskaeT uucdto 0 daMAY
(r. e. 0+0z).

ConpsiskeHHbIE  KOM-
IJleKcHble vKciaa n3o0pa-
HANTCSA Mapoii Touek, CHM-
METPUUYHBIX OTHOCHTEJIBHO
ocu abcuuee; tak, Toukn C 1 C’° na pue. & nzobGpaskaior
CONpAKEHHble yucia —6—20 u — 6+ 24,

HomnuexcHule uyncia Moikio M300paskaTh TaKike OTpes-
KamMu («BéKTOpaMM»), HAUMHAKLWMMUCH B Touyke O M OKalluM-
BaOUWUMICA B COOTBCTCTBYIOLLEH TOYKE YMCJOBOM IJIOCKOCTH.
Tak, xomniekcHoe umeio —246: Moo M300pasuTh He
TOJNBKO TouKOil B (puc. 4), no Takke Bextopom OB; KOM-

Pue. 4.
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wieKcHoe umeano  —6—20 usoOpakaercst BeKkropom OC
uT. A

3ameuanue. [JaBasa KakoMy-aIm6o OTpesKy HauMeHOBa-
HUe «6eKkmop», Mbl NMOAYEPKUBAEM, YTO CYILECTBEHHOE 3HA4Ye-
HMe UMeeT He TOJBKO JIMHA, 1O M HanpaeieHue OTpe3Ka.
JIBa BeKTOpa CYMTAIOTCA OMMHAKOBHIMM (DABHLIMM) TOJBKO
B TOM Clly4yae, KOIfla OHM MMEIOT OAMHAKOBYIO JJIMHY M OXHO
M TO Ke HampaBlleHHe.

§ 41. Mopyab u APryMeHT KOMIUICKCHOTO IMCIa

JunHa BeKTopa, M306parKaIUEro KOMIUIEKCHOE YHCIIO,
HASHBAETCH Modysem DTOTO0 KOMINIEKCHOro yuciaa. Mopyun
BCAKOr0 KOMIUIEKCHOTO 4MCIIa, He PABHOrO HYJI0, ecTh IO0JIO-
MuTeNibHOe ymncno. Moxmyias Komil-

JIEKCHOTO YMcia a+ bi 06o3Havyaercs Y
| a+bi |, a Takke Gyksoit r. 113 yep- 0 M
TeKa (puc. 5) BugHO, yTO  Y[TTTTUTTZ \
. —_— 0 !
r=la+bi|=Var+b: (1) ¢y’ b
]
Mouyab meiCTBUTENBHOTO YHCIA % !
COBIAIAET C ero aGCOMOTHLIM 3HAYe- =—=q =X
ineM. ConpsiKeHHBIe KOMIJIEKCHLIE
yucaa a+bi m a—bi uMewT OQUH Puc. 5.

U TOT 3Ke MONYJb.

IIpumeps. 1. Mogyas KoMmIeKCHOro umciaa 34 5i
(r. e. pumna Bexropa OA, puc. 4) pasex y3r+5e =
= V34 ~ 5,83.

2. |1+i| = V12412 = V2 ~ 1,41,

3. | —3+4i| = 5.

4. Mopyab umcna —7 (r. e. —7+0¢) ecTh JJIMHA BeK-

Topa OM (puc. 4). OTa AJIMHA BLIPAKAETCA IOJIOHIUTENBHEM
yyuciaoM 7, T. e.

| =7+0i| = ¥{=7)2+0% = 7.

5. Monyab uncna — 4 (quuua Bektopa ON, pucC. &) paBeH 4.
6. Mopyap umena —6—2i (miuuHa BekTopa OC, pue. 4)

paBen V40 ~ 6,32. Momyas uucnia — 6 + 2 (niuna Bexropa OC’,

puc. &) TaK:ke paBeH Y40. JIBa compsskeHHHIX KOMILIEKCHEIX
YMCJIA BCErfia MMeT PaBHbIE MOMLYJIM.

VYrox ¢ Mespy ockio aGemuce m BektopoM OM, usobpa-
HAIOUIM KOMILIEKCHOe YUCIIO a+ bi, HAa3EIBAeTCA apaymer-
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mox KoMmiercHoro uucia a-+bi. Ila puc. 6 Bextrop OM
ugobpakaer KOMILIEKCHOe 4uMciIo —3-—3i. VYron XOM
ABIIAETCA APryMeHTOM 3TOr0 KOMIJIEKCHOrO 4YHCJa.

Hasxgoe He paBHOe HYJI0 KOMILIEKCHOE 4MCIIO!) wmMeer
GeculciIeHHOe MHOKECTBO ApIyMEHTOB, OTJIMYAIOIIMXCA APYT
OT Apyra Ha Ielloe YMCIO MOJHHIX oGoporos (T. e. HA 360° k,
rie k — jo6oe Leloe uncio). Tak, apryMeHTaMu KOMIIJIEKCHOTO
ynena —3—3¢ HBAAIOTCA Bce YMIH Bupa 225°+360° k,
nanpunmep 225°--360° = 585°, 225° —360° == —135°.

APIyMeHT @ CBABAH ¢ KOOPAMHATAMU KOMINIEKCHOTO UHCIA
a-+bi cienyonumu fopMyIaMu (CM. puc. 5):

=2 =2 ing = -2 . (4
lgo=" (2) cosg= e (3) sing = smeeer - (4)

OnHaKO HM OfHA M3 HUX B OTHEILHOCTH I1I¢ MO3BOJISIET HAKTH
apryMmenT mo a6cuucce M opjuuare (CM. lIpUMepSI).

Hpumep 1. HaliTu apryMenT KOMIIEKCHOrO YHCIA
—-3-3i.

ITo gopmyie (2) tg o = _—: = 1. 9TOMY YCIOBHUIO yROBIe-
TBOPAWT Kak yrodl 45°, Taxk m yrou 225° Ho yrom 45° we
Agasemces APryMeHTOM uucaa — 3 — 3¢
Y (puc. 6). IlpaBnabHeil oTBeT GymeT
@ = 225° (umu —135°, mam 585°
U T. A.). ITOT pe3yaAbTAT MOIYYUTCH,
ecau y4ectb, 4yTo abcuucca M OpAM-
q HATa JAHHOTO KOMIJIEKCHOTO YMCJIa
7 A orpumarenurt. 3Hauur, Touka M

) JIGKUT B TpeThbeil YeTBepTH.
M Opyroii cnoco®6. ITo gop-

MyJle (3) HaxomguM COS @ = L

Puc. 6. dopmyda (4) mokasHBaeT, 4To Sin @

TOKe OTpHIaTelleH. 3GHAYUT, YrOl @
NpUHATIEKUT TPEThell YeTBEPTH, TAK uTo @ = 225° £360° k.
IIpumep 2. HailThm apryMeHT KOMIUIEKCHOIO YuciIa

—2+6i. Haxopum tg ¢ = —_6? = —3. Tax kax aGcnucca oTpu-

HaTedbHa, a OPHMHATA HOJOMUTENbHA, TO Yroll @ BO BTOPOi
yerBeptu. C moMompblo TabmMI HaxoauM ¢ =~ 180°—72° =
= 108°, CM. puc. 4, rie Touka B msobpamaer — 2+ 6i.
Haumenbiiee mo a6CcosloTHOI BeJMYNHe 3HAYEHHWe apry-
MEHTA HasbIBaercsl aaaskbsin. TaK, AIA KOMIIEKCHBIX 4YHUCeN

1) Tlng umeiia 0 apryMelT ocTaercsl COREPILIeHHO HeoUpejiejieHHbIM.
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—3-38i, 2{, —5i rjaBHHe 3HAYeHMA AapIyMeHTa pPaBHH
—135°, +90°, —90°.

AprymeHT IeiCTBUTEILHOTO JOJI0UTEIBHOIO YUCIA AMeeT
rj1aBHOe 3HaveHue 0°; AJA OTPULATEIBHBIX YHMCE] TIIABHEIM
3HaYeHMeM apryMeHTa NPUHATO cuuTath 180° (a He —180°).

VY conpssKeHHBIX KOMINICKCHBIX YMCeJ IJIaBHEIE BHAYEHUA
apryMenTa MMeIT OJHU M Te ke aO0COJIOTHLIE 3HAYEHUA, HO
HpPOTHBOMNOJO¥HbIe 3HAKM. TaK, riIaBHbe 3HAYEHUA apryMeHTa
yucedm —3+3i u —3—3{ paBHur 135° 1 —135°,

§ 42. TpuronomMerpuueckas GopMa KOMIUIEKCHOTO YMCIa

Abcumcca a M opAMHATa b KoMILIeKCHOro uyucia a-+ bi
BEIDQIKAIOTCA 4epe3 MOAYJIL r M apryMeHT @ (CM. puc. 5)
dopmynamu

a=rcosp, h=rsing.
ITosToMy BCAKOE KOMINIEKCHOE YMCIIO MOMHO HpeNCTABHUTH
B BUfe r (cos g+ sin @), rme r = 0.

9TO BHIpaMKeHHe HA3BIBAETCA HOPMAALHOU MPU2OHOME-
mpuueckoti opmoti MM, Kopoye, TPUTOHOMETpUYeCKoh HOp-
MOM KOMIICKCHOTO YMCIa.

IIpumep 1. IIpencraBuTh KOMIIIEKCHOE YHCIO —3 —3i
B HOpMalbHOM TpuroHoMerpuueckoit fopme. Nmeem (III, 41):

r=Vy(-3)2+(-3)* = 3y2.
CiemoBaTesbHoO,
~8—3{ = 3Y2 (cos (—135°)+1sin (—135°))
NIan .
—3—-8i = 3Y2 (cos 225°+ i sin 225°)

u T NI
Mpumep 2. A KoMIJIeKCHOro yucia --2+4 60 uMeeM

r = V=256 = V0

u (I11, 41, npumep 2) ¢ = 108°. CiregoBaTenbH0, HOPMAIbHAA
TpuroHoMerpuyeckas @gopma umcna —2-+6i ectb

V40 (cos 108°+ sin 108°).

ITpumep 3. HopManbnasa TpuroHoMeTpudeckasa Gopma
qucya 3 ects 3 (cos 0°+ i sin 0°) umu, B obuieM BUfe,

3 (cos 360° k+i sin 360° k).
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Ilpumep 4 HopmaupHaa TpuronoMerpudyeckad ¢opma
yucaa —3 ecrb 3 (cos 180°+¢sin 180°) man

3 [cos (180°+3860° k) + i sin (180°+ 360° k)].

IIpumep 5. Hopmanenas TpuroHoMerpuyeckas $opma
MHUMMOM eJUHHUIHI { ecTh coS 90°+ ¢ sin 90° wiam

cos (90°+360° k) + sin (90° -+ 360° k).

3mech r = 1.
Ilpumep 6. HopmanpHasa TpuroHoMerpuyeckas dopma
qyucaa —i ecTh cos (—90°) +¢ sin (—90°) uan

cos (—90°+360° k) +isin (—90°+360° k).

3pmech r = 1.

B npoTHBOM0I0KHOCTS TPUIOHOMETPHUECKOit fopMe BEpa-
’Menue BUAA a+bi HABHBAETCA a.qzeOpauveckoii NI Koop-
Ournamnoii GopMoit KOMIIEKCHOTO YMCJA.

IIpumep 7. Kommiexcroe uncito 2[cos( — 40°) + ¢ sin{ — 40°)]
TIpeACTaBUTEH B anreGpamdeckoit Popme.

3pmeck r = 2, p = —40° Ilo gopmyaam (3), (4) mpemeigy-
uero naparpada

a=rcosp = 2cos (—40°) ~ 2-0,766 = 1,532,
b= rsing = 2sin (—40°) ~ 2+(—0,643) = —1,286.

AunreGpaudecras opMa RAHHOrO YMCIA eCTh (MpUOIM-
KeHHo) 1,532 —1,2861.

Ilpumep 8. IIpeacraButh B adreSpandeckoii fopme uncio
3 (cos 270°+ ¢ sin 270°). Tak Kkak cos 270° = 0;sin 270° = —1,
TO AAHHOE YMCIO PABHO — 3i.

IIpumep 9. Ecau r (cos p+ising) ectb ogHO U3 CO-
NPAMEHHBIX KOMINIEKCHBIX YHCeJI, TO Apyroe MOHO IpeaACTa-
BUTE B Bufe r[cos (—¢)+isin (—¢)] uam B Bufie r (CoS p—
—1isin @); BmpoueM, TocfieffHee BHIpAXKeHMe yike He Oymer
HOPMaJbHOI PopMOit.

§ 48. T'eomMeTpNIeCEMil CMBICI CIOMKEHHS ¥ BHITHTAHMSI
KOMI TeKCHBIX THCeX

ITycre BekTOpst OM m OM’ (pue. 7) mso0paskaloT 1OM-
nieKcHele 4YMCNA 2z = z+yi M 5’ = z'+y’t. U3 Tourm M
npoBejeM BekTop MK, paBuuit OM’ (T. e. MMeer Ty iKe
IJIMHY M TO Ke Hampaslenue,uro OM’; cm. § 40, sameyanwue).
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Torpma Bektop OK u3oGpaskaeT CyMMy HaHHBLIX KOMIUIEKCHBIX
yucel ), .

ITocTpoennsiit yKkasaHHHM 06pasom BekTop O K HaseBaeTcA
2eomempureckoll cymmoli (UIAM, KOpoye, CYMMON) BEeKTOPOB
OM u OM’ (HasBaHME «CyMMa»
NPOMCTEKAaeT U3 TOr0, 4TO COBep-
LIGHHO TaKMM e o0pa3oM «CKIa-
ABIBAIOTCSIY CKOPOCTU JABMMKYIIUXCH
TeJl, CUIIBI, NPUIIOEHIIBle K OfHOMi
TOYKe, N MHOTHe Apyrue usnuecKue
BeJIMYMHE).

Urak, cymma Osyxr Komnaekc-
HBZ 4lUces npedcmasasemcs cym-
MO 6eKMOpO8,  U306PANCAUWUT
omOenvHble caazaemule.

‘Anuna croposl OK rtpeyrosibnnka OM K MeHbllle CYyMMBI
n Gonblie pasHocty AanH OM u M K. Ilosromy

Lzl =12 || <l|z2"|<|z] + [2].

PaBeHcTBO MMeeT MecTO TOJIBKO B TeX CIy4asAxX, KOrja BeK-
Topst OM wm OM’ wumeloT OAMHaKoBMe (puc. 8) mam mpo-

Puc. 8. Pue. 9.

THBONOJIOKHEE HampaBilenua (puc. 9). B mnepsoM cayuae
|OM | + |OM' | = |OK |,1.e.|24+2 | = | 2| + |z |. BoBTO-
poM cuyyae |z+z | = | |z| - |2 ]].

Mpumep 1. Ilyere z = 4+3i; 27 = 5+12i. Torma
[2] = V& +38% =5 |2'| = V584127 = 13; 243" = 9415
|z+32"| = VY92 +15 = V306 .

Nmeem 13 —5 < Y306 < 13+5, 1. e. 8< V306 < 18.

1) IeilcTRUTEILHO, TPeyroJIbHAKI O M'L u M KN paBHol. 3HAUUT, X'=
=0L=MN=PR; y'=LM’=NK. CnenoBarenbHo, abcuucca OR=O0P+
+PR=x+x"; opiimHaTa RK=y+Y’.
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IMpumep 2. Ilyete z = 4+3(; 2 = 8+6i. OTH KoM-
WIeKCHBIe YHMCIIa UMEIOT OJMH M TOT e aprymenr (36°52’), T.e.
COOTBETCTBYIOII[e BEKTOPLI UMEIOT OJ{UHAKOBLIC HAIIPABIEHUST.
3pech

lz| =5 |2|=10; z+3 = 12+9:
|z+2] = Y122+ 9% = 15.
meem 10—-5 < 15 = 10+ 5.

Ipumep 3. Ilycrs z = 8 —64; 2" = —12+9i. OTU KOM-
IJIeKCHBIE 4YUCla M300parKaOTCA BEKTOpaMM, WMEIOIUMHU

MY
M
7 =>X
" T
Pue. 10. DPuc. 11.

TIPOTHBOIIOJIOHEIE IIANpaBieNnsa (MX ApPryMeHTH pPaBHLI
323°08" u 143°08’). 3mech

2] =10;|2"| = 15,542 = —4--3i;|s+5 | = 5.
Nmeem:
15--10 = 5 < 15+4-10.

Cymma mpex (u Goavwezo uucaa) ROMNACKCHLIT wuces
TalHe NPeCTaBIAEeTCA CyMMoli BekTropos (OM, OM’, OM’ na
puc. 10), usobpamaoUMX OTHeILHbIE CIaraeMble, T. €. BeK-
topoM O K, sampikatomum JomManyio OMSK (Bextop M.S paBelnt
Bextopy OM’; Bexrop SK —Bextopy OM”). CitaraeMmble MOMHO
Oparh B J000M nopsjiKe; JoMaHkle OyAyT pasiMuHble, HO KO-
el ux copmapyT. Tar kax OK ne pgaunHee, yeM JioMaHasi
OMSK, to

lata'+a [<]af+ [&] 2]

PasencrBo MMeeT MecTo TOJIBKO TOTHA, KOTKA BCe clarae-
Mble UMEIOT OJHO M TO e HalpasJileHUe.
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Pasnocrb MemIy KOMIUIEKCHHIMU YMCIAMU a-+bi u a’ -+ bt
pasHa cymMe umced a+bi m —a’—b’i. Bropoe caaraemoe
UMeeT TOT ’Ke MOAYJNb, UTo « +b’l, HO MPOTHBOMOJIOMHKHOE
nanpasaenne. lloaToMy pasicocms komnaercnuwx wucea, nped-
cmagasemvix ecckmopamu OM w OM’ (puc. 11), uso6pascaem-
ca cymmoli eckmopoe OM uw OM” (Bextopom OT).

§ 44. I'eomeTpHIeCKMii CMBICA YMHOMCEHMI
KOMILICKCHBIX MHCEL

ITycTe ABA KOMITEKCHBIX YMCIIA z M 2’ M300PAKANTCA BeK-
ropamu OM u OM’ (puc. 12). 3anuiieM COMHOMKUTEIX B TPH-
roHOMeTpuyeckoll JopMe M BBIYMCIMM IpPOM3BENICHUE:

23" = r (cos @+isin @) -r (cos ¢’ +ising’) =
= rr'[(cos @ cos p’ — sin p sin p’) +
-+ (sin @ cos ¢’ + cos g sin ¢')],
T. e. (V, 17)
2z = rr'[cos (p+¢')+isin (p+¢')]. (1)
Mopyne mpousseneHusa (oHo u3o0paxeHo Belkropom OL)
eCcTb rr’, a apryMeHT IPOM3Be/leHUs paBeH ¢+ ¢, T. €. npu
YMHOMNCEHUU ~ KOMRAEKCHUIX —WUCen UL
MOOYAU NEPEMHOICAIOMCR, a apeymel-
mul cEaadviearomcs.
OTO NpaBUIO OCTAETCA B CUIe IJIA
m060r0 YMCIa COMHOKHUTENEN.
IIpumep 1. ¥V KOMIVIEKCHHIX

yuced, usobpaneHHHX BeKTopamm OM
u OM’ nHa puc. 12, MOmyJIM paBHH

oM | = % u|OM’| = 2, a apryMenTsl
ZXOM=20°u £ XOM’ =30°.Monyub Puc. 12.
npousBefieHUs, M300PaKeHHOTO BEKTO-

pom OL, ecn,%-2 = 3; apryMent TpouU3sBefieHUA (yrod
XOL) pasen

20°+30° = 50%

-% (cos 20°+ i sin 20°) -2 (cos 30°+ i sin 30°) =
= 3 (cos 50°+¢sin 50°).
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ITpumep 2. _
4¥Z (cos 45°-+ i sin 45°). L2 (cos 135°+ i sin 135%) =
= 4 (cos 180°+ ¢ sin 180°) = —4 (puc. 13).
Te e coMmHOMUTeNIM B aireGpaudeckoit ¢opme OGyayr:
b+4i m — %+%i. IlepemHosxuB, cHoBa HaiimeM —4.

MMpuwmep 3. IlepemHomutp 2 (cos 150°4-i sin 150°),
3[cos (—160°)+¢sin (—160°)] u 0,5 (cos 10°+isin 10°).
Monyas npoussefenun 2-3+0,5 = 3. ApryMeHT npouaBefileHus
150°—160°+10° = 0°. IIpousBemenue paBHO
3 (cos 0°+1isin 0°) = 3.

Ilpumenp 4. r(cos p+isin @) -rlcos (—@)+isin (—¢)] =

= r%(cos 0°+isin 0°) = r?, T. e. npouseedenue Jdeyz conps-
CEHHBIZ ~ KOMRACKCHBIT — wucea
Y ecmb  Oelicmeumeabroe  4ucao,
e pasroe keadpamy ux obwezo
#odyas.
IIpumep 5.—%—[(’;05( —-20°) -+

4
. X 4-isin (—20°)]-2 [cos(—30°) +
L/ [0) -++isin (—30°)] = 3[cos (—50°+
| +¢sin (—50°)]. CpaBHuMB ¢ npu-
MepoM 1, BMAUM, YTO om 3amc-
1Bl COMMOdICUMEnEl, COnpsiceH-
HBMU  qUcaamMu  npouseedeHue
3AMEHUAOCH CONDANCERILLIM  YUcaom. DTO CBOMCTBO — ofulee.
Ono pacnpocTpaHseTcs HAa J1000e YUCIO COMHOMKUTENeI.
3amMevanue 1. [IpaBuita yMHOMEHUA AeACTBIUTEIBHEIX
4HCeJ OKABLIBAIOTCA YACTHBIM CJIyYaeM BHILIENPUBEAEHHOTO Mpa-
puna. Tak, NpunepeMHOMKEHMU [BYX

Puc. 13.

yncel —2 U —3 apryMesTs ux (180° y
u 180°) marot B cymMe 360°, Tak 4TO .
NpOM3BElEHUE €CTh  IT0JIO?KMTEeJbHOe bqi

yucio 6[T. e. 6(cos 360°+ i sin 360°)].
3ameuanue 2. Horma kakoe- P

A N A
160 KOMIIEKCHOE 4YMCio r(cos ¢+ f X
+isin ) ymHomaercs ma MuumMyo —7/ 0] 1
efMHNNY i (MomyJb ee ecTb 1, a ap-
rymeHT +90°), TO MOAYJAb NIPOU3-
BEeJleHNA O0CTAaeTCH PaBHEIM r. Apryment
e yBelnMuuBaeTca Ha 90°, T. e. BEKTOD MHOMUTENA I0BOpa-
yuBaeTCA Ha yroix + 90°, He MeHAACH Mo AJuHe. B yacrHOCTH,
yMHosenue 1 (Bektop OA puc. 14) Ha { npefCTaBisAeTca MOBO-

Puc. 14.
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poroM Bekropa OA Ha 90° B mojoxenue OB, a yMHOMKeHHE ¢
Ha { npeacraBiiAerca nosopoTom OB Ha 90° B moyoskenune OC.
Ho Bexrop OC maoGpaaer —1. Iloatomy i2 = —1. B aroit
reOMCTPMYECKO KapTHHE YMCIO I ABIAETCA (MHMMBIMY He
B GoJblLIeN CTCIEHH, YeM YUCI0 — 1.

§ 45. I'eoMeTpugecknii CMBICT j[eTOHUA
KOMILIEKCHBIX THCeX

Henenue ectb HelicTBue, obpatHoe yMHoMeHmo. IToaTomy
(cMm. mnpepsigymumit maparpad) npu OeseHuu KoMnaeKcHuL
wucen uxr wmodyau Oesamca (MORYNL MREIMMOro HA MOAYJIb
NeJUTelA), a apaymenmbl gviyumalomes (ApryMeHT JeIUTeNd
M3 apryMeHTa JIeJUMOro), T.e.

r(cos g+isin @) : r’ (cos ¢’ +isin ¢’) =
= - [cos (p—¢) +isin (p—9’)) (1)
IIpumep1.2(cos30°+isin 30°) : 6(cos 45°+i sin 45°) =
= —+[cos (~15°) +isin (~15°)].
Hpumep 2. —4: 4V§(co_s_45°+isin 45°) =
= 4 (cos 180°+ i sin 180°) : 42 (cos 45°+i sin 45°) =
= V—%—(cos 135°+¢sin 135°). Cp. mnpuMep 2 mnpegbiAyLIero
naparpada.
B aare6paunticcroit fopme:
. Yk S 1§ Sk Bk e
—4 () = 1 = amasy < 2
IIpumep 3. Pasgenurs 1 Ha KoMINJICKCHOE YHCIO
r (cos @+ sin ¢). 3anuuleM geauMoe B Bufe 1 (cos 0°+ i sin 0°).
Coraacuo Popmyde (1) yactHoe 6yne'r—1r— [cos(— @)+t sin( — @)].

1:r(cosp+ising) = —[cos (—p)+isin (—g))  (2)

I'eoMeTpuueckoe MOCTpOeHME: ONMiileM OKPY3KIIOCTh paRM-
yca 1 ¢ neurpom B O. lycrs | r| > 1, 1. e. Touka M (puc. 15),
u300parkamILas AeInTelb, JeHUT BHe OKpY kHOoCTH. IIpoBegem
Kacatenbny MT, us rouxu T' nposefieM nepneHauKyaap T M’
K OM. Touxa L, cummerpuunaa ¢ M’ oTHocHTenbHO ocH abc-
muce, u3oGpaaer yacrHoe. Jleicreuteasto, |OL | = | OM’ |,
a U3 npAMOYTroabHOro Tpeyrodsunka OTM, B Koropom TM’ —
BHCOTa, HaXOoxuM |OT |2 = |OM |- |OM’ |, Te. 1 =r|OM’ |
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unu |OM' | = —i— AprymenTs #e BextropoB OM u OL, oue-

BUJIHO, PABHLL 10 BeJWYMHE M NPOTMBOIOJIOMKHBL MO 3BHAKY.
Jus cayyas |r| < 1 mocrpoenue mokasano Ha puc. 16.
Ms fopmyus (2) cuefiyer, 4To OT feleHus 1 HA KOMILIEKC-

HO€ YMCJ0 C MOAyJIeM r = 1 NOoJIy4yaercsi KOMIIJIEKCHOe 4yHcCiIo0,

CONPAEHHOE C JeauTeleM.

Puc. 15. Pue. 16.

IIpumep 4. 2[cos(—30°)+¢sin(—30°)]: 6[cos(—45°)+
+isin (—45°)] = % (cos 15°+¢sin 15°). CpaBHUB C IpuMme-
poM 1, BUIUM, UTO om samenbr deaumoeo u Oeaumens conps-
MCEHHBIMU  HUCAAMU  HACMHOE 3AMEHUAOCL  CONPAHNCEHH bBIM
wucaom. Dopmyana (1) morasLIBaeT, 4To 3TO CBOifcTBO — oOIyee.

§ 46. BosgejeHue KOMILIEKCHOTO IICIa
B HEAYI0 cTeNneHb

Cormacuo III, 44
[r(cos ¢ +1sin @)]* = r¥(cos 2¢ + 1 sin 2¢),
[r (cos p+isin @)]® = r3(cos 3¢+t sin 3p)
u BooOlwe
[r (cos p+isin @)]* = r* (cos np+isin ng), (A)

Ifle n — IeJloe TOJOHMTeNbHOE yncio., Popmyna (A) Hasul-
Baerca opmyaoii Myaspa (A. Moivre, 1667 —1754). Omna
BepHA M JJIA 1[eJOro OTPHIATeNbHOro mokasarens n (III, 61),
a TakMe MIg n. = 0.
. e 1 _
Hanpmjnep, [r (cos p+isin Q)73 = m =

= %cos 3T IS 39y CremoBaTenbHO (Cp. NpUMep 3 Hpefbl-
nmymero naparpada),

[r{cos@+isin )]™3 = r=3 [cos (—8p) +isin (—3¢)].
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Urax, npM Bo3BeNeHMM KOMIIEKCHOTO 4YHCIA B J00yI0
HeJlylo CcTelleHb modyab 603600umca 6 my oie Ccmenewb,
a apaymerm nOMHOMNCAEMCH Ha nokasanieadb cmeneru.
O Bossefiennn B 1pobHyIo cTemeHb cM. § 48.

Ilpumep 1. Bo3BecTu B LIECTYIO CTENEHb YNCIO

5 = 2 (cos 10°+ ¢ sin 10°).
Umeem 28 = 25 (cos 60°+:.sin 60°) = 32+ 32y31.
IIpumecp 2. Bo3sectu B 20-10 CTeneHb MUCIO

PRI B

2 2

Monyae uncaaz (III, 41) ects 1, a aprymeut paBeH —60°.
CieffoBaTeipllo, MORYJb uucia z2° ecTh 1, a aPryMeHT PaBeH
—1200° = —3-360°—-120°. Imeem:

£ = cos (~120°) +isin (~120°) = —b -V

IT p m m e p 3. Haitri Beipaxienne KOCHHYCA I CHHYCA yIvIa
3@ yepe3 KOCHHYC M CHIIyC yIJIa @.

Pemenue. cos 3p+isin3p = (cos p+1i8in p)® =
= cos®@ + 3¢ cos® g sin -+ 3i2 cos g sin® @+ ¥ sind ¢ =
= cos® @ —3 cos g sin? p-+1 (3 cos? g sin p —sin® p).

ITpupaBnuBasa aGeuuecst n opjumarer (111, 35), HaxomuM:
cos 3p = cos® @ — 3 sin% p cos ¢

sin 3p = 3 cos® psin ¢ — sin3 @,
IIpumep & Taxum e oGpazom HaiifeM:
cos 4p = costp — 6 cos® @ sin? p+sint g,
sin 4p = & cos® g sin p —4& cos ¢ sin® g,
a Tawoke obmue (opMyas mas sin np, cos np (cM. V, 21).

§ 47. UspieucHne KOPHA U3 KEOMIVIEKCHOTO THCIA

Uspneverng kopua (II, 9, m. 6) ects meiicreue, obparHoe
BOBBEJEEMIO B CTenteHs. 1lopToMy (CM. mpemEEyImuMis maparpad)
MoDyab KopHa (IIeNI0 CTENEHH) U3 KOMNACKCHOZ0 HUCAQ
NOAYUAEMCR  UBGNEUEHUEM KOPHA mol oie  cmenenu U3
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MoO0yan nodkopennozo wucaa, a apaymenm — Oenelnuem apey-
MeNMa Ha nokazameab KOPHA:

n

}’r(cos prising) =Vr (cos =+ sin%). (B)

”

3meck 3HaKoM Vr 0003HAQYENO TOJOMHUTENLHOC YHCIO
(apudMeTHUeCKUIT KOPEHDb M3 MOAYJIA).

l('opem: n-ti cmeneHu U3 6CAKO20 KOMNAEKCIL020 YUCAA
uMeem n pasiUNHLILT 3HAYEHUL. Bce onu uMenT OgUHAKOBHE

n

Monynu ¥r; apryMeHTHL e IOIy4alOTCA W3 APryMeHTA OJHO-
T0 M3 HUX IOCJTe0BaTeJbHLIM NpubaBleHMeM yrna-;—. 360°.

HefcTBUTENBHO, MYCTh @, €CTh APIyMeHT NOJKOPEHHOIO
yucna. Torma @o+360°, @o+2:360° U T. I. TakM#e ABIAIOTCA
£ro apryMenTaMu. CDopmyna (B) noka3aeiBaer, uTo 3a aprymen’r

ROpHH MO3KHO NPUHATH He TOJIbI(O— HO Ta}{me—+—- 360°,
—':l—"fi- —;360° u T. n. CooTBETCTByMOlUNE 3HAYEHUA KODHA He
BCe DPA3IUYHEL MOy co0oif: apryMeHt —+— 360°, T. e.
{l+ 360°, MaeT TO ¢ KOMIIIEKCHOE YMCIIO, YTO U aprymcu’r%;
apryment 2 n—:'ll360° = —”—"— -I-% 360°+360° JaeT TO ke

KOMIIICKCIO@ YHCI0, YTO apryMenT -2 +—— 360°, u 1. &. Pas-

Audblr 3HAYeHUir Kopus Oymer ponuo n. CM. npuMeprLl.
ITp uwmep 1. UsBieur KBagpaTHbIt KOpPeHb U3 Yucia — 9i.
Mopyae sToro umcia ects 9. 3HAYMT, MOAYJIb KOPHA paBel

Y9 = 3. ApryMeHT NOTKOPEHHOTO YMCJIA MOMKHO TPUHATH
paBHEIM —90°, —90°+360°, —90°+2-360° u T. &.
B nepBoMm ciyuyae mosyuaem:
1

(=9i) 2 = V9 [cos (—45°) + isin (—45°)] =

3 3 .
= 1
T rT )
Bo BTopoM cayuae
1
(—9i)% = Y9 (cos 135°+isin 135°) = — —=+ _,. (2)

T
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B TpereeM cayuae
1
(—9i)2 =Y9 (cos 315°+i sin 315°) =—— —

1£3 Vz_’
T. €. TO K¢, YTO B liepoM. Bepst ¢ = --90°4-3-360°, ¢ =
= —90°+4-360° mim ¢ = —90°-360° —90°—2-360°

M T. A., ML OyJieM IooyepexHo MOJdyyaTh sHadeHus (1) u (2).

ITpumep 2. Uspneur KBafpaTHLI KopeHb M3 Yucaa 16.

ApryMeur otoro yucia ectb 360° k (k — uenoe umcio). Apry-

MeHT KopHA Oymer 360° k: 2 = 180° k. Eciu k ectb HyJib MIN

YeTIIOe YMCII0, TO APIYMEHT KOPHA paBeH HyJIII0 MIIM KpaTeH 360°.
1

Torma 16 2 = 4 (cos 0°+¢sin 0°) = 4. Ecau ske k — HeueTHoe
4yucyo, To apryment Oymer 180° mim orimyarscs oT 180° Ha
1

KkpartHoe 360°. Tornma 162 = 4 (cos 180°+isin180°) = —4,
IIpumep 3. Uspicup Ky6budecknit kopens u3 1. Monyan
3

wopust panen Y1 = 1. APryMeHT NOJKOPEHHOr0 YKCIA €CTh
360° k (k — moGoe uestoe yncmo). Apryment KopHdA Oymet 120° k.
IMonaras k = 0, 1, 2, HAXOMUM TpH 3HA- Y
yeHnnsi aprymenTa KkopHsm: 0°, 120°, 240°.
Loomcrcrnymume BHAYEHUST  KOPHsI A
Gymyr1):
5 = €08 0°4-isin 0° = 1,
2, = oS 120°+ 1 sin 120° = 7 I, X
= ——+l/-3— i,
24 == COS 240° +isin 240° = 4
1 V3.
= -_T_Tl' Puc. 17.

Ha puc. 17 st 3HaveHus u3oOparkensl Toukamu A;, A,, A,.

1) 9TH pe3yJbTaThi 110J1€3HO N1POBEPHTL. IIOMHO HMB YUCILO 2, = —?2 +K2£'
camMo Ha cedsa 110 upasuuy § 38, HaiijieM z§ =—;——V‘T3i=z,. IIoMHOMKas
euic pas, MONyuYuM z.‘_,f = 232, = 1. Tan Ke IpoBepsaeTcd M KOpeHb
7= —%—}% i. Menno;

1 V3,
- +V—- i=2,, 23 = z,2,=1.

2E=—
% 2 2
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Tpeyronsunk A;A,A; — paBHocTopoHHMi. OH BnMcanm B
OKpYXHOCTh paguyca 1.

IIpumep 4. l3Biucyr KOpeHb IUeCTOif cTemeHd u3 —1.
AprymedT nopkopennoro uuciaa —1 ecrtb 180°+360° k. Ap-
IryMeHT KopHs paseH 30°+60° k. VIMeem cliefiyiolie I1uecTob
3HAYEHMIE KOPHA:

7, = cos 30°+isin 30° = E*'—é—i,
Z, = €0S 90°+1isin 90° = i,
23 = oS 150°+ i sin 150° = _VT+_2' i
7, = cos 210°+isin 210° = L2 L
As z5 = €08 270°+ ¢ sin 270° = —z,
P, 18, % = c0s 330°+isin 330° = 12 3 i

Touku A,, A,, Ay, A, A;, Ag, M300pasniaouye 5T 3HAYEC-
HusA (puc. 18), ABAAIOTCS BePINUIAMI HPABUIABHOLO IIECTH-
YroJbHMKA.

Na gopmyanr (B) ciaemyer, YTo n KOpHe# U3 KaKkoro-iméo
KOMILIEKCHOT'0 YMCJIA M 1 KOpHelt H3 CONPAMEHHOTO YUCJIA IO~
TIApHO CONpSIKEHH.

IIpumep 5. I{opuum 4veTBCPTOIf CTENEHH U3 YUCIA

16(cos 120°+¢sin 120°) = —8+8Y3 i Gymyr:

z, = 2 (cos 30°+isin 30°) = V3+i;

7, = 2 (oS 120°+sin 120°) = —14V3 5
z3 = 2 (cos 210°-Fisin 210°) = —}3—g;
z, = 2 (cos 300°+¢sin 300°) = 1—}3 74,

a KOPHU Tolf ke cTemen n3 uncaa 16 (cos 120° —i sin 120°) =
= —8-—8y3 Gymyr:
7 = 2 (cos 30°—isin 80°) = V3—1i;
7, = 2 (c0os 120°—{sin 120°) = —1-¥3;
Z; = 2 (cos 210°—:sin 210°) = — V341
= 2 (cos 300°—isin 300°) = 1+V37.

23
Uncia 2z, ¥ 75, 3, U 2, M T. Ji. ONAPIO COMPHKEHEL

1
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§ 48. Bospegenne KOMILICKCHOTO YHCIa B A105YI0
AeflcTBUTENBHYIO CTeNeHb

Bospegenne B apobHyio cTemeHb KEHCTBUTENBHOTO YMCIA
onpeneneno B I1I, 61. Ho Tam paccMaTpnBaloTes TONLKO Hei-
CTBUTeJIbHLIC 3HAYCHUSA CTeNeHu. 3ech MLI Hy /laeMcA B Doliee
o0uweM onpeneneHunn.

ITycte oHo maercs cienyomei opmyoii:

[r(cos p+isin @)]? = r? (cos pp+i sin pp). (C)
3pmeck p —moboe AeilCTBUTENBHOE YUCIO, & rP 03HAYAET NOLO-
olcumendlioe YUCIO, INPENCTABIAMIEe p-I0 CTEIEHb MO-

nyas r.
®opmyna (C) cosmapmaer ¢ dopmyimoit (A)(IlI, 46), xorma

p — nexoe wumeio, u ¢ (B) (III, 47), worma p ects ApoOb
-111—. Ecau p ects 1poGs 2-, 0 B cuay (C), (A) u (B)

mn

—_— n

[r(cos p+isin g)1" = V[r(cos g+ sin g)]", (D)
4TO COIJIacyeTCsI C OOBIYHBIM ompejellenieM JpoOHOiL
cTenenu.

HpoOuasA cremeHnh BCsIKOTO KOMIJICKCIIOTO (B TOM MMCIE H
TefiCTBUTENLHOT0) “MHCIA HMECET n PA3IMYHBIX Mepy coOboii
suavenuit (n —suwamenarens jipo6u). Popmyna (C) pacmpocrpa-
HSIETCA M Ha CIIy4ail MppalllonajiboCTIl IoKkasaTensa p. B 1mo-
cJIefiHeM CIIyuae p-si CTEHeHL BCAKOIO YICTA MMeeT GecuucieH-
HOe MHO?KeCTBO 3ITadelit,

3
ITpuwmep 1. Bosnecrir yncao — 16 1 crenens - .
Nnmeenm:

p=-=,r=16, p = 180°+8360° k.

A
3

cornacuo (C) pasen 16* = s.

Mogayae cremenn (—16)4

ApryMent cTeneHu paBeH
. (180°1-360° k) = 135°-+270° k.

ITomaras k = 0,1, 2, 3 (0CTaJbHLLE 11CIbIe 3IIQUEHMA k HOBBIX
pe3yabTaTOB He JIA/yT), liMeeM CIefyIolite YeThpe 3HAUYEHN A
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CTEeIleHN: _ .
2, = 8 (cos 135°+isin 135°) = —4) 24427,
2, = 8[cos (135°+270°) + i sin (135°4-270°)] =

8 (cos 45° 41 sin 45°) = 4Y2+4V24;

75 = 8[cos (185°42-270°) 4 sin (135°+2-270°)] =
= 8[cos (—45°) +isin (—45°)] = 4/2 —4Y2 §;
z, = 8[cos (135°+3-270°) + i sin (135°+3-270°)] =

8[cos (—135°) +isin (—135°)] = —4YV2 —4/2..
OTH 3HaYeHMA u3o0pasKeHs Toukamu B,, B,, B, B, (puc. 19).

IT p v M e p 2. BosBecTst yKcyIo 1 B crenenn T 3necy p =

1
=57 =1, ¢ = 360° k. Cormacro (C) umeen:

o _ 360° Lo 360°
1°% = cos—5 — k+isin =5 — k.

Ha puc. 20 noxasansl Touku By, B, B,, B,, ..., usobpa-
JKaoIMe Te 3HAYEHMA CTeleHM, KOTOpHe MNOJY4yaloTCA NpH
k=0,1,2,3,... Bee onn JlexaT HA OKpYKHOCTH pajuyca 1.

Pue. 19. Puc. 20.

Hukaxkue mapnl 9TMX TOYeK He COBHAJAIT APYr C APYroM.
B camowm jene, xampaplit u3 yraos B,OB,, B,OB, u T. i. paBen
paamMany, T. e. Kamgaa us ayr By B;, B\ B,, u T. I. UMeeT AIUHY,
pasuyio paguycy. Ecau 611 HekoTopas Touka B, coBnagaiac By,
TO OKa3aJoch OB, YTO OKPYKHOCTH, 000ileHHAas s pa3 (s — He-
KOTOpOe Ilelloe yYMclo), comep:kana Ownt ! pagmycos. Torua
OHOKpATHO 000iileHHAA OKPY MHOCTh MMeJa Obl ALY, B TOY-

HOCTH DaBHYI0 — pamuycoB. Ho oKpyiKHOCTE necousMmepima
c paguycoM. 3HAUMT, HU OfjHa Iapa Touek B,, B, ... He
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cosnapgaer. Uem Goublie Touek Mol GepeM, TeM IJIOTHee IIO-
KpHIBaeTCA MMM OKpYKHOCTb., OKOJIO JI000K ee TOUKM CKOI-
asaercA GeCKOHeuYHOe MHOMeCTBO ToueKk B. U Bce ke moBciony
Ha OKPYMHOCTH OCTAIOTCA TakUe TOYKM, Ky[a He IonafaeT HU
onHa M3 Toyek B. TakoBa, Hanpumep, TOYKa, AMAMETPAJIBHO
NPOTUBOINONOKHAA Touke By, maum mobad BepIIMHA KaKOro-
HuOyZb NPaBUIBHOI'0 MHOI'OYI'OJIBHUKA, JUIA KoTOporo B, ecTb
O7[HA M3 BEpIUHH.

3amMeyaHue MoMHO ONPENETUTH CTENEHb KOMIJIEKC-
HOTO YMCJIA M JJA KOMIUIEKCHOI'0 MoKasarelsa cremeHud. OHa
TOe MMeeT GecUMCIeHHOe MHOKeCTBO 3HAYeHUit, HO COOTBET-
CTByIOIIME TOYKH B 0o0lIeM ciydyae He CKOIJIAIOTCA, a JemaT
BpO3b ApPYT OT Apyra.

§ 49. Hekorophie cBegeHNs 00 aIrefpandecknx
YPABHCHHAX BHICHIMX CTemeHeik

Hasa ypasHenus 3-it u 4-it cremenu oGiero Bufa Ha#eHH
(cm. 111, 2) dopmydsl, BEIpasKkaolMe KOPHU yPaBHEHUA Yepes
Gy KBeHHbIe BeJIMYMHB KO PUIINEHTOB. OTH GOPMYIIH COlEp AT
pamuKaibl 2-it u 3-if creneHu. OHM CIOMKHBL U IOTOMY Majo
TIPUIOfHHL JJIsI NpaKTuKY. J{7Ia ypaBHeHul 60Jlee BEICOKOIL CTe-
TIeH! TaKMX (opMyd coBceM HeT. JloKaszaHo, YTO KOpHM 06LIero
YPaBHEHMA CTelely BEIIe 4-i HeJb3s BHIPA3UTh Yepe3 OyKBeH-
Hble KO9PPUIMEHTH C TIOMOIIBI0 KOHEYHOro YHCIA CI0IKEHUI,
BBHIYUTAHMIA, YMHOMEHUIt, HelleHnii, Bo3BefeHUl B CTeHmelb M
usBlleyennit Kopua. Taxoe BEIpakeHMe BO3MOMKHO JIMIIb AJIA
HEKOTOPHIX YACTHHX BHAOB OyKBEHHBIX YDaBHEHUiT BBICILIX
cTemneHelr.

TeM He MeHee KOPHH BCAKOro alrefpanuecKoro ypaBHeHHs
C YMCIOBEIME K03PPHIIeHTAMU MOMKHO HaiTH npuOIIHKEHHO
¢ 700601t CTENEHBI0 TOYIIOCTH.

o BBefeHMA KOMIIEKCHBIX YHMCEJ faske KBajipaTHOe ypas-
HeHMe He Bcerfia umedno pemenue (III, 28). G BBegcuneM KkoM-
INIEKCHEIX YHCcell Kammoe ajrefpamdyeckoe ypaBHeHHe MMeeT
mo Kpaifuelt Mepe ofiuH KopeHb (KodPdunuentsl ajrebpamue-
CKOTO YPaBIIeHUA MOIYT OLITh COBEPIIEHHO IPOU3BOILHLIMM —
JlarKe KOMIIJIEKCHBIMHU).

VpasHeHue n-it cTelleHU I¢ MOKeT uMeTh GoJiblile 4eM n
pasmHuuLIX KOpHeil, a Meiblle — Mosker. Hanpumep, yphsue-
nue nsaroli cremeun (z—3) (x—2) (x—1)° = 0 (B pacKpuITOM
Bupe x5 — 8z14- 242°% — 3422+ 232 — 6 = 0) uMeeT KopHHU z;, = 3,
T, = 2, zy; = 1. JIpyrux Kopieit y Hero Her. Bcé ke cuntasor,
4YTO 9TO yYpaBHeHME MMeeT NATh KopHelt (z; = 8, z, = 2,
z3=1, &, =1, z; = 1). Kopenb 1 COCYMTEHIBAIOT TPU Ppasa,
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MOTOMY YTO JIeBAsSl YaCTb JIAHHOIO YPaBHEHUA COUEPIKUT MIO-
HITEJb  —1 B TpeThelt CTeleHu.
IIpn TakoMm cyeTe BCsikoe ypaBHeHMe n-if cTemeny

agr* + a2 1+ ... 4a, = 0 (a = 1) (1)

UMeeT POBHO n KODHeif, M BOT moyemy. Y paBHenue (1) Moo
(emmHCTBEHHEIM CMOCOGOM) TpEACTABUTH B BHIE

axz—x,) (x~x5) ... (x—2x,) = 0. (2)

Yucna zy, 25, ..., &, — KopHHu ypasHeHus (1). Cpegn HuX
HEeCKOIIbKO MOTYT MMeThb OJli0 M TO e BHAUeHHe (B NpeNHI-
RylleM NpUMepe Z; = &, = %, = 1). ITo 3HAYEHMEe COCUUTHI-
BAeTCA B KayecTBe KOPHA CTOILKO Pas, CKOJBKO OHO IIOBTO-
paerca. IIpu Taxkom cyere obuice uncao0 KopHelt Beerga paBio n.

Ecau xoadduiments! aarebpanyeckoro ypaBHeHus — Jeit-
CTBUTEJBHEIE, & OfIUII M3 KOPIeil eCTh KOMINIEKCHOE YHCII0 a + bi,
TO CONpAMKENHOe KOMITIEKCHOe YUCI0 a—bi— Toue KOPEHb.

5y
Hanpumep, KoMnieKkcHoe L11/10310'/—2— + ;- i eCTh KOPeHb ypaB-
Henuda z'+1 = 0 (III, 47); coupﬂme}moe KOMIIJIEKCHOE 4HCII0

12—— V—2 { — TOe Kopelb 9Toro ypanHenus. Takum oGpasom,
ypaBHeHne ¢ [leifcTBUTeNBIBIME  KOd(PuIHEHTAMM MMeeT
BCerjla YeTHoe MMCII0 KOMIIJIEKCHBIX KopHeH.

Bearoe ypanuenite neyeTHOM cTernein ¢ Ne#CTBUTEABHLIMI
Kk03pPUIEHTAMU NMeeT XOTA OBl OTUH JeifCTBUTeNbHEI KOPEeHD
(Belb KOMIIICICHLIX KOpHeil BCerfa 4eTHoe 4Mcilo, a obmiee
YHCIIO KOPHelf M0 YCJOBUIO HEYETHO).

Cymma Kopieit ypasuenus (1) panua —%‘«, anpousnejeHne
0
KOpHeil paBHO (—1)"7:3!‘-- . 9ty cBoifcTRa OBpLIHM yKaA3aHLL (pam-
0
I[y3cKNM MaTeMaTukoM Buera B 4591 r.1).
IIpumep. YpaBuenne x°—8x%+ 242 —3422+23x—-6=0
(n=5;a =1, a = --8,a, = —6) MUMeeT KOPHM (CM. BLILIE)

3,2, 1,1, 1. CyMmma uX COCTABIAET 8 (’l‘. e. —-_—18—), a npous-

BefieHme 6 (T e. (—1)3- _6~).

OTH cBOiCTBA (a TaKAe U npyme aHAJIOTMYHbIE) BLIBOAATCA
U3 CONOCTABIEHNA ypaBHeHuit (1) m (2) (y HUX ZoJ#HBL OBITH
OMHAKOBEIMM BCE WJIEHHI, B YACTHOCTH BTOPOIt U IMOCHERHMIL).

1) BreTa He NPU3UABAI OTPMIIATENLHBIX yuced (¢p. 111, 3) u moTomy
paccMaTpMBall caydaif, KOrJa BC¢ KOPHU ITOJIOKUTENbHBI.
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§ 50. O0mMe cBejieHUA 0 HepaBeHCTBAX

JBa BLIpaKkeHUs, unciaoBble Wi OyKBellHbIe, COeMHEHHbIE
suaKoM «boJbliey (>) WM 3HAKOM «MeHbliley (<), oGpasyior
nepasencmgo (YMCIOBOe MIM OyKBEHHOE).

Beakoe BepHoe YMCIIOBOE HepaBelCTBO, a TaKiKe BCAKoe
OyKBeHHOe HepaBeHCTBO, CNPaBeMJIUBOC NPU BCeX YHMCIOBHIX
JeACTBUTENbHBIX BHAYEHUAX BXOAAIMX B 1iero OyKB, HA3HBAET-
cA modscdecmaeenivim.

IIpumep 1. YUnucnonsoe nepasencrso 2:3—-5<8-35
(oHo Bepio!) ecTh TOMIeCTBenIOe HepPaBeIICTBO.

ITpumep 2. Byksennoe HepaBenctno a® > —2 TOM[e-
CTBEHIIO, TAK KaKk NpPH BCAKOM YUCIOBOM (HeiiCTBUTEIIBHOM)
SIIQYEHNN a BelIMYMHA «® MOJONNTeNbHA NI paBHA HYJIO M,
3HAUMT, Bcerpa Goxblne, yeM — 2.

J{Ba BBIpAKEHUA COEHMHAIOTCSH TAKMe 3HAKAMU < («MeHb-
Hie MJu paBHO») H = («Dodblue uan pasnoy). Tak, sanuck 2a =
= 3b osnauaer, uto BeNMuuHA 2a A1n00 Gonbllle BEINYUHLL 3b,
#nbo pasna elf. Taxkne 3anucu Tak»#e UMEHYIOTCS HepaBEHCT-
BaMMU.

BykBeHHble BeJIuuMiLl, BXOAAlLME B HEPaBeHCTBO, MOryT
10/IPA3IAENATLCA 1A N3BeCTHble M Hen3BecTHole. Kakue u3 Oykn
1PEACTABIMIOT U3IBECTHLIE, 4 KAKWe HEeU3BECTHbIC BEJIMYMHBI,
xoyno ObITh OTAeNbHO yKasaHo. OOBIUHO [JIA DTOr0 Heus-
BECTHbIE BeIMUMHBL 0003HAYAIOTCA HOCHeAHUMY Gy KBaMM JIaTHH-
ckoro andapura z, y, z, ¥, vV U T. I.

PeumnTh HepaBeHCTBO — 3HAYMT yKasaTh I'PAHMLBI, B KO-
TOPLIX MOMHIILL 3aKIIOYATLCS. (fefiCTBUTCbIILIC) 3HAYEHUA 1e-
U3BECTHBIX BeJH4YMH, 4TOOLI HEpaBeHCTBO OBIIIO BepHBIM.

Ilcnn paHo HecKoJbKO HEPaBEHCTB, TO PEINIUTh CHCTEMY
DTUX HEpPABEHCTB — 3HAYMT YKAa3aTb TPalMIbl, B KOTOPBIX
JOTKHDLL 3AKJIIOYATHCA 3HAYEHUA HeUABEeCTHLIX BeJMYHil, YTO-
OBl BCe JlaHIbIC HepaBeHCTBAa OLIIM BEepHLIMIL.

If puwmep 3. Peuto nepaBeHcrso z° < 4. JTo HepaBeH-
CTBO BepHo, eclu |2 | < 2, T. e. eCM & 3AKJIIOYEHO B FPaHM-
nax Mmemay —2 u +2. Pemenve umeer Bum —2 = 2 = 2.

ITpumep 4. Pemnrh nepaBeHcTBO 2z > 8.

Pemcnue nmeer Buji: z > 4. 37ech x orpaHuueno TolbKoO
C OJIHOI CTOPOMHI.

Ilpumep 5. Hepasenctso (x—2) (rx—3) >0 BepHoO,
eciu z > 3 (rorga oba comuomurensa {(r—2), (z—3) mnoio-
MUTENbHBI), & TaKkMe NpH zx < 2 (Torga o0a COMHOMUTENA
OTpUIlATeNbIL), ¥ HEBCPHO, KOIMA & 3AKJIKYEeHO B TPAHMIIAX
Mexay 2 u 3 (a Taike npu a = 2 u npu z = 3). [Hosromy
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pemel-me rlpenc'rannﬂemﬂ nBny{ uepanencmamu:

x> 3 x <2,

2

ITpumep 6. HepasencrBo 2* < —2 He uMeeT pelleHui
(cp. npumep 2).

§ 51. OcnoBHEIe cBOiicTBA HEPABEHCTB

1. Ectu a > b, T0 b < a; naobopor, ecim a < b, TO
b > a.

IMpumep. Ecmm 52 — 1 = 22 +1, 10 22+1 < S5x—1.

2. Ecim @ = b u b > ¢, 10 a > c. Touno tak ke, eciu
a<bub<c,m0a<ec

II p u M e p. U3 nepaBenctns z > 2y, 2y > 10 ciaenyer, uto
z > 10.

3. Bciu @ > b, T0 at+c>b+c (M a—c¢c > b—c¢). Ecau
we a <b, TOo atc<b+e (M a—c<b—¢), T. . K obeum
wacmam Hepasencmea Mmodxcro npubasums (MIM U3 HUX Bbl-
UeCTb) 00HY U MY oKce BEAUNUHY.

IMMpumep 1. [Jano HepaBeHCTBO x+ 8 > 3. Brunraa u3
obenx yacTeff HepaBeHCTBA YMCJIO 8, HAXOAMM z > —5.

N puwmep 2. JJano nepasencrno x —6 < —2, IlpuGasasn
K 00eUM 4acTAM 6, HAXOOUM = < 4.

4, Eciu a = b n ¢ >d, 10 a +¢ > b+4d; TOUHO TAK iKe,
ecim a <bune<d, 10 atc < b+d, T. e. dea nepasencmsa
00unaro6oeo cmbicaal) ModCHO nowaenio ckaadvieams. ITO
CNpaBefiMBO M JJA J000ro 4uciaa HepaBeuCTB, Hampumep,
ecin a, > by, a, > by, a; > b,, 10 a,+a,+a; > b +b,+b,.

IMMpumep 1. HepaBenctBa —8 = —10 u 5 > 2 BepHBL
CKIafiblBaAg MX TMOYJIEHHO, HAXO0j(MM BepHOe HepaBeHCTBO
-3 > -8.

1 1
HDpumep 2. [lana cucreMa HepaBencTB 5 z+5 y < 18;
1 1 .
Tz Y < 4. CriafplBafl MX MNOYJEHHO, HaXOAUM x < 22,

dameuvanue. J[Ba HepaBencTBa OJMHAKOBOTO CMBICJA
HeAL3RA NOUAEHIO ebldumambs }lpyl‘ M3 JApyra, Tak KakR pe-
3yABTAT MOMeT OBITL BepHBIM, HO MOeT OLITb M HeBEpPHbLIM.
Hanpumep, ecnin u3 HepaBencTBa 10 > 8 NOYJIEHHO BHIYECTH
HEpPaBeHCTBO 2 = 1, TO IIOJIyYMM Beploe HepaBeHCTBO 8 > 7,
HO eCJIM U3 TOTO <e HepaBeHCTBA 10 >- 8 MOulleHHO BLIYECTD
HepaBeHCTBO 6 > 1, To moayuum HeJenocTs. CpaBHHThL cile-
HYIOWHUA TyHKT,

1) BolpajKeHe «1epaBelcTBA OMHAKOBOTO CMBICTA» 03HAUAET, ‘T
00a HepaneHeTBa CojlePsKAT 3HAK > WK 004 cojlepshaT 3HAK <.
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5. Bctm a>b u ¢ <d, T0 a—c=>b—d; ecin a <b
wc>d, 0o a—c<>b-d, T. e uz 00020 Hepasencmati
MOAHCHO . ROUAEHHO 6bINECNb praoe HEpasencmeo npomueono:
0020 cMbicaa ), ocmaesnn :man mozo0 HepaseHcmea, U8
Komopoeo svluumasoct 0pyzoe. ’

IIpumep1. HepaBencrBa 12 < 20 1 15 > 7 BepHH. Bm-
YMTAA NOYJIEHHO BTOpOe M3 IIEpBOro M OCTABIAA 3HAK Iep-
BOro, NMOJIy4aeM BepHOe HepaBeHCTBO —3 < 13. Breiuurad mo-
4JleHHO IlepBoe M3 BTOPOI'0 M OCTAaBJIAA 3HAK BTOPOro, HAXOXUM
BEpHOE HepaBeHCTBO 3 > —13.

II p uMep 2. Jlana cucrema HepaBeHCTB ~a:+ Y < 18;
; x—~§ y > 8. BrluMTas U8 mepBOro HepaBeHCTBA BTOPOE, Ha-
xopuM y < 10.
6. Kcan a > b u m — moloKuTedbHOe YUCIIO, TO ma > mb
" 2 >L , T. €.
m m
obe .wacmu  nepageHcmsa MOMNCHO pad@enumb usu yMNO-
ocumd Ha 00HO U MO IKE NOAOHCUMEAbHOE HUSAD (anau
116PABEHCTBA OCTAETCH TeM 7Ke).
Lc.lmbme a> b ¥ n — oTpUUATEIbHOE YHUCIO, TO na < nb
a
U n <—,T.€
obe uacmu HepageHcmea MOMCHO YMHONWCUMDL UAU pas-
deaumb Ha 00HO U MO dCE OMPUYAMEALHOE HUCAO0, HO NPU
AMoMm 3HAK HEPAGEHCMEA HYMWCHO NepemenHumbsv Ha npomueo-
noaoHcH Ui 2).
IIpumep 1. PasgenuB oGe yacTu BepHOro HepaBEHCTBA
25 > 20 Ha 5, MOJYYUM BEpHOE HepaBeHCTBO 5 > 4. Ecuu ke
MBI JieIuM oe YacTH HepaBeHCTBA 25 > 20 Ha —5, TO HYHO
IlepeMeHUTh 3HAK > HA <, M TOTJA IOJY4YMM BepHoe Hepa-
BEHCTBO — 5 = —h.. }
Hpumep 2. Us nepasencrsa 2z - 12 cieygyer, YTo
x < 6.

IIpumep 3. Us nepasencrna — 1

x = & Cleyer, UTo

¥
x < —12,
Ilpumep 4 JlaHo HepaBeHCTBO % > }li; 43 Hero cie-

ayer, uro lr > ky, eciu 3BHAKM 4ucel I M k OXMHAKOBH, M YTO
lx < ky, ecnu 3HAKM 4yucesd ! M k IPOTUBOIIOJIO HHEI,

1) BoipaKeHMe sHepaBEeHCTBA IIPOTMBOIIOJIOHHOTO CMbICIIas 03HAYAET,
4YTO OAHO M3 HEPABEHCTB CONEPIKMUT 3HAK >, a JIpyroe 3HAK <.

2) YMHOKATh (a TaKKe, KOHEYHo, 1 )(enmb) o0e 4acTH HEepPaBeHCTBA
Ha HYJb HeJIb3fl,
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§ 52. HekoTopble BaXKHBIC HCPABEHCTBA

1. Ja+b|=<|a|+ |b|. 3mecb a u b — npousBoIbHLIE
AelicTBUTEIIbHEIE MIIM KOMILJIeKCHBIe yncna (1o | a |, | b 11| a+b|
— BCerja JeHCTBUTENThHbIE M MPHTOM MOJIOKUTENIbHbIE YUCHA,
cm. 111, 5 u IIT, 41), 1. e. modyav cysmmu ne npesocxodum
cymmul modyaeii. PAReHCTBO UMeeT MECTO TOJIbKO B T€X CIIy4asXx,
Korga oba umcia a u b uMewor onuu u Tot ke apryment (III,
41), B 4aCTHOCTH, Korga 00a HTH WHCIA 10JOKUTEIbHB UK
o0a oTpuIaTebHEI.

ITpumep1.Illyctba = 4-3;b = —5.Tormaa+b = -2
la+b| =2;]a]=23;]|b|=>5. Umeem 2 < 3+5.

IMMpumep 2. Ifyets @ = 4+3i; b = 6—-8i. Torna

a4b =105 atb| = Y105+ (=5) = Y125;

L la| + |b] = 15.
Umeem Y125 < 15.
J3ameuanue Hepaseucrno|a+b|=<|a|+ |b|Momkno
pacmpocTpanuts na Golibliiee YNCNO cliaraeMelX; Tak,

latbte|=lal+|b]+c]|
2. a+- =2 (@ — IOJNOKUTENBHOE HHCINO). Pagenctno
HMeeT MeCTo TOJILKO npu a = 1.
3. Yab =< 9—;—" (e 1 b — nNoJoMMTENLHLIE 4MCHA), T. C.

cpednee eeomempuneckoe (11, 45) deyx wu-
C cea ne npegocxodum ur cpednezo apud-

- a+b
‘k Memuneckozo. Pasencrso  Vab = 43
A

5 UMeeT MeCTO TOJILKO B cliydyae a = b.

lpumep. a=2, b=28; Vab = 4

a+b
L;L - = 5; umeem 4 < 5.
Puc. 21. - 910 HepaBencTBO GbIO U3BecTHO GoJlee

2000 Jer wasajl. ['eoMeTpuyecKH OHO
OueBMjIHO U3 puc. 21, rie
AD+DB
=
OGo0uicHueM ero sBJsETCH Cllefyloliiee HepaBelcTBO, yCTa-
HobseHnoe ¢paunnyickuM matematukom Homm B 1821 r.:

CD =YVAD DB uCO = A0 =
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n
e dy+ast+ ... tap
o Vaga, .. an <=2 R(yucna ay, ay, ..., an
lIOJIOHﬂITeJlbllbl). PapencTBo umMeer mecTo Auilllb B cayuae,
KOT/Ia BCe YUCJA ay, ay, ..., @, PABILL
i 1 .y
5.1+ (—?{-I- ?) =<Vab (a m b nonomuTenbHL). 3HaK

PaBEHCTBA UMeET MeCTO JIMUIb IIPH a = b.

HHpumep., a=2 b=28; 1 :--—-(—L~|-»'~-)= 16 ; MMeeMm
LA
J

11 1
Besnuuna 1 iy (— + ——) = 1 (11, 45)

a b +b
memay a v b. OHa HA3LIBAETCA cpedneil 2apmoriuveckolil).
Taxum oGpasom:

cpeanee 2apMmoHuueckoe 393/.1: eeaulurn He npeeocxodum
ux cpednezo zeomempuueckozo. ITo CBOicTBO 006006IaeTcs
na yo0oe YMCII0 BeMYNH; B COEIMHEHMN C HEPABEHCTBOM II. &
1MeeM:
n

1 /1 1 1 — +uy + +a
1:-— (—-F~~ o -l-;—) Vaa, . .. ap =282t 2
n

n \ay  a n
2
a?+ ai +a
,‘/l zn

(uucana a,, ay, ..., a, NIPOU3BOJILHBE), T. €. abcosromuan eesu-
wuna cpednezo apugmemuneckoeo He npegocxodum cpedHee
xeadpamuvueckoe (11, 47). 3HaK paBeHCTBA MMeeT MeCTO JHMIUb
B CIIy4Yae, KOTA a; = d, = ... = Q.
IMpumep.a,=3,a,=4,a;=25, aj = 6.

aytaz+ ... +ay,

; 9
3mech cpensee apuPmernueckoe ecp-titaatde -

&
a cpemlee Knaupa'mqecme eCTb
l/ aifaltaital  /T4T642BEI6 V6 |
& - 4 -2

umeeM -i' < E-s—.

1) B mpeBHErpe4ecKoM YYEHMH O MY3bIKAJILHON TapMOHMH BaKHYIO
poJIb Urpajla CpeAHAA FapMOHHMYECKas JUIMH JIBYX CTpYH. OTciofa Ha-
3BaliMe «rapMOHHMYCCHKOE,
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7-‘alb1+a2b2+ e +a,,b,. =

=<Vai+ai+ ... +a2 VbI+b3+ ... +b2;
4YHCIA @;, Ay, .. ., &y by, by, ..., b, TIPOM3BOJBHEL. PaBeHCTBO
UMeeT MeCTO TOJNBKO NMpU a,:b, = ay:by = ... = a,:b,.
IMpumep.lyctea, = 1,a, = 2,a; = 5;b, = —3,b, = 1,
by = 2. I/ImeeM ayby+azb,+ ... +ah, =1(-3)+2-1+
+5-2 = . :

V«_z§+a§-p- s ta = V1EH2Er 5t = ¥30;
Voi+bi+ .. c +b; = V(-3 +17+2% = V14

Nmeem 9 < V30 - V14.
8. Hepasenctna II. JI. YUebGwmmena. Ilycrs

YHCHA @4, Ay, ..., ay by, by, ..., b, MOJOMUTETBHEL
Eem gy =g, <...<aq, ub <b,<...<b, 10
ay+as+ ... +a, by+by+ ... +b, - aby +asha+ ... +anby (1)
. - = .
n n n
Eciu e qy<a,<...=<ga,, HO by=b,=...=b,, TO
aptast .. d | by + by 47_7.7._;_»513" - by +agby+ ... +ayb, (2)
n n - n :
B  06oux ciay4adX PaBEHCTBO MMEET MECTO TOIBKO TOIMA,
KOrja BCe YHCIa ay, d, . . . , 4, PABHLH MeMIY coboit 1 BMecTe
¢ TeM Bce uucaa by, b,, . .., b, paBHH APYF APYTY.

IMpumep 1. Myers a;, =1, ay =2, az=7 u b = 2,
b, = 3, b; = 4. Torma

ar+ast ... ta, _ 14247 10,

n 3 3
bitbat ... +by _ 24344 _ o
- = 9
n 3
apby+aha+ ... +agby 1.242.3+7-4 P
= = 12.
n 3
Nmeem:
.3 <12
IMpumep 2. yers o, =1, a, =2, az=7 u b = 4,

b, = 3, by = 2. Torna

al+a2+a3=ﬂ bl+bz+b3

ab; +azbs +aszbs
3 3’ > :37 1Y1 22 3 =8,

3
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Nmeem
Lt

Hepasencrna (1) 1 (2) caoBaMu YMTAIOTCH TaK:

Ecau 0sa pada noaorcumeabnbnx geaunurt codepyrcam odu-
1Kosoe Hucao uaenos u 6 oboux padaxr uaenv Me yGviearom
(nim B 0o0OMX 1€ BO3PACTAOT), mo npoussedenue cpeOHUX
apupmemuneckuxr 1e npesocrodum cpeduezo apufmemune-
ckozo npouseedenuii. Ecau oice 6 odiom pady waenvr ne
yOvieatom, a 6 Opyzom He 603PACMAIONL, MO UMEEM MECMo
NPOMUBONOLONCHOE HEPABEHCMEO.

OTH HepaBeHCTBA ObLIM yCTaHOBIeHL B 1886 r. BeJIMKHM
pycckum maTematurom I1. JI. YeObiensim (1821 — 1894). OH ixe
06061MII MX, 0KA3aB CleAyollie HepaBeHCTBA:

Ecmo0<ag<a=<...<a, M 0<b=<b=<...=),
TO

=

Ve CE T S T
n

n

= ‘/(_’_‘_I_bl)z“'(U‘.'bz)2 + . (aby)? (.’;)
n ’ '
3

(b))t

(4)

U TaKk jalee.
Ecmume 0 <g, <a,<...=<g¢,,00b,=b,=...=b,>0,
TO MMEIOT MEeCTO NPOTHBOINOJOMHbE HepaBEeHCTBA.

§ 53. PaBuocuinHble iiepaBeHcTBa. QCHOBHbIE NIPHEMbI
pelIeHUs HepABeHCTB

JIBa HepaBeHCTBA, COMlepHAUMX OAHU U Te e Hen3BeCTHHIe,
HA3BIBAIOTCH pPABHOCUALILLMU, €CIIH OHM BePHHI NpPH OXHUX M
TeX e 3HAYEHMAX ITUX HeU3BECTHHIX.

Tak ke omnpepenseTc PaBHOCUIBHOCTb ABYX CHCTeM He-
PaBEHCTB.

Npumep 1. HepaBencrBa 3z+1 > 22+ 4 u 3z > 22+ 3
PABHOCHMIIBHBI, TaK Kak 00a BepHbI Ipu £ > 3 1 00a HeBepHHI,
Korjpa x < 3.

Mpumep 2. HepaBencrsa 2r <6 n 2* < 9 He paBHO-
CWILHBI, TaK Kali pelnielide 11epRoro ecth < 3, a penienue
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BTOpOro -3 < x < 3, TaKk YTO, HaNpuMep, Npu » = —4& uep-
BO€ BepHo, a BTOPOE HEBEpHO.

ITponecc pewenus HepaBeHCTBA 3AKJIIOYAETCA B OCHOBHOM
B 3aMeHe JIAHHOTO HePABEHCTBA (MM JTAHHO CUCTEMBI Hepa-
BEHCTB) Apy ruMu paBHOCUILHLIMM ). ITpu pemrenun HepaBencTn
TIpUMEHAIOTCA CJeRylolliie OCHOBHBle mnpuemsl (cp. III, 18).

1. 3aMeHa OJHOrO BLIPAKCHUA APYTHM, TOHAECTBEHHO eMYy
paBHBIM.

2. Ilepenoc ciaraemMoro M3 O[HON Y4ACTHM HEPABEHCTBA
B APYryI0 C IlepeMeHoit 3HakKa Ha oOpaTHulif (B cuiy § 51, m. 3).

3. YMuoxeHne MIHM HesleHMe 00emX vacTeit HepaBEHCTBA
Ha OfHY M Ty <€ YMCIOBYI0 BelMYMHY (He PaBHYW HYIIO).
ITpu 9TOM eCJIM MHOKUTEb 110JI0KUTeIIeH, TO 3HAK HEpaBEHCTBA
OCTAeTCSsI TEM e, eCJIM Ke OTpULATeNeH, TO 3HAK HepaBeHCTBa
MeHfAeTCA Ha NPOTHUBONOMOKHLI (§ 51, 1. 6).

Kasxpoe uzorux npeoGpasoBanuit faet HepaBelcTBo, paBHo-
CHIIbHOE MCXOJHOMY.

IMpumep. Hano nepasencrBo (2z—3)* < 4a*+2. 3a-
MeHsieM JIeBYI0 YAacTb TOKAECTBEHHO PABHBIM BLIPaH{CIIICM
4z —122+9. Ilomyuaem 4x*—12x+9 < 4z*+2. Ilepenocum
13 npaBoii yacTu uieH 4x* B JeBylo, a M3 JIeBOif yacTu uien 9
B npaByto yactb. llocne npusegenua nogo0HBIX YIEHOB 1OJY-
yaeM —12 2 < --7. [leanm oGe yacTu HepaBeHcTBa HA —12;
1IpH OTOM 3HAK HepPABEHCTBA MeHsIeM Ha TIPOTUBOIOJOMKHBIA.

7
I]o.nyliaeM petienne HaimHOro HepaBeHCTBA T > 15"

YMHOIKATh (2 Tali’Ke, KOHEYHO, M JeJIUTh) HePaBeHCTBO HA
HYJb HEJML3A. YMHOMKAA WK fedsa ofe 4acTM HepaBeHCTBA 1A
OyKBenHbie BHPaKeHUs, MBI IT0JIy4yaeM HepaBeHcTBo, KOTopoe,
KaK MpaBUJiO, He PABHOCUIBHO MCXOJHOMY.

Ilpumep. IHano Hepasencrso (zx—2)x < xz—2. Kciun
pasneauts obe ero uacry Ha x—2, noayuum z < 1. Ho aro
HepaBeHCTBO He PABHOCUIBHO UCXOXHOMY, U0, HANpKMep, 3Ha-
yeHne x = () He yJOBIETBOpsAET HEPaBeHCTBY (r—2)r < x—2.
HepaBenctso x > 1 Toe He PaBHOCHIIBHO MCXOLHOMY, 10O,
HampuMep, 3HavYeHHe x = 3 lepaBeHCTBY (r—2)x < r—2
HE YAOBIETBOPSICT.

§ 84 Kaacendukanms ¢ paBeHCTB

Hepasenctsa, coilepsxaline 11CM3BECTHBIE BeJMYUHBI, MOI-
Pa3ACIAAIOTCA HA aaceOpauveckue W mparcyendenmmzie; all-
refpaunueckue lepaneHCTBa MOAPA3NeIIAIOTCA HA HepaceHcmea

1) O rpadmyecKoM pemienuu nepapencTs cM, VI, 10,
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nepeoli, emopoii M T. QR. cmenenu. 9Ta KIACCUPUKALUA
IIPOU3BOJIUTCA COBEPLIEHHO TaK JKe, KaK [JIA ypaBHe-
nnit (111, 19).

INpumep 1. HepaBenctso 3z*—2zx+5 > 0 — aarebpan-
yeciioe, BTOPOil CTeleHu.

ITpumep 2. HepaBeucrso 2z > x+4 — TpaHCLEHAEHT-
Hoe.

Ilpumep 3. HepasenctBo 3z*—2z+5 > 3z (z—2)
anrefpauyeckoe, nepBoif CTemeH, IOTOMY HYTO OHO NPHBO-
JIUTCA K HEPABCHCTBY 4x+5 = 0.

§ 55. HepaBencTBO nepBoii cTeleHH ¢ OHUM
HeM3BeCTHBIM

HepaBeHcTBO nepBoi CTENEHN C OJHNUM HEM3BECTHHIM MOMHO
TIPUBECTH K BHUAY

ax > b.
Pentenuem Oyjer:

b
T >—,¢ecu a =0,
«a

b
&Zo<-e-jeci a < 0.
a

I puwmep 1. Perunts HepasencTso 5c—3 > 8x 1.

Pemenue 50—8z > 3+1; -3z = 4; = < —;—

Il pumep 2. Peunurs nepaBeHcTso Sx+2 < 7x+-6.
Pemenne 5z—-7x < 6-2;—-2x < &4z > —2.

Ilpnmep 3. Pemnrs HepaBseHcTBO (r—1)% -= 2?-+ 8.
Pemeunne a?—2x+1 <248, -2z <7,z > -3 -

3ameuanne. Hepasencrso Buga ax+b > ac+b
eCTh HEepPaBEHCTBO INEPBON CTeMeHH, ecau @ U a, He PAGHL.
B npoTnBHOM ciIyuyae OTO HEPABEHCTBO NMPUBOJMTCI K YHUCIIO-
BOMY (BepHOMY WJIM HeBepHOMY).

ITpumep 1. Jano HepaBeHCTBO 2(3x—5) < 3(2x—1)+5.
Ono paBHOCMIIbHO HepaBeHCTBY 6r—10 < 6x+2, a mnocuen-
Hee IPUBOAMTCA K YHUCJIOBOMY (TOMIECTBEHHOMY) HEDABEHCTBY
—10 < 2. 3HAYNT, NCXONHOE HEPABEHCTBO — TOKIECTBEHHOE,

II pumep 2. HepaBencreo 2(3zx—5) > 3(2x—1)+5 npu-
BORMTCA K OeCCMBICTIEHHOMY YHCIIOBOMY HepareHCTBY —10 >
> 2, JHAUMT, MCXO/[HOE HEPABEHCTBO HE MMeeT pelueHuit
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§ 56. CucTeMBI HEPABEHCTB 1IePBOif cTEIEHH

Yto6bl peminTh CHCTEMY HepaBeHCTB MepBOi CTemeHH, Ha-
XOIMM pellleHre KaKA0ro HepaBeHCTBA B OTHEIBLHOCTH M COIO-
CTaBJAEM 3T pelleHUsA. ITO COMOCTaBIeHMe NGO HaeT peile-
HUe cHucTeMbl, JnG0 oOHapy»KUBAeT, 4YTO cCUCTeMa He MMeeT
peluennit.

ITpumep 1. Pemurs cucremy HepaBeHCTB

bx—3 = 5x-95; 2xr+4 < 8x.
Pewenne 1nepsoro nepaselncrsa ecTb T < 2, pellenune BTO-

poro ectb x >%. Pewenne cucremer Oyner %— <z <2,
IHpumep 2. Pemmts chcTeMy lepaBeHCTB
2r—-3 > 3z-5; 2x+4 > 8a.
Pewienune nepBoro HepaBeHcTBA x — 2; pelleHUe BTOPOIO

2 . 2
x < 4. Peuteitue cucremnt Gysier & < - (Ipu 9TOM yCJIOBHM
HEPaBeHCTBO & < 2 M NOAABHO OyAeT BEpHHIM).

IMTpumep 3. Pemnth cicreMy HepaBeHCTB

22—3 < 3x—5; 2ax+4 > 8a.
Peinenne nepnoro mnepasencrsa z =2, pelueliue BTOPOro
2 .

T <z AT yCIIOBHs MpoTUBOpeyaT Apyr Apyry. Cucrema ue
HMeeT pelleHuif.

IIpuMmep 4 Peuwuth cucteMy HepaBeHCTB
2r < 16; 3x+1 > 4x—4;, 3x+6 =>2x+7;, z+5 < 2x+6.

Peuwrenuss  JaHHBIX HepaBeHCTB OyayT COOTBETCTBEHHO:
r<38, <5, x>1, « > —1. ConocraBifAa 3TH YCIOBUA,
HAaXOAMM, YTO TepBble ABA MOM(HO 32MEHUTH OXHUM BTOPHIM,

a TpeThe UM YeTBepTOE — ONHUM TpeTbuM. Peinenne cucreMbr
Gymer 1 <2 <5

§ 57. IIpocreiimue HepapeHCTBA BTOPOIi cTeNneHn
¢ OJIHMM HEeH3BECTHBIM

1. HepaBencrtBo 22 < m. (1)
a) Ecau m > 0, 1o peltenue ectsb
—Vm<z<Vm. (1a)

0) Ecau m =< 0, ro pelnieHns HeT (KBafpaT AeifCTBUTEIILHOTrO
YHCJIA He MOET ObITh OTPHLATENBHDIM).
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2. HepaBencTBoO 2% > m. (2)

a) Ecau m > 0, To HepaBeHCTBO (2) CIpaBemaMBO, BO-Mep-
BBIX, IPU BCEX BHAYEHUAX &, GOMBUIMX YeM Ve, U, BO-BTOPHIX,
pU BCeX 3HAYEHMAX x, MeHbIUX yvem — | m:

z>Vm wm z< —Vm. (2a)

6) Eciu m = 0, To HepaBeHCTBO (2) crmpaBeJMBO NpU
BCeX r, Kpome x = 0:

z>0 mwm z<0. (26)

B) Ecit m < 0, TO HepaBeHCTBO (2) TOKIeCTBEHHOE.

ITpumep 1. HepaBeHcTBO 2* <9 uMMeeT pelleHHe
-3 <z=<3.

ITpumep 2. HepaBencrBo z* < —9 He uMeeT pelIeHMI.

Il pumep 3. HepaBeHcTBO 2% > 9 MMeeT pellleHUEM COBO-
KYMHOCTb BCeX YHCed, GONBbIIMX YeM 3, M BCeX YHcell, MEHBIINX
yeM —3.

IIpumep 4 HepaBeHCTBO 2°> —9 TOHIECTBEHHO.

§ 568. HepaBeucTBa BTOPOii CTeNEHH ¢ OJIHHM
HeN3BECTHRIM (00uMii enyTaif)

PasjesMB HepaBeHCTBO BTOPOIf cTemeHM HA Kodapduumeut
1pH x%, MBI IIPUBEAEM €ro K OQHOMY M3 BHMLOB

22+ pr+q <0, (1)

z:+pxr+q > 0. (2)

Ilepenecem cBOGORHEI uJleH B IPaBYK YacTe M NPUGABUM
K ofenM vacTAM (%)2 . ITosyyuM COOTBETCTBEHHO

2 2 ,

(= +3) = (2) -2 )

2 2 ,

(+2)> () -o )

2
Ecan 0603HAYUTD x+-g- yepe3 z, a (—'2’—) — ¢ 4epe3 m, TO

MBI NIOJIYYMM TIPOCTeiIlIne HepaBenCcTBa
32 < m, (17)
22 >m. (2”)
Pemenne dTux IepaBencTs GbUIO JAaHO B IpebiAyliem

naparpade. 3Has ero, HaiifieM pemeHne HepaBeHCTBa (1)
niu (2). )
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Il pumep 1. Pemute nepaBenctso — 2x*+ 144 —20 > 0.
Paanenun oGe wact na — 2 (§ 53, n. 3), Haitmem «* — 72+ 10 < 0.
ITepeneca cBoGopublit uigen 10 BnpaBo u mpubGaBHB K 00enM

2 2
yacTaM (—7—) , TOJIyuiM (r -—1) <2, Orcioma (§ 37, cay-

2 2 4
qait 1a)
3 7 3
T <T—5 <'2*'.
Hout: 7 e 3 3 7 . .
proOaBJIss Yo HAXO0,1UM gty =X =y 1 9 T. ¢.
2 <z <35,

[Ipumep 2. Peuure nepasenctso —2x*+ 1hx—20 < 0.
Bemosuus Te ke npeo0pasoBauHsA, MOJYy4YMM HepaBelcTsy

(ar:—l)2 > %’ Orciopa (§ 57, ciyvait 2a) Haxoaum, 4To HaIlue

2
7 3
HEPABCHCTBO  CMPABE/VIMBO, BO-NEPBBIX, NPU T— > &,
7 3
T. €. IpM & > 5, U, BO-BTOPHIX, IPU T— o < — 5, T. €. 1pH

T < 2.
Ilpumep 3. Pemurs, nepaseuctso a*+4 6x+ 15 < 0.
Ilepenocsa cnoGoyubii uwien Bupaso M npubasaas Kk oOeum

4ACTAM (—;—)2, T. e. 9, naitem (r+3)2 < —6. IT0 HepaBeH-

cTBO (§ 57, cayuait 10) ne umeer penieHuit. 3Ha4uT, He UMeeT
pelIeHMt ¥ JaHHOE HEpaBeHCTBO.

IIpuwmep 4 Pemnts HepaBeucrBo z3+ 6z+15 > 0. Kax
B npuMepe 3, HaiigeM (z+3)* > —6. 9To HepaBeHCTBO (§ 57,
cay4ait 2B) TopgecTserHoe. 3HAYNT, M JaHHOE HEPABEHCTBO
TOMeCTBEHHOe.

§ 59. ApndMeTHyeckan nporpeccus

JlaTunckoe cinoBo «mporpeccus» B nepeBole Ha PYCCKMI
AIBHIK 03HAYAeT «ABUM(EHUE BIepesl»; dTUM TEPMHMHOM B Mare-
MaTuKe Ipeie HMeHOBAJIH BCAKYIO TOCJeA0BATeIbHOCTb YUCed,
MOCTPOEHHYIO MO TAKOMY 33KOHY, KOTODHI M03BOJAET Heorpa-
HHUYEHHO MNPOZOJNMKATL ITY INOCJe0BATEIBHOCTh B OJHOM Ha-
npaBiesuu. Hampumep, Bo3BoAA MNoCJefoBaTesbHble leJble
4YHuCJa B KBaZpaT, MojyvaeM IociefoBaTelbHOCTh 1, 4, 9, 16,
25 M T. [.; CleRya 3TOMY 3aKOHY, MOMHO HEOIDAHMYEHHO ee
NPOROAUTE. HHca, COCTABIALINE DTY MOCIEA0BATEIBHOCTD,
HAas3HIBAIOTCA ee waenamu. B Hacrosilee BpeMsA TePpMUH «Mpo-
rpeccusi» B 9TCM IIMPOKOM °MBICJIe KeymoTpeOuTeseil; BMeCTo
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3TOro rOBOPAT MPOCTO nocaedogameavrocms. Ho mBa mpocThix
M BaXKHBIX YAaCTHBLIX BMAA Nporpeccuit — apudMeTHyeckad M
reoMeTpuMyecKas — COXpPAaHMJH CBOC NpeHee Ha3BaHuUe.

Apugmemuneckoil npoezpeccueil nasvieaemcs maxasa no-
caedosamentHocmb  wuces, & Komopoll paznocmv  mexncdy
noc./te[)yiowum, u npeOui)yqu yaerasu ocmaemcea  Heus-
menioli. OTa HeW3MEHHasl PA3HOCTH HA3BIBAETCA pA3HOCMbIO
npoepeccuu.

IMpumep 1. Harypaaeuulit psug uncen 1, 2, 3, 4, 5, ...
ecTh apudpMeTnyeckada MporpeccHsa ¢ pasHocTbio 1.

Il pumep 2. llocaenoBarensHocts unucea 10, 8, 6, 4, 2,
0, —2, —4, ... ecTb apuMeTHYECKAA NPOTpecCHA C pas-
HOCTbIO — 2.

JNo6oii waer apugmemunecroti npozpeccur MOMHO BBIMHC-
Jjmth no (opmymne

a, = a,-+d (n—1)

(ay — nepswlit ullen nporpecciiu; d — pasHOCTH NPOrPeCccHi;
n — HOMep B3ATOrO YJIeHa).
Cymma nepebix n waenos apudMeTHUECKOU mporpeccuu
BpipaxaeTca Gopmyoit
(ay+ay)n
pme e
Mpuwmep 3. B nporpeceunt 12, 15, 18, 21, 24, ... uecsa-
THIE ulleH paBsed ayy = 12-+3:9 = 39.
CymMa JlecATH NepBHIX YJIEHOB paBHA

(aita)10 (1243910
B 2 = 2

$10 = 955.

Il pumep 4. Cymma Bcex nedsix wices ot 1 10 100 B0 -

UHTEIBLHO panna“—ﬁ%—m—mﬂ = 5050.

§ 60. I'coMeTpRueckas nporpeceHs

I'eomempuneckoii  npoepeccueii  nasvieaemes  nocaedo-
sameavriocmsb vucea, 6 h‘O"ZO[)OlZ omrowerue ML’JK,‘ay no-
('./te[)y;ou;u.u u npe(?bu')yu{u.u yaeHaMuU ocmaencst Heussten-
rpm. OTO HeM3Meloe OTHOIIEHNE HABBIBAETCA aramertamene
npozpeccuu.

ITpumep1. Yucna 5, 10, 20, 40, . . . 0OpasyloT reomerpu-
4eCKYI0 TIPOTPECCHIO CO 3HaMeHaTejeM 2.

IIpumep2. Yucaa1; 0,1; 0,01;0,001 uT. 1. - reOMeTpu-
YecKas nporpeccusa co 3HameHaredaem 0,1.
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l'eoMerpuyecKas IIPOrpeccusi HA3HIBAETCA 6o3pacmaiujeli,
Korfia a6CoMoTHAA ReIMYMHA ee 3HaMeHaTellA 6oJbIue eTuHUIbI
(kak B mpumepe 1), M yGuisaiouferi, KOTAA OHA MeHBINE eNiM-
HMIB! (KaK B mpuMepe 2).

3aMeyaHHue. 3HaMeHaTelb IIPOrpecCUN MoKeT GHITH U
OTPUIATEILHEIM YHCIOM, HO NIPOrpeccud ¢ OTPHUIATeNbHBIM
3HaMeHaTelleM OPAKTHYeCKOro 3HAYeHHs He MMeIOT.

Jwoboii uaern eeomempwtecxou npoepeccuu MO)RHO BBIYHK-
caute 1m0 Popmyiie

= ayg"! (1)
(a; — MepBHit YlleH; ¢ — 3HAMEHATENb NIPOTPECCHU; n — HOMeEp
B3AATOrO YJIeHa).

Cymma nepewxr n waenos TEOMETPUYECKOH Iporpeccuu
(snameHaresib KOTOpOJ He paBen 1) BhpaskaercA (opmyJloit
ang—ay a1—0ng ,

Sp = -":1—_1—‘ = any (2)
nepBoe M3 BblpaxkeHMit ypoOHee OpaTh, KOrjga INporpeccus
BO3pAcTalollad, BTOPOe — KOIZKa OHA yOHBaIIIaA.

Ecau se ¢ = 1, To nIporpeccus COCTOMT M3 PaBHBIX YJIEHOB
M BMeCTO (2) uMeeM: s, = na;.

Ilpumep 3. B reomerpuyueckoit mporpeccun 5, 10, 20,
40, ... JecATHIl 4YileH a;0 = 5-2° = 5-512 = 2560. Cymma
JecsiTH TEPBHX UJIeHOB

Sio = Toy T

Cymmoli Geckoneuno yGuvisaroweti npozpeccuu HABHIBAETCH
YUCJI0, K KOTOPOMY HEOTPaHUYEHHO MpubINIKaeTCA CyMMa Iep-
BHIX n 4YJeHOB yOBIBaloIleil porpeccuu I1pM HeOrpaHUYeHHOM
BO3DACTaHUM YUCHIA n.

CymMa GeckoneuHoil yObIBalollelf Tporpeccuy BeIPaMaeTcA
dopmyoi

al__
s =4 7"
IIpumep 4. Cymma GeckoleyHoit reoMeTpuyecKoif 1po-
1

1 1 1 1" 1 2
TPECCHH 5=, ~=, 5=, - - - (al =g .q= ?) paBHa i =1,
1 1 1
T. €. CYMMa -5-+ 57 + ...+ 5 TIpH HEOrpaHM4YeHHOM BO3pa-

CTAHUU n HANPNATIUUANMN nnuﬁﬂmmaomna ¥ uurtv 1
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§ 61. OrTpunaTeasHbIe, HyIeBOH U POGHBIE MOKA3ATENN
CTeneHn

Boseegenue B n-10 CreneHb IepPBOHAYAIbHO MOHMMAJIOCHh
KaK IOBTOPeHMe HEKOTOPOro YMCIA COMHOMKHTeNleM n pas.
1—

C DTOM TOYKM 3PeHMs TaKHe BHIpAMEHMA, Kak 92 mam 9 2,
NMpPeCTaBAANTCA GeCCMBICTIEHHBIMM, TaK KaK HeJb3A B3ATH

. 1

YUCIIO 9 COMHOMKUTENIEM (MMHYC Ba» pa3a MM 1? pa3a. Tem

He MeHee B MaTeMaTHMKe 3TUM BLIPAKEHUAM IPUAAIOT ompene-
1

2
cuntaroT paBHeM V9% = (V9)? = 27 u 1. 1. 3mech MpoUCXOXUT
T0 ke 000061IeHNe MOHATUA MAaTEeMATHYECKOTO elCTBIA, KaKoe
coBeplIaeTcA B MaTeMaTHKe NMOCTOAHHO; MPOCTERIINM M CAMBIM
paHHuM 0000IeHneM Takoro popra Obiio oGoGuieHue AelcTBUA
YMHOMKeHUA Ha clyuait apobuoro Muokurena (cm. II, 20).
MosxHo GbTo OB BOBCE He BBOAUTH HU APOOHBIX, HM OTpHMLA-
TedbHbIX cTeneneit. Ho Tonpko Torma mpumiock Ol 3amauu
OJTHOTO M TOro e pofia pellaTs He NO OJXHOMY IpaBuUIy,
a C NMOMOILLI0 MHOKECTBA Pa3iINYHbBIX NpaBui. 3ajayM, o Ko-
TOPHIX Mbl TOBOPMM, NPHHAAJIEHAT IOYTM BCe K BHICHIEH
MaTeMaTHke, II03TOMY MHOTHX KOHKPETHBIX PMMEPOB MbI IpU-
BecTH 31ech He MoskeM. Ho opmna M3 atux samay mogpoOHo
U3y4yaeTcA B dJleMeHTapHOII MaTeMaTHKke — 9TO Jorapudmupo-
BaHue (cM. § 62). 3amernM, uto Teopusa Jorapudmos, KoTopas
ceifyac Hepa3pLIBHO CBA3aHa ¢ 0600LIeHUeM IMOHATHA CTENeHH,
B TeueHMe IIeJIOTO CTOJEeTHA TNOCJTe ee OTKPHITUA (Ha pyOGese
16 u 17 Bexon) oOxoxpmaack Ge3 HPoGHOro M OTPULATENBLHOTO
noKasarelleif CTeNmeHN; TaK e 00CTOAJNO [eJo M C 3afayamu
BBICHIEf MaTeMaTHMKH, O KOTOPHIX MBI YHOMMHAIM. JInmb
B KoHue 17 BeKa ¢ ycCiosKieHnueM M POCTOM YHUCJIA MaTeMa-
THYECKUX 3afay NOABHIACH HACTOATEJbHAfA HeoOXOAMMOCTh
B 00001eHMNM TOHATHA CTENeHH; B JTOM HANpPABIEHMM U
NOUISIM HEKOTOpHle YYeHble; B OKOHUYaTeJbHON Qopme 3TO
cnesiall HeworoH.

Onpepenenne OTPHIATEILHOH cTenmeHn ). Cmenens
Kakozo-aubo wucaa c¢ (yeavin) ompuyamesvHbim norasame-
aem, no onpedeaeHur, ecmdv edunuya, OeseMnas Ha cme-

1
JeHHBI CMBICT; MMEHHO 972 CYMTAIOT PABHBIM o7

1) TepMHUHAMII «OTPUIATCIALHIA CTENEeHb», «HYJIeBad CTeleHbr U
«ipoOHasn cTeleHb» MBI Ha3bBaes COOTBETCTBEHHO CTCMEHH ¢ OTpHIla-
TEALHLIM, HYJIEBMM N IPOOHEIY I0KA3ATETAMH.
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neHb mo20 e HUCAaA € NOAOHCUMEAbHLIM noKazameaem,
eeaUudUHa Komopoz20 pasHa abcoarommoll eeauruMe ompuya-
meabro20 nokazameas, T. €.

—-m
e T =
1 1 32 3y 16
-3 — . — . Phigh —_ B — .
Mpumepu. 2 =g =g (1‘) -71.(4) =5
] 1
—4)3 =1 (—4) = —_
(—4) 1:(-4) g T R
PaBencrBo a=™ = 1: a™ ocTaercsl CnpaBe/IMBBIM KaK IS
T10JI0KUTEIBHOrO YMCHA m, TAK U JUIs oTpunareabHoro. Kcau,
HanpuMmep, m = —5, To —m Oyaer pasHo + 5, u nama ¢op-

1
MyJa 6y11e'r UMeTb BUJ a’ = s YTO Coprjlacyercsl C Bbliie-

HpUBEleHHBIM OlIpefieIeHueM.

JelicTBUA ¢ OTPUNATENBHBIMU CTeIICHAMU OTUUHSIOTCSA
BCEM NPABUJIAM, UMEIOIMM CHILY JUIA IOJIOHMUTEIbHBIX CTeme-
Helt. BoJee Toro, b nocie BBeAeHHUA OTPUIATEILHLIX CTe-
neHell nMpaBuia AeHCTBMI HAJ MOJIOKUTEJLHBIMU CTENEHAMH
upuobperaloT BCIO OOLIHOCTD.

Tak, ¢opmyna ¢ : a* = a™ " (cm. 111, 25) Temepb Moxer
OBITH MPUMEHeHA He TOJNBKO K CIYYalo m > n, HO U K CIy4Yak
m < n.

Ipumep. a’:a® = a8 = q=3 ]lelictBurensuo, co-

5 1 3 -
TJIACHO ONpefesienuio a™3 = -, Tak 4TO PAREHCTBO a’ : a® = a™?
5

o3HavaeT %; = o5+ UroGut dopmynia a™:a® = a™ " obGnagana
OOLHOCTBIO, HYHHO, YTOOBI OHA COXpAMAJNA CUIY M TOIJA,
KOrja m = n; [Jist OTOTO. IIpUMeM cllejiylolliee onpefejienue.

Onpepeiacune HyieBoi crenenn.  Hyaesas cmeneio
8CAK020 UUCAA, OMAUNHOZ0 oM 1Lyas, ecnb eQuHuya ).

o 2\0 5 5

Mpumepsn. 3°=1; (-3)° = 1;(—?) =1; d*:d® =
=a%=1.

Omnpepeienne jipoGHoii  creneHu. Boseecmu vucao a
(meficTBUTENLHOE) € cmenent —77% o —  BNANUEL U3BACUL  KOPeHD
n-i cmenenu uz m-i cmenenu wucae a. O IpoOHBHIX cTemensnx
KOMIIJIEKCHBIX yucel cMm. 111, 48.

0
1) Buipaikenne (9 KaKk M BLIpatenue -0~(II, 23), neconpejedieiio,
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3
Mpumepu. 92 =§9 =27;

1L A4 -
8\ 3 83 V 8 \¢ 16
(_’2"7') - (27) - (?7_) T
ol 5.
372 =32 =y243 ~ 15,58.
3amevanue 1. OcHoBaHHe a MOHO Oblllo On Oparb
M OTPHULATENbHBIM, HO TOIZEA €ro APOQHBIE CTeNeHH MOTYT He
GLITh JeficTBUTeNbHBIMU yuciaMu. Hanpumep,
3 4 4
(-2)% =V (-2)=V 8.

4
Hopeub Y —8 me MoeT ObITb [eHCTBUTETBHBIM UYMCIOM.
B bnemenrtapHoit MaTeMaTmke oOLIYHO DPACCMATPUBAIOTCH
TOJIbIO TIOJIOMUTENbHLIE OCHOBAHUA APOOHLIX CcTemeHeii.
3ameuanue 2. UYto Kacaercd caMuUX Nokasateieit, To
PACCMATPUBAIOTCA KaK MOJIOKUTeJIbHbIE, TAK U OTPULIATEJIbHBIe
JpoOHEle TOKa3aTelln; OTpuUllaTellbHble NMOKA3aTe/n He MeHee
BaKHBI, YeM MOJIOMUTeNbHble. [[1sa oBlageHua Jorapudpmuye-
CKUMH BBIYUCIIEHHSAAMHM COBepUIEHHO He0OXOXMMO HA BO3MOMKHO
GoJbIeM 4uclle yNpaKHeHHWit 4eTKO YCBOMTEH CMBICJI OTpHIA-
TeJIbHBIX U APOOHBIX MOKa3aTelei.
3 3
1

T2 .92 = 1.
Ilpumepsn. 9 =1:9% = &

g \~15- 8 15 s
(50 o) o,

27 A
1 1
— Q- 2 -
3 72 =1:82=_1_ ~ 00642

Y243
C BBellenveM JIpoOHBIX NOKa3aTeleil NpaBuia KeACTBHIL
HaJl CTeNeHAMHU He IOJBepraloTCA HUKAKuUM usMeHeHusaM. Tak,
ocraercA B cuile opmyda a™-a* = a™** u fap.

5 _3 2 5 7
Hpumep.a? -a 7 =a?. Jleikcraurenvio, a * = yas;
3 2 2

2 7
a 7 =1:Ya¥, a? = Va¥, TaK uTO0 HAmA 33MHCh 03HAYAET

7 ?
Vas- ~71— =Y a*, uro BepHo (cm. 111, 26, npaBuio 4).

Vs
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§ 62. CymHocTh I10rapuPMHIECKOr0 METOAA; COCTABICHHE
TA0AHIB AOrapuPmMoB

YMHOMeHue, felleHNe, BO3BeleHUe B CTeNleHb M U3BJedeHHe
KOpHA — JeltcTBuA, ropasfo Gollee TpyA0eMKHe, YeM CIIOHeHHe
U BHIYMTaHMe, 0COGEHHO TOr[la, KOTIA HY #HO NMPOU3BOIMTD Aei-
CTBHA C MHOr03HaYHKIMU yuciaamMu. HacroarennHaa norpe6HoCTh
B TaKUX [elCTBMAX BIepBHE BO3HHMKIA B 16 BeKe B CBA3M
C Pa3BUTHeEM aJIbHEr0 MOpenJiaBaHHsA, BH3BABLUIUM yCOBEpIlIEeH-
CTBOBaHMe acCTpOHOMMYecKHX HabmiofeHunit u BuuucieHnit. Ha
NoYBe aCTPOHOMMYECKHMX PacyeToB M BOBHUKIM Ha pyGesxe 16
U 17 BeKoB JorapnMuyecKue BHYMCIEHUA.

B Hacrosiee BpeMA 9TH BLHIYMCJIEHNWA HPUMEHAIOTCA IO-
BCIOAY, I'lle IPUXOAMUTCA MMETh 1eJI0 C MHOTO3HAYHKIMHI YU CIIaMHU.
OHM BHITOAHBI yjKe NpH JeHCTBUAX C YeTHpEX3HAYHHIMM YHC-
JIaMM M COBepIleHHO HeoOXOXMMEI B TeX CIy4yaaX, KOraa Tod-
HOCTb J[OJI}KHA KOXOAUTh /10 MATOro 3HaKa. Boybmas TouHOCTL
Ha npakTuke TpebyeTcA o4yeHb pemKo.

IlenHoCTH JOrapudPMuUUECKOro METORA COCTOUT B TOM, YTO OH
CBOJIUT YMHOMKeHMe U JieJieHne Yucell K CJI0KeHHI0 U BHIYMTA-
HUIO — JleficTBUAM MeHee TpyRoeMKUM. BoaBefienue B cTeneHb,
U3BJleYeHMe KOPHA, a TAKKe U PAX APYTMX BRIYNCIeHHH (HAanpH-
Mep, TPUTOHOMETPUYECKUX) TaK e 3HAYUTEJbHO YNPOLAIOTCA.

Buacaum Ha nmpuMepax upen Merona.

ITycrs TpeGyercsa momHoxuTh 10 000 Ha 100 000. HoHeuHo,
MH He CTaHeM BHIOJHATH 3TOr0 AeHCTBUA N0 CXeMe YMHOeHHHA
MHOTO3HAYHBIX uucel. MBI mpocTo cocyMTaeM YHCIO HyJei
B MHOMKMMOM (4) M MHOMHUTelle (5), CIOMUM ITH UHCIA
(44+5 = 9) um cpady HamuiieM npoussegeHue 1 000 000 000
(9 nyneit). 3aKOHHOCTB TAKOrO BHLIYHUCJIEHMA OCHOBAHA Ha TOM,
4TO COMHOMMTENN CYTh (llejible) CTeneHH yuciaa 10: MHOMKHUTCH
104 Ha 105 npu 3TOM NOKAa3aTeNM CTeneHell CKIAXBIBAIOTCA.
To4HO TaK Ke COKpPAlLleHHO BBHINOJHAETCA M JeJleHUe CTeneHeit
JlecATH (feJIeHMe 3aMeHAETCA BblYMTaHMeM MoKasarteieil). Ho
TaK MOKHO JEJUTb U YMHOMAaTh JIMIUb HEMHOTMe YMCIIA; Ha-
NnpHuMep, B pefeslaX NepPBOro MUIIMOHA MO#KHO GpaTh (He CuUM-
TaA 1) auwb 6 yuceda: 10, 100, 1600, 10 000, 100 000, 1 000 000.
Unceu, gonyckaomux nogo6Hoe yMHo¥eHNne U fejleHue, Gyner
ropasgo Godblile, eciM B3ATH BMECTO OCHOBaHMA -10 Apyroe,
GoJlee 6au3koe K 1. Bo3bMeM, HanpuMep, OCHOBaHHe 2 U COCTA-
BuM Tabunuy ero nepBuix 12 cremereii.

NnoKa3aTenb
CTeleHH
(smorapupm) 1 2 3 4 5 6 7 8 9 10 11 12
CTereHL 2 4 8 16 32 64 128 256 512 1024 2048 4096 °
(4HCII0)
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Uncaa, crodamme B BepxXHeif cTpoke (MoKa3aTejM CTeneHeii),
Mbl OyfieM Temepb Ha3bIBAThL Jqozapuhmamu, a YHCHA, CTOALLME
B HMKHeH CTpOKe (CTeHeHU), — NPOCTO YUCAAMU.

UYToGEI NEPEeMHOKNTD KaKue-T100 Ba YUCTIa HUMKHEN CTPOKH,
JIOCTATOYHO CJIOMMTBL [Ba YHCJA, CTOAUMX Hax Humu. Hanpn-
Mep, uTOoOBI HATHM NpousBedeHue 32 U 64, CIOKUM CToALIME
Hag 32 v Hag 64 yucaa 5 m 6; 5+6 = 11. llog yuciom 11
HAXo[uM pesyJbTaT: 2048. Uto0bl pasgennts 4096 Ha 256, Bo3b-
MeM uncia 12 u 8, cTodlMe HAX HUMU; BulYUTaeM: 12 —8 = 4,
Hop unciom 4 naxonum orset: 16. Ecaun npomosxute Tabauiy
BJIeBO, BBeifl HyJIeBYI0 M OTpMIIATeJbHYI0 CTeleHM uducIa 2,
TO MOMHO OyHeT BBIIOJHATbL M jleJleHNe MEeHbLIMX YUCed Ha
66abLIMe.

XoTda cpeau cTemeHeit Yyucia 2 ropasjo MeHblle Mpo6esos,
"eM cpefu creneHeif yucai 10, Bce e B HUMIEI CTPOKe HaLlei
Tabaulbl HeT OovYelb MHOrMX uucels. IlodToMy mpakTH4eckoro
3Ha4YeHuA M ora Tabiamua He Moxer umerb. Ho ecim 3a ocHo-
Banue B3ATb 4MCIIO, ropasfo OoJiee Gau3Koe Kk 1, YeM YUCIO 2,
TO dTOT AeekT Oyner ycrpaneH.

Ilpumem, nanpumep, 3a ocuobaiue uucyo 1,00001. B npe-
Jienax mexway 11100 000 okareTcs cBbIle MUIIMOHA (1151 292)
ero mociiefoBaTeJILHBIX cTeneleil. Kcau MBI OKpyriuM 3Have-
HUA DTUX CTemeHeil, COXPAaHMUB JIMINL 111€CTh 3HAYAUMX UUp,
TO Cpeji MUJIIMOHA OKPYIJeHHbIX pesyJbTaTOB OKAMKYTCA BCE
neJble yncaa ot 1 jgo 100 000. IMpaspa, oTo GynyT AUWIbL NpH-
Ganacentivle 3Havenun creneneii. Ho tai kak npu yMHoMeHun
M JleJIeHMM NATU3HAYHBIX 1(€JILIX uMces Hac OyAyT MHTepeco-
BaTh TOJbKO NMepBble NMATh 3HAKOB Pe3yJIbTaTa, TO COCTABJEH-
ible TabINIBL NO3BOJIAT HEPENMHOMKATL, AeJUTh U T. K. NATH-
Jitaunble 1eJible YMCa, & CIe0BATeNILHO, U leCATHIHBIe Apo0Hu,
uMeroImMe MATH 3HAYAMX Hudp.

Umenno taxk u Oblin cocrasjensl nepsple TaOaMIbl Jora-
pupmon ). Briuncienune nx norpeGosano MHorojeTHeil HeyTo-
mumoii paGortel. B HacTosillee BpeMA MeTOAaMM BhICHIel MaTe-
MAaTUKKM OTYy paGoTy Mor Obl BBIMOJHUTL KaMAbI B TedeHue
Kakoro-uuOyab Mecsina. Tpucra JeT Hasam dToMy Hy #Ho ObLJIO
NOCBATUTH Bclo ku3nb. o 3aTo Bo MHOro pas Bospocia
IIPOM3BOMMTENBHOCTE TPYAA MHOTMX TLICHY BbIYMCIIMTeJIeNd,
NOJIb30BABIIMXCA  pas  HABCErJd  COCTABIEHHBIMM  TaGiu-
namu.

1) HIBeiiuapiiem Bopru (oK. 1590 r.); HECKOJLKO 1103J(HEe HE3ABHCHUMO
oT Bopru OGulIM cocTaBdeHbl TaGumihl Jlorapudmos mwoTiaanaueM Hene-
POM, KOTOpPBLIl 6Gpal 3a ocHOBaHUe 4MCI0, oveHb GJH3KOe K eXHHMIE,
HO MeHblnee, YeM ejHuid. Bopru onyGIMKoBall cBOKO pa6oTy JIMIIL
B 1620 r.; panbiie (8 1614 1) noAsuanch B cBet Tabanusl Hemepa.
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B HacrosAmee Bpems B Tabauuax JorapudMoB KiaajpercA
B OCHOBaHMe 4Mcj0 10, YTO JaeT pAJ BHYMCIUTEJBHLIX Mpe-
UMYIIECTB (TaK KaK Halla HyMepauus — pJecsatuyHad). lipn
9TOM JIJIA NOJIyYeHUA LeJbIX YKcesl MPUXORUTCA 6paTh dpobrbie
creneHu yuciaa 10.

JlorapudM HeKoTOpOro uMcia NMpuU OCHOBaHMM 10 Hasbl-
BaeTcA ero decamuunvim nozapugmom. CocrapieHne TaGanIbi
JMEeCATUYHBIX JIorapu(MoB He NPeACTaBIAEeT 0COOBIX TpYAHO-
creif, eclIu y#e cocTaBiieHa Tabauua mo ocHosauuio 1,00001.
HeltcTBUTENBHO, MYCTb MBI XOTMM HAlTH HEeCATUYHBIN Jora-
pudM uucaa 3, T. e. TOT NoOKasaTedb CTeNeHH, B KOTOpYIO
Hy#HO Bo3BecTM 10, uroGbl noxyunth 3. M3 Tabamuer no
ocHoBauuio 1,00001 Mbl Haljiem:

10 ~ 1,00001250 258
3 & 1,00001100 861,

1
Bossena o6e yactu nepBoro paBeHcTBa B CTeﬂeHbagaia;,

Haiigem: 1,00001 =~ 101230 258); [o3TOMy BTOpPOE PABEHCTBO
nepenuiieTcH B BHAe 3 a 100109 861:230 258) e, ReCATHY-
Hblit Jorapudm yncia 3 ects 0,47712. IlomoOubiM e oGpasom
MOMHO HAWTH JIeCATUYHDIE JTOrapudMbl M OCTAJIBHBIX 4uces !).

§ 63. OcHonuble cBoiicTBa JorapudmMon

Jozapupmom wucaa N no ocrosanuro «a nazvieaemcs
nokazameab cmenenu T, 6 KOMOPYIO HYMCHO Go36ecMU @,
umo6ul noayuums wucao N.

O6osnavenue: log, N = z. 3anucs log, N = x cosepuweniio
pasmosnauna 3anucu a* = N.

MMpumepu. log,8 = 3, Tak kax 23 = 8; logy;, 16 = —4,

1\—4 1 . 1\3 1
TaK KaK (—2—) = 16; logi/, (8—) = 3, TAK Kak (—i—) =5
N3 onpegenenust dorapudma BLITEKAET Cllejylollee TOMHLe-

CTBRO:
aoe, ¥ o= N,

1) Ugesa cocraBlieHWa TabJumil AeCATUYHLIX JIOrapuPMoB NPAHAJ-
JieuT Henepy M ero COTpyIHHKY aHMJIMYaHMHY Bpurry. OHM COBMECTHO
Havyaam paboTy 1o nepecyeTy npexHux Tadaui Hellepa Ha HOBOE OCHOBa-
nue 10. Ilocae cMepT Hernepa BpHIT 11DOXOIKMII M 3AKOHYMJI 3Ty paboTy
(0H ony0OJIMKOBAJ ee MOJHOCTbIO B 1624 r.). I103TOMY AecATHYHLIE JIOra-
pHOMBI Ha3BIBAIOTCA MHavYe 6puzzosvimu. JIpoGHLIE CTENEHN B TO BPEMf
eule He OblJIM IPUHATH B MaTeMaTuke, HO Hemep u Bpurr olxonuiauch
0Ge3 HMX, TaK KaK IMOHATHIO JiorapudMa OHM JaBAJIM ONpelesieHue, He-
CKOJIBKO OTINYaloLIeecs OT HuHe NPUHATOrO,
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Ilpumepsnl. 28 =8 T e 23=8; 5% = 25;
1018Y = N1),

Yucna a (ocrosanue aoeapugfma) u N (uucao) MOMKHO
6paTh HEJABIMM M APOGHBLIMU (CM. IpUMEpLI), HO HEMPEeMEHHO
MOJIOKUTENILHBIMM, €CIH Mbl XOTUM, YTOObI Jlorapudmbl ObIIIM
deiicmeumenbrvimu YUCIIAMH.

Camu ke Jorapu@Mbl MOI'yT GbITb U OTPUIATENbHbI; OMm-
puyamenvivie a02apumul CMoab xHce BANCHLL HA NPAKMUKE,
KaK noaoxcumeasvHule,

Ecnn 3a ocHoBaHMe Jorapu@MoB B3ATL 4ucio, Gojbluce
e[MHULbl (Hanpumep, unciao 10), To GoJbulee YKUCIAO MMeeT
Gonpuui sorapudm. Jlorapudmer yuced, GOMBLIMX eTMHHIBI,
NOJI0KUTEJIbHB, MEHBIINX eIMHULBI — OTpHMLATeNbHLI. Jlora-
pudM equHMUBl Npu J06OM OCHOBaHMM paBeH Hywo. Jlora-
pudmM 4YKcaa, PABHOrO OCHOBAHMIO, Bcerga ectb 1 (B mecHTHY-
HBIX Jlorapudpmax lg 10 = 1) 2).

Jloecapugpm  npouseedenus  pagen  cymme  ao2aputpmos
commnoncumeneit.

log (ab) = log a+log b.

Jloeapum wacmiozo pasen avzapufimy deaumozo Ges ao-
eapupma deaumenn :

log Z = log a — logb.

Aoeapughm  cmenenu  pasen  npouszeedenui  noOKaIAMENN
CINEnen Ha A02aPUPm ce OCHOBAIUA :

log a™ = mlog a.

Jozapum  Kopus pasen wacmiomy om desenus ao2a-
pugma nodkopennoeo wucaa Ha nOKa3ameib KOPHA:

log a
m

logVa =

m 1

(caejcTsMe npeABILYIIero cBoicTBa, ubo Ya = a™)

.

1) 3HaKkoMm lg 0e3 yKasaHusl oCHOBaHUA o0o3Havyaerca JECHATUYHDI
Jorapudym; 3HaKkoM log Ge3 yKa3aHUA OCHOBAHMA -— Jjorapudm 1o mpo-
M3BONIBHOMY OCHOBAHHIO (B MNpeaenax ojHoit GopMyJanl 9TO OCHOBaHME
MBICJIUTCH OJUHUM M TeM jie).

2) YHMCI10 a HE JIOJIKILO DABHATLCSA CIMHUIE; MITAYC Y YMCell, He pABHBIX
€J]MHHULe, conceM He Oyjier Jiorapudma, a JUIst CAMHHUILI BCAKOE YHCIIO
Oyner Jorapudmom,
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lIpeagocrepemenne. ddorapudm cymmut re pasern
cymme Jorapudmos; wmeabzs BMmecto log (a+b) nucath
log a+log b. JTa o1uMOKA YacTO HeNALTCH.

ITponorapndmupoBaTh HEKOTOpOE BLIpAMKEHNE — 3BHAUNT
BLIDA3UTh ero Jiorapu@m uepes JOrapuPMbl BXOJFIMX B
9TO BbIpAM<eHUE BEJUYMH.

llpumeps norapudpmMuponanmus

1) log ia’b = log (202bm‘2/3) =log2+2loga+logb--
Vme

2
-5 log m;  2) & =

14,352-¥0,20600
185,06 431102 °

+ ; 1g 0,20600 — 1 185,06 — 2 lg 43 110.

lg o lg 14,3521

Umest Tabimily AecsTMUHBIX Jorapudmon, naifjiem 1o nei
lg 14,352, 1g 0,20600 M T. Ji. U BHIYUCIUM IPABYIO MAaCTh 1ia-
iwero pasenctsa; Hto Oyger lg . llocse sroro no rabime
HaleM uucio x no ero gorapudmy. Hogpotnee em. 111, 67 - 70,

§ 64. Harypaanusic dorapudmsl; qie1o e

Jiist npakTrHyeckoro npuMedenns HauGostee ynoounim ocno-
sauuem Jorapudmon sipasercst uuciio 10. Ho jia Teopernye-
CKUX MccjlefoBalnit Haudollee NPUIOLHO JpPyroe oCHOBAHME,
HMEHHO nppalMoHaliblioe uuciio e = 2,718 281 83 (C TOYHOCTBIO
J0 BOCHMOI'0 JeCATHYHOI0 3HAKA). JTOT HOPABUTEJBLHLIT Ha
nepBuit B3I PAKT HOJHOCTHIO MOHHO PA3bACHUTH TOJBKO
B BBICUIEH MaTeMaTHKe; 3jlech Mbl IOKa#eM JHNIb, OTKYNA
9TO 4uC0 moABaAAeTcA. OHO HAXOAUTCH B TeCHOH CBA3M C TEM
€rnocofoM BEIMUCIEHUA JOrapu@mMoB, KOTOPHIH OB 00bsiCHEH

1
B § 62. Horgma mut Gepem 3a ocnoBanue wmucio 1+ = Onus-

Koe K eguHuue, Hanpumep 1,00001 (n = 100 000), To JJIs He-
OOJIBIIMX YUCEN MOJY4alTCS OrPOMHBbIE JOrapu@Mbl, HANpPH-
Mep unciao 3 uMeet Jorapudm 109 861. UrtoOwl aTOT JOrapudm
GBI BeJIMUMHOI TOro e NOPHJ(KA, YTO U CaMoe 4UCI0 3, ero
cienoBano Obl yMeHbLUIMTH B n = 100 000 pas. Torga on umes
6b1 Besnunuy 1,09861. Yucao 3 6Gyner umetsb Jorapudm 1,09861,
€CJIM 33 OCHOBAalNe B3AITh He
1+% = 1,00001, a (1 +%)" = 1,00001100 000,

HehcTBuTeNIbHO, MBI MMeeM:

3 = (1,00001)109 861 — 1 00001100 000-1,09861 —
‘ = (1’,00001‘00 000)1,09861,
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Ecay Mbl BLIUMCIuMM BelduuHy 1,000011% %0 19 ¢ ToY-
HOCTBIO JI0 BOCBMOTO [eCATUYHOrO 3HAaKa HalgeMm:

(1 +%)" = 2,718 267 63 (n = 100 000).

IT0 UMCTO yrKe oYeHb OJIUBiO KK YHCIY e; OHO MMeeT OJMHA-
KOBBIE C YMCJIOM e TepBbie NATH Hudp. Ecam 68 MBI 00 UM
B OCHOBaHue He 1,00001, a eute Gosee 6,1u3Koe K 1 YUNCIIO, HANPH-
mep 1,000001, T. e. B3AdM Obl n = 1000000, To, paccy:xmas
TaK e, KaK npesme, Hawu Obl, 4To eme Gojee ymoGHBIM
ocHoBanueM Oyner:

(1+-1)" = 1,0000011 000000,

9T0 YMCII0 ¢ TOYHOCTBIO jl0 BOCBMOIO 3HAKA PABHO
2,718 280 47. Ono uMeeT Te ¢ mepBble nHiecTb LUPp, 4YTO
YUCTIO ¢, A B cejibMoilt udpe pasHATCA JUIIb HA EEMHUILY.

1
Yem OGoJibilie B3ATHL YHUCIO n, TeM MeliblUe YUCIO (1 4——7;)”
OymeT oraMuatbess oT uucna e. HMuave rosopsa, uucao e
1\»n
ecmb  npedea, K Komopomy cmpemumcs (1 +—ﬁ—) npu  ne-

02PAHUYEHHOM ¢o3paAcCmMaruu n. D70 M ecTh onipefeJieHue
YHucIaaa e.

1 1
Mul BUJENM, YTO OCHOBaHHe 1+~n—, a 3HAYUT, U (1 +—n—)"

TeM TOUYHee MO3BOJIAET BHIYUCIUTE JOrapuPMEL BCEBO3MOMHKHBIX
yucea, uyeM GoJbuie YHMCIO n. ECTeCTBEHHO O0KMAATH, 4YTO
Haubollee yHOOHBIM AJA Toit ke Uenn OydeT mpemeld, K Ko-

1
TOPOMY CTpEMHMTCA (1 -i—T)n npu HeOrpaHWYeHHOM BO3pa-

cTaHMd n, T. €. yuciao e. Tak M ecTb B [EHCTBUTENb-
HOCTH. Bhiuncilenue Jorapu@MoB DO OCHOBAaHUIO e COBep-
mwaercA OBICTpee, 4YeM IO BCAKOMY JpPYrOMY OCHOBaHUIO.
CnocoGBl 3TOro BBIYMCIEHUA M3JIAraloTCA B BhicLIelf MareMa-
THKe.

CaMoe 4YMCJIIO e MOHO BBHIPA3UTh RECATUYHON IPOGBLIO
¢ 060t cTeneHbI0 TOYHOCTH; B TAOIMIIAX MOKHO HAUTH TaKMe
npuoanHKeHHBIe 3HAYCHUA e, KOTOPhIE MO CBOeN TOYHOGTH Ipe-
BOCXOMAT JII00Oble MPAKTHYECKH BO3MO ¥ Hble TpeGoBaHuA. G nod-
HOIf e TOYHOCTBIO YHCJIIO ¢ HU AeCATHYHON, HU Apyroi pauro-
HAJBHOM JpoGbl0 INpeACTaBUTE HEBO3MOMKHO. Borxee Toro,
YHUCIO e He TOJNBKO MPPALMOHAJIBLHO, HO M TPAHCUEHZEHTHO
(cm. III, 27).
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Jlorapudmel, B3siTHIe O OCHOBAHMIO €, HABBIBAWTCH Hamy-
pasvkbmu Jorapudmamu. Hacto MX HasLIBAOT (MCTOPUYECKH
HeNpaBUJIBLHO) HelepoBLIMMU !).

O6o3HaueHue Bwmecro log,z npunATo nucate In =z
(3HaK In ecTh cokpaweHue CIOB «IOrapu@M HATYPaAIbHbBIA).

IIpumep. In3 = 1,09861.

Ymobw no  ussecmuomy — Oecamuunomy — ao2apudmy
wucaa N nmalimu eeo mamypaadnbili aozapum, HyHcio
paszdesumv Oecamuunvili aozapugm wucaa N na Oecamuv-
nut sozapudm wucaa e (mocienuuit pasen 0,43429...);

_lgN I8N 44995
In N = Tige - R *Om" i 2,302-)9 lg N.

Beaununna 1g e = 0,43429 nasweiBaetTcs modyaem decamun-

noir aozapugimos u obosnauvaerca yepes M, Tak uTo

InN=--lgN?).

Il pumep. U3 TaGuuupl fecATUYHBIX JorapudmMon umMeem:
Ig 2 = 0,30103. Otcoma

Ing= _;4 -0,30103 = 0,69315.

Ymober no  uagecmiomy namypasviomy aozapudimy
wucaa N nalimu ezo Jdecamuunbili so2apugm, HYICHO no-
MHONCUMb  HAMYPAsbKbll aozapufim na modyav  decamuy-
nor aozapugpmos M = lge:

lgN =1geln N = MIn N = 0,43429 In N.
1) OCHOBaHMEM, KOTOpPbIM (aKTHYeCKM 1odb3opaldcst IHeunep, Ouui10
yneso 1—0,000 0001. Eciau Obl MBI 3aXOTEJM BCe Jorapudmul TaGsmigh
Hemepa ymeubwuuts B 10 000 000 = 107 pa3 (cp. npumep, pa3obpanHbit

1\k

BHIIE), TO 3a OCHOBaHMEe JNOJ:KHBl OblIM OBl B3ATL YUCIO (1——h—) , e
k=107, KoTOpOE MOHHO GbINIO 6Ll YCITOBHO Ha3BaTh OCHOBAHUEM TaGIHIILI
Henepa. Ho 3T0 YMCI0 OTHIONL HE PABHO YUCIY e (OHO OYeHL MAJIO OT-

1
JIN4YaeTCA OT YHCIa ?)

2) laHHBIE 3[eCb IPABMIIA HCPEXOJId OT HATYPAJILHBLIX JJorapupmon
K JIECATHYHLIM ¥ 00DATHO HPEICTABIAIT co60if YacTHBIE ciy4au o0IUX
dhopmya
logy, N
log; N = logy N-log, b; lo = b
€a 143 Ea 0, 108, Togs @ °
103BOJIAIOIMX NepeiiTh oT Jorapudma urciaa N [0 OCHOBaHMIO b K Jora-
pudMy TOro e yucja 1Mo ocHoBaHMio a. Bropaa dopmyna npu N = b
aer;

0 = .
e
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Ilpumep.In3 = 1,09861. Orciona Ig 3 = M -1,09861 =

= ,47712.
JLast oGeruenust ymuonenus Ha M u Ha~1—11— COCTaBJIAIOTCA

1
'l‘a()JIMllbl, cojlepHialmne nponssegeHus M n M Ha BCe€ OJHO-

3HauHble HUJKU HA BCE JIBY3HAUHbIe MHOMUTEIH. 3)1805 IIpuBO-
1
JIUTCST Ta()J'IVIlla YMHO¥EHUA M “-M— HA OJHO3HAYHBIE YHUCJIA.

. 1

Iipatunie M Kpatunie M
| 0,43429 2,30259
pa 0,86859 4,60517
3 1,30288 6,90776
4 1,73718 9,21034
5 247147 11,61293
6 2,60577 13,81551
7 3,04006 16,11810
8 3,47436 18,42068
9 3,90865 20,72327

§ 65. /lecaTnynble Jorapu@moi

B jadbHeiinem jlecaTuianbii JorapudmM UMenyeTesi 1pocTo
Jorapudmom.

Jlorapudm ejinMHHLBI pABEH HYJIIO.

Jlorapudmbr uncen 10, 100, 1000 u T. ji. paBun 1, 2, 3
M T. ]I, T. €. UMEIOT CTOJBKO MOJI0MNTENbHbIX eUHUL, CKOIbKO
HyJeil CTOMT MmocJie eJMHMILLL.

Jlorapudmbl uymcen 0,1; 0,01; 0,001 u T. A. paBHH —1,
—2, =3 U T. A, T. €. UMEIOT CTOJILKO OTPUIATEJILHBIX eMHMIL,
CKOJIBIKO HyJIeil CTOUT Iepes efUHHUIEN (CUNTasa U nyJb HeJbX).

Jlorapu@mel  OCTAJLHLIX uKMCeN HMeOT JpoOHYI0 4YacTk,
uMenyemyw manmuccoli. Ilenas yacrs Jorapudma HaspBaeTCs
rapakmepucmukoi.

Yucna, 06JplIMe eXMHUILBI, UMEIOT IOJIOMUTENbHbIE JIOTra-
pupmel. Ilomomurenpusle yucia, MeHbIINE eTMHUIBI 1), UMEIOT
OTpHIATENbHEIE JTOrapuMsl.

Hanpuwmep 2), lg 0,5 = —0,30103, lg 0,005 = —2,30103.

1) OTpUIATENLHBIE YUCIIA BOBCE HE MMEIT JIeliCTBUTENbLHBIX JTorapud-
MOB.

2) Bee jlasibHelluMe PaBeHcTBA —- NPHOIMIKEHHBIE ¢ TOYHOCTHIO O
JOJTOBHMILI ¢JIMHUIHI TIOCTEIHCTO BLITUCAHHOTO 3Hala,
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OTtpuuaresnbubie Jorapu@Mel KA Goabliero ynoGersa Ha-
XO0MIAeHuA Jorapudma mo YMCIy ¥ uncia no Jorapudmy npex-
CTAaBJAIOTCA He B BLILIENPHUBEdeHHON ecrecTBeHHON» dopme,
a B (MCKyCCTBeHHOI». OTpuuartelbHHi JorapudmM B McKyc-
CTBEHHON (QopMe umeem noaoxncumesvnyrw Mawmuccy u
ompuyameadbHyo xapaxmepucmury.

Hanpumep, Ig 0,005 = 3,69897. OTa 3anuch 03HAYAET, YTO
1g 0,005 = —3+0,69897 = —2,30103.

Yro651 NepeBecTH OTPULIATENbHEIA JorapudM U3 eCTeCTBEH-
HO! QOpPMHE B MCKYCCTBEHHYIO, HY*HO: 1) HA eXMHHMLlYy YyBeJH-
YUTb A0COJNIOTHYIO BEIMYMHY ero XapaKTepUCTHKH; 2) MOoJy-
4YeHHOe YMCII0 CHAOMMTh 3HAKOM MUHYC CBepXy; 3) Bce HUPpPHI
MaHTHCCHl, KpOMe mocjefHeit u3 nudp, He paBHBIX HYJIIO,
BBHIYUTATD M3 [IeBATH; IOCIENHIOI, He PaBHYI HyJ0 Ludpy
BHYecTh K3 AecATH. [lomyyaeMble pasHOCTH 3aMMCBIBAIOTCA HA
TeX »Ke MeCTaX MAHTUCCH, Iie CTOANU BLIYHTACMBIE IHPPHL.
Hyau Ha KoHIle 0CTAalOTCA HETPOHYTHIMM.

Ipumep1.1g0,05 = —1,30103 npuBecT! K UCKyCCTBe:l-
Holt QopMe: 1) aGCONIOTHYIO BEIMYMHY XAPAKTEPHCTAKU (1)
yBeJuyuBaeM Ha 1; moJjyvaeM 2; 2) nuileM XapaKTepUCTULY
MCKyCCTBEHHOIt dopMbl B BHMe 2 M OTAelAeM ee 3aNATOH;
3) BeunTaeM nepByio nu@py MaHTHCCH (3) M3 9; moiyyaeM 6;
3anMceBaeM 6 Ha nepBoM MecTe mnocie 3anAToil. Takum
e o6pasoM Ha CIeyIOIIMX MeCTax MOABIAKTCA uppLl
9(=9-0), 8(=9-1), 9(=9-00 u 7(=10-3).
Hmeem:

—1,30103 = 2,69897.

Hpumep 2. —0,18350 NpeACTaBUTL B HMCKYCCTBEHHOIf
Qopme: 1) yseamuuBaem 0 Ha 1, modyyaeM 1; 2) umeem 1;
3) BeiuMtaeM nudps 1, 8, 3 u3 9; uudpy 5 u3 10; HyJb Ha
KOHIle 0CTaeTcA HeTPOHYThIM. Umeem:

—0,18350 = 1,81650.

YT0o6H mnepeBecTH OTpUIATENBHBI Jorapupm M3 MCKyc-
CTBeHHO! (OpPMBI B eCTeCTBEHHYIO, HY»KHO: 1) HA eIMEHMLY
YMEHBIUUTB a0COMIOTHY IO BelIMYUHY €r0 XapaKTepUCTUKH; 2) 110-
JIy4YeHHOe 4MCJI0 CHAOMMTh 3HAKOM MHHYC cleBa; 3) ¢ uud-
PaMH MAHTHCCHL IIOCTYNAaTh, KaK B NpeAbIAylleM ClIydae.

IIpumep 3. 468900 npeacraBuTs B ecTeCTBeHHOIt fopMe.
1) 4—1 = 3; 2) nuMeeMm —3; 3) BHUNTaeM UUPPH MAHTHCCHI
6, 8 u3 9; uudpy 9 u3 10; ABa HYIA OCTAIOTCA HETPOHYTHIMH,
Mimeem:

4,68900 = -3,31100,
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§ 66. JleitcTBHA ¢ HCKYCCTBEHHBIMH BblpakeHHAMH
OTPHUATEIBHLIX JOTapHPMOB

llpu jieicTBUAX ¢ MCKYCCTBEHHBIMU BBIDAXKEHMAMHM JIOra-
pupMoB HeT HEOGXOTUMOCTH NpEABAPUTENHLHO NMEPEeBOAUTL UX
B ecTectBennyo GopMy; npu 1eGOIHLUIOM HABHIKE B NpUMeHe-
HMM HUKeNepeyncIeHHBIX NPUEMOB MOMKHO C MCKYCCTBEHHBIMHU
BHIPAMKEHMAMM HEMOCPEJCTBEHHO 11POM3BOJIMTE BCe NEHCTBHA
TaK e GbICTPO, KAK ¢ eCTeCTBEHHBIMH.

Ciroaenne. MaHTHCCH CKIAABIBAIOTCAH, Kak 00bIYHO, MOCTe
CJIOMKEHUA JIECATHIX J0JIeil MOMeT 0Ka3aTbCA, UTO B yMe yhep-
IKNTCH €IMHMLA NN HECKOJIbKO eMHUIL; TOTAA MPU CII0HEHNH
XAPAKTEPUCTHE (CPESH KOTOPBIX MOIYT GBITH M MOJIOMHUTENb-
Hble, M OTPULIATENbIIbIE) yepHIaliHOe B yMe YUCJIO IPUCHUTHI-
BAETCSL K 110JI0MHUTERIILHBIM XAPAKTEPUCTUKAM.

Hpumep 1. 1,17350 -+ 2,88694 - 3,99206.

Cxema:  3jlech NPU CIOHEHUN TECATHIX Jlodieil oJlyyeHo

22111 24+1-4-8+9=201). Hyus sanucan; 2 ynepa-

1,17350 Ho B yme. CJloikeHMe XapaKTePMCTHK [aeT
+2,88694 241+243 = 0.

3,99206

0,05250

11

Hpumep 2. 2,7458 3jech NpU CIIOMEHMM XApaKTe-
4,3089 pucrur umeem:
1,0547 14+2+4 = 1.

Boiynranne. Mantucca BblUMTAaeMOro INOpPaspAAHO BbIYM-
TAETCH M3 MAHTUCCHI YMEHBIIAEMOr'0 KaK B TOM CiIyyae, KOTHAa
nepsas Membllle BTOpO, Tak M B o6paTHoM ciaydae. B mo-
ciefHeM clyyae AJA NUPPH AECATHIX YMEHbIIAEMOro 3aHM-
MaeM MOJIOKHMTENbHYI0 eIMHUILY M3 XapaKTepUCTHKH.

IIpumep 1. 2,1741 IIpu BLIMMTAHUM JECATHIX HKOJei
75,1846 mNPUULIOCH DAHATH TOJIOMKHUTEIN-
2,9895 HYI0 eIMHMUY U3 XapaKTepH-
CTHKH 2, OTYET0 OHA CTANA PaB-
Hoit 3. Beruutanue XapaKTepUCTHI JlaeT 3-5=2.

1) Maasle nudpnt cBepxy ¢003HAYAIT yjleprkauHLie B yMme udpr,
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IMIpumep 2. T,"ZOQO 3aech He NPUIIIOCh 3aHUMATD W3
73,1916 xapaxtcpuctukm: 1—3 = &,
4,0164

Ilpumep 3. 0,4265 3uech BUIHO, YTO U NPU BHIYUTA-

1,9371  HMU NOJI0HUTeJIbIIOro Torapudma

m U3 IMOJIOUTEJIHHOr0 MOMKHO pe-

’ 3yJbTaT Cpa3y ke MOJNYYUTH

B MCKyccTBeHHON (Qopme. Tak M pexoMeHAYeTCA MOCTYNATb.

Hp“ COBMECIMIOM CAOMNCEHUU U BbluUMaHuUW WHOTrAA 1pejl-

MOYMTAIOT 3aMEeHMTh BCe BHIYMTAHUA cllokeHuAMU. Ilpu sTom

ecJiM BHYMTaeMoe OBIIO MOJIOHUTENBHBIM YHCIOM, TO COOTBET-

CTBYOlllee OTPHUIIATENIbEHOE cllaraeMoe MepeBOAUTCA B MCKYCCT-

BeHHYI0 Qopmy. Ecin e ono OblI0 OTpUIATENBHBIM UCIOM,

3alaHHHIM B MICKYCCTBeHHOI (opMe, To ero mepeBOofAT B ecTe-

cTBeHHYI0 fopMy M 3areM oTGpachiBator 3Hak munyc. ([Tomy-
YeHHHe CJIaraeMble Ha3bIBAIOTCA JONnoIHEeHUAMU.)

Mpumep. 0,1535—1,1236 +1,1686 — 4,3009 =
= 0,1535 + zom. 1,1236 41,1686 + som. 4,3009 =
= 0,1535 + 0,8764 +1,1686+5,6991 = 5,8976.
Januce:
0,1535 == 0,1535
—1,1236 = 0,8764
11,1686 = 1,1686
—~4,3009 = 5,6991
35,8976

Ymuo:xenne. llpn ymuoKennn uckyccrsennoro Jorapudma
HA NOJ0KUTEIBHOE YHCI0 MHOKUM OTAEeNIbHO CHAYaJa MaHTHC-
Cy, 3aTeM XapaKTepUCTHKY; eCIM MHOKMTeNb — OXHO3HAY-
HOEe YMCJI0, TO YMCIO NMOJIOKUTEIbHEIX eIUHHL, MOJyYeHHOe OT
YMHOMEeHUA MAHTHCChI, TYT }Ke NPMCYNTHBAETCA K OTPHLIATEb-
HOMY NpPOM3BEIeHUI0 MHOMMTENA HA XapaKkTepucTHKY. Eciau
MHOHTeNIb MHOTO3HAYHLIN, TOBOXUM 0 KOHIA YMHOMeHUe Ha
MaHTHCCY M TpHubaBiAeM NpoM3BelleHNe MHOMKUTENA Ha
XapaKTePUCTHKY.

IIpumep1. 3264
6,4397
S 7
39,0779
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IMMpumep 2. XT,4397 (ITonbayemcA mpaBHIAMM COKpa-
17 meHHOro ymMmHoeHus; cM. II, 41.)

4397

3078

7,475

LY

10,475

Ecnun Hy #HO yMHOMHUTb OTpULATeNbHHI Jorapu@M B UCKYC-
CTBEHHON (opMe HA OTpHIATeJbHOE YMCIO, TO Jy4lle BCEro
NpeXBapUTeJIbLHO MepeBecTH JorapudM U3 UCKyccTBeRHOH Pop-
MBI B €CTeCTBEHHYIO.

Jlenenne. Ecau penurelb — oTpUIATENbHOE MIN MHOTrO-
3HAYHOE IOJIOMMTeNIbHOe YUCIO, TO Jiyyllle BCero nepelTH K
ecrecTBeHHOM Popme. Ecan feaurens — oxHO3HAYHOE MOJIOMKH-
TeJIbHOE 4YMCJIO, JeJIMMOe OCTaBIAETCA B MCKYCCTBEHHOH
$opme. Ecau xapakTepuCTMKA [XeJIUTCA HalLedo, TO [eJAT
OT/(eNIbHO XApAaKTEePUCTUKY, 3aTeM MaHTuccy. Ecau xapakre-
PMCTMKA HALEJN0 He AelHUTCA, K Helt mpubaBigercA B yMe
TaKoe HANMeHbllee YMCIO0 OTPMUATEIbHBIX eXMHMI, YTOOLI
MOJIy4YMBlIEECA YHCTIO AeNMJIOCh Hallello; K MaHTHcce mMpuGaB-
JIAIOT B yMe CTOJIBKO 3Ke TOJIOMUTENbHEIX efUHULL.

IMIpumenp. 2,5638: 6 = 1,7606. Uro6el xapaKTepHCTHKA
Aelxuaach Ha 6, npubaBiAeM 4 oTpuLaTeabHble etMHUIE. Iomy-
4YuBIeecA YUCI0 — 6 mpu AelleHuu HA 6 AaeT — 1. IIpu melenun
e MAHTHCCH Ko0aBJiAeM K Hel 4 TMOJIOMUTENbHblE eUHUIB U
Jlenum 4,5638 Ha 6.

§ 67. OTeickanue JorapudMmMa 1o YHeay

Jlorapudmel Lespx cTemeHell ynucia 10 oTHCKUBaloTCA Gea
rabauy (I1I, 65). das otbickaHus JorapuMoB OCTAIBHHX YH-
ceJl TIOCTyTNaeM TakK:

A) Omuvckanue xapaxmepucmuru. JIas uuces, 66JbHIMX
CAMHMIBI, XapAKTEePUCTHKA PABHA HA eJUHUIY YMEHbLIEHHOMY
uncay nudp uesoit yacru.

puY4MepHl. lg 35,28 =1, ...
1g 60 100 = 4, . ..

(Touku mocJie 3aNATON 03HAYAIOT, YTO 3/1€Ch JOJHHH CTOATh
1uPpLl MAHTUCCHL. )

JI1a unceln, MeHbIIUX €XMHUIILI, XapaKTepHCTUKA MCKYCCT-
BeHHOI QOopMH JorapuMa paBHA 4YUCAY HyJelt mepeq 3HaYa-
MU IudpaMu Yucaa (CUUTad U HyJb LeJHX).

© 1g3,528=0,...;
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IMpumepn. 1g0,00635 =3,...; 120,002 =1,...;
1g 0,06004 = 2, ...

B) Omuickanue marwmuccer. Ilpum OoTHICKAHUM MaHTHCCH
HecATUYHON APpoOU, NTPABMIIBHON NN HENpPaBHIBHOMN, OTOpacs!-
BaeM 3amATYI0 M uumeM B Taliuile MAHTHCCY IOJYYHMBLIErOCH
L[eJIOr0 YMCIIA; NP OTHICKAHMM MAHTUCCHI L[€JIOF0 YUCIIA MOMKHO
or6pocuTh BCe HYJM B KOHIE ero (eciiM TaKOBHe MMeEIOTCHA).
Hanpumep, manTMCca uucaa 20,73 paBHAa MaHTHCCe YUCTa
2073; manTucca yuciaa 6 004 800 paBHa MaHTUCCe yuciaa 60 048.

Ilpn noavsoBanuym yerhipexsaunauynbiMu Tabaniamu Jorapudg-
MOB Yy NOJIyYeHHOTO 11eJIOr0 4YMcJa OCTABJAEM TOJBKO YeTHIpe
nepBBIX 3HAKA; NP NMOJL30BAHMM MATU3HAYHLIMU Tabmuuamn —
nepBrle nATh. Ocrajblble 0TGPACHIBAIOTCA, TaK KAK OHM He
NOBINAIOT (MJIM MOYTH He MOBJMAIOT) HA CoepHialrecH B Tal-
Tvle paspARbl MAHTUCCHI.

ITo ueThipexaHaunoit TaGaulle MOMHO HAWTH HeIOCpPeACT-
BEHHO MAaHTHCCY TPEX3HAUHOTO YUCIIA; 10 NATU3HAYHON — MaM-
THCCY YeThIPeX3HAYHOro 4MciIa. MaHTHCCHL YeTHIPeX3HAUHLIX
(MATH3HAYHHIX) YMCeJ HAXOAATCA NpuGaBIeHNeM NOMPABKH (CM.
HUMeIpPUBOANMbIE TPUMEpHI).

Yemuvipexsnaunan mabauya — cM. cTp. 16 —20.

ITpumep 1. Hattu norapndm uucna 45,8. Haxonum (Ges
Tabauubl) xapaktepucTury: 1, ... OrOpaceBasg 3anaryio,
nMeeM 1estoe yncao N = 458. Bepem nepssie ABe ero qu@pol (45).
B crpoke 45 orpickMBaeM umucio, crosinee B cronbue 8. Ha-
xoauM 6609. dto — Mmaurtucca. Umeem Ig 45,8 = 1,6609.

ITpumep 2. Haitrn Ig 0,02647. Haxoaum (Ge3 TaGmiini)

xapakTepucTuky: 2, ... OtrOpacbiBaem sansitylo. ITomyuyaem
uucyao 2647. Bepem ero nepsuie aBe nupn (26); B cTpoke 26
OTBICKMBAeM 4YMCI0, CToALIee B cToNlue 4 (TpeTbs HuPpa aan-
noro uncna). Haxomum 4216. 9o — mMaHTucca Ig 264. Haxoaum
NIONpaBKy, COOTBETCTBYIOIYI0 MoclenHeil uudpe 7 IaHHOTO
yuciaa. OHa moMeliaeTca B TOM e CTpoke 26, B cTonbue 7
pasgena «mompaskimy. Haxomum- 11. IlpuGaBnAeM mnompaBKy
K paHee HaifaenHoli maurtucce. Ilonmyuaem 4216411 = 4227,
JTo — MaHTHcca JaHHoro uucia. Vimeem lg 0,02647 = 2,4227.
Janmuce:
2,4216
7+
1g 0,02647 = 2,4227

3ameuaunue. [lonpaBki paccunTaHsl ¢ TOMOILbIO MHTE]-
noaAauun (cm. 11, 50); npuMerieHne uHTepnodAIMU obJeryaer
naboty Bbluucaurtens. Nz rabmuunt BUAHO, 4TO MAHTHCCA

12 0,0264
7
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uMcia 2640 Medbllle MAaHTHCCH YUCIA 2650 Ha 4232 — 4216 = 16
(mecaTnuHBIX Aodeit). PasHocTu ymcem 10 oTBeyaeT pasHOCTh
manTnce 16. IIponmopuuonasbHHIit pacueT gaer:

z:16 = 7:10 = 0,7, = = 16-0,7 = 11.

Hamusnavnas mabauyal).
INpumep 1. Hairru lg 0,02647. Haxonum Ge3 TaGann xa-

pakTepucTuky g0,02647 = 2, ... OT6pacHBas 3aNATYyI0, MOJIY-
yaeM uyucio 2647. OTKpHBaeM Ty CTPaHHILY, Tie eCTh CTPOKa 264.
B crpoke 264 OTHCKHBaeM 4YHCo0, croAuiee B croabue 7. Ha-
xomuM 275. 3to — TpH mocienHue UuPpH MaHTUCCH. IIepBHe
ABe (42) HaxomuM B Hauvale cTpoku. Bea manTHcca 42275;
1g 0,02647 = 2,42275.

Jna GolbIIMHCTBA CTPOK BHayaJle NepBHe ABe HEPpPH He
npocraBieHH. Torma Hy»Ho B3fiTh NlepBHe JBe THPPH JuGO U3
cilefylolleit HUMHel (ecau mepef NOCIeXHUMHU TpeMA BUPpaMu
MaHTHCCH CTOMT 3Be3[04Ka),» Au6o (eciu 3BE3AOUYKM HeT) U3
Gumxaltieit BepxHeit.

IHpumep 2. Haitru 1g 6764. XapaKkrepucTuka ecrb 3.
B crpoke 676 TaGauun Jorapu@MoB OTHICKMBaeM B cToJbLe 4
TpH nociegnue uuPpsi MantHccH 020. OnM cHabeHH 8Be3-
noukoi. Iloaromy nepBhie mBe nudpnr (83) GepeM M3 HMKe-
nexkaineit crpokn 677. Bea mantucca 83020;1g 6764 = 3,83020.

Il pumep 3. Haitrn 1g 6,6094. Haxoqum xapakTepucTHKY:
g 6,6094 = 0, ... Or0paceiBaeM 3anAaryio, noiaydaeM 66094.
B crpoke 660 (cooTBeTCTBYylOIel nepBsIM TpeM Iudpam) OTH-
CKMBaeM B cToiabue 9 (uerBepras nudpa) umcio 014 co 3Bea-
AOYKOH caeBa. ITO — MOCHeNHME TPH LUPPHI MAHTHCCHI
yucia 6609. Ilepsrie aBe (82) HaxomuM B cilemyollelf cTpoKe.
Manrucca 1g 6609 ects 82014. Haxomum mompaBKy, COOTBeT-
cTByOIYI0 nociefHeir nudpe 4 gaHHoro yuciaa. B cronbue PP
noMelleHa Ta0aMyYKa ¢ HAANUCBIO 6 (d = 6 eCTh PAa3HOCTb MeKAY
MaHTHCCaMu Ynced 6609 u 6610). B seBoit yacTu aT0i TaOAMYKK
oTeHICKMBaeM umcio 4. IIpotuB Hero crour 2,4. Or6GpachBan
AecsThie 0NN, OKPYTJIAeM 3TO YMCIO A0 2. OT0 — INONpaBKa.
IlpubaBnaA ee K paHee HAMIEHHON MaHTHCCe, NOJyYaeM
82014+ 2 = 82016. 1g 6,6094 = 0,82016.

Januce:
1g 6,609 = 0,82014
4 + 2

1g 6,609%4 = 0,82016

1) Hanpumep, pacupocrpaHerusie Tabauin Jorapudmon Ip seBaib-
CHOro.
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§ 68. OThickaHMe YMc:Ia N0 Jorapudmy !)

CHauaua, He o0Opaliasd BHUMAHUA HA XaPAKTEPUCTUKY, OThI-
ckuBaeM B Tabuuue NAHHYI0 MAHTUCCY MM MaHTHUCCy, Onu-
*aifiyio k nanHoi. Ilo Helf HAXORAUTCA HEKOTOPOE LeJI0€e YUCIIO
(B MepBOM CJyyae HemocpeJACTBeHHO; BO BTOPOM — C NOMOLIbIO
nonpasku, cM. npuMepsl). Ilocie 3Toro NpUHUMAOT BO BHUMA-
HUe JIAaHHYI0 XapaKTepucTuky. Eciy oHa paBHA HYJIO WJIM IO-
JIOMHUTENIbHA, TO B LleJyl0 4acTb BbijeslfeTcA 4yucio Ludp, Ha
equHuLy GoJibLiee, YeM YMCIO eMHUL XaPaKTEPUCTUKU (eciu
NMOHao0MTCA, B KOHIlE YMCIIa MOMHO NMPUITMCATD CKOJBKO HY -
HO Hylleit). Ecau xapaKkTepucruka oTpulaTelbHa, TO epeft Haii-
JIeHHbIM YMCJIOM CTABMTCA CTOJbKO HyJeif, CKOJBKO B XapakK-
TEePUCTHKE OTPULATEIbHBIX eJUHUL; CTOALIMI cjleBa HyJb OT/C-
JIAeTCA OT OCTAJILHOI YacTu 3anaAroit. Haitennoe Takum odpa-
30M YHUCJIO COOTBETCTBYET NAHHOMY Jorapudmy.

Yemuipexanaunaa mabauya — cM. cTp. 16 —20.

Illpumep 1. Halitn yucao, sorapudm KOTOpOro paBeH
3,4683 (1. e. umcyo 103-4683), CHayasia OTHICKMBaeM B Tabiuie
MaHTHCccy 4683 uau Onmaxaitiiyio Kk Heit. IIpoGeras riasamu
OfMH u3 cToa0uoB Tabuuubl, Hanpumep croiber 0, wuieMm
B HeM 4YUCJO0, NepBble JiBe LUPPH KOTOPOro COCTABIAIT 46
uau O6nmakoe K 46 umcio. Takoe uucao (4624) MBI HaiigeM
B cTpoke 29. BOamsu or 8TOro Mecra MieM MaHTucCy 4683;
HAXO/MM ee B TOMN ke cTpoKe 29, B cToaOLe 4. 3HAUMT, YUCIO,
uMelolllee MaHTUCCOI 4683, ectb 294. Tak Kak XapaKTepu-
CTHKA 3 MOJOMUTEJbHA, TO B IEllyl0 YacTh YUCIA BHIAENAEeM
3+1 = 4 yudpsl. [ aToro B KoHlle Yncaa 294 NpuNMCHBaEM
HyJdb. ViMeeMm 3,4683 = 1g 2940.

Ilpumep 2. Haiitn uncio, Jjiorapudm KoTOpOro paben

3,3916. Hocrynasa, kax B npejsiylileM npuMepe, MLl He Hail-
JeM caMoro umciia 3916 cpepm MauTHcc, HO HalimeMm Oamxaii-
nlee K HeMy umcio 3909, croslliee Ha NepeceuyeHNH CTPOKM 24
u croabua 6. Maurtucce 3909 cooTBeTcTByeT, TakuMm obpasom,
4UCIO 246; OHO MaeT MepBHe TPU BHAYaLIMe UUPPH MCKOMOTO
uncaa. YerBepryio uudpy HaXoLuM, BEIUNCIAA Honpasky. [lau-
HAA HaM MaHTHcca 3916 npeBocxojxutr Tabaumunyio 3909 Ha 7.
Uwem oty uudpy na moii oce cmpoxe 24 B paspeie «Io-
upaBkm». OHa crout B cronlue 4. Iludppa 4 ectb uerBepTas
sHavaI@asa uudpa MCKOMOro 4Mcia; yuclo, MMelollee MAHTUC-

1) 1Ipu OTHICKAHMH YMCJIa 110 YeThbipex3HauyHoMy Jiorapudmy ecrh
CMBICJT TOJIb30BATbCA Tabumueil auTmiorapudmon (cm. 1II, 69). llpm
BHIIMCJIEHAAX Ha IIATb 3HAKOB Heleslecoo0pd3HO Y/BalBaTh 00BEM
TAGIAILI JIOrapUPMOB ITpUCOeTUHEeHIeM K Hell TaGIuI(L AHTUIIOTapudmMoB,
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coit 3916, ectb 2464. IlpuHumMaeM Bo BHMMaHMe XapaKTepu-

cTuiy. Tak Kak OHA OTPULATENHbHA U CONEPKUT TPH eUHHUIIHL,

TO mepej HaWIeHHbIM YMCIOM CTABMM TpPHM HYJA, W CTOALMA

clleBa HyJb oTAeNAem 3anAToit. Umeem: 1g 0,002464 = 3,3916.
3anuce:

lgx = 3,3916
3909 g 246
+17 4

x = 0,002464.

3amevyanuel. Cleayer TBepAO MOMHMTb, YTO IIPM OTHI-
CKaHMM YMCJIA IO JorapudMy mompaBKa 3TOr0 YMUCIA npunu-
chieaemen K HeMy, a He npubaBiAeTCA K ero nociegueit nudpe.

3amMeuanue 2. He cienyer 3ab6uBaTh, UTO BeIMyMHa
MONPAaBKN MOJIKHA PA3LICKMBATLCA B TON Ke CTPOKe, Ife Co-
JIepHUTCA uMcio, Oiauskoe K MaHTHcce. Ecam B aTO# CcTpoke
HeT Toit MONpaBKN MaHTHCCHI, KOTOPAs Hy:#HA, GepeM Gamixai-
NIyi0 MONpaBKY.

HIamusnavnan mabauya (CM. MOACTpP. NMpUM. Ha cTp. 239).
_ IIpumep 1. Haitti uncio, jsorapudm KOTOPOro paBeH
2,43377. IlepenncroiBasa Tabuuiy, cIenuM 3a BhIAEIAOLMMUCA
nepBEIMU ABYMA LudpaMH MAHTHCC (KOTOpHIe TAIOT BCe BpeMsA
Bo3pacramiolue uncia). Hahma 43, mmem BOmM3M mociegHue
Tpu uuPpsl 377. OTH uuPpH HAKIYTCA HA MepecedeHHH CTPOKU
271 m croxnbua 5. Umcno, mMmewomee MaHTUCCOM 43377, ecTh
2715. IlpuHnMaA Bo BHUMaHWe XAapaKTepUCTHKY (2), MMeeM
2,43377 = 1g 0,02715.

3ameuaHn e. [lo Goasiueit yacti mocienHne Tpu {UuPpI
MaHTUCCHl HalfyTcA au6o B TOM e CTPOKe, Ifle CTOAT NepBhLie
ABe, 00 B OQHON U3 HMMeJIeKALMX; BO3MOMKeEH, OfHAKO, CIIy-
4aif, Korga rnocjegHue TpH HUPPH CTOAT B OausKaiiuieit Bbile-
Jlendallleit CTpOKe, TOTA Nepej HUMHM CTOUT 3BE3MOUKA.

Mpumep 2. Haittu umcio, sorapudm KoTOpOro paBeH
0,14185. Iloctymaa Tak, Kak B HpefbAylieM INpHMepe, Ml
CpenM MaHTHCC He Halgem 14185, Ho HailmeM Ommxaliuee
K HeMy uucio 14176; Tpu mocienuue udpsl MaHTHCCH (176)
CTOAT BhIlle, YeM MepBble [Be; M0OITOMY IepeX HUMU HAXOIUM
3Be3fouKy. ManTucce 14176, croAuleli Ha nmepece4eHUH CTPOKU
138 u croabua 6, cooTBeTcrByeT uncio 1386; oHO maeT mepBhie
yeTeipe Ludpsl Mckomoro yucia. Ilaras uwudpa BeuuCaAETCA
¢ MOMoIbI0 mompaBku. JlaHHAaA HaM MaNTHCCA NPEBOCXOMMUT
Tabauynylo Ha 185—176 = 9. Pa3sHocTh e MemAy ABYMA
OomaiiuuMu TaGaMuIBIMIE MaHTHCCaMK ecThb 208 — 176 = 32.
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B cronbue PP naxopuM TabaM4Ky ¢ Hajnucbio 32. B Heit
cnpaea OTHICKUBAeM uucio, Ommkaiiimee K 9; Haxommm 9,6.
Iporus Hero crout 3. Iludpa sra ects nATad 3Havawaa uud-
pa HMCKOMOr0 4YMCIIa; YHCJI0, MMelolllee MaHTHCCoM 14185, ecth
13863. Ilpunumass BO BHUMAaHWe XADAKTEPUCTHKY, UMeeM
0,14185 = lg 1,3863.

Januce:
lgx = 014185
14176 1 386
+9 3 x o= 1,386,

1RH 13 869

3ameuanue. Crefyer MOMHUTB, YTO INPH OTHICKAIWUH
YMCTA TO JorapudMy HONMPABKA npunucwsaemes K Hemy, a ne
npubanasercsi k nocaenueii nudpe.

§ 69. Tadanna aHTIIOrApHGMOB

Tak naseiBaemadn rabunna anrniaorapugmor (crp. 21 —25)—
9T0 Ta e Tabauua JorapudMoB, HO C MHBIM PACIIOJIONEHUEM
MaTepuaia, 00JieryaluMM pasbickaHie YHCla Mo JaHHOMY JIo-
rapudmy. B TaGrauie gausl (sKUpHBIMI LupamMn) TOILKO MaH-
Tuccel (oGosHauenue m). 1lo mauTHcce, MMewileit Tpu Hmecs-
TUYHBIX 3HaKa, B Tabiuile cpaly HAXOAMM HeKOTOpoe Iielloe
UHCII0; eCAM B MAHTHCCE YeThIpe JIeCATHUHBIX 3HAKA, DTO YUCIIO
HaXOMMTCA ¢ MOMolbI0 Honpasku (cM. npuMepst). Ilocie sroro
NPUHUMAIOT BO BHUMaHMUe JJaHHYI0 XapaKrepucTuky. Ecmir ona
PaBHA HYJIO WM IOJOKNTENbHA, TO B eIy 4acTh BHIC-
JiAeTeA yncao nudp, Ha enuHuuy GoJiplnee, YyeM UYMCIO eHHMI|
XapaKTePUCTUKM (eCiIM NMOHAIOOMTCA, B KOHIE YUCIA MOMHO
NpUOMCATh CKOJILKO HYKHO HyJIeif). [icau xapaxrepucruka or-
pHLaTeNbHA, TO Tepeji HAlfJeHHbBIM YUCTIOM CTABUTCS CTOJILIO
HyJelf, CKOJIBKO B XapaKTepHCTHKe eJMHMI], CTOALLMIY clleBa
HyJb OTAeNAeTcs Of ocTalbHoit uyactu sansatoit. Haitmenuoe
TaKuM 06pa3’oM YMCTI0 COOTBETCTBYET JAHHOMY Jorapudmy.

IMMpumep 1. Hatitu uucao, morapudM KoToporo paseH
2,732 (r. e. unerno 10>732). OrHpachiBaeM XapaKTepHCTUKY M
GepeM nepBbie ABe Hupel mMauTuccH (73). B crpoke 73 oTbi-
CKUBaeM umncio, croamee B croiabie 2. Haxomum 5395. Tak
KaK XapaKTepUCTHKA 2 MOJOIKUTENbHA, TO B LIy 4acTh BHI-
nensieM 2+1 = 3 nudpnul. Umeem 10*732 = 539,5.

IIpumep2. Hanolgz = 3,2758. Haiitn x. Or6pacuiBaem
XapaKTepucTHKY. B cTpoke 27 nueM yucio, crodiee B cToJa6-
e 5. Haxoaum 1884. Haxomum monpaBKy, COOTBETCTBYIONLY O
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nocienHeit nudpe 8 pasgena «mompaskm». Haxomum 3. Ilpm-
6apiifAeM NONpPaBKy K paHee HaliieHHoMy wucay. ITomyuaem
1884 +3 = 1887. IlpuaumaeM Bo BHHMaHMe XAPaKTePHUCTHKY.
Tak KaK OHa OTPHMIIATE]ILHA U COMEPHUT TPU eIMHHIH, TO
nepen yucioM 1887 craBuM Tpu HYJIA, U CTOAUMIL CleBA HYIIb
otnaensem sanaroir. Umeem:

x = 0,001887, T. e. Ig 0,001887 = 3,2758.

Janues:
lg x = 3,2758
27h 1 884
S S .
2758 1887
x = 0,001887.
IMTpumep 3.
lg z = 0,0817. Hatttn «
081 1205
A 3
0817 1207
x = 1,207.

3ameuvanne. Ilpn orhickanuu uMciIa mO JOrapuPmy

¢ MOMOIBI0 TabauIbl AHTHIOrapu(pMOB IONpPABKa BCeIAa npu-

Oasasemces K TocjefiHel 1udpe (a He MPUNMCHIBAeTCA K Helt).
§ 70. IIpumeps! JForapu@Mideckux BhIYHCIeHHH

ab

ITpumep 1. Bouwcaure u = Ve rie a = 4,352,
a*-b*
b = 1,800.
1) JlorapudmMupyem:
Er=8YaTh T Varvaon

= 1ga+1gb— 4 [Ig (a+b)+1g (a—b)].

2) Haxomum a+b u a—b:

a = 4,352 o = 4,352

.'_ -
b = 1,800 b = 1,800
a+b = 6,152 a—b = 2,552
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3) BuiuMciAem cHavala lg a+1g b, sarem ;— [1g (a+b) -+
+1g (a—b):

I

Iga = lg 4,352 = 0,6387
Igb = 1g1,800 = 0,2553
Iga + 1gb = 0,8940
Ig (a+b) = 1g 6,152 = 0,7890
Ig (a—b) = 1g 2,552 = 0,4068
Ig (a+b)+1g (a—b) = 1,1958
g (a1 b)11g (a b)) = 0,5979
4) Haxomum lg 1 n satem w:
0,8940
0,5979
Igu = 0,2961; u = 1,977.
R

-2k
IMpumep 2. Bouncaurs P = pe P | ruep = 10,33,

k = 0,00129, h = 1000; e — ocHOBaHHe HATypPAJBHHX JIOra-
pudmoB (e ~ 2,7183).

1) 1gP =lgp-— zrhlgc =lgp —-%hM, e M =1g e~

~ 0,4343 (Momyab pecatuuunix Jgorapudmos; cm. IIT, 64).
2) Haxopuwm 1g p:

lgp = 110,33 = 1,0141.
3) Jlorapupmupyem Bupameuue%hM:
lg-';—hM =1gk+lgh+lg M—1gp.

4) BoluucnsfeM nojlyyeHHOe BbipajieHne Jorapudma:

lgk =1g0,00129 = 3,1106
lgh = 1g 1000 = 3,0000
lg M= 1g 0,4343 =1,6378

pom. lg p = mom. lg 10,33 = 2,9859

Ig % hM =2,7343
Orciona % M = 0,05424.
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5) Boiunciunem lg P (cm. . 1) u 3arem P:
Igp = 1,0141

%hM = 0,0542
Ig P = 0,9599, orkyna P = 9,118.

§ 71. Coepunenus

OO6IKUM NMeHeM coeduHernuli IPUHATO 0603HAYATH CIERYIO-
IMe TpM TUnNa KoMOMHAILMIL, COCTABIAEMHIX M3 HEKOTOPOro
YUCTIA PA3AUNHBIT MeKAY 000l HpeIMeToB (9IIEMEHTOB).

1. IlepecTanoBkn. BoabMeM m pasINYHBIX 3JIeMEHTOB
a,, a3, ..., a,; OyAeM IepecTaBIATb 9TH 3JIEMEHTH BCEBO3-
MOKHBIMH CIOCOGAMH, OCTABJIAA HEM3MEHHBHIM MX YMCIO U Me-
HAA JUIIb MX nopAfok. Hakmada M3 mMoMyyalomuXcA TaKUM
o0pasoM KoMOMHAIMI (B TOM uMcle M IepBOHAYANbHAA) HOCHUT
HasBaHMe nepecmaroeku. OOIlee YHCIO TEPECTAHOBOK U3
m 9lleMeHTOB oGo3Hayaerca P,. 9To 4MCIO PAaBHO NpOM3BE-
JIeHNI0 BCeX LeJbiX ymced ot 1 (MM, 4TO TO e, OT 2) A0 n
BKJIIOUUTENTBHO:

P,=1-2-3...(m=1)m = m! (1)

CumBoa m! (unTaerca: «wm Pakmopuaw») ecTb COKpalleHHOE
oGo3HayeHue npousBeneHudA 1:2-3 ... (m—1) m.

I pumep1. Haittu unciio nepecTaHOBOK U3 TpeX dJIeMeH-
TOB a, b, c. UMeeM P; = 1:2-3 = 6. JleitcTBUTEIbHO, NMeeM
6 mepecTaHOBOK:

1) abe; 2) ach; 3) bac; 4) bea; 5) cab; 6) cba.

IT p u M e p 2. CKOTLKUMH CIT0COGAMH MOKHO pacnpeenThb
NATH KOJDKHOCTEN MEKAY MATHIO JNIAMU, n36paHHHMU B Mpe-
3UAMYM CHOPTHBHOro obmecrsa? Ecau cocTaBUTE B HEKOTOPOM
NOpAJIKe CIHMCOK JOJNMHHOCTeX M NMPOTHB KaKMOK MOIIKHOCTH
nucath GaMMIMI0 KAHAUZATOB, TO KaIOMY pAaclpefelleHHIO
OTBeYaeT HEKOTOpasA «lepecTaHOBKa». OOIgee 4YHUCIO DTHX
nepecTaHoBoOK Py = 1:2:3-4-5 = 120.

3ameuanue. Ilpu m = 1 B Bupamenuun 1:2:3...m
ocTaeTca ofHo uucao 1. IloaroMy npunmMaercAa (B KauecTse
onpenenenns), yro 1! = 1. Ilpu m = 0 BrparkeHne 1:2-3...m
BOBCE JIMIIAeTCA CMbiciaa. OgHAKO NPUHMMaeTes (B KayecTBe
ompefiesiennsa), uto 0! = 1. Huske (m. 3) BBIsICHAETCA OCHO-
BaHue IIA 3TOro COTJAINeHUA.
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2. Pasmemienna. ByneM cocTaBlATh M3 m PasiIMUHBIX 3Jle-
MEHTOB I'DYNNH M0 n 3JIEMEHTOB B Ka»K[HOi, pacmojaras B3fA-
THeE n 3JeMEHTOR B pasiM4yHOM nopsAake. Ilomyuanoumecsa npu
9TOM KOMOMHALMN HA3LIBAIOTCA pasmewjenuamu U3 m 371eMeHTOB
mo n. OGmee 4yMCIO pasMellleHUt M3 m 3JIEMEHTOB 1O n
oGoaHayaerca A,). 9To YHCIO PABHO IPON3BENEHMIO n IOCIENO0-
BaTeJbHBIX LeJHIX YMces, U3 KOTOPHX HamGoJblliee pPaBHO m:

W= mm—1) m=2)...[n— (n—1)) (2)

IMIpumep 1. Halitu 4mciao pasmelleHuit M3 yeTbipex
aneMeHTOB abed mo gBa. Mmeem: Af = 4-3 = 12; ot pas-
MeIleHHA cllefylomue:

ab, ba, ac, ca, ad, da, be, cb, bd, db, cd, dc.

IIpumep 2. B npesupuym cobpaHua msbpaHbel BoceMb
yesoBeK. CKOJBKMMH cHoCO6aMU OHM MOTYT pacnpefesuTh
MeKay cobolt 06A3aHHOCTH NpefceAaTels, CEKPeTapA M CYeT-
yuka? VckoMoe uMCIIO eCTh YMCIIO pasMellleHH:t U3 8 dileMeH-
ToB no 3; A3 = 8:7:6 = 336.

3aMeuaHue. IlepecTaHOBKM MOMKHO CYMTATH YACTHBIM
clIy4yaeM pasMellleHMit (UMEHHO pa3MellleHMAMU M3 m dIlleMeH-
TOB 1O m).

8. Coveranna. 113 m pas3nnyHbIX 3lleMeHTOB OyjeM cocras-
JATH TPYNIBl 10 n 3JeMEHTOB B KaskAo#, He oOpamasa BHU-
MaHMA HA NOPAJOK 3JeMenToB B rpynmne. [loayyawowuecs npu
9TOM KOMOMHAIIMM HA3LIBAIOTCHA CONEMANUAMY W3 m dJleMeH-
TOB IO n.

O6ee uyncilo pasiIM4YHBIX Mempy coboit coyeranuht o6o-

8Ha4aeTcAa C'.Z._. 9T0 uHMcaI0 (0HO, KOHEYHO, HeJIoe) MOKHO
npexcTaBuTh Popmydoit!) (cp. m. 1):

n Pm' m! «
Om =5, = wiwmt (3)

B KauecTBe ompefeleHus MpUHMMaeTcs, uto Ch = 1 [aT0
3HaUeHHMe TMOJYYaercs 13 (3)1.

. m
Bripanenue 4acTo0 0603HAYAIOT COKPALIEHHO (”)

wm—ml
Ouesunno, uro (7) = (,”.), 1.e. Co = C; 7™

1) I3 m 3neMeHTOB MOMKEO COCTABUTbH TOJBKO O[O COYETaHHe, Co-
IepsKallee Bce m JJNEMEHTOB, TaK 4TO C: = 1. ®opmyaa (3) maer aTo
3Ha9eHHE TOJbLKO B TOM cly4yae, eclH NPAHATH 0! 3a 1.
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JJast BuluMciieHuii 4acTo ynoOHee MOJIB30BATHCA IPYTMMU
BBIPAKEHNSAMU YMCIIA COYETANNIH, NMEHHO

mo A',l,. - m(m—1)...im—(n—1)] )
S 2..n
Ui
ot = _;1_,'2_,: - _"‘_(1'_”_;3_;_(‘;;{( '}7;}'\.1,). .
. 2.0 (m-n)
Ilpumep 1. HailTu BCe CoYeTaHMA M3 IATU IJIEMEHTOB
abede mo Tpu. Umeem: Cj = ?—%—; = 10; 9TM [ecATb

COYeTaHMil cienymuue:
abe, abd, abe, acd, ace, ade, bed, bee, bde, cde.

ITpumep 2. I3 BocbMU HaMeUeHHBIX KAHZUAATOB HYHHO
u3bpath Tpex cyeTyuKoB. CKOJBKMMH CIOCOOAMM MOKHO BTO
caenatb? Tai Kak 00A3aHHOCTH KAKIOT0 CYETYMKA OXUHAKOBHI,
TO B OTJMuUe OT mpuMepa 2 mpefbAyIero NyYHKTAa Mb MMeeM
He pasMellleHudA, a coyetaHud. Mckomoe umncio ectb

3 8:.7-6
(/3 = '1**'2—.3 = 56.

IipoMe paccMoTpeHuuix Bbille KoMOMHALUMil, B MaTeMaTHKe
paccMaTpuBaeTca Muoro apyrux. Opuum u3 nauGoliee Ba-
HBIX THIIOB I(OMﬁMllallHﬁ SBAAITCH nepecmarosku ¢ noemopaio-
wumucs daemenmamu, onpepeiseMuie cleayomum obpasom.
BosbMeM m anmemenToB, cpefH KOTOPHIX MMeeTCA m, OFMHAKO-
BbIX MeAni1y co0oif djeMeHTOB MepBOro pojaa, m, OANHAKOBBIX
Mes[gy coDoif djileMeHTOB BTOporo popa u T. 4. Byaem mepe-
CTaBJATb MX BceBO3MOMHBIMM cnocobamu. Ilonyvaomuecsa
KOMOMHALUY HOCAT HA3BAHME Nepecmarogor ¢ NOGMOpANUU-
Mmuca saemenmamu. UNCI0 pasnuyHBIX Memay coGoit mepe-
CTAHOBOK C NMOBTOPAKNIUMHCA DJIeMEHTAMH PABHO

o]
I m m!

HIn
D
Pmll no M P”‘k mylms! ... mk!

(my+my+4 o0 4 my = m; ko — yKCTIe pomoB).

II p um e p 1. HaitTi uiesno pasauynniX NepecTaloBOK ¢ HO-
BTOPAKILUMHUCSH diieMenTaMu M3 OywB aaabbee. IlepecraBiss
nepsyo GyKBy Ha MeCTO BTOpOIf, a BTOPYIO Ha MeCTO HepBoi,
MBI He TONy4MM HOBOil KoMOuHauuu. TouyHO Tak Ke, MEHAHA
MeCTaMM YeTBePTYyI0 U MATYI0 GyKBLI U B UelloM pANne APYTUMX
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cayyaeB, MB HOBbIX KoMOMHaumit He noayyaeM. Ho komOn-
Hanuu abaabee, caabeh m panx Apyrux — HoBHe. B atoM npm-
Mepe my, = 3, my = 2, mg = 2; m = my+my+my; = 7. Yucno
Pa3IIHUHBIX MEMILY coboit nepem‘auonou paBHoO

7! 2

2:3-4:5.6.7
3raral T 2-3:2.2

= 210.

Ilpumep 2. HaliTu uuciio pasauMyHBHIX MeMHAy coGoit
NepecTaHOBOK M3 3HAKOB + + + + — — —. 3aece m, = 4,

7!
my = 3; m = my+m, = 7. UcKkomoe unciio paBHo W = 35.

N3 nocnegHero npuMepa Jierko BUIETB, YTO YMCJIO IepecTa-
HOBOK U3 m 3JIEMEHTOB, Cpeii KOTOPHIX NOBTOPAIOTCA m, dile-
MEHTOB IepBOI'0 M /M, dJIeMeHTOB BTOPOro pONia, PABHO YMCIY
COoMeTaHuit M3 m BJIeMEHTOB MO m, WJIU YMUCILYy COYeTAHMH U3
m 3JIeMEHTOB MO m,. JleficTBUTeNbHO, KAMKAOK NepecTaHOBKe
COOTBETCTBYEeT OfMH M TOJbKO OfMH MOAG0p HOMEPOB MecT,
Ha KOTOPHIX CTOAT 3Haku +. Tan, B nepecraHoBke + + —
— + — + 3HaKM + CTOAT Ha 1, 2, 5 u 7 Mecre, TaK 4TO eif
COOTBETCTBYeT coyeraHue 1, 2, 5, 7. 3HAuYUT, MepecTaHO-
BOK CTOJIBKO e, CKOJIbIKO PA3JMUHBIX COYETAHMI U3 CeMM HO-
MEepOB MO YeThipe.

§ 72. bunom HeuioTona

Buromom Hvionmorna HasHBAIOT QopMY 1y, NpeACTABIAIIOILLY 10
BBHIpaXKeHMe (a-+b)* Nmpu ILejloM MOJIOMUTEJLHOM n B BHUJe
MHOroumeHa !).

VnomanyTraa QopMylia [IJA LeJOro MNOJOKHUTENBHOTO n
UMeeT BHA:

(a+b)" = a*+ (])a "1 +(5)a"2b% 4
+(3) a3+ .. (0 )ab e (1)

1) Ha3panue 370 BUBOJiHE HeliPaBWIbHO, TAK KaX, BO-NEpBHX, (¢ +b)»
He eCTh O6HHOM («GHMHOM» 031HANACT ¢IBYYJIEH?), BO-BTOPBLIX, Pa3JIOKEHME
a+b)r IIA NEeNbX IMOJOKUTEILSHIX n ObIJIO H3BECTHO M 10 HblOoTOHA.

BIOTOHY K€ NPHHAMJEHHUT cMedaAd M HeoObyafiHO NJIOMOTBOPHAA
MBICJIb PACNPOCTPAHATL 3TO PA3NNOKeHME HA caydait n OTPHIATEIHHOTO
M Ipo6GHOTO.
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WiH, YTO TO Hie (Cp. cTp. 246),

1
(a-l— b)" = a"+ 1_'(Tn—_1v a” b+

+ aony @R ). (2)
Il Beruncienuit ynoGuee Bcero Gopmyia

(a+b)" = a*+ nar=1p 4 2O gnozpe
n(n—1)(n-2)

B 7 I A A SNRRE L A ¢ )

o

pumep 1. (a+b)3 =a+3ab + 5= ab?+ b =
=-a®+ 3a% + 3ab? + b3

IMpumep 2. (1-+2)% = 1+ 6x+ 152* + 2023 + 152* +
+ 6+ 28,

»5’11'5—1?, =002y g g nasuBaloTca

Yucaa 1, n,
Ouromuanviiomu Koyppuyuenmanmu. VX MOMHO NOJYYHTBH,
I0JIL3YACh TOJILKO ClIOM<eHHeM, clexyoum o6pasom. B Bepx-
Helt CTpoKe muuIyTcA JABe efuHuNH. Bce ciemylouve CTpoKu
HAQYMHAIOTCA M KOHYAOTCA epuHMuel. IIpomemyTouHnle ke
YUCJIA MOJIYYAIOTCA CIIOH{EHHEM COCeHUX YMCes BHILECTOAMIel
crpokn. Tak, yncio 2 BO BTOpoOit cTpoke ModyyaeTcA CIoKe-
1HMeM IBYX eJMHHIL IepBoif CTPOKM; TPeTbH CTPOKA MOJy4aeTcA
u3 Bropolt: 1+2 = 3; 2+1 = 3; yeTBepTaA MOJY4YaeTCA M3
Tpetbefi: 1+3 =4; 3+3 =6; 3+1 =4 u 7 g Yncna,
CTOsIlMEe B OJHON CTPOKe, ABIAITCA OMHOMMAJIBHHIMM K03(-
¢unmentamu coorsercTBylomleif crenenu. IIpuBenennan asmech
cxema HaspiBaeTcA mpeyzoavhukom Ilackaas:

1 1

1 5 10 10 5 1
1 6 15 20 15 6 1

1) Co06pa3Ho ¢ dTAM MOALTAIOT (g)=(;)= 1, a Takse 0!=1 (cM. 3a-

Me4aHue Ha cTp. 245). IIpa oToM cOrnaiieldd HNEPBOMY H HOCHEIHEMY
yjieHaM Pa3NoKeREAA MOMHO MPHJATL TOT e BAN, YTO B OCTAJIHHLIM.



250 II1. AJITEBPA
Buunom HpwoTona gaa npo6GHBX
M OTPpMIATENbHHX NMOKazaTedeil
Ilycrs umeem Bhipaenue (a+b)", roe n — npoOHoe uin
orpunareiabHoe ynciao. Iycrs | a | = | b |. HpeacraBum (a +b)"
B Bule a" (1+z)". Bemmumna z = —-; aGcomioTHoe ee 3Ha-

4YeHHe MeHbUle eTUHMIBI. Bbipaenue (1+ z)® MOMKHO BBHIYUC-
JUTH ¢ TM060i c'renenmo ToyHocTH 1o dopmyde (3).

Mpumep 1. 1—4_—;—(1+x)". 3pece n = -—-1.
nm=1) _ (=) (=2 __ ,. _ﬂgz—l)(n 2 _
Tak Kak o = 1 = 1; T35 =
=—(%ﬂ = —1u T J, TO HMeeM (1+4z)7! =

=1-z+a?—xd a2t -

UnCito ullenoB MPaBoM YacTH GECKOHEUHO BeMI0, 10 IpH
| 2| < 1 cymMMa uJleHOB NP HEOrPAHUYEHHOM BO3PACTAHMM HX
YMCTA CTPEMHTCA K mpeflelty ;- .— (Bbpaskenne, —CcTOALUCC

B mpaBoit uacTu, ecau |z| < 1, ec'rb 6ecnoue‘maﬂ yO6biBaloLasn
reoMeTpHYecKas MPOrpeccus).
JeCATHYHOTO BHAKA.

1

Tpencrasnaem V1,06 B sume (1 --1-0,06)2 N HpHUMEHHeM
dopmyay (3):

1 1 1
— L
(1+0,06)2 = 150,06+ i—--f——)-o,oe‘.u

I

10,03 —0,00045 + 0,0000135 — . . .

CJle}J,lel.lU/le YJleHbl He BJIMAKIT HA IIepBLIe NATb 3HAKOB.
H03TOMy, CYMMUDYA BBIINCaIIHbIE YETHIpE CJIAraeMbiX, MMeeM:

¥1,06 ~ 1,02956.
Il pumep 3. Hatitn nare 3fiavamux nudp umcna }’130
Bammai/uuuﬁ K 130 Kky0 neyoro tmcna ecTb 125 = 53. Ilpen-

craBiiAeM V130 B BuJe (125+5) =125"s (1+0,04)" =
= 5(1+0,04)"/s, Buuncienue BeieM HA CeMb BHAKOB (yUMTH-
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BaA, YTO IOrPELIHOCTb HAKONJIAETCA IPU CIOHEHHMH N 3aTeM
YBeJIMYNUBAETCA B 5 pa3):
11
(5-1)

A 3
(1+40,04)"s = 14 = 0,06+ ——
1 /1 1
— (=1 (=-2
4- L(i__)(_d .0’0!!3 + ... =
= 1+40,0133333 -0,0001778 + 0,0000040 — ... = 1,0131595.

OrGpolieHHbe caraeMble Ha cefibMOif 3HaK He BauALT. Haxo-
MM 5-1,0131595 = 5,0657975. C TOYHOCTBIO [0 MATOTO 3HAKA
3

£0,04%+

umeem Y130 = 5,06580. Boiee TouHoe BHuHMCIeHMe (C yue-
TOM CJeAylollero cliaraeMmoro) macr 5,0657970, rae Bce 3HAKHU
BEpPHBI.

OTUM IPMEMOM MOJKHO M3BJIEKATh KOPHM JIIOOBIX cTeneHen
M3 NPOM3BOJILHHIX YMcedl Hanbojee GHICTPHIM M TOYHHIM CHO-
coGoM.

O6obhmennan fopmyna 6uHOMaA
HerwoTona

n!

(ay+ag+as+ ... +ax)* = 2——"11!”2!.-."[;!

n
ayiays ... agk

(n — wueJyoe MOJIOMUTENBbHOE YUCIIO).

CHMBOJI D, 03HAYAET, YTO HYKHO B3ATH CyMMY BCEBOBMO M-
HBIX CJaraeMbiX BUAA

n! n on »
Tl'—?nz'_—ﬁ ! ayiaz? . .. ik,
rje n ectThb JaHHHI [0KA3aTellb CTENEHU, & ny, Ny, ..., N —
NPOU3BOJIbHBIE ILleJible YHMCJA MM HYJIH, CYMMa KOTOPHIX
paBHa n. Yucso 0! npunumaemes pasmsim 1.
MMpumep.
3!
3 — e g R AR, .
(a+b+c+d) - 2 nl!nz!m!n‘! a lb i .d o
UMCIIO n = 3 MOKHO NPEeICTABUTh B BUAe CYMMH k = 4 IeJHXx
cJlaraeMbiX ClegyOIIMHI crnocobaMu:

3 =18+0+0+0,
3 =2+41+0+0,
3=1+141+0.
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CooGpasno c aTuM GyjieM MMeTh:
(@+b+c+d)® =

= W?!O—'ffr (a0 c0d® + a®b3c°d® 4 a®b%c?d® + a®b0c®d3) +

3!
+ griroror (€°0c0d® + ab®c®d® + a’b0cd® + ab®c*d O+ .. ) +

+ rrrer (abed® + abeod + abded+ aved) = :
=a’+ b3+ c3+d?+ 3 (a%h + ab®+ a’c + ac® + a%d +
+ ad?+ b+ be? + b%d + bd® + c2d + cd?) +
+ 6 (abc+ abd + acd + bed).

CesoncrBa KodapPuumeHToB GUHOMA
HrwoToHna

1. HoapuumeHTs 4jleHOB, paBHOYMAJNIEHHHIX OT KOHIOB
pasyIoKeHUA, OXUHAKOBHI.
Hanpumep, B pasjoeHun

(a+b)® = a®+ 6a’h +15a'b* +20a3b® + 15a%b* + 6ab® + b®

K02 PUILHMEHTH BTOPOro M NpeAnocieIHero 4jieHOB PaBHH 6;
KO9@HMIMEHTH TpPeTbero OT Hayalla M TPeTbero OT KOHUA
paBHH 15.

2. Cymma KoaQduuueHTOB pasioeHHA (a+b)" paBHa 2".
Hanpumep, B npefuiecTByiollieM pasioKeHHH

14+6+154+20+154+6+1 = 64 = 28,

3. Cymma KoapPHUHMEHTOB YTEHOB, CTOAIUX HA HEYeTHHIX
MecTaX, paBHA CyMMe KOI(PQPULMEHTOB 4JIEHOB, CTOALNMX HA
yeTHHX Mecrax. Haskgaa u3 HuMX cocraBider 2*~!; HanpuMmep,
B paszioxenuu (a+b)® cymma xospduunmenro 1-ro, 3-ro,
5-ro0 M 7-ro 4ileHOB PaBHA CyMMe Kod(PuIMeHTOB 2-ro, 4-ro
H 6-ro 4ieHOB:

1+15+156+1 = 64+20+6 = 32 = 25,



IV. TEOMETPH A
A. TEOMETPUYECKUE ITOCTPOEHHUs

1. Yepes Odamnyro mouky C nposecmu npamylo, napaa-
aeabyl0 Oannoii npamoii AB.

TIpoM3BONLHEIM PpPACTBOPOM LUPKYJIA HPOBOAMM OKpYH-
HocTb (puc. 22) ¢ nentpoM C Tak, 4yTo6Hl oHa mepecexya AB.
TeM jxe pacTBOPOM LMPKYJA OT OXHON M3 TOYeK MepecedeHUA
M otknaneiBaeM Ha AB B moGyio ee cTropony orpe3ok MN.
CHOBa TeM e pacTBOPOM 3aceKaeM M3 Touku N nayry ab.
Touxky P nepeceuyeHMsi {Yru ab c OKpPYHOCTBIO COEAMHAEM
¢ maHHolt Toukolt C. PC — McKoMas npsaMad.

2. Pasdeaumb damnnbiii ompesok AB nonosam.

N3 koHmoB ortpeaka 4 u B (puc. 23) oxHUM U TeM iKe
NMpOMBBOJILHLIM (66abiuuM !/, AB) pacTBOpoM LMPKYJA ONH-
coiBaeM fiBe &yru. Toukn ux mnepecedenua C u D coeauHsieM

a k]l mnb
/1
/)
Puc. 22. Puc. 23. Puc. 24.

npaMoit. Touka nepeceuenna O npamuix AB u CD ectb cepe-
AuHA oTpeaka AB.

3. Pasdeaumsv Oannwili ompesok AB na dannoe wuucao
Pasuur vacmeii,

IlpoBopum (puc. 24) npamyio ab, napanieapHyio AB; Ha
Helf OTKJIafibIBaeM paBHbIe OTPE3KM NPOM3BOJBLHON [JIMHHI B
HYHOM 4Hclle, HanpuMep, ak = kl = Im = mn = nb. IIposo-
auM npsaMele Aa, Bb. B mepeceyenuu MX HaxoauM Touky O.
ITpoBopum npamsie Ok, OI, Om, On. 3TH NpAMBIE llepeceryT
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AB B roukax K, L, M, N, geaamux AB Ha HyHoe 4YUCiI0
(B HameM npuMepe Ha 5) PaBHBIX yacTeif.

4. Pasdeaumv Odawmkblli ompezok na wacmu, nponopyuo-
HaabHble 0aHHbLM 6CAUNUHAM.

Pemaercd, Kak npefbiyan 3afa4a, ToAbKO HA ab OTKIA-
TLIBAIOTCA OTpe3KH, NPONOPUMOHAIbHbLIC JaHHHIM BeJIUYUHAM.

5. Boccmasumv nepnenduxyaap %k npamoii MN 6 dan-
noli ee moure A.

BaaB npousBosbHyo Touky O BHe KaHHO npaMoit (puc. 25),
IIPOBOXMM M3 Hee OKpYHHOCTb pamuycom OA. Yepea Bropyio
TOYKy B mepeceueHMs OKpYHOCTH ¢ npsamolt MN npoBoAuM
nuametp BO; kouen guamerpa ' coepunsieM ¢ A; A — UCKo-
MBI TIeprneHguKYJIAp.

ITOT cnocob 0coheHHO MPUrojleH TOrJa, Korga Touka A Je-
AT GIM3KO K Kpalo yepTexnuoro Jucra. Crnocol peureHun cie-
nAywmielt 3agaun (nepBuift) o0JIaaeT TeM e NMpeMMyILECTROM.

Puc. 25. Pue. 26.

6. Onycmumb nepnendukyaap uz dannoti mouku C na
npamyo MN.

N3 Toukm C npoBOJAMM MNPOU3BOJLHO HaKIOHHYlO CB
(puc. 26); Haxonum ee cepemuny O (cM. m. 2) W M3 Hee OIM-
cbiBaeM OKpYy#HocTh paauycoM OB. Ok-

py#HOCTh NepecekaeT MN ete B Touke A.
Hposepsa AC, nonyyuM UCKOMBI mepmneH-
MD 30 £y poveAn AT, mody P

T 7= RMKYJAD. .

. s B cayuae, xorpa Touka C Jemur 6aus-

~~4-- KO K 11pAMoit M N, aToT cnoco6 MoeT JaTh

a | .d Goanpmyio ‘morpemuoctb. Torma myumie

L'/\’(\ P! N0Jb30BATLCA CIEAYIOIIMM HOCTPOEHUEM.

Us Toukm C, wak u3 uentpa (puc. 27),

F npoBoauM ayry DE, nepecexaomyio MN

Puc. 27. B Toukax D, E. U3 touerk D, E, kak us

LeHTPOB, MPOBOJMM OTHMM M TeM e pa-
auycoM ase ayru cd, ab, nepecekalommeca B Touke F. Ilpo-
Befn FC, nojlyunM HCKOMBIN NepHeHINKYJIApD.

7. ITpu dannoii sepuune K u ayve KM nocmpoums yeoa,
paenblii dannomy yeay ABC.
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U3 Bepumuel B onuceiBaem ayry PQ npou3BoJIbHOro
papuyca (puc. 28). Tem e pacTBOpoM HMPKYJA ONMUCHIBAEM
n3 uentpa K ayry pq. U3 Touku p sacekaem ayry af pammy-
coMm, paBHeiM PQ. Touky ¢ nepeceueHus
nyr pg " af coemunaem c¢ K. Vrox
qKM — UCKOMBIH.

8. ITocmpoums yeavt 60° u 30°.

U3 wonmoB A u B (puc. 29) nmpous-
BOJBHOTO 0OTpe3ka AB onucuiBaeM pamuy-
coM AB pBe ayru. Touykum mx nepeceve-
nua C u D coegunseM npaMoif, KoTopas
nepeceieT otpesok AB B ero cepepune O.
Touky A coeuHAEeM NpsMoit ¢ Toukoit C.
= CAO = 60°, =2 ACO = 30°. K

9. ITocmpoumn yeon 45°.

-Ha croponax mnpamoro yraa BAC Puc. 28.

(pme. 30) oTHIanbIBaeM paBHble OTPE3KH
AB u AC w coepunsiem wouusl ux npsamoit CB. Ilpamaa BC
o0pasyer ¢ AC u AB yruul 1o 45°.

10. Pasdesums dannwii yeon BAC nonosam.

L. Us Bepumubt A mnposoauM ayry DE
AN NpOU3BOJBHLIM pajguycoM (puc. 31). Ms
AN rouek D u E ee nepeceueHuds co CTOpO-
\
\
\
3 g
—— 4
/
1
//
4
N A A
3
f”\
Puc. 29. Puc. 30. Puc. 31.

nmamu AB u AC onuchiBaeM HpPOUW3BONBHBIMH PaBHHIMH
pajguycammu (ynoGHee BCEro NpeKHUM pPACTBOPOM ILHUPKYJIs)
ayru ab, cd. Touky nx mepeceueHHs coe-
nuHfAeM ¢ A; noxydyensasa npaMaa AF fe-
£ aut yroid BAC nomoaam.
K 11. Pasdeasumd damnnwvii yeoa BAC na
mpu pasmbic ¥acmu.

Ilpocroit mmHeitkolt M LUpKYJeM TOY-
HO BHINOJHUTh 3TO IOCTPOEHHE HeJb3A.
C noMompbi0 MUPKYJIA U MeYeHoH JTUHEHKH
(Hanpumep, CAHTUMETPOBOI) IIOCTPOEHHE MOXKHO BHIIOIHUTH
Tak (puc. 32): mpousBOJBLHEIM paguycoM AC ommceHBaeM M3
Touku A onpyHocTh. Ilpomomaem AC 3a Touny A. Kia-

Puc. 32.
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HKeM MeueHYI0 JMHelKy Tak, uToOb OHA MPOXOJAuUIA yepes B,
M BpamaeM ee BOKPYr B o Tex mnop, moka orpesok ED
MeKAYy OKPYKHOCTBIO U npsAMoit A K ne cTaHeT paBHLIM pajuy-
cy AC. Torga yrox EDF ectb Tpeth yria BAC.

12. Yepea Ose danivie mowku A u B nposecmu oxpyorc-
Hocmb 0aHHbIM paduycom r.

N3 Touek A u B (puc. 33) nposogum Ayru ab u cd pa-
auycoM r. Touka MX HepecevyeHUs ecThb LEHTP MCKOMOK OK-
PY *KHOCTH.

13. Yepes mpu dannvie mowku A, B, C (ne aexncawue
Ha 00HOli NPAMOLL) nposecmu OKpYHCHOCMD,

IpoBopum nepnenpukyasapsl ED n K1 (puc. 34) Kk oTpes-
kaM AC u BC uepes ux cepemuubl (cM. 1. 2). Touka mnepe-
CeUeHNA ITUX TNeprneHUKyJIAPoB O ecTh IEHTP MCKOMOIl
OKpYHHOCTH.

As P8
\ 7;/
c:\f’/b
a— ~-d
Puc. 33.

Puc. 35.

14. Haiimu yenmp damnoil dyeu okpyxcrocmu.

Ha panuoit myre BbiOMpaeM Tpu TOUKM (110 BO3MOMKHOCTH
JaJieko OTCTOAIMe APYr OT jipyra). 3aTteM IOCTynaeM, Kak
B MpeApaylieil sapave.

15. Paszdeaumsd nonoaam dannyio dyey okpyscHocmu.

Houupr ayru coenuuaem xoppoit. 1IpoBogum neprneHauky-
JAp uepe3 cepeRMHy Xopiasl (cM. m. 2). OH pasfgenut Ryry
(n xopny) momoaam.

16. Haiimu eeomempuueckoe mecmo mouer, u3 Komopulx
dannwrii ompesok AB sudern nod danmsim yeaom o.

Hckomoe Mecto mnpejcraBiser coGoit aBe Nyru paBHBIX
OKpYHOCTeif, onupamolucca KoHuamMu B Touku A u B
(puc. 35). (Camu Touku A M B He npUHAIJIeKAT K reoMeTpH-
dyeckoMy Mecty.) LleHTpbl 9THX JIyr HaXOMATCA Tak: MPOBOIAUM
nepneHAuKyaApsl AD u BK B kouuax orpesxa A B (cm. m. §).
Crpoum yron KBL = «. B nepeceucHun BIL u D Haxogum
Toyky C. Cepeamna O orpeska BC ecTb Lentp ogHolt 3 muc-
KOMEIX ayr. Jlpyraa gyra CTpOUTCA TaK e,
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17. IIposecmu uepes Oarnylo mouky A kxacameavmyi
K Jdawnmoli okpyorcitocmu.

Ecan To4ka A JeHUT HA OKPYKHOCTH (pitc. 36), cTpouM
B AC nepnenpukyaapHo K paguycy OA (cM. 11, 5); CB — uCKo-
Mas KacarelbHasd.

Ecau A nmemnr e xpyra (puc. 37), reaum AO monosam
(cm. m. 2) 1 u3 cepeguubl B mpoBoguM paguycom BO pyry CD.

C
Puc. 36. Puc. 37.

Tounxu D u C coegunsem npampivu ¢ A. ITpamue AD 1 AC -
HCKOMBIC KacaTeslbHEe.

18. IIpogsecmu Kk Oannbvlm deym okpyscnocmas o6wyie
GHEWHI0I0 Kacameadbiylo.

a) Ecan pafguMychl JaHHBIX OKDYKHOCTSH PABHBL MEMKY
cobolf, 3agaua Bcerjla uMeeT fBa peuenuda (puc. 38). Uepes
nenrpsl A 1 B nposoruM puamerpsl KK, n LL,, nepneiau-
Kyaspueie k auiuu qenrpos A B. Hposeasns KL w K,L,, nmeem
HCKOMEIE pellenus.

6) Ilycre papuychl JaHHBIX OKpYM{HOCTCH Ile PpaBIbL
R=> r; u3 nentpa 0GoNBUIOrO KPYra HPOBOJHM GHPYHUIOCTE

K L

/‘(r Ly

P'uc. 38. Puc. 39.

papuycom AC = R—r (puc. 39). K neit mpoBoguM Kaca-
TeabHy0 BC u3 uenrpa B menbiuero kpyra (im. 17). Henatp A
coeiMHAEM ¢ TouKoit kacauua C mnpamoit. IIpopmodmxaem ee
u noiayyaeM Ha Goadbuieit oxpyxHocTH Touky D. ITpoBopum
BE mnepueHnkyaspHo Kk BC no nepecevyenusi B Youke E
¢ Menblieli oxpy#iEocroo. Touku D u E coemnusem. Ilpa-
Mag DE — wucioMan KacaTelblan. 3a/[aua JOMYCKaeT ARG
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pewenust (DE u D, F)), eciit MeHbIIMIA KPYT He JIEKUT HeJHKOM
pHyTpH Goabiero. Icau MeHbLINA KPYT LEINKOM JIEKUT BHY-
Tpu Gosbmiero (puc. 40), 3agaya He uMeer peleHunit. B mpo-

L

/I @ M

N

Pue. 40. Puc. 4.

MEeKYTOUHOM CJIyYae, KOPA OKPYMKHOCTM MMEIOT BHYTpeHIlee
Kacaune (puc. 41), 3agaya MMeeT ONHO pPeLIEHUE: YCPE3 TOUKY
pHyTpeHiero kacauuss M nposogum KL 1 AM.

19. Ilposecmu k Osym Janivis oKpydsCHOCIMAM 00WYI0
GHYMPEHHII0 racameaviyro.

3amaya HC MMeeT peuleHMA, eCIlM OfMH U3 KPYroB JIEIKUT
BHYTPH AIpYToro, a Tal»Ke eCJIM TaHHbe KPYTH IepeceKaloTCs.
B cayyae BHellHero kacaHuA (pHC. 42) 3agaya HMceT OQHO
peulenue: uepes Touky M mposogum KL | AB.

B ocranbHbiX ciyuyasx uMeeM nBa pemenus (DE n D\E,,
puc. 43). M3 uenrtpa A NPOBOAMM OKPY#KHOCTb PafUycoM,

L N
~.
.0
/’/'
/
@ ’
[
\
\
\,
AN
s

Puc. 42. Puc. 43.

PABHBIM CyMMe pajinyCcoB JIAHHEIX OKpYHocreil. M3 nentrpa B
NPOBOAMM KacaTeldbHyl0 BC K IOCTPOEHHON OKpYHOCTH
(m. 17). Toury xacanua C u uentp A coepunseM npsamoi AC;
MOCHEeAHAA IepeceyeT OKPYHOCTH (A) B Touxe D. Us B
nposofum papuyc BE | BC. Kouen ero E coemunsieM ¢ D;
ED — wcroMad kacaTempHas. Tax jKe CTPOMTCA M Apyraa
KacaTeabHasa E,\D,.

20. Onucamb okpyscHocmb 0koao 0anhoz2o Mpeyeoadb-
nuxa ABC.

Uepes nepunit A, B, C nporofiuM okpy :mHOCTD (cM. . 13).
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21. Bnucamb okpyscrocmy ¢ dannwiii mpeyeoaviur ABC.

HenuM momosiaM JBA Yrjaa TpeyroiabHuka (puc. 44), Ha-
npumep A u C (em. 1. 10). U3 roukn O nepecevenns Oic-
cexktpuc npoojguM OD | AC (cm. 1. 6). Paguycom OD oni-
CLIBAEM MCKOMYI0 OKDYH(HOCTD.

22. Onucamuv okpyosciocms  0K0A0 JANILO20 N PAMOYSOAb=
nura (uau keadpama) ABCD.

ITponogum auaronamu BC u AC (puc. 45). M3 Touxu O
WX mepeceucHus NPoBOJIM OKPYIKIIOCTL pajimycom O..

Vij
A PAN ) —
A 70
Puc. 44. Puc. 45.

OKO0JI0 KOCOYT0JILIOI0 NMAPAJIEIOrPAMMA OIHCATD OKPY K-
HOCTb HEJb3fl.

23. Brucambv okpysicrocmyv 6 pom6 (uau keadpam) ABCD.

W13 Touru O nepecedyenus fuaronadeif npopogum OF 1 AB
(puc. 46). Oxpymnocts ¢ nentpoM O u paguycom OE — wuc-
KoMasl.

B HepaBHOCTOPOHHUIT NApaJIesOrpaMM BIHCATH OKpY K-
HOCTDb HeJb3fl.

24. Onucambv okpyscrocmd 0K040 OanHoeo npPagUAbLIO20
MHO20Y20AbILUKA.

Ecan 4ucao cropos 4eTHo (puc. 47), coemMusAeM TpAMBIMH
AB u CD pBe moOvle mMapH NpOTMBOMOJNOKHLIX BepummH. W3

A M
AN /‘\\
) <$; K io )
& \WN/
A4 \vl
Puc. 46. Puc. 47. Pic. 48.

TOUKM MX NepecedeHusa O pamuycoM OA onuCHBaeM OKpYHK-
HOCTB.

Ecau uncao cTopoH HeyeTHO (puc. 48), omyckaeM M3 ByX
mo6ux Bepmiud K u M nepnenpurynaapsl KL u MN Ha npo-
THBOMOJIO¥HEIe CTOPOHLL. M3 Toukm ux nepeceuenua O pa-
auycoM OK onuceiBaeM OKPY?IKHOCTD.
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25. Bnucamb okpyxcHocmd ¢ 0anrilii npasusbrblii MHOZ0-
Y2O0AbHUK.

I{eHTp OKPYKHOCTH HAXOAMTCH, KaK B 3afiaue 24. Vs nenrpa
onyckaeM nepneHgukyjaap ON Ha OfHYy M3 CTOpOH (puc. 47).
Paguycom ON (umnu OL, puc. 48) onuceIBaeM OKPYKHOCTB.

’26. ITocmpoums mpeyeoabruk no mpem cmopona
a,buc.

IIycrs nanbompiuylo HiaMHy uMmeer orpeson a. Ecmun
a < b+e, TO MCKOMBIT TPeYroJNbHMK MOKHO IOCTPOMTH Tak:
oTkaafviBaeM orpesok BC = a (puc. 49). U3 xornon ero B
i C onuceiBaeM Jyru mn M pg paguycamu ¢ u b. Toury
nepeceuenust uyr A coejuusiem ¢ B u C.

Ecin a > b-+e, o 3ajiaua ne uMmeeT pemenusn. B npome-
JKYTOUHOM CIy4yae a = b+c¢ YCIOBMIO OTBEYAET TOJHLKO (BLI-
POKIEHHBIA TPEYTOIbHIKY; TPH €r0 BEPUIMHEBI JI¢KAT Ha OAHOMK
npsamMoif.

27. ITocmpoumsd napanieiozpams no OaAnHbIM CHIOPOILAM
aub uodnomy us yeaoe o.

Crpoum /A = « (cM. 11. 7); HA €ro CTOPOHAX OTKJIAJLIBAeM
orpeskn AC = a, AB = b (puc. 50). IIpoBogum us B nyry mn

Pire. 49. Pue. 50. Puc. 51.

paguycoM a u u3 C — RYry pq papuycom b. Toury mepece-
yeHus aTx Ayr D coepunsaeM ¢ C u B.

28. ITocmpoumdv npamoyeosvruk no Janivia 0cHOGaILUI0
u svicome,

ITocrynmaeM, Kaxk B npejbpylieit 3amadye; nmpAMoi yroan o«
CTpOlrlM, KaK B IL. 3.

29. ITocmpoums keadpam no dannoii cmopore.

Hocrynaem, kak B nm. 27 u 28.

30. ITocmpoumd keadpam no dannoti ezo Juazonau AB.

Yepes cepenuHy AB gnc 51) nposogum k AB mnepnen-
aukynAap MN (cm. m. 2). Ot Toukn O ero mepecevyenus ¢ AR
OTKJIafibiBaeM Ha MN orpeskt OC u OD, papube 0A4;
ACBD — uCKOMBIf KBajIpaT.
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31. Bnucamb keadpam e danmnbiii kpye.

IIponoguM 1Ba B3aMMHO IepPNEHAUKYIAPHLIX JHAMCTpa
AB u CD; ACBD — uckoMblif KBagpar (puc. 52).

32. Onucamv Keadpam okoso darnozo Kpyea.

IIpoBoguM [Ba B3aMMIIO MEepPNEHIUKYIAPHBIX iuaMeTpa A B
u CD (puc. 53). s ux KOHIIOB, KaK M3 IICHTPOB, OMUCHIBAEM

4 F_ 7 &
/ \ \\ N %
A Vi At =15
’ ) N,
N7 EN
v/ £ V4
Puc. 52. Pue. 53. Puc. H4.

yeTHIpe MOJYOKPYHHOCTU pajguycamu, panuniMu OA. Touku
F, G, H u E ux nepeceyenus — BeplIMHLI NCKOMOTO KBajpaTa.

33. Bnrucamb npasuibiblii namuy2oibhuk ¢ 0aHHbUL Kpya.

ITpoBoanM fBa B3aUMHO NeplenfUKYIAPHEIX Auamerpa AB
un CD (puc. 54). Jemim nononam pajuyc AO B Touke E. Us I
paguycom EC mposonum nyry CF, nepecekasi €0 JuaMerp
AB B touke F. Us C pajmycom CF nposogum nyry FG,
nepeceKas €10 AAaHHYI0 OKPYIKHOCTL B Touke G; CG (= CF)
€CTh OfHA CTOPOHA MCKO-
moit durypr. Ilposopum ’
TeM e PAANyCoM IyTy mn
n3 nesrpa G, noiydyaeMm
eme opuy sepmmny H TR 07—
UCKOMOJ QUIypH M T. JI.

34. Bnucamb ¢ danmulii
Kpye npasusbH il wecmu-
Yy20abHUK U MPEY20AbHUK.

PacrBopom nupryas,
PABHBIM pajuycy Kpyra,
JlellaeM Ha OKpYIKHOCTH 3aceyru b rouxax ., B, C, D, E, I
(puc. 55). Coepunsas touxu A, B, C, D, IV, F 1ioj\psji, HOILYINM
IPABUIIBHBIA 1eCTHYTONLHNK. COSTUIAS UX Jepes Oxiy, 1oy -
UMM DPaBHIBHBIA (PaBHOCTOPOINMIL) TPCYIONDIMI.

35. Bnucamds npaguaviuii  Gocvsuyzoaviur 6 Jannwil
Kpye.

IlpoosuM Apa B3AUMNIO INCPUEIIMKYNSPHLIX RIIaMeTpa
AB, CD (puc 56). Pasmenus nononam ayru AD, DB, BC,CA
roukamMu £, F, G, H (1. 15), nociejonaTedbHO COCHHAEM
[0JIyyeHHLIe BOCEMb TOMEK.

Puc. 55. Puc. 56.
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36. Bnucambv npasuabnbli 10-yeoabrux e dammblii Kpye.

ITocTpoum Touky F (puc. 54 Ha crp. 265), Kak u B m. 33.
OF ectb cTopoHa UCKoMOit purypsl. PacTBopoM uupkys, pas-
HeiM OF, cliellaeM HA OKPYKHOCTH JECATh NOCIEeX0BATEIBHBIX
saceyek. ITonyunM BepuIMHBI MCKOMOI QUrypBHL.

IpaBnibHEIe MHOTOYTONBHUKY, BINCAHHbBIE B KPYT M UMEIO;
1Me CeMb ¥ JIeBATh CTOPOH, He MOrYT OBITh TOYHO IOCTPOEHH
TOJILKO C MOMOIUBI0 LUPKYJIA M JIMHEHKH.

37. Okoso Oamiozo Kpyea onucamd npasusbiblii mpe-
Y20AbHUK, NAMUY20IbHUK, WECMUYL0AbHUK, GOCOMUYSOAdDHUK,
Jdecamuy20abHUK.

OTMeTUM HA OKPYXHOCTH (puc. 57) Bepwuust 4, B, ..., F
NpaBWIBHOTO BMMCAHHOIO MIOTOYroJLHUKA C TeM e YUCIOM
ctopou (cMm. . 33 — 36). Ilposenem paguycet OA4,0B,...,0F
u npopoimuM ux. Hyry AB pasaennMm momojiaM TouKoi E
(cM. m 15), Yepes E
nporegem JP | OFE.
OTpesok  JP, 3akio-
UeHHBLIT MeMXLy Tpo-
HOJIKEHMAMH  COCeRHNX
pagmycoB,  ecTb  CTO-
pona  uckoMoir  ¢ury-
pel. Ha npomommenuu

OCTAJILHBIX pammycon

Puc. 57. Duc, 58. OTKJIAALIBAEM OTpe3Ku
OK, OL, ..., ON, pas-

uste OP. ToukuJ, K, L,...,N, PnociesopaTelbHO COeUHACM.

Muoroyroapuuk JKLM ... NP — uCKOMHIA.

38. Ilocmpoumb npasuablviii n-yzoaviuk no Jdamnnoll e2o
cmopoie a.

Ha orpeske BK, paBHOM 2a, KaK Ha AuaMerpe, CTPOUM
(puc. 58) moayKpyr. OTOT HOJNYKPYr HeJUM HA n PaBHBIX
yacreif Toukamu C, D, E, F, G (BeplunHaMy NpaBUIBHOrO BIU-
CaHHOTrO 2n-YroJIbHNKA; HA HameM pucynke n = 6). llearp A
COeMHAEM JIy4YaMH CO BCEMH IIOJYyYEHHBIMM TOUKAMU, KpoMe
nByX nocieguux (K ¥ G). Us Touku B papuycom A B mnposo-
auM nyry ab, sacexas na nyue AC Touky L. U3 Tourku L
TeM e PaguyCcoM NpOBOAMM HYry cd, 3acexas Ha juyue AD
royky M, u T. &. Toukn B, L, M, N u T. I. 10CTIeL0BATEIbHO
coenuHAeM npaAMeiMd. Muoroyronsauk ABLMNF — ucko-
MBIIL.

3amayy 9Ty pelIMTb C MOMOUIbI0 JIMHEHKH M LUPKYJIA
MOMHO He BCerjd; Hampumep, npu n = 7, n = 9 3TOTO CHe-
JIaTh HeJIB3fl, TAK KAk IOJYKPYT JUiHelKoit 1T HUpKyleM Ha 7
uan 9 yacreil TeoOMeTPUUECKH TOYHO He JeJIHTCSI.



§2. UCTOPUUECKHE CBEJIEHUA O PASBUTUN TEOMETPUM 263
B. IINTAHUMETPU A
§ 1. Ipegmer reomeTpuH

I'eomerpus 1) m3yyaeT NMpOCTPAIHCTBEHHLIE CBOHCTBA Ipen-
MeTOoB, OCTaBJIAA B CTOPOHe BCE OCTajbHBIE UX npusHaku. Ha-
npuMep, Pe3MHORLIX MAY AMaMeTpoM B 25 cm M UYYTyHHOE
AIAPO TOrO 3Ke MMaMeTpa OTIMYAIOTCA APYTr OT Apyra 1o Becy,
7o IBeTy, MO TBepAOCTH M T. A. OgHaKo Bce DTH NPHU3HAKHK
Msi4a M AAPA B reoMeTpUM OCTaBJsAKTCA Ge3 BHUMaHMA; Npo-
CTpaHCTBEHHBIE e MX cBolicTBa (PopmMa M pasMepnl) ofuHa-
KoBB. G TOYKM BpEeHMs TeOMeTpMH KaKABIT U3 DTUX NpeaMe-
TOB NPEACTABIAET wap AUAMETPOM 25 cut.

ITIpexmer, OT KOTOPOrO MBICIEHHO OTHATHI BCE €ro CBOIf-
CTBa, KPOME MPOCTPAHCTBEIIHEIX, HA3LIBACTCA 2€0MeMPUUCCEUM
meaonm. lllap ecTs OMHO U3 reoMeTPUYECKUX Tell.

Wnna paieie no myTH oTBieYeHMs, MBI II0JIy4yaeM HOHATHA
TeOMeTpNYEeCcKoit noseprmocmu, TEOMETPHYECKOH waunuu u
reoMerpuyeckoii mouku. IloBepXHOCTb MBI MBICIEHHO OT/e-
JIsIeM OT TeJla, KOTOPOMY OHA NPUHAJICHKUT, M JIUIIaeM ee TOJ-
munsl. JIMHIO MBI JIMIIaeM TOMINMIBI M IIMPHMHEL, & TOYKY
BOBCe JiimaeM uaMepenuii. MBI MBICIMM, YTO TOUKA MOKCT
CIIyKMTh IPAHHICl JNHMU (MJIK ee UaCTH), JIMIIMA — Tpauuueit
IIOBEPXHOCTH ¥ MOBEPXHOCTh — IpaHuieir Teaa. Mel MBICTUM
TAKHe, YTO TOYKA MOM(ET JBUFATLCA M CBOMM JIBUH{EHMEM II0-
PO’KAATD JIMIIMIO, JIMIUS MOIKET ABUMCHIEM II0POKIATh IOBEPX-
HOCTh, & MOBEPXHOCTh — MOPOMAATL TEJIO.

B mpupone mner Touck, JNHIICHULIX H3Mepelnuif, 1o ccTh
NpeIMEeTL! CTOMb MAJLIX Pa3MEpOB, UTO MX B IEKOTOPBIX yCJIO-
BHSIX MOIKHO IPHHATH 32 TeoMeTpuueckue Touku. B mpupone
HET TAaK#e HII TCOMETPpHYECKHX JHHHI, Il TCOMETPNYECKUX
MOBEePXHOCTelf, 110 BCe CBOMCTBA JIMHMIT M IOBEpXHOCTEil, Haif-
JieHHble B TeoMeTpPUH, HaXOoNAT MHoroo0OpasHbnie NPUMeHEeHHA
B HayKe M TeXHHMKe. OTO MPOMCXOAHUT NMOTOMY, YTO I'eOMeTpHU-
YeCKHe MOHATUA NMOPOKAEHB! IIPOCTPAHCTBCHHBMU CBOCTBAMHU
neitcTBuTeabnOro Mupa. OTBICHeHasA opMa reoMeTpUYECKUX
TMOHATHIA JJIS1 TOTO M CayKHT, 4TOOH OTU CBOMCTBA U3YvaTb
B UMCTOM MX BHJIe.

§ 2. MeTopuieckite eBeJeHI:sI 0 Pa3BUTHA reoMeTpHH

Ieppuie reoMeTpiiieckile NOHATHA NPHOOPETEHHI JIONBMH
B ray0oroif apestocTi. OnI BOSHUKIN U3 NOTPeGHOCTH ompe-
JeIATL BMECTIMOCTE PAsIIHUIBIX IPeJMETOB (COCYROB, aMGapoB

1) O UPOMCXOGLCHIIT HABBAHMIL «"COMCTPUS» CM, HA CJIC/{. CTPAHHUILE.
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MOt 1) M OIUIOINAAM 3eMeJIbHBIX ydacTkoB. [[peBHeitiine n3-
BECTHLIE HAM NMMCbMeHHBIe NAMATHUKH, COfepsKalide MpaBHia
JJIA onpejielleHuA MIomae#t m 00beMoB, OHIIM cOCTABIEHEI
B Erunte u Basumione okodo 4 THCAY Jer Hasal. OKodo
21/, THICAY JIeT HA3aJ I'PEKM 3aUMCTBOBAJIM Y €rHNTAH U BABU-
JIOHAH MX reoMerpudyeckne 3HaHudA. IlepBonayanbio aTH 3Ha-
HUA TPUMEHAJINCh NPeuMylleCTBEHHO [JIA U3MEPeHUs 3eMellp-
HBiX y4acTkoB. OTCIOla M rpevyecKoe Ha3BaHME (reOMeTpUsA»,
YTO 03HAUAET «3eMileMepHuer.

I'peyeckne ydeHble OTKPHIIM MHOM(ECTBO IcOMETPHYECKHX
CBOWCTB M CO3JaJIM CTPONHYIO CHUCTeMYy reoMeTpHYeCKHX 3Ha-
Huit, B ee ocloBy onHM IOJIOMMJIM IIpOCTeifline reoMerpuye-
CKHe CBOWCTBA, MOMCKasalHLe OMHTOM. OcCTalbHbie CBOMCTBA
BHIBOIMJINCH M3 MPOCTEMINNX C MOMOLIBIO pacCy mieruit.

9ta cucreMa okoJo 300 r. KO M. D. MOJY4UI3 BaBepluel-
Hull Buf B «Havamax» EBKInaa 1), roe U3JoKelns! TaKKe OCHO-
BH ‘reopeTuyeckoit apmpmeruru. I'eomeTpuueckme pasmesbt
«Hauai 10 coflepaHMIo M MO CTPOrOCTH U3JO0KEeHUA IpUMep-
HO COBNAMAIOT C HHIHELIHNMM IIKOJBHBIMU y4cOHMKAMMU reo-
MeTpHM.

OpHAaKO TaM HMYero He rosopurcA Hu 00 of6beMe, HU O
NOBEPXHOCT DIapa, HU o0 OTHOLIEHMH OKPYIXHOCTH K JMa-
MeTpy (XOTA ecTb TeopeMa O TOM, YTQ. MO KPYroB OTHO-
CSAITCA, ItaK KBAafgpaTH Auamerpos). IIpubmumixennan seauumnna
aToro orHomreuus: ChlIa M3BECTHA M3 ONBITA 3ai0iiro Ko EB-
KJIMAAQ, HO TOJIBKO B cepeluHe 3 BeKa 0 M. 3. Apxumern (287 —
212 rr.) cTporo Kokasall, YTo OTHOUIEHMe OKPY’IKHOCTH K AMa-

MeTpy (T. e., IO-HAllleMy, YHCIO 7) BAKIIIOUEHO MEH{LY 3%11
3—;-?—. ApxuMen mokasax Tamme, u4to 00'beM Iuapa MeHsbliie
061peMa OMMCAHHOrO LUIMHADPA POBIO B 1% pasa I 4To IoO-

1
BEepXHOCTH Hidpa B 1—2— pasa MeHbllIe I0JIHOMK MOBEPXHOCTH ONMHU-

CONHOrO LMIKHAPA. )

B cmocobax, upuMeHeHHBIX ApXHMMeNOM MJIA pelieHUd
YOOMAHYTHIX 3afa4, COMEp:KaTCA 3aYaTKH METOROB BHICIUElf
MaTeMaTHKH. OTH CNocoOB ApXuMel MPUMEHMI K pPeLIeHUIO
MHOIMX TPYAHHIX 3aJayY reoMeTpHM M MEXAHMKH, OYeHb BarK-
HHX [(I7 CTPOMTENELHOTO AeJla M IJA MopemiaBauis. B yacrt-
HOCTH, OH ONpeRelny 06 beMBEl M IeHTPHI TAMECTH MHOIHX TeJ

1) +HayaJjlas TicpCBENieHLI HA BCce A3LIKM MHUpa. Ha pyccKoM f3blKe
OHH M3nasalinci Mioro pas. Ilocaenunit mepesosx 6wt cnesiad .11, Mop-
ny xali-BoarosckuMm, I'octexnsyar, 1948 (k. I—VI), 1949 (ka. VII—X),
1950 (vu. XI—XV).
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1 M3Y4YMJ BONPOC O PABHOBECHMM INIABAIOIIMX TeJl PasiIuyHOU
$opMEL.

I'peeckue reoMeTps HCCJIEKOBAJIM CBOKCTBA MHOTMX JH-
HUIY, BaKHBIX JUIA DPAKTUKU U BaA Teopru. OcoGeHHO MOJHO
OHM M3YYMIHM Konuueckue cevenus (cM. I'V, B, 9). Bo Bropom
BeKe 70 H. 3. ANOJIIOHUI 060raTui TeopMio KOHHYECKHX cCe-
YeHuit MHOTMMHM BA’KHBIMH OTKPBLITUAMM, OCTAaBAaBIUMMHUCA He-
NpeB30HIeHHLIMU B Te4eHMe 18 BeKOB.

JJa maydyeHNss KOHMYECKHMX CeYeHMH AMOJUIOHMH ITONB30-
BaJICA MeTOfoM koopduram (cM. VI, 6). K mnsyvenmio Bce-
BO3MOMKHBIX JIMHUI HA IVIOCKOCTH 3TOT MeToR OLII NMpUMeHEeH
amub B 30-x ropmax 17 Beka ¢paHumyscknmu ydennmu Pepma
(1601 —1655) u [lexaprom (1596 —1650). JIasa TexuuyecKoln
IPAKTUKK TOT0 BpeMeHM OBUIO JIOCTATOUHO IIOCKMX JIMHHIM.

MIDb CTO JIeT CIyCTA, KOrja sToro morpeboBajsn Boapociide
3aIPOCH ACTPOHOMMM, IeO/le3UM M MEeXaHUKM, KOOPAMHATHBINA
MeTOR ObIMT nmpuMeHeH K M3YYEHHMIO KPHMBHIX IOBEPXHOCTEH M
JIMHMI, TTPOBEeJEHHBIX HA KPUBHIX IOBEPXHOCTAX.

CucremaTnyeckoe pasBUTHe METORA KOOPAMHAT B POCTPAaH-
crBe 6blI0 mano B 1748 r. pyccKkuM aKageMuUKoM OifitepoM —
TeHHAJIBHBIM II BCECTOPOHHMM YYeHBIM.

Boxee aByx ThICAY JeT cucTeMa EBKinpa cyuraiach nenpe-
Joxuoll. Ho B 1826 r. reHumanbHBII pyccku#t yueunlt Hu-
rodait Banoeuy JloGaueBcKutt CO3aM HOBYIO F€OMSTPHUYECKY IO
cucremy. Mcxonusie ee 10I0KeHUA OTIMYAIOTCA OT OCHOBHEIX
neJioxkeHntt Epiuinpa anme B ogHom mynkrel). Ho otcioma
BEITEKAeT MHOM{ECTBO OYeHb CYIeCTBEHHHX ocofeHHocCTeif.

Tak, B reoMerpun Jlo6aueBCKOro CymMMa YIJIOB TPeyroJb-
HUKA Bcerga MeHbule, ueM 180° (B reomerpuu IlBKiaupga ona
pasua 180°). Ilpu aToM HemocTaTok Ko 180° TeM Goliblue, YeM
Gonbule HIIOMmMARB TPEYrodbHMKA. MosKeT NOKS3aTLCA, YTO
ONHIT ONPOBepraer 8ToT U Apyrue BuBomsbl JloGauyeBckoro. Ho
3TO He TaK. HemocpefCcTBeHHO MaMepsA YIJH TPeyroJbHUKA,
MH HaXOHYM, YTO OHM B CyMMe COCTaBJIAIT npumepHo 180°.
TouHOIi ke BeJMYNHBI CYMMBI MBI HE MOM{€M HafTH BCIeACTBHE
11eCOBEPLIEHCTBA M3MepHTeNLHBX MHCTpYMeHTOB. Meikny TeM
BCe Te TPeYroJbHMKH, KOTOPHE OCTYIHB HAlleMy M3MepeHuIo,
CAMLIKOM MaJbl, 4YTOOLI IIEMOCPeACTBEHHHIMM H3MEPEHUAMH
oOHApYUTh HEOCTATOK CYMMBI YIJIOB Ho 180°.

Tlpu pmanbHeifmieM pasBuTHM reHHadbHbix ujedt JloGa-
4eBCKOT0 O0Kas3ajoch, 4TO cucTeMa EBKINAA HeJocTaTOYHA

1) B reomerpun EBKIANA Yeped TOUYKY A TNPOXOJHT TOJBKO omua
npaAMad, Jexallasa B OXHOR IJIOCKOCTH ¢ JaHHOIt NpsMoit BC u He mepe-
ceKaioman ee. B reomerpnn JIo6aeBCKOTO TAKMX NPAMHIX GECUNCIEHHOE
MHOECTRO. ’
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AJIA MCCETOBANMA MHOTUX BOIPOCOB ACTPONOMHUM M (U3HMKM,
rAe MH MMeeM Jello ¢ PUrypaMu OrpoMHLIX pasMepoB. ORHAKO
B YCIOBUAX OOBIYHOI'0 ONBITA OHA OCTAETCH BIOJHE IPHION-
HON. A TaK KaK K TOMY ’Ke OHA 00JafaeT MpeuMyILIeCTBOM
NPOCTOTH, TO €e NPUMEHAT M GyAyT NPMMEHATh B TeXHHU-
YeCKUX pacyeTax, ee M3ydaloT M OyayT MsyyaTe B LIKOJAX.

§ 3. TeopeMbl, AKCHOMBI, OYI PeICTCHUI

Paccynmenne, ycraHaBiuBamoliee Iiakoe-a1u0o CBOHCTBO,
Ha3bIBaeTCA  Jokesameavcmeos. JloKasbiBaeMoe  CBOMCTBO
HassiBaeTcA meopenoli. Ilpn noxasareancTBe reoMeTpHyecKoit
TeopeMbl MBI OIMMPAEMCA HA paHee YCTaHOBJIeHHHE CBONCTBA.
HexoToprie M3 IMX B CBOIO ouepedb ABIAIOTCA TeOPEMaMH;
HEKOTOpHIe 3Ke CUMTAIOTCA B IeOMeTpUM OCHOBHHIMM M IIpH-
numaloTcs Ge3 jmokasarenbcTBa. CBoitcTBa, mpuHUMaeMble Ges
ROKA3aTeNbCTBA, HABLIBANTCA aAKCUOMAMU.

AKCHOMBI BOBHHMKIII M3 OIILITA, M ONBIT ?Ke INpOBEpsAET
MCTHHHOCTh aKCHOM B uX coBokymHoctd. IlpoBepra cocrout
B TOM, YTO BCE TEOpeMbl ICOMETPMU OKA3LIBAIOTCA COTrJac-
HBIMM C ONBITOM; DTOrO He CIYyUUIoch Obl, ecian Obl CUCTEMa
aKcuoM OblyIa JIOHKHOI.

Hn opno reomerpuyeckoe CBOHCTRO, B37ATOC B OTHEINb-
HOCTM, He FIBJIAETCA AKCUOMOIf, TaK KAaK ero BCErAa MOMKIIO
JIOKa3aTh HA OCHOBAaHMM ApYyrux cmoiicTB. Tak, B reoMerpumu
OOBIYHO NPUHMMAETCA 332 AKCHMOMY Cllefylolllee CBOWCTBO ma-
pPalVIelIbHLIX NMPAMBIX: (iepe3 OAHY M Ty e TOUKY HeJb3sl
NMPOBECTH fiBe PA3JIMYHLIE NpAMBE, TMapaJlieldblble OHOK U
TOM e npsaMoit (axcuoma mapaineiannocti). Ha ocnopamui
9TO aKCHMOMBI (M pANa APYIUX) AOKA3BIBAETCH, MeHLy 1pOo-
4YMM, TaKoe CBOHCTBO TPEYroJlbHMKA: «CyMMa YIJIOB TPCYTrolb-
HUKA paBHA 180°%. Mesay TemM Mbl Morju Obl MOCTeRHee
CBOMCTBO NPHMHATH 33 AKCMOMY BMECTO AKCHOMBI IapaJlileib-
HOCTH (OCTAaBMB OCTAJIbHHIE aKCHOMH npexnumu). Torna ymo-
MAHYTOE CBOMCTBO NAPAJIENBHHX IPAMBIX MOMHO JIOKA3ATH
M OHO CTaHeT TeopeMoif.

TakuMm 06pasoM, cUCTeMy aKCHOM MOMHO BHIOMpATL pas-
JuyHBIME crocobaMir. HyHO TONBKO, 4TOGLI B3ATLIX aKCHOM
OBIII0 TOCTATOYHO AJIA BEIBONA BCEX NPOYMX IeOMETPHYECKHUX
CBOCTB. B reomerpuu CTpeMATCA YMCIO AKCHOM IO BO3MOMK-
HOCTM YMEHBIUNTb. OTO [eJaeTcsi AJNA TOro, YTOOBl YACHHUTH
JIOTHYECKME CBA3M MEKAY OTAENBHBIMI CBOMCTBAMIL

AKCHOMBI IPEANOYTHTENbHO BLIGHPAIOTCA U3 YHCJIA IPOCTeli-
HIMX reoMeTpuYecKMX CBOICTB. Bripouem, mo Bompocy o mpo-
CTOTE TOr0 MJIi 1HHOTO CBOICTBA MUCHHSA MOIYT OLITL PABIMIHDL,
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Hexoroprle NOHATHA B reoMeTpuUM MLl NPUHUMAaeM 3a Ha-
qaJibHble, UX COJepHaHHe MOHKHO BBHIACHUTH TOJIBKO U3 ONBITA
(rakoBo, Hampumep, NMOHATHE T O Y K u). Bce ocTrambHbIEe mO-
HATHUA MBI BRIACHAEM, ONMpasAch Ha HavadbHbie. Takue o0bsAC-
HeHUA HAa3BIBAITCA onpedesenusmu. Hamaoe reomerpudeckoe
onpefesieHne ONMMpaeTcs JUGO HEMOCPENCTBEHHO HA HAYaAJb-
Hple MOHATHA, JIUGO HA TOHATUA, ONpefieIeHHble MpeHe.

OnHo u TO e reoMeTpuyeckoe IOHATHE MOMKHO ompefe-
nAaTh pasauuno. Hampumep, AMaMeTrp OKpYKHOCTH MOKHO
ONIPENleNIUTh KAK XOPAY, NPOXONFLIYI 4epe3 LeHTp, MM Kak
xopay Haubonbueit AauHbl. IIpuHAB 3a onpenesneHne ORHO
M3 9THX CBOMCTB, MOKHO M0Ka3aTek Apyroe. IlpexnmouturesbHo
B3ATh 3a OMNpefelieHue MpoCTeiflllee CBOMCTBO; BIpoueM, M
37eCb HeBO3MOKHO ofbecmeyuTh BceoGlIero corsacis.

§ 4. Ilpamad JMHHUA, TyT, OTPEIOK

IlpAMyl0 JNUHUIO MOKHO MBICIEHHO NPOROJMKUTH B 06e
CTOPOHB GearpaHMyHo. B reoMeTpumM HA3BAHUE (NPAMAR
o0o3Hauner 0OBLIYHO NPAMYI0 JIMHUIO, 1€ OIPAHMYEHHYIO HH
¢ OftHOIf, HK ¢ Jipyroit cropousl. IlpaAMas anHuA, ¢ oHOH CTO-
POHBI OI'PaHUYCHHAA, & C APYroii — HeT, HABLIBACTCA noay-
npamoii mim ayvom. llpamas nunus, orpanudenuas ¢ obenx
CTOPOH, HA3LIBACTCA OMPEIKOM.

§ 5. Yrast

Yeon ecTh Qurypa (puc. 59), o0paszoBamuas IBYMsI JydaMu
0OA n OB (cmoponbt yzaa), UCXOZALMMHA M3 OFIHON TOyku O
(sepuwuna yeaa).

Mepoii yeaa CIYIKUT BeJIMUNHA MOBOPOTA BO-

Kpy! BepiunHs O, nepeBofAiero ayy OA B moJyo- s

wenne OB. lllupoko pacmnpocTpaHeHH [Be CH-

CcTeMbl U3MepeHUMA YIiIoB: paduanmas U epadyc- 4
nas. OuM DasHATCA BHGOPOM emumuimbt Mepsr. J

O panuannoit mepe cm. V, 3. Puc. 59.

I'padycnas cucmema uamepenus yeaos').
B Helt 3a egMHMIY TNPHMHUMAETCA MOBOPOT Jyuda HA /g
4acTh 0fHOro moJHOro o6opoTa — epadyc (oGosHaveHme °).
Homusiit 0GopoT. (HanpuMep, MPU ABHAEHUN YACOBOH CTPEIK]t

1) TpafycHas CHUCTeMa BOCXORMT K riaydokoit npesHoct# (cM. 1I, 7,
1. 4). Bo BpeMs mepBoit ppanmy3cKoit Oypixyasnoit pesomounu (1793 r.)
BO QpaHUUK BMecTe C HeCATHMYHOH (MeTpnuccroif) cucreMoil Mep Owbuta
BBEJIEHA COTelHaA (LleHTe3MMallblasA) CUCTeMa M3MEePeHMH YIioB. B Hel
npAMO yroJ jieaurca Ha 100 rpagycoB («rpagos»), rpaayc Ha 100 MHUH,,
MHRHYTA Ha 100 CEKYHIX. ITa CHCTECMA MpPUMEHsIeTCA M ceifyac, HO BO BCe-
obmee ynoTpebienyne oHa He ponna. ITanbosiee 4acTo oHa ynorpefiaaeTrca
B I'CONCINUCCIKIX H3MEPCUIIX.,
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¢ 0 yac. mo 12 yac.) cocraBiser, TakuM oOpasoMm, 360°. I'pa-
Ryc meautca Ha 60 munym (oGos3HAYeHHe °); MMHYTA — Ha
60 cerynd (7). 3amuch 42°33°21” osmavaeT 42 rpapyca,
33 MHHYTHI, 21 CeKyHHY.

g B\ 4
0 A o 70 A
Puc. 60. Puc. 61. Puc. 62.

VYrox B 90° (r. e. 1/, mosanoro o6opoTa) HasbLIBAETCA npa-
Mulm (puc. 60) 1 0GosHavaercs OyxBoit d.

Vroa, Menbuuit 90°, nasuBaetrca ocmpuim (AO B Ha puc. 59);
Goapmuit 90° — mynuiae (puc. 61). Ilpambie guauM, obpa-
3ylIiMe MNpSIMOA  yroJl, HA3HIBAIOTCA nepnenduryispHbIMY
OHA K JpYroif.

3naku yeaog. HacTo BaIKHO YKa3aTh, B KAKOM Hampaslle-
HUM DpoMcXoguT BpamcHue Jiyya. OObluHO Mepa yria cuu-

0 4 B 5

8 g v A
Puc. 63. Puc. 64. Puc. 65.

TACTCA NOAOHCUMEAbHOI, CCIM BpAUlCHHe COBEpPIIAETCS Ipo-
TUB YacoBOH CTPCJKN, U ompuyameavioli — B IPOTUB-
Hom cayyae. Hanpumep, ecau ayu OA nepemecrnicsa B OB,
KaK NMokasaHo Ha puc. 62, To /AOB = -+90°. Ha puc. 63
(AOB = —90°. Ha puc. 64 /40B = —270°. Opxomy u
TOMY 3¢ B3AMMHOMY pACHOJO;KeHHIO Jjiydell MOTYT OTBEYaTh
pasHLIC YIJIODnle MEphl B 3aBHMCMMOCTH OT XapaKTepa Bpa-
Y menud. Tak, £ AOB na puc. 65 MO0
v T =N°
CUNTATh paBHBIM -+ 450°. B HavaJbHOI
reoMeTpUN Mepa yIila CYMTAcTCA BCeTHa
c MOSI0KUTSABHON M M3MepsieT KpaTyaid-
0 ~A iy HOBOPOT, TAK YTO Mepa yrila He
MoileT IpeBLIcUTh 180°.
Pic. 66. Catevrcrienie yeaw (puc. 66) - napa
yraos AOB 11 COB ¢ oduelt Bepin-
ioft O 11 ofmieit croponoit OB; mme ipyriie croporul OA 1
OC cocTaBIAAOT NpPogoIHieHre ofna Apyroit. CyyMa CMEHKHBIX
yrios pasua 180° (2d).
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Bepmukaavive yaatt — Tapa YIriaoB, y KOTOPLIX BeplIMHA
obmas, a CTOpPOHLI ONHOr0 COCTABJAKIT NPO;I0IKeHHe CTOPOH
apyroro. Ha puc. 67 £ AOC u «DODB (a raxike £COB u
~ AOD) — BepTukaipHble. BepTHKANBHLIC Y MBI PABHBI MeMLY
coboit (£ A0C = « BOD).

¢ b
B——f 1 st
B 0 4

Pue. 67. Pae. 63.

usd

Yacto roBOpAT: «yezoa sexcdy Jeyms  npasmblmuy; IpH
OTOM MMeeTCsI B BHAY o7t M3 00pasyeMBIX MMM YeThipex
yriaoB (oOBIYIIO GCTPBI).

Buccekmpucoli yrila 1a3blBaeTCA Jyd, HedALMit yrod
nonoaam (puc. 68). Duccexrpucut (OM n ON, puc. 69) Bep-

C_y

Puc. 69. Pirc. 70.

THKAJNEHLIX YMNIOB  COCTABISIIOT MNPOROJIIKEHUE ORHA [pY-
roif. BUCCEKTPUCLI CMEIKHBIX YIJIOB B3AUMIIO HEpIEHAUKYIAP-
HHl (puc. 70).

§ 6. Muoroyroasuuk

Inocran ¢urypa, oGpas3opannas 3aMKHYTHM PAXOM NPAMO-
JIMHEAHBIX OTPe3KOB, HABBIBACTCA MHO020-
yeoavitukom. Ha puc. 71 msoOpasken mie- /4 y/j
cruyroapiu ABCDEF. Touku 4, B,C, D,

)

¥, F — eepwuibl miozoyeoabiuka,; Yribl g

npM HAX (yrasl MHOroyroJbiuka) oGosua- £
vaworea /A, /B, /C, ..., ¢F. Orpes-
ku: AC, AD, BE u 1. 1. — Jduaeonaau; 4 F

AB, BC,CDnr. . — CMOpPoILbL MHO20-
yeoabnuka,; CyMmMa AJaun cropou AB--
+BC+CD+ ...+ FA naswinaercst nepusempom u 0603ua-
43eTCA p, & unorna 2p (Torga p — NoJynepuMerp).

Puc. 71.
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B anemenrapHoif reoMeTpMH PacCMATPUBAITCA TOJLIO
npocnvic MHOTOYTOJIBHUKY, T. €. TaKHe, KOHTYDP KOTOPHIX He
7 uMeercamonepeceyenuit. Muo-
B [ TOYFONBHIKHA, KOHTYD KOTO-
PHIX MMeeT caMonepeceueHnsd,
4 7 Ha3LIBAIOTCA 3eezduamuvimu
J Mmiozoyeoabruranu. Ha puc.
72 wm3obpaken 3Be3AYATHIM
£ B A £ muoroyroisunk A BCDE.
Pue. 79. Pre. 73, Kciu Bee JHaroHaJdu Mio-
royroJibHUKa JIeHAT BHYTPU
HEro, MIOroyroinlun HasbiBaercs esnywasia. lllectuyronn-
HUK Ha pHuc. 71 BRIMYKJbIA; TATAYTONLIMK HA pUC. 73 HeBLI-
NyKILHA (auaroads KC JeUT Bie MHOTOYroJbHUKA).
CyMMa BHYTPEHHMX YIJIOB BO BCAKOM BLIMYKJIIOM MHOTO-
yroabnuke pasHa 180° (n—2), rjie n — YUCIO CTOPOH MHOrO-
yroianumka ),

§ 7. TpeyronsHHE

Tpeyzoavrnuk (TP-K) — MHOTOYrOJBHUK C TpPEeMs CTOpO-
namu. CTOpOHH Tp-Ka yacro 0603Ha4aloTCA MalbiMu OyKBaMi,
COOTBETCTBYIOLIMMM 0G03HAYEHUIO IPOTUBOINOJIOHHBIX BepPLINH.

; & 0
c U}
a ¢ a a
A » 0 A c A
A b C

Puc. 74. Pue. 75. Puc. 76.
Ecnn Bce Tpm yria ocTpele, TO TP-K — 0CMPOYEoAbHLL
(puc. 74); ecniu OxMH M3 YriIOB NPAMOM — npAMOYS0AbILYLIL

(puc. 75); croponsl, o0pasyolnie NpAMOK yroll, Ha3HIBAIOTCH
ramemamu (a, b); CTOpOHA NPOTHB NPAMOro yria — zunome-
nyaoli (c). Eciu ogqun M3 yriioB Tynoit (Hanpumep, £ B, puc. 76),
TO TP-K — mynoy2oabrblil.

1) B yye0HAKax reoMeTpMH 3TO CBOMCTBO BLICKAa3nIBaeTCA OGHIUHO
TONbKO JJIA BRINYKJILIX MHOFOYroJbHMKOB. HO OHO cOpaBemyIMBO JJIA
BCEX ¢IIPOCThHIX?» MHOTOYTOiIbHEKOB. HYKBO 3aMeTHTh, YTO B HCBHINYK-
J0M MHOTOYroJIbHAKe ORXHH KJIM HECKOJbKO BHYTPEHHAX YIVIOB HpeBhHI-
waiT 180°, Tak, B HEBBINYKIOM NATHYroJLHUKE, M306pa’KEeHHOM Ha
pHC. 73, nsa yria — NpsMHe, Ba YIila MMEIOT 10 45°, a OMH COAepIKAT
270°. Cymma yraos cocrapiser 180° (5—2) = 540°.
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Tp-k ABC pasroGedpennunii (puc. 77), Korga nBe ero
CTOPOHBL paBHB (b = ¢); pasHocmoponruii (puc. 78), Korma
TPM CTOPOHHI paBHH (¢ = b = c¢). PaBHLIe cTOPOHK paBHOGeN-
PEHHOro Tp-Ka HAa3LIBAIOTCA G6okoeblMU; TPEThA CTOPOHA —
ocHosarueM.

Bo BeAKoOM Tp-Ke NMpoTHB 00NbIIEH CTOPOHBL JIEKHUT 00IIb-
A yroJl; MPOTHB PABNLIX CTOPOI -- PaBHLIE YTJIbI, 1 06paTHO.
B wacrnocTv, paBHOCTOpPONIUIY TP-K BMecTe C TeM pasito-
yeoaviuii, 1 00paTHo.

Bo ecarom mpeyzoavhuke cymma yeaoe pasna 180°% B
PABHOCTOPOHHEM TP-Ke Ka:gILii yroj pasen 60°.

2 B8 B
ra B A &t 7

Puc. 77. Puc, 78. Puc. 79.

IlpomosnuB oy u3 cropoH Tp-ka (AC Ha puc. 79), mo-
anyvaeM enewnuii yrod yBCD. Buewnuii yzon pasen cymme
SHYMPEHHUZ, ¢ HUM HecmencHux: /BCD = sA+ /B.

Bceakaa cropoHa Tp-Ka MeHblIe CyMMBI M GoJiblle PAa3HOCTH
ABYX APYTHMX CTOPOH (a < b+c; a > b—¢).

ITaowads mp-ka pasna npouseedeHuld nOLOBUNLL 0CHO8A-
nus na evicomy (0 BBHICOTE
Tp-Ka cM. § 9): S = 1/,ah,. ’ o'

§ 8. IIpu3HaKu paBeHCTBA
TPEYroILHUKOB

Ba TPeyYroJbHUKA
PaBHH, €CJIM Y HUX COOT- A 8 A i
BETCTBEHHO PABHEIL:

1) nBe CTOPOHHI U Y01, Puc. 80.
3aKJII0YEeHHBIX MEM,
nuMu; Hanpumep, AB=A'B’; AC=A'C’;yA= A’ (puc. 80);

2) mBa yria ¥ Opuiekaulad K HUM CTOPOHA; HAIpUMep,
A4 = 4% /€ = ,C; AC = A’C’;

2a) EBa yria # CTOpoNa, NPOTHBOJEKAILAA OXHOMY U3 HHUX;
nanpumep, /A = 4A’; /B = /B’; AC = A’C’;
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3) tpu cropoun: AB = A’B; BC = B’C’; AC = A’C’;
4) HBC CTODONH M yrou, Jedcauiulf IPOTHB Géabuwieid W3
nux; Hanpumep, AB = A’'B’; BC = B'C’; sA = sA’ nHa
puc. 80, rae BC — 66abwan u3 cropon AB, BC. Ecan e
PaBHH® YIJibl JIEH(QT NPOTMB MEHBIUMX CTOPOH, TO TPEYro:Ib-
HUMKH MOTYT OHIT He paBusl. Hanpumep, Tpeyronsuukua LMN

Y
N

T

yA M YA 4
Puc. 81.
u L’M’N’ na puc. 81 ne paBuul, xorn y mux LM = L'M’,

LN = L’'N'u /M = /M’. 3pecp yrawt M, M’ jie;xaT npoTHB
MeHbiux cropon LN, L'N’.

§ 9. 3aMeyaTeaLHbIE IMHIM M TOYKH B TPEyroIbHUKe

Beuicomoii Tp-Ka HashiBaeTCsl NepHeHAMKYJIAp, OMYyIIeHHBbIk

u3 Mo0oif BepUIMHLI TP-KA HA TIPOTUBOJEKALIYI0 CTOPOHY
UJM HA ee MPONOJIKeHUe (CTOo-

V.4 pona, Ha KOTOPYI0 OIlyCKaeTCst

F g Vi NepneHANKYJIAp, Ha3bIBaeTCsA
éj £ B BTOM CJIy4ae ocHosaruem

A€ - ke TpeyroibHMKa). B rynoyroas-
\V/U £ g (' HOM Tp-Ke (ABC, puc. 82)
7 £ nse BHCOTH (AD, BE) mapa-

Puc. 82. Puc. 83. 0T Ha TNpPOROJKeHHe CTOPOH

U JIeHKAT BHe TpP-Ka; TpeThA
(CF) — Buytpu Tp-Ka. B ocrpoyronbHoM Tp-Ke (puc. 83) Bce
TPY BBICOTBI Jie:KaT BHYTpU TP-ka. B 1pAMOYroJbHOM Tp-Ke
KATeTH CIYKAT U BhicOTaMU. Tpu BLICOTH Tp-Ka Bcerja mepe-
CCKAlOTCA B OJHOI TOYKe, HR3BIBAEMOl opmoyenmpom; B Ty-
NOYroJMBHOM TP-K¢ OPTOLCHTD JIeKMT BHe TpP-Ka; B HpPAMO-
YroJbHOM OH COBIIQfAET ¢ BepIIMHOW NpAMOro yria.

Bricora Tp-ia, OnyIleHHas Ha CTOPOHY a, obosHavaercd h,.
Yepea TpK CTOPOHBI OHA BhIpakaeTcss GopMyIoit
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rme

a+b+tc
p=——7-
Meduaroii Tp-Ka HA3HBAETCA OTPE3OK, COSNMHAIOLIMIA IO~

Gy1o BepIIMHY TP-Ka C CepeMHOI NPOTUBONONOKHON CTOPOHH.
Tpu menmanet Tp-ka (AD, BE, CF, puc. 84) nepeceKaiorca

Vi V.4
A F 8 A £ 4
Pmc. 84. Puc. 85.

B OJXHOII TOYKe (Bcerfga BHYTPH Tp-Ka), ABIAIOWENCA IIEHTPOM
TAMECTH TP-Ka. T TOYKA JeJNUT KaKAYI0 MeAUaHy B OTHOIIe-
HuM 2 : 1 (cunTaA oT BepmMHH). Mennana, CoeAMHAILIAA Bep-
muHy Tp-Ka A ¢ cepefMHOlf CTOPOHH ¢, 0Go3HavaeTcA m,.
Yepes cTopoHHl Tp-Ka OHA BhIpakaeTcs gopmyiolt

m, = %V2b2+2c2—a2.

Buccexkmpucoii Tp-Ka Ha3bIBaeTCA OTPE30K GHCCEKTPUCHI
moGoro yraa (cm. 1V, B, 5) or BepmuHH X0 nepeceyeHMA
¢ MPOTHBOIOJIOKHOK cTopoHoit. Tpu GucceKkrpuch Tp-Ka (AD,
BE, CF, puc. 85) mepeceKaloTcsl B OAHOI TouKe (BCerga BHY-
TPM Tp-Ka), ABJIAIIIEHCA HeHTPOM BNMCAHHOTO Kpyra (cM. IV,
B, 19). Buccekrpuca yraa A o6osnavaerca f,. Yepea CTOPOHE!
Tp-Ka OHA BEIpamaeTcA PopMyJiioik

ﬂa = '—b'i_cybcP(P —a) )

rfAe p — NoayHepuMeTp. BucceKTpuca JesUT MPOTHBONOJOK-
HYI0 CTODOHY Ha YacCTW, NpONOPLUOHAJBbHHE IpHIleHKaIIM
K Helt cropoHam. Ha puc. 85 AE: EC = AB: BC.
IIpumep. AB = 30 e, BC. = 40 cm, AC = 49 cm. Halita
AE n EC. Ie yactun (AE u EC), Ha KoTopHe HY’KHO pas-
gemnts AC = 49 cm, oTHOCATCA, Kak 30 : 40 mam Kak 3: 4.
IIpunasB 3a equuuny Macmtaba x — OTPE3OK, CoAep:kamuitca
B AE 3 pasza, a B EC 4 pasa, umeeM AC = 3z+4xr = 7z,
z=AC:7=49:7=7,0tkyna AE = 3z = 21; EC = 4z =28.
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Tpu mepHeHAMKYJIAPa K CTOPOHAM Tp-Ka, NpoBeleHHbIe
yepes ux cepeaunsl (D, E, F na puc. 86, 87, 88), mepece-
KalOTCA B OQHOM TOUKe, CIy Kallelt IeHTPOM OIIMCAHHOTO KpYyra
(IV, B, 19). B TynoyroisHoM Tp-Ke (pHc. 86) 9Ta TOYKA JIeHKUT
BHe Tp-Ka, B OCTPOYroiibHOM (puc. 87) — BHYTpH, B HpAMO-
YTOJNBHOM — Ha CepefiuHe TMIOTeHY3H (puc. 88).

TS

Puc. 87.

B paBHOGepeHHOM Tp-Ke BBICOTA, MeguaHa i GucceKTpuca,
onyuieHHble HA OCHOBAaHMe !), a TaKKe NepHeHAUKYJIAp, IpoBe-
AEHHHI Yepe3 cepeMHY OCHOBAHUA, COBNIALAIOT APYT C ZPYTOM;
B PaBHOCTOPOHHEM TO e MMeeT MeCTo AJIA BCEX TPeX CTOPOH.
B oCTalbHHIX CIy4asiX HU ONHA M3 YNOMAHYTHX JMHUA He
coBnafaer ¢ Apyroft. OpTOLEHTD, LIEHTD TAKECTH, LEHTP BIIM-
CaHHOrO Kpyra M HEHTpP ONMCAHHOIO Kpyra CoBHAfaloT ApYr
¢ IPYTOM TOJBKO B PABHOCTOPOHHEM Tp-Ke.

§ 10. IlpamMoyroapHbIe IiPOCKIMH; COOTHOLIEHNA MeEMXAY
CTOPOHAMH TPEYroJIbHHKA

IIpamoyeoabroll npoexyuelr (MM, Kopoye, npoexyuel)
TOYKM HA NpPAMYIO HA3BIBAETCA OCHOBaHMe NEPNEHAMKYJIADA,
OnyI[eHHOro M3 dToit Touku Ha npamylo, Ha puc. 89 Toukm
a, b, ¢, d — npoexuun Touex A, B, C, D Ha npamyio MN.
Hpoexnneit orpeska A B Ha npaMylo M N Ha3blBaeTCA OTPE3OK
ab nmpamoit MN, orpaHMYeHHBIf NPOEKUUAMH a M b KOHLOB
orpeaka AB. Orpesok bc ectb npoexuusa BC u 1. K. OGo3Ha-
yeHne: ab = np. MNAB; Kopoue, ab = np. AB.

CyMMa NnpoeKIiil 3BeHbEB JIOMAHOMN JIMHMH PaBHA NPOe KLU
3aMHKalomero orpeska. Ha puc. 89 np. AD = np. AB+
+mnp. BC+mup. CD. JIna noiHoit oOLWHOCTH 3TOro MPaBUJIA
1e00X0(MMO CMOTPETh HA NPOEKLMIO OTPE3KA KAK HA BeJIMYUHY
aazebpauneckyio; NpoeKnuio ab orpeska AB NpUHATO CYUNTATh
noaoxcumendrol, eciiu b npaBee a, U ompuyamenbHoil, €CIU

1) OeHoBaHUeM DaBHOGEApPEHHOro Tp-Ka BCerjaa Ha3blBalOT CTOPOHY,
He PaBHYIO IBYM APYrHM,
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b nesee a. Tak nHa puc. 90 np. AB = ab oTpuLATeNbHA;
np. BC = be, np. CD = cd, np. DE = de NOJNOMKUTEIBHEL;
np. EF = e¢f orpunarensHa. Ilosromy (anreGpaundeckyio)

8 y:4 4 F
T Ll
sl Ni7ang
_;—:_:_:_ [ 1 : :
M el ¢d i bacd fe
Puc. 89. Puc. 90.

CyMMy npoekuuit 3BeHbeB JoMaHoili Juuun ABCDEF Mu mo-
JIYUUM, CJIOKUB JIIMHBEI OTPE3KOB be, cd, de M BBHIUTA OTCIOA
CyMMy AJMH OTpe3KoB ab M ef. Ilonyyennaa BeaMumHa paBHA
af — NpOeKLUM 3aMBIKaioLlero oTpeska AF.

v} V-4
I a c
Ay,
A= ¢ w
Puc. 91. Puc. 92. Puc. 93.

Kpanpar cTopoHbl TpeyroilbHMKa paBeH CyMMe KBaJpaToB
ABYX JpPYTMX CTOPOH 0e3 yIBOEHHOTo NpPOU3BelleHMA OJHON
U3 3TUX CTOPOH HA B3ATYI0 Ha Helf mpoeknuio apyroit. Ilpn
o6o3HaveHunax puc. 91 u 92 umeem:

a? = b+ c*—2b np.,cAB. (1)
Ecmu z o603HauyaeT IMHY NPOEKIHUM ([OJIOKATENBHOE
4HC0), TO, KOorga yroid A octpuit (np.,.AB = =z, puc. 91),

a? = b%+¢? - 2bz, (2)
a korfa yroin A rtyno#t (np.,.AB = —z, puc. 92),
a? = b?+c?+ 2bx. (3)

Ecau yron A — npaMoit (puc. 93), 1o np. 40AB = 0, ¥ MHl
nMeeM:

at = b2+, (4)

KBaApaT THIOTEHY3bl PaBeH CyMMe KBAJAPaTOB KaTeTOB (Tak
HagHBaeMas meopema ITugazopa ) ). Teopema ITudaropa yacro

1) [IpunucuBaiace Iludaropy — rpedeckomy o¢uiocopy 6—5 BB.
JO H. 3. Ha camMoM fielle aTa TeopeMa Ohljla M3BeCTHa HapojaaM JIpeBHero
Bocroka euwe 33 20 BEKOB 0 H. 3.
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npUMeHAETCs B PadHoOOpasHHIX NMPAKTHYeCKHX M TeopeTHde-
CKHMX BOINIPOCAX.
@opmyay (1) MOKHO Npe[CTaBUTh TakiKke B BHJE

a?* = b2+ c¢*—2bccos A
(em. 'V, 22).

§ 11. MMapanaenbHble NPAMbIE

Jse npameie AB u CD (puc. 94) Ha3LIBAWOTCA napasiend-
HblMU, €CIM OHM JIeHAT B ORHON INIOCKOCTM M He Iepece-
KaloTCH, CKOIbKO 6Bl MX HM mnpomoiskarb. OGoaHaueHMe:
AB || CD. Bce To4KHN OHO U3 MapaJJIeNbHBIX PaBHOYAAJIEHH
OT Jpyroit.

Bce npameie, napadienbHble npAMoit A B, napajieibHul 1
Mexay coboif.

CyuTaercs, YTo fiBe NapaliiedbHble NPAMbIe 00pa3yIoT yrod,
PaBHHII HyMO (B NPAMOM CMBHICHe 3Jech MBI BooOle He
uMeeM yria).

Ecau paBa syya npuHamiekaT NapajjeibHHM NPAMEIM, TO
YroJl Meay JIy4aMu CYUTAeTCA PAaBHHIM HYJIO, KOrJAa Hampa-
RIEHMHA Jydyelt oJMHAKOBH, M paBHHIM 180°, Korma HampaBlle-
HMA Jiyvyell NMPOTHBOIOJOHIHEI

Bce mepnenpukysaspu (AB, CD, EF, puc. 95) k opHolt
npAMoit M N napalnenbHbl Mexay coGoit. OOparno, npaman

BDF 2/1
A 8 P f J
A / M7 87
Puc. 94. Pue. 95. Puc. 96.

MN, nepnenguryiapHan K OXHON M3 mapaJielel, HepoeHaAU-
KyJIApHA KO BCceM [pyruM. Bce mepneHaMKyJsApH K ogHON M3
HBYX MapaUIeNIbHEIX NPAMBIX CIIYAT IEepPIeHAUKYIAPAMH U
K Apyrofi. OTpesKM BTHX INepNeHAUKYIAPOB, 3aKIIOYEHHbIE
MeKIy ABYMsd NMApajlileJIbHBIMM NPAMBIME, paBHH. Ofuwasa ux
JUINHA €eCTb paccmosnue MEKAy NapallieldbHHMH NpPAMBIMH.

IIpn nepeceyenmn NBYX NapajiiedbHHIX MPAMBX TpeTheif
npaMoit o6pasyercs BoceMb YIiI0B (puc. 96), KOTOpHE MONAPHO
HOCAT HA3PAHMA:

1) coorsercticHHble yrasl (I u 6; 2 u 6,3 u 7,4 u 8); atu
yr}m ng))napuo paBn (/1 = /& /2= /6, /3= /7,
Z4 = /o)
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2) BHYTpeHHMe HAKpecT lemamme yriaso (4 u 5; 3 u 6);
OHM TONMAPHO PAaBHBbI;

3) BHewHMe HAKpecT Jexauue yras (I n 8; 2 u 7); onn
TAKKe NOMAPHO PABHH,

4) BHyYTpeHHHe OJXHOCTODOHHMe Yriul (3 M 6, 4 u 6), B
cymmeo) cocrasiuAwinne 180° (/34 /6 = 180°% /44 6 =
= 180°); :

5) BHewHHe OHOCTOPOHHMe yrawl (I u 7; 2 n &), B cymme
coctaBagomue 180° (LI+ 7 = 180°% /2+,8 = 180°) 1).

Yrasl ¢ coomeemcmeeHHO NAPAAIEALHBIMU  CMOPOHAMU
6o paBHHI ApYT APYTY (ecan 006a oHM ocTpHe UM 06a Tymsle),

L7 [ A
2 ¥
- L 4
g a '
Puc. 97. Puc. 98. Puc. 99.

aubo B cymme aaior 180° Ha puc. 97 £ I = /2; Ha puc. 98
Z3+/,4 =180° Vranl c¢ coomeemcmeenno  nepnendury-
AAPHBMU CMOpOHAM TOYHO TAK e aubo paBHH ApYr ApY-
ry, 1u6o B cyMMe cocTaBisioT 180°.

IIpu nepeceyeHMH CTOPOH yrja NapajyiedbHLIMU NPAMBIMK
(puc. 99) Ha cTOpOHAX Yrila OTCEKAIOTCA NPONMOPLHUOHANbHEE

OTPE3KU:
OA OB _ OC _ AB _ BC _ AC

Oa =~ Ob ~ Oc ‘ab ~ bec T Tac
§ 12, HapairenorpaMM H Tpaneuus

ITapaaserozpamm (A BCD na puc. 100) ecTb 4eTHPEXyroib-
HHMK, MPOTHUBONOJIOMHHbLIE CTOPOHBI KOTOPOTO MONMAapHO Mapad-
JtesibHBL. ITpoTHBOMOIIO K HBIE CTOPOHBI TAPAJI-

JlesorpamMma pasusi: AB = CD, AD = BC. 8 Vid
Jlio6ele  [Be NPOTHBOMNOJOMHBIE CTOPOHBI N
MOMKHO CYMTAThb OCHosaHuUAMu. PaccroaHue =
MeAY HMMM (0 NMepHeHRMKYIspy) Ha3sl- = S
BaeTcA evicomoii (B F). [IuaroHanu napaJie- A/ 7
JorpaMMa JieIAT IPYr Jipyra MoIoJiaM Puc. 100,

(A0 = OC; BO = OD). IIpoTnBONO0I0KHbIE
yrasl napajulesiorpaMmma  pasun (/A = /C, /B = /D).

1) [IpH mepeccyeHMH ABYX HeNMapaliesbluiX UPAMHX TpeTbeii o6pa-
3yemble YIVILI MMEIOT COOTBETCTBEHHO T€ K€ HaMMEHOBAHHA, YTO M Mepe-
YHCJIeHHbe BHIUE; UIA HemapaJlIeJbHLIX UPAMBIX NpPHBEACHHHIE 3MECh
COOTHOLIEHAA MEMKIY YIIAMA He BepPHHI,
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Cymma Kkeadpamos Ouazonasel, paswa cymme Keadpamos
wemwvipex cmopor: AC*+ BD? = AB*+ BC*+CD?*+ AD* =
= 2(AB*+ BC?). Iaowads S napatsesoepamma pasHa npo-
ugeedernuto ocHosarus (a) na svicomy (h,):

S = ah,.

Hpusnaru napaasesoepamma. Yervipexyroibuuk ABCD
ABJIAETCA MApajliIeIorpaMMoM, eCJIM HAJMUI0 OfHO U3 Clefyio-
IUX YCJIOBHIi:

1) NpOTHBONOJOMHLE CTOPOHEI NONAPHO paBHL (A B = CD,
BC = DA);

2) ABe NPOTHBONOJIOMHbIE CTOPOHE! PABHBI M NMAPaJlJIeIbHbI
(AB = CD; AB || CD);

3) AMaroHaJM B3aMMHO JeJIATCA HOIOJaM;

4) NMPOTMBOMOJIOMHEIE YIJIH MonapHo pasuu (/4 = /C;
/B = /D).

Ecau oguH M3 yriioB napaiiiejiorpaMma — npsMoif, To 1 Bce
yras — npsambie. Takolt napajiesaorpaMM Ha3bBaeTCsA npAMo-
yeoavnukon (puc. 101). CropoHH mnpamoyronbHuka (a, b)

V4 £ V.4 4 B ;
S a

A a 7 A 4 A2

Pitc. 101. Puc. 102. Puc. 103.

OIHOBPEMEHHO CJy:aT ero BuicoTamMu. ITaowads npamo-
Y20ABHUKG PAGHA npouisedenuto cmopon: S = ab.

B npsamMoyronbHuke auaroHanu paBus: AC = BD.

B npamoyeoavruke Kkeadpam Ouazonasu paser Ccyme
xeadpamos cmopon: AC* = AD*+ DC2.

Ecau B mapanesorpaMme Bce CTOPOHLI PaBHBI, OH Ha3hl-
BaeTc pombom (puc. 102).

B pomGe auaroHasm B3auMHO NepleHAUKYIApHL (ACL BD)
I melAT yruasl pom6a momodam (/DCA = yBCA n 1. p.).

ITaowads pomba pasna noaosune npoussedenus Ouazo-
naaeti:

S = g dydy (AC = dy, BD = dy).

Kgadpamom nasbiBaeTcs napauiellorpaMM ¢ HPHMBIMIL
yrilaMM ¥ PaBHBEIMH cTopoHamu (puc. 103). KBaypar ectb yacr-
HBIt BUX NpPAMOYroJbHMKA, A TAKKe YacTHBIN BHA pomOa.
TloaToMy oH MMeeT Bce BHIIUeNmepevyMCIeHHble MX CBoOMCTBA.
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T paneyueii Ha3HIBAETCA YETHIPEXYTOJILHUK, ABE MPOTHBONO-
JI0KHbIE CTOPOHBL KOTOpOTro napasiensusi (BC || AD, puc. 104).
[TapasnnesorpaMM MOMHO CUMTATh YACTHHIM BH/IOM Tpameinu.

ITapasnelbHbIe CTOPOHEI HA3BLIBAIOTCH OCHOSGHUAMU Tparle-
uun, xee apyrue (AB, CD) 6okostimu cmoponamu (6oxamu).
PaccrosiHMe MeKAY OCHOBAHMAMH (IO MepNEHAUKYIAPY) HasHi-
BaetcA evicomoii (BK). Otpesok EF, coeRMHAOIME cepeAuHBI
GOKOB, HAa3LIBAETCA cpedHell JuHuell mpaneyuu.

CpedHas AUHUA MPANEYUU PAGHA NOAYCYMME OCHOSAHUL :

EF = —;— (AD+ BC), u napaaseavra um: EF || AD.

ITaowade mpaneyuw pasna npouszeedernuio cpedHels AuUHUL
na guicomy : :

= 3 (a+b) h (AD = a, BC = b, BK = h).
TpeyroibHUK ABIAETCA NPeReJIbLHBIM CIy4aeM («BHIPOMKIE-

HHeM») Tpameluu, KOTAa OXHO M3 OCHOBaHui obpamaercs
B TOYKy (puc. 105). B BrIpomaeHHON Tpamenuu COXpPaHAIOTCH,

8 _C 8(c) B C
7
A K 7 A V4

Pne. 104. Puc. 105. Puc. 106.

ee CBOifCTBA, HampuMep: «auwus, coedumaiwjas cepedunv E
w F cmopon mp-xa ABD (cpednas aunus mp-xa), napaa-
aeabna cmopore AD u pasHa ee nososuHe.

Tpameuns ¢ paBHHMHM GoKaMM (eciaM OHA He MapaJlielio-
rpaMM) HasbiBaeTcs paemobouroli (AB = CD, puc. 106).
B pasnoGouroli mpaneyuu yeart npu OCHOBAHUAT PABHbL
(LA =/D; /B = /C).

§ 18. IlopoGue maoCKNX PHIyp, NPHIHAKH HOKOOHSA
TPEYroAbHUKOB

Ecau Bce pasMepsl MII0CKOK PUrypsl MBMEHHTH (yBEJIHYUTH
WJIM YMEHBLIIMTH) B OHOM M TOM K€ OTHOIUEHMU (omHoweHue
nodobus), To crapagd M HOBaA (HUIypH Ha3HBATCA n0do6-
nomu. Hampumep, kapTnHa 1 ee QOTOCHMMOK HPENCTABIAIOT
nono6Hble GUrypHI.

B deyx nodobruvix Pueypax awbbie coomeemcmeerHble
yeavt paenvl mexwcdy coboii, T. e. ecnu Touku A, B, C, D
ORHOM PUrypHl COOTBETCTBYIOT TOUKAM a, b, ¢, d Apyroft, To
/ABC = /abe, /BCD = /bed u 1. .
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Hsa muoroyronsauka (ABCDEF u abedef, puc. 107) no-
noOHW, eClM OHM WMMET paBHHe Yraol (/4 = sa,

/B =yb, ..., /F=/flmu uxAgoo?chT%%mue CTOPOHH

FA

NPONOPIMOHAIBHE (—aT=W =d =TT )

9tuM obecneynBaeTcA NPONOPLUUOHAIBLHOCTD M

A [ BCEX OCTAlbHHX CXOJACTBEHHHX 4YacTeil MHOTo-

YroJIbHMKOB; HampuMmep, AuaroHamu AE U ae

F 2/ uMeOT TO Ke OTHOIEHHe, HYTO CTOPOHB

) 3 (-Aa—f= ‘—2—?). OpHoMt 3Ke NPONMOPLMOHANBHOCTH

ﬁ@f CTOPOH MHOrOYTOJIBHMKOB [IA nomobma nx

¥ z HEJXOCTATOYHO; HAampuMep, HA puc. 108 yeTelpex-

yroapauk A BCD (KBajpaT) MMeeT CTOPOHBI, Npo-

Puc. 107. TIOPLUOHAIBHBIE CTOPOHAM YeTHIPEXyroJIbHUKA

(pom0a) abed; kadgas CTOPOHA KBajpaTa BIBOE

Goablue cTopoHH pomba. OfHaKO [MAroOHAJM KBaApaTa yMeHb-

LINJIMCh HENMPONOPIMOHANbLHO (0fHa Gojblue yeM BABOe, APY-

rag — MeHBbLIE), TAK KaK yriel poM6a abed He paBHHI yriam
kBagpara ABCD.

a7 MoRoOMA e TPeyroJdbHUKOB NPOMOPIMOHAIBHOCTH

CTOPOH JOCTATOYHO: J6a Mmp-Ka& nodo6HbL, ecau U cmopoHbl

nponopyuoraavrbl. Tak, ecau croponsl Tp-Ka ABC (puc. 109)

V4 14 g Vo) 4

y A Ho

A e a A DEC adec Vi 7 a a
Puc. 108. Puc. 109. Puc. 110.

BABoe OolbIue CTOPOH Tp-Ka abe, To u Guccextpuca BD BiBoe
Goabie Guccextpuckl bd, u Bhicora BE Bupoe Gojblue Bl-
COTH be M T. J., M COOTBETCTBEHHBIE YIJBHl y HHUX PpaBHH
(/A=/a, /B=/b, /C= sc).

Ecau yaaul 083/:13 mp-Koe coomeemcmeciiHo pasnyl, mo
mp-ku nodo6rv. ([OCTATOYHO OGHAPYIKUTH PABEHCTBO ABYX
nap yraos, u6o cymma yriaos B Tp-Ke Bcerna 180°). Ilasa npous-
BOJIBHHIX MHOT'OYTOJbHUKOB 9TOT IPU3HAK TaK e He J0CTaTOYEH.
Hanpumep, ksagpar A BCD n npamMoyroabunk abed (puc. 110)
HMEIOT COOTBETCTBEHHO PABHEE YTJIbl, HO OHM He TOHOGHH.

Tp-ku nodobrwr marosce, koeda dée cmoponvl 00H020
nponopyuUoHatbHb. deym cmoponas Opyzozo U yead:, 3a-

. u AB_ BC
Kilouenble Mexcdy numu, paswbi (T. €. eCHM —w = 3o
u/B=_/b).
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ITpamoyzoavrvie mp-ku nodobre, ecau eunomenysa u
Kamem o00HO020 MP-K& NPONOPYUOHANbHL 2UNOMeENy3e U Ka-
memy 0pyzo020.

Bceakue aBa kpyra mopmoGHEI Mexnay coboit (omuH M3 9THX
KPYroB eCTh YMEHBIIEHHO® WM yBeJuuyeHHoe M300parkeHmne
Apyroro).

ITaowadu nodobrbir ¢hueyp (B 4ACTHOCTH, MHOIOYroJb-
HUKOB) RpONOpYuUoOKasbMbl Keadpamam UX  CZOOCMEEHHYT
auruli (HampuMep, CTOpoH). B uacTHocTH, naowadu xpyzoe
omuocames, Kax keadpamur paduycoe uau duamempos. TaKUM
o6pasoM, G110 Gb1 rpy6Goit oMGIK0H CYMTATH, YTO OTHOLIEHUE
niomaneif ABYX KpYroB paBHO OTHOMIEHWIO MX XHAMETPOB.
Opnnako aTa ommGKa 4acTo felaeTcd.

IIpumep 1. Kpyrauit MeTaauyecKuil {UCK KUAMETPOM
20 ¢m BecuT 2,4 k2. CKOJIIBKO BECUT BHIPE3AHHBIK U3 HEro AMUCK
nuamerpom 10 cm?

ITpu petenuy aToif 3amauu GuiaI0 6b oLIMOOUHO paccy HAATH
TaK: JMAMeTp MaJOro HGUCKA BIBOEe MeHbIlle, YeM RUAMETP
GOIBIIOro; BHAYMT, MAJIbIl MUCK M BeCUT BIBOe MeHbIUe, T. €.
Bec ero 1,2 xe.

IIpasunbHoe peulenne TakoBo. Tak Kak MaTepHasa M TOJ-
IIMHA INCKA OCTAIOTCA TeMH 3Ke, TO Beca AMCKOB MPONOPLHO-
HAJBHH IVIOWA/IAM, a OTHOLIEeHMe IIOI3fN MAJOro AUCKA K

2
miaomanu GodbIIOro PaBHO (—g-) = :— 3HAYAT, BEC MAJIOro
IMCKA 2,4 - % = 0,6 (we).

ITpuwmep 2. Hacenenue IM'ommanaun cocrasuser 8,2 Mua-
nuoHa, a llIpeitiapun — 4,1 muiauona. UYnciieHHoCTh Hacede-
Hua lIBeitnapum u3o6paskeHa HA AMarpaMMe KBajfipaToM co
cTopoHoit 10 ca. HakoBa moikHA OHITH CTOPOHA KBajpaTa,
u3o0paskalolero YMCIeHHOCTh HaceldeHua Iommanpum?

0603HauYNB UCKOMYIO CTODOHY Yepe3 a, UMeeM:
(—“-)”=§ﬁ= 2 & Y214 a1k en
10 Kl ’ 10 [ '

§ 14, I‘eome'rpuqeclcoe mecro. Kpyr u oxpyxkHoCTH

Teomempuneckum mecmom Touek (06JafaomUX HAHHBIM
CBOMCTBOM) Ha3HIBAETCA COBOKYITHOCTb 6cex TOYEK, yNOBJIETBO-
PAIOIINX 3aJAHHEIM YCIOBHAM.

Onpymnocmb ecmb 2eoMempuMeckoe Mecmo moverk nao-
cKocmu, pasnoydasennvix om odHoi ee mouru (yewmpa).

PaBHEIe 0TPe3KN, COCTUHAIIINE LEHTP C TOYKAMU OKpY K-
HOCTM, HAsHIBAOTCA paduycamu (o0osHaueHma: r mwim R).
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Yactb oKpy#HocTH (Hanpumep, AmD, puc. 111) nasviBaercsa
dyeoti. TlpaMaa MN, NpoXoRAmana uepe3 JiBe TOYKH OKpPY K-
HOCTH, HA3HIBAETCA cexywyeli; OTPe3oK ee KL, jiemauuit BHyTpu
OKpYHHOCTH, — zopdoti. C mpubaneHneM K LEHTPY XOpAa
yBennuyuBaerca. Xopaa BD, mpoxomAauiad 4eped UEHTP (0)

Puc. 111. Puc. 112.

HasbIBaeTCA duamempom (o6o3navenun: d wiaum D). {uamerp
paBeH #AByM paguycaM (d = 2r).

Kpye ecTs 4aCThb NIIOCKOCTH, JIeMAIAA BHYTPH OKpYH-
HOCTH.

Kacameavnaa. Iycts cexymas PQ (puc. 112) npoxoput
uepes Toyku A u B nHa oxpyxuoctd. Ilycts Touka B nBu-
#MeTCA Mo OKpyHoctH, npubmmxaace K A. Cexywan PQ
Gyner MeHATL MOJO}eHMe, Bpamasck okoido Toykn A. Ilo
Mepe npubGammenusa Toukn B k Touke A cexymas PQ Oymer
CTPEMHTBCA K HEKOTOPOMY NpefelibHOMY nodlozkenuio MN. Ilpsa-
Mag MN Ha3blBaeTCA Kacameabrol K OKPYHHOCTH B TouKe A.

£ [
7%#— Q
¢ p M A7 s
Puc. 113. Puc. 114.

HacaTedbHaA M OKpPYKHOCTb HMEIOT TOJILKO ORHY OOILyI0
ToyKky ). KacaTelbHylo MOMHO CUMTATh BHIPOJMBIIEHCA CEKY-
ek,

KacaTellbHaA K OKPYHOCTH NepIeHANKYIAPHA K Paguycy
OA, npoBeReHHOMY B TOYKY Kacauua A.

U3 Tourn BHe Kpyra MOKHO NPOBECTH K OKPY?KHOCTH JBe
KacaTeJibHBe; IJIMHBL UX PaBHH (CM. puc. 120 Ha clem. cTp.).

Ceemenmon HA3BIBaETCA 4YAaCTh Kpyra, OrpaHMYeHHAs My-
roit ACB n crarusaioueit ee xopfoit AB (puc. 114).

1) 9T0 CBOMCTBO OGLIYHO NPHHUMAMT 3a OMpefeiIeHNe KacaTeldbHOIl
H OKPY?IKHOCTH; OMaKO JUIA IPYTUX JIMHHUHA 3TO onpefesleHHe MOJKET Oka-
3aThbeil HefelicTBUTeNbHbLIM. I1anpuMep, ifa puc. 113 MN ecrb KacaTelh-
uaA K JuHAK CADE B Touke A. OfHako M N, KpoMe A, NMeer ¢ JIHHHeil
CADE eme ogHy o0iiykd TOYKY IN. JTaHHOe 3Ke B TEKCTe OmpenelieHue
KacaTelbHOM KaK TNpeJesIbHOTO TOJI0KEeHNA CeKyuiell NDUMEeHuMO
K JI06bIM JINHUAM.
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IlepnenauKyIAp, BOCCTABIEHHHI U3 cepeAuHBl X0pAn A B
110 mepeceycliud ¢ fyroit A B, Ha3bIBaeTcA cmpeakoii gyru AB.
Jauna crpeaxit DC (puc. 114) Ha3bIBaeTCA ebicomoli CerMeHTa.

B . D
0@4 A Vi Y]
Puc. 115. Puc. 116. Puc. 117.

Cexmopom Ha3bIBAETCA YaCTh Kpyra, OrpaHM4YeHHAA AYroit
U ByMA pafiiyCcaMu, IIPOBeleHHEIMM K KOHUIaM Ayru (puc. 115
n 116). CekTop, OTCeKaeMHif paguycamu, oOpasyolmMu
yroa 90°, HaseIBaeTCA Keadparmon (puc. 117).

§ 15. Yrasl B Kpyre; JIHHA OKPYKHOCTH M RYI'H

L enmpaavhoiii yeor — yroi, o6pasoBaHHEIN ABYMA paguy-
camu (/ AOB Ha puc. 118).

Bnucannbiii yeor — yrod, 00pa3oBaHHBIN ABYMA XOpAAMU
CA n CB, ncXogAWMMH U3 OfHOK TOYKHM okpyHocth (/ ACB
Ha puc. 119).

Onucannbiii yeoa — yrod, 00pasoBaHHLIK ABYMA KacarTelb-
HeiMH CA n CB, ucxogAmuMyu U3 ofHoit Toyku (/ ACB Ha
puc. 120).

Jlauna dyeu, oMUCHIBAEMOli KOHIOM pamuyca, MpomopILHO-
HAJbHA BeJMYMHE COOTBETCTBYIOLIEro IEHTPAJbHOr0 yYria;

Puc. 118. Puc. 119. Puc. 120.

TMOJTOMY JYI'H OJHOI{ U TOH 3He OKPYHHOCTH MOMKHO H3Me-
PATDb, KaK K yrael, rpagycamu (I'V, B, 5). Umenno, 3a 1° nyru
VPHHUMACTCSA -5 z5- HACTb OKPY AKIOCTH (T. €. AYra, UeHTpabIIbIf
YroJl KoTopoif pasex 1°). BeA OKpyHiuocTh MMeeT 360°, modo-
BHHA ee Cofeput 180°
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Bo naGerxanue yacto npoucxopdamux omnbok HeoOX0RUMO
OTMETHTH, YTO BEeJNYMHA LEHTPAJBHOrO YIJja COBEpIIEHHO He
33BHCHT OT AJMHBI pajuyca, TOrAA KAaK BEIMYMHA COOTBET-

CTBYIOLE/ AYru NpONOpLMOHAJIbHA pajguycy.

r Tak, na puc. 121 HeHTpaJbHLI yroy coxpa-

A HAET OJHY M Ty »Ke BeJNUYMIly HE3aBUCUMO OT

Toro, obpasyeM Ju Mbl ero pamuycamu OC

g u OD unu BOBOe MeHbWIMMM paguycamu OA

Puc, 121 u OB. [yru we AB u CD, X0Td KaKgaa U3

el HUX MMeeT OJJHO M TO 7Ke YMCJIO I'pajycos,

He pPaBHH MO AJIMHe: Ayra AB uMeeT MeHbIIYI0 JUIMHY, YeM
ayra CD.

Boo6uie aouuHa xyru npomopumonalibHa: 1) paguycy ee u
2) BeJMYMHE COOTBETCTBYIOILEro LEHTPAJIBHOIO YIJIa.

JJIMHa OKPYHHOCTH p COCTaBiAET OKOJIO 3% IJIHHBL AMA-
MeTpa: p =3 % d. lsaue roBops, OTHOLIEHHE JIMH OKPY MHOCTH
1
M HaMeTPa COCTABJIAET NPUMeEPHO 3 —

P, gl
R

Tounoe orHowenue —5 o0o3HayaeTcAd rpeveckolt OykBolf n
(«mmm»):

p .

a4 =7 (1)

1
3—-ectb npuGauikeHHoe (M30bITOYHOE) 3uAveHME YMCTA .

Yucno n nppanuonansho (cM. III, 27), T. e. ero HeAbL3A TOYHO
samucath B BuAe ApoOu. C TOYHOCTBIO O HATOr0 JECATHY-
HOro 3HaKa OHO NpeAcTaBJIAeTcA yucaoM 3,14159. lnA npak-
THKH JOCTAaTOYHO B3ATL npuliuM:KeHMe (HEXOCTATOUHOE)
7 ~ 3,14, YTO KaeT HeCKOJBLKO (HO HeCYIecTBEHHO) MEHbLIYIO

TOYHOCTD, YeM 7T = 3—;—.
®opmyia (1) naer
p = nd, (2)
Hau
p = 2ar (n =~ 3,14). (3)
Mamua pyrn B 1°

_ 2ar _ ar
P1e =355 = 185" . (4)
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Hamua gyru B n°

arn

Pre = 159° (5)

®opmyant (2) — (5) [Bce oHM Jerko BHBORATCA M3 (op-
MyJHl (1)] uMeloT GoJibllioe TeopeTHYeCKoe M MPAKTUYECKOE 3HA-
4eHue.

ITpumep 1. Uz esleaHoit NoJNOCH JAMHOK 2,4 M4 HYKHO
M3roToBUTh 00pyyY; HA 3aKJeNmKy pacxoxyerca 0,2 w4 Ha KOH-
nax. OnpepeluTs paguyc obpyua.

HuanHa okpysHoc™d p = 2,4—-0,2 = 2,2 (u). U3 dopmy-
asl (3)

2,2
r=%m-ﬁz 0,35(M).

Il pumep 2. JnaMerp BeAymiero koJeca napoBosa 1,5 #.
Ckoabko 000poTOB B MMHYTY [ellaeT KOJeCO NpH CKOPOCTH
moesfa 30 xm/uac?

3a 1 MUH. KoJleco npoltfier 30 : 60 = —;— (rae), T. €. 500 u. ITpu

onHoM o0opoTe OHO NMPOXOAMT NMYTh, PaBHHI AJINHE OKPY M-
HoCTM p; p = nd ~ 3,14°1,5 = 4,71 m. MckoMoe umcio
oGopoTos 500 : 4,71 ~ 106.
puMep 3. Pagnyc iKelle3aHOROPOMHOTO 3aKpPYrieHUA
800 wm. {umHa peabcoBoro mytH Ha HeM 60 w. CKoJIBKO rpa-
AYCOB B Ayre 3aKpyrjleHUaA?
U3 dopmyant (5)

180p 180-60
n= o N 31ig00 4°20’ (peayJbTaT OKpYIJIeH).

ITaowade kpyea pasna npouseedenulo noayorpyHcHocmu
na paduyc:

§ = %pr, win § = ar?,

ITaowade cexkmopa (Scexr) paBHA MPOU3BEAEHUIO MOJOBUHBI
AJMHBL AYTH (Peey,) HA pazuyc (r):

1
Seexr = 5 Peexr”™ ’Z
ITnomans cexktopa ¢ myroit B n°

nrin
Sno = 360 ° Puc. 122.

Ilaowane ceemenma HAXOMUTCA KaK PAadHOCTh MJIOLIARK
cextropa AOBm u Tpeyroapunka AOB (puc. 122).
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§ 15a. @opmyaa I'wifrenca faa JIMAB AYTH

Ha npakTuke yacto TpeGyeTca HaTH AJIMHY RYTH, JAHHOK
Ha YepTe:Ke MIM B HAType, NPHYEM HEM3BECTHO, KAKYIO YacThb
OKPYKHOCTH COCTaBJIfieT Ayra M KaKOB ee pajmyc. B Tarux
CIIYYAAX MOMKHO MOJB30BATHCA CIAEAYIOLMM IIPHEMOM.

OTMeTHM HA JaHHON Kyre AB (pue. 122a) ee cepemuny M
(oHa JexuT Ha MepneHAMKyaApe CM, MpoBeleHHOM K Xophe

/ .\
A 0 I’
Puc. 122a.

A B yepes ee cepenuny C). 3areM uaMepnm xopay AB u xopny
AM, craruBaiolyio nojoBuHHyl0 Ayry. Ilamna p ayru AB
BHIpa:kaeTcA (npuOIM:KeHHo) ciemyiomelt dopmyioit Tioit-
renca!)

p~ 2+ (2-L),

riel=AMu L = AB.

OTHOCHTeNIbHAA MOTPEIHOCTh 3Toit GOPMYJIBl COCTABIAET
okod0 0,5%, Korma AB comepmut 60°. G yMeHblIeHHEM yIJIo-
BOit MepH AYrM HpPOLEHT MOTPEeLIHOCTH Ppe3ko mnajaer. Tak,
ANA AYrH B 45° OTHOCHTeJIbHAA NOTPENIHOCTh COCTABJAET
npumepHo 0,029%,.

IIpumep. Ha puc. 122a uaobpamena nyra AB, mia
KoTopoit

l=AM = 34,0 Mm, L = AB = 67,1 ms.

®opmyina Ioifrenca gaer
P =2-36,0+7 (2:36,0-67,1) ~ 68,3 (mn).

3nech Bce uPpH BepHH, TaKk Kak xyra AB (aTo BMAHO HA
I71a3) ' COlepPKHT NpuMepHO 45°, M, BHAYMT, INOI'PEINHOCTH
dopMyan cocraBiser npuMepHo 0,029, To ecTb MeHbllle YeM
0,05 Mmae.

') Xpuctnar ToitreHc (1629—1695) — romIaHacKHi  y4eHhlit,
3HAMEHHTHI cBOUME pafoTaMH B 06;1aCTH ONTHKH H MeXaHHKH.
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§ 16. MamepeHue yrios B Kpyre

Bnucannbiii yson cocmasasem noosUHY YEHMPAAbHO20,
onuparowezocs nwa my osce Odyey. Ha puc. 123 s ACB =

= % /. AOB. IloaroMy BCe BIMCaHHEIe YIJbl, ONMpAalolIKecsH

Ha IaHHYI0 yTy, PaBHH Mexay coboit. Ha puc. 124 / ACB =
= /ADB = ; AEB. WNHaue, xopia AB BUAHA NOX OXHUM
M TeM e YIJIOM M3 BCeX TOYeK ommupalolleiicA HA Hee RAYIH.

c ¢ p
p 4 A 3
B B
Puc. 123. Puc. 124. Puc. 125.

I'osopar, gyra ACDEB emewaem yroll onpefielleHHON Be-
nuyunbl. Hanpumep, momyokpyHOCT BMellaeT yroa 90°
(puc. 125).

Tak Kak LEHTPaJIbHBI YroJl COXEPMT CTOJBKO e rpa-
AYCOB (YIJIOBHX), CKOJBKO ero Ryra (XYroBHIX), TO enucar-
noui yeon (L ACB, puc. 123)
u3MepAeTCA NMoJI0BUHOMN Ayrn A B, g
Ha KOTOPYIO OH ONMpPAeTCH. o0 VY

Yeon, cocmagaennviti deyms )
zopdamu (nanpumep, AOB, "
puc. 126), usMepsaeTca NoJaycym- 4 5 A
Moﬁ% (CD+ AB) nyr, sakuo- 7]

YeHHBIX MEMKJy ero CTOPOHaMH Puc. 126. Pic. 127,
(mpoaoeHHLIMII BoGe CTOPOHBDI). .
Bnucanneiif yrojt — yacTHbif ciyyait paccMaTpuBaeMoro (ogHa
U3 Iyr paBHA HyJIo0).

Yeoa, cocmasaeririii dsyma cexywyumnu (/, AOB, puc. 127),

M3MEPAETCA MOJdYPA3HOCTBIO - (AB —CD) ayr, sakimodeH-
HBEIX Me[y [AByMs ero cTopoHaMu. Bnucaumusit yron — yacr-

HBUA cayyait yraa memwpay KBymA cexkymumu (CD = 0).
PaccmatpuBan KacaTelbHYI0 KaK BBIPOMJeHHe CeKy-
weit (IV, B, 14), nmoxyuaem oTciopa: .yeoa, cocmaeaenmbiii
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kacameadHoli u xopdoii (wanpumep, ABC, puc. 128), uame-
pAeTcA MOJOBMHONK Rmyrw,
f,  BRIUIIOUEHHON BHYTPH Hero

‘ N —
(—2— AnB); yeoa, cocma-

1A

A 81EHH UL KacameabHoli
u_ cexyweil (manpumep,
7 V] ’ Vi A /BOA, puc. 129), usme-
pAetcA TIOJIy Pa3HOCTHIO
Pxc. 128. Puc. 129. % (BA-DA) sakmoven-
HEIX My ero CTOPOHAMM AYr; onucaumdii yzoa (/COA,

S— N—

puc. 129) uaMepseTcA MOJYpPa3HOCTHIO —;— (CBA -CDA) 3a-
KIIOYEHHBIX MY ero CTOPOHAMH JYT.

§ 17. Crenens TOYKH

Cmenenvio mouky O OTHOCHTeJNBHO JAHHOM OKPYIKHOCTH
pafuyca r HasbiBaeTCA BeJAMUMHA d’—r%, rge d — pacCToA-
Hue OC oT TOYKM [0 LEHTpA OKpY:KHOCTH. CTeneHb BHeINHe
TOYKHU MOJOKUTEIbHA, BHYTPeHHel — oTpuiaTensHa. {1 Toyek
OKDYHOCTH CTellemb PaBHA HYJIo.

AGcomoTHaA BeNMYMHA CTemeHM TOYKM |d2—r?| obo3Ha-
YaeTcA yepes p?, TaK YTO [JA BHOUIHel Touku p? = d?—r?
a JJA BHYTpeHHelf p? = r:—d?% Beauumusl p? u p (mociep-
HAA OPeANOoJIaraeTcA MOJ0KUTeIbHON) HIPAIOT BAKHYIO POJIb.

Hmenno, nycrs 4yepe3 Toyky O (puc. 130 u 131) npoBo-
RATCA BCeBO3MOMHBIe cexymme (AB, DE, FG u 1. 1.). IIpo-

Pnc. 130. Puc. 131.

n3BefieHMe JIJIMH OTpe3KOB CeKylleil oT ToukM O 10 ToYeK
ee nepeceyenns ¢ oKkpyxHoctsio (OA-OB, nau OD -OE, nan
OF-OG u T. 1.) ecTh BeJMYNHA HOCTOAHHAA U paBHa p?. Oco-
GenHo BaM<eH ciyuyalf, KOra CeKyuas MPOXoauT Yepes LeHTp C
(cM. npuMepH HuUMe).
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Ecau Toyka O — BHewmHaAA (puc. 130), To, paccMaTpuBasn
KacaTellbHYI0 Kak BHIpOMAenue cekyllelf, umeem OT? = p?,
T. €. abCconlomHas 6eAUNUNA CMenenu MOYKU ecmb Keadpam
daunse kacameavioii. Bemmuuna p, takum obpasom, paBHa
JuinHe Kacatedabnoi OT'.

Kcau Touka O — Buyrtpeunsia (puc. 131), To, npoBojis ye-
pes O xopay [I,L,, mnepnenpukyispnyio k pauamerpy DE,
nmeeM OL, = OL,, tak yto OL} = p* T. e. cmenenv mouku
pasHa keadpamy Haumendwiel noayxropduvl, npoxodswel
uwepes amy mouky. Bemwuuna p, TakuM o6pasoMm, paBHaA
AauHe moxyxopael OL,.

IMMpumep 1. KakoBa AalbHOCTD BUIEHMA C CaMoJeTa,
JeTALiero Haj MopeM Ha BhicoTe 2 ku? (lnaMerp 3emian
12 700 km.)

Ha puc. 132 man (cxemarnuecku) BepTUKAJIbHBIN pa3pes

3eman. O — MecroHaxoKmeHue camotdiera, OFE = 2 kwm,
ED =~ 12 700 km. Haubonee ynaienHas Touyka 3eMmu, BUIH-
g
, £]
7
v/
Puc. 132. Puc. 133,

Mas ¢ camoJieTa, ecTb Touka 7'; OT — KacaTeJbHAH K OKPYH-
noctu ETD; OT = p. G pmpyroit croponsl, p* = OE-OD =~
~ 2-12 700 (mbr Gepem OD =~ 12 700 xkm, orOpachiBasg 2 kKm
KaK BeJIMYMHY 32BeAOMO MEeHbIYi0, UeM IpejelibHAA Norpelt-
HOCTh Npubmennoit BeJauunHnt 12 700 xa). Orcionia

p=V25400 ~ 160 (ku).

IMTpumep 2. IIpoieTr KaMeHHOI0 CBOAA CUCT4BJIAET 6 4t;
crpesika ero 0,4 . OnpeaenuTs paguyc Ayri CRoja.

Ha puc. 133 (cxemaruueckom) LiL, = 6 m, EOC = 0,4 M.
Crenenp Touku O pasna p? = OL? == (—%):9. C npyroi
cropoHel, p? = EO-OD; tak Kark EO 1neBelIMKO CpaBHUTENbHO
¢ OD, mo:xno nmpunare OD = 2r, u nonyuyaem 9 ~ 0,4-2r.
OTcionia

r=-2 '11:— (m).

0,8
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§ 18, PyiuEaibuast och; PAJIMKMILHBIE LeHTp

T'eoMeTpunuecioe Mecto Touek M (puc. 134, 135, 136, 137,
138), MMEIOIIMX paBHble CTEleHUM OTHOCHTENDLHO JIBYX HAHHBIX
oxpyuocreit Oy, O, (MK, = MK,), ectb npsimas aunusa AB,
neprneHfNKyIAPHAA K JMHNM 1{eHTPoB.

dTa NpAMas Ha3bBaeTcA paduxaabHoll ocbio Kpyros O,
u 0,. Paccrosinusn d,, d, pajnkaabHoit ocu ot nentpos Oy, O,

B

=

Puc. 136. Puc. 137.

JIANNLIX  ORPY#HOCTel MO0 BHYMCIUTE N0  QopMyiiam

a , ri—r3
dl = ()IN = .—2—+ l?d—’
. I ks
dy = NO, =t =557
e d ecrb paccrosnne 0,0, Memy LEeHTpaMU KpYroB, a ry
n r, — papnycul xpyioB. I'opasgo mpoiie HaliTH paguKadlb-

1yi0 0Ch C ToOMoIlbI0 11ocTpoenuns. Ecau okpyxHocTH O; M
0, nepeceraiotcst 1 Tourax C, D, To KaskEas U3 3THX TOYEK
UMeeT HYJIEBYIO CTCHEHh OTHOCMTEJbHO 000MX KpYroB M, 3Ha-
4YUT, pajuKaibliasg och npoxomut dyepes C u D (puc. 136).
Ecmu okpysnocti kacaores B tTouke C (pume. 137, 138), To
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PalMKaJbHOM MX OCBIO CIyHMT o6mas KacaTeiabHas. Jlias
HenepeceKaIUMXCA KPYroB PajUKaJbHYH 0Ch MOMKHO HaiTH
rak. [Tocrpoum (puc. 139) BcroMoraTeibnyio okpy ¥ uocth Oy,

Puc. 138. Puc. 129.

nepeceKawolylo okpyxHocts O; B Toukax C, D u okpym-
Hocte O, B Toukax E, F. Ilpamsie CD, EF cyTh pajuKadb-
HBle OCH JIByX map oxpyskHocreit O,, O3 u O,, O;. Iloaromy
TOYKA WX TepeceieHMA P mMeeT OXMHAKOBYIO CTeNeHb OTHO-
curenntio O;, O, a Tawme oTHocUTedbHO O,, O, 3Hauut,
OHA MMeeT OJIMHAKOBHIE CTeNmeHM OTHOCHTENBHO O U O,,
T. €. JIeMUT HA DPAAMKAJILHONK OCH JBYX HAHHBIX KPYrOB.
Haiins taxum ke o0pasoMm ellle oJHYy TOUKY MIM OMYyCTUB
nepnengukyasap PN us P na 0,0,, naifieM UCKOMYIO pajH-
KAJbHY!0 OCh.

9TO paccy’kfieHre TIOKA3LIBaeT, UTO TPU PagMKaJIbHbIE OCH
mo0BIX Tpex momapHo B3ATHX KpyroB O,, O, O; mepece-
KQIOTCA B OJTHON TOYKe. JTAa TOYKA HA3BIBAETCH padukaibHulm

Pue. 140, Puc. 141,

yewmpom Kpyros O,, O,, O,. B uacTHocTH, TpH 0oOlINe XOpIAK
Tpex TONapHO llepeceKalolMXcad OKpysKHocTelr (puc. 140)
nepeceKawTcss B opHoit Touke. Tpu obmume KacaTeJdbHBIE
Tpex NOMAapHO KacawIUXes Kpyron (puc. 141) Toxe mepece-
KAITCSI B OXHOIT TOuKe..
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§ 19. BitncakHble H onMcaHHbIe MHOTOYTOJbHHRH

Bhucanuolm ¢ Kpye MHO20Y20AbHUKOM HABBIBAETCH TaKoli
MHOI'OYTOJIBHUK, BepUIMHLI KOTOPOr'o JIeaT HAa OKPYIKHOCTH
(puc. 142); onucanmvim okoao KEpyea  MHO020Y20ALHUKOM
HA3BIBAETCHA TAKOI MHOIOYroJIbHUK, CTOPOHBI KOTOPOro Ka-
CaloTCA OKPYKHOCTH (puc. 143).

OnucanKoil 0K0AO MHOZOYSOABHUKA OKDYXCHOCMbIO HA-
3EIBAETCA OKDY?KHOCTb, NPOXOJAINAA 4Yepes ero BepUIMHBI
(puc. 142); enucanroli 6 MHO20Y2OALHUK OKDYMCHOCMBIO HA-
3BIBAETCA OKPYKHOCTh, KACAOUAACA ¢ro cTopon (puc. 143).

& C

R Puc. 142, Puc. 143.

Ecin MHOroyroJsuui B3AT NPOM3BOJIBLHO, TO B 1iero Hejb3f
BIMCATh M OKOJIO HEro HeJbid OlMCATh OKpY#HHOCTb. B ciuy-
4yae TPeYroJbHMIiA BCErfia MOXKHO TOCTPOUTHL KAK BIHCAll-
HYI0, TAK M oliMcannyio okpyxuocts (em. IV, A, nm. 20 —-21
ulv, B, 9).

Paduye r snucannozo kpyza BHPAIKAETCA Ueped CTOPOHB
a, b, ¢ Tpeyronbnuka goprynoi

(P=a)p=b)(p=¢) (n= ,a.t!1+_c_)

9
Paduye R onucannozo kKpyza wupamaercs §Qopmynoit

S |
Wp(p-a)p-bp-0)

B yeTHpexyrolbHuK OKpYKHOCTb MOKHO BIUCATH JIMIIb
B TOM Cilyyae, eClid CYMMLI ero NpOTHBONOJIOMHBIX CTOPOH
OJMHAKOBHI; M3 BCEX MapaljelorpaMMoB Julb B poM6 (B yacr-
HOCTH, B KBajIPAT) MOIMKII0O BOMCATh OKpYHHOCTb. LleHTp ee
JIeHNUT Ha JiepecevyeHny JUaroHamtei.

OKOJI0 4YeTHIPEeXYroJNbHHKA OKPYKHOCTh MOIKHO OMHUCATh
IMWbL B TOM CJyyae, ecIM CyMMa INPOTHBOMOJOMHBIX YIJOB
paBHa 180° (ecau dTo ofHapyKeHO MJIA ONHOK Maphl MpPOTH-
BOJIeAIIMX YyIi0o8, TO Apyrada napa HenpeMeHHO COCTaBHUT
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B cymMe Talie 180°). M3 Bcex napadiellorpaMMoB JHIIb OKO-
JI0 NIPAMOYT'OJILHUKA (B MaCTHOCTH, KBAJ[paTa) MOMHHO ONUCATh
OKPYKHOCTb; HEHTD ee JICHHUT HA MepecedenUU AUArONATel.

OKoJlo Tpamneuuyd MOIKHO ONUCATH OKPYHKHOCTH TOJBKO
TOrKa, KOrfa oHa paBHoGouHAas.

B euninykaom uemuiperyeonviiuke, GnUCAnIOM 6 Kpye,
npoussedenue duazonareii pasio cymme npoussedenuii npo-
mugonoaoncrulz cmopore (teopema IItonemen). Ha puec. 142

AC-BD = AB-DC+ AD-BC.
§ 20. IlpaBHIbLHBIE MIIOTOYTOALHMKH

Hpasuabrsili mHozoyzosbliuk — MHOTOYToJbBHMK € PpaB-
HuIMM cTopoxaMu u yraamu. Ha puc. 144 u 145 usoOparncenn
NpaBHJIbHBIE LIECTUY FOIIBHUK M BOCBMUY roJbHUK. 11 paBuibHbI

B J
R

A 55
4
Puc. 144, Puc. 145,

YeTHIPEXYI'0JIbHUK €CTh KBALPAT; IPABMIBHLIA TPEYrOJIBHMK —
paBHocTOpoHHMi. HKakablif yroJs npaBMIBHOTO n-yroJbHUKA
180°(n—2)
paBeH ————.
n

BuyTpu nmpaBuibHOrO MHOIOYroJIbHMKA MMeeTcA Toyka O
(puc. 144), paBHOOTCTOAWAA OT BeeX ero BepiunH (OA = OB =
= OCHT. 1), — yenmp NPaBUILHOro MHOroyroipHuka. IleHrp
paBHOyJalleH M OT CTOPOH NPABUIBHOIO MHOTOYFOJbHUKA
(OP = 0Q = OR n . 1n.).

Otpesku OP, OQ ¥ T. JI. HA3BIBAKOTCH anofemamu ; OT-
pesku OA, OB u T. 1. — paduycamu TPABUILHOrO MHOIO-
YroJIbHUKA.

IMaowads npasuabHozo MHO20Y2OAbHUKA PASHA NPOU3-
eedeHuro nosynepumempa Ha anofesmy :

S = ph,
rae

p=-y (AB+BC+CD A ..., h = OP.
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OK0J10 NPABUILHOrO MHOTOYTOJIbBHUKA MOMHO OLMCATL M
B HEro MOMKHO BIMCAThb OKpY#HoCTb. LleHTpHl BIMCaHHOH M
ONMCAHHOM OKPYKHOCTH JIeMaT B LIeHTPe NPABHJIBHOr0 MHOIO-
yroapHuKka. Paguyc omMCaHHOK OKpYMHOCTH €CThb Ppajuyc
NPaBMJIBHOI'0 MHOrOYIOJIbHMKA; PagMyC BIMCAHHON OKpY -
HocTu — ero amnofema. ([locTtpoenme BmucauHBHIX M omMcan-
HHX MHOroyroibHukoB cM. 1V, A, nn. 30—38.) Cropona b,
NPaBUJIbHOr'0 ONTMCAHHOTO MHOFOYTOJIbHMKA BHPAKaeTCA yepes
CTOPOHY a, NMPAaBMJIBHOI'0O BOMCAHHOTO MHOrOYroJIbHUKA C TeM
3Ke uncioM cropou Gopmyoit

b, = Ran: ‘/R"—%- a, (R-— paanyc Kpyra).

CropoHa a,, NPABUIBHOI'O BHHCAHHOI'O MHOIOYrOJIbHMKA
¢ YIBOEHHHLIM YUCJIOM CTOPOH Bbipaiaercs vepe3 a, dopmy-
Jaon

ag = | 2R2- 2R} R:— 1 af.

Caepytomne QopMysibl Jal0T BBHIPAMKEHMA COOTHOUIEHMl
MEHAY CTOPOHAMU HEKOTOPHIX NPaBAJIbHBIX BOMCAHHBIX MHOTO-
YIOJBHUKOB M PafMycoM Kpyra:

ag=RV3 ~1,7321 R;
a, =RV2 ~1,4142R;

ag =R V%"—“’ ~ 1,1755 R;
ag = R;
ag = RV2—YZ ~ 0,765 R;

a1 = R ﬁg‘— ~ 0,6180 R;

ap = RV2-V3 ~0,5176 R;
a5 =+ RIV10+2/5 V3 (Y5 -1)] ~ 0,4158 R.

BhlparkeHns [UIA aj, a4, @ 4aCTO NPUMEHAIOTCA Ha NpaK-
THKe; UX KeJaTeJbHO NOMHHMTB; BHYMCIEHHEe CTOPOH OCTaJlb-
HHX MHOTFOYroJIbHMKOB yRXoGHee Bcero nmpouaBofuTh mo ¢Qop-
MyJaM TpuronoMerpuu (cM. V, 13) ¢ momompio Tabanu. dan
GOMNBINMHCTBA MHOFOYTOJbHMKOB OTHOLIEHMA a,:R He MoryT
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ObiTh BbIpaXKeHH B Bujle alrebpauyeckux GopmyJt gae ¢ 1o-
MOILBI0 HAPOMOMKIEHNA PafUKaJOB.

II p u M e p. MoxkHo it u3 OpeBHA, MMEIOILEr0 MONMEepeYHNK
40 cm, BHIMWINTE KBAJApPATHHIL Opyc MIMPUHOM
B 36 cm?

)4
ITonepeunoe cedenme OpeBHA MOMKHO MHpH-
HATH 32 KPYr pajguyca ” \
40
R=42 =20 (cm). \/

HanGoupuiuM KBagpaToOM, MOMeIIAIIUMCH
B Kpyre, ABJIfeTCA KBAafApaT, BIUCAHHBII
B Hero. Ero cropona AB (puc. 146) pasna 20¥2 ~ 201,41 ~
s 28 (cm). Ioaromy Gpyca mmpumoit 36 cu n3 GpeBHA BHI-
NUINT 11€Jb3A.

Puc. 146.

§ 21. IImomapm INIOCKUX PHUryp

B stom maparpade coOpansl BaHueifiune (opMmyssl KJs
Iouiazeit S MIockux QUryp (HeKOTOphle M3 HMX OBLIM IIpH-
BeeHBI B COOTBETCTBYIOIUX naparpadax).

Headpam (puc. 103 na crp. 278). a—cropona, d — nua-

I'oHalb;
S =a = @
=5

ITpamoyzoaviur (puc. 101 Ha crp. 278). ¢, b — CTOPOHHL:
S = ab.

Pou6 (puc. 102). @ — cropoHa; dy, d, — mUaroHa u; &« —
OMH U3 YIJIOB (OCTPBI MiIM Tymoi):

Iapaasenozpamm (puc. 100 Ha ctp. 277). @, b  CTOpOHH;
o« — OOWH M3 YrioB (OCTpHIA Muu Tymoit); h —
BBHICOTA!
S = ah = absin a.
Tpaneyus (puc. 104, 106 ma crp. 279).
a, b — oCHOBaHMA; h — BHICOTA; ¢ — CPegHAA
JUHUA:

Puc. 147,

§=220p =ch.

Jw6oii uemupexyeoavnuk. dy, d, — puaroHaiu; o — yroi
Meuspy Humu (puc. 147):

S =+ dydy sin a.



296 IV. B, IWIAHUMETPHH

YeThlpexy rolibHUK, 0KOIO0 KOTOPOIO MO0 OHUCATD OLpY Hi-
Hocrs (IV, A, 22). a, b, ¢, d — cTOpOHBL:
atbte+d
p=—=
S=V¥(p—a) (p=b) (p—c) (p—d).
I pamoyeonvrvii  mpeyeoavrur  (puc. 93 na crp. 275).
a, b — KarteThl:

.1
.S——i—ab.

Pasnobedpenrnic mp-k (puc. 77 na crp. 271). ¢ — ocuo-
Banue; b — OokoBasi cTopona:

LA e
.S——g—al/b —"7‘".

Pasnocrmoponnutc mp-x (puc. 78 na crp. 271). ¢ — cro-
poHa:

. 1 .7
§ = W a VJ.
Jwboit mp-k. a, b, ¢ — CTOPOHbI; ¢ — ocHOBalME; h - BbI-
cora; A, B, C — yriel, JeKaiuue UpoTUB cTopoH «, b, ¢;
b+c
p =" (puc. 148):
1 1 s atsin BsinC o h*-sinA
S__Sl_ah_Tabsm(’— 2 sin A T 2sin BsinC

=Vp(p—a) (p=b) (p—c).

Mrnozoyeoavrur, IIOIWANL KOTOPOro Tpebyerca HalkTH, pas-
GuBaeTcA J00LIM 00pa3oM HA TPeYrodBHMKY (HapuMep, AMaro-
Haaamn), MHOroyroJbHNK, onucamiblii 0KOJIO Kpyra, ymobuo

A 2y )
27X ‘
I !
Puc. 148. Puc. 149.
pa3buBaTh NPAMBIMM, HIYIIMMI OT LEHTPA KPYyra K BepLIMHAM
MHOroyroabuuita (puc. 149). Torga moayuaem:
§ = rp,
Ijie r — pamgMyc Kpyra, p — HoJynepumerp.
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B yacriocru, ata Gopmyia umMeeT MeCTo I BCAKOro mpa-
BHJILIOI'O MHOT'OYFOJIbHUKA.
I pasuavieviii wecmuyeoavrur. @ — CTOpoOuA:

S = :f— V3 at
Itpye. d — jmamerp; r — pajuyc; C — JJIMHA OKPY HHOCTH:
§= 5 Cr=mr(~3142r%) = -9 ( ~ 0,785 d2).

Cekmop. r — pajuyc; n — rpajycias Mepa LieHTPaJbHOro
Y13, ppe — JJluba gyru (puc. 150):

Gty
OF g P = g
oy
0\_-_.: %3
Puc. 151, Puc. 152,
K pyeosoe koavyo. R, r — puemnunit ¥ BHYTpeuHuit pa-

jmycel (puc. 151); D, d — BHemHuit ¥ BHyTPeHHMIA 1MaMeTpHI;
r — cpeaHMit paguyc; k — LIMPUHA KOJBLA:

S = a (R:—r) = - (D*-d?) = 27Tk.

Ceemenm. 1liomans cerMedTa (puc. 152) HaXOAMTCA Kak
pasHocTb miomageil cexropa OAmB n tp-ka AOB.

§ 21a. IIpudauskennan gopmyina MIOLIAJH CerMEHTa

Ha npakrtuke uacro TpeGyeTca HallTH MIIOLIAfb CErMEHTa,
JIAHHOTO HA YepTexe WM B HATY pe, TPHYeM HEU3BECTHO, KAKYIO
YacTh OKPYMHOCTM COCTaBJfeT Ayra cerMeHTa M KaKOB ee
panuyc. B Takux ciayuyaAx moidb3yloTcA ciegylomelt mpubiu-
weHHoi $opmyoit

S < 3-ah,
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rie ¢ = AB (puc. 152a) — ocuosauue cermeuta, h = CM —

ero BhICOTA. VIHLIMM CIIOBaMM, CYMTAIOT, UTO CEIMEHT IO IJIO-
2

iafu paBeH - npaMoyronbuuka ADEB. Ha camom pese nito-

SN—
I3k CerMeHTa HecKoJbKo Goibure. Ilpy AB = 60° orHocu-
_—
TeJIbHAA NMOrPeUIHOCTb GopMysl cocTasisiet 1,5%, npu AB =
SN—

= 45° oHa BHBOe Menbiue, npu AB = 30° oHa cocTapiser
0,3% ¥ B majbHelilleM CHUMAETCA elle GEICTpee. '

v/ M £
A c V4
Puc. 152a.

Il p umep. Haitrn wiomans cermenta AMB (puc. 152a),
Y KoToporo ocHoBanue a = 60,0 .wa, a BoicoTa b = 8,04 mm.

Pemenne. S~ > -60,0:80: ~ 321 (wnt). Opuaro

TpeThA Ludpa 3aBefoMo HeBepHa, Tak Kak jyra AB (aro
BUJIHO Ha TJIa3) COMEeP:KUT NpuMepuo 60° u, 3HAYUT, MOrpeui-
HOCTh (opMyJs cocTaBiuAer 1,5%, T. €. NMPUMEPHO 5 mm:.
Ecan cpenate COOTBETCTBYWOILYIO MONPAaBKY, TO HalifieM, 4TO
S =~ 326 mm?. 3geck Bce nUPpLHI BEpHHI.

B. CTEPEOMETPHUA

§ 1. O0wue 3amMeyaHus

Cmepeomempus M3yyaeT reoMeTpUUeCKHe CBOHcTBA MNpo-
CTPAHCTBEHHHIX Tell M ¢uryp. IIpu peiteHun crepeoMerpuye-
CKMX 3a/lay Ba)KHEHLIMM INpHEMOM FBJAETCA PAacCMOTpeHHe
NIOCKNX JMHUHK U QUIyp KAaK TeX, KOTOpHE HEmoCPeICTBeHHO
06HapyXMBAIOTCA B M3y4YaeMOM NpefiMeTe, TAK U TeX, KOTopble
CTPOATCA B KauecTBe BcroMorartesbHbiX. [1oaToMy oueHb BaM<HO
HAYYMTBCA PACIO3HABATH M BBHIAEJNATh B IIPOCTPAHCTBEHHBIX
obpasax pasHooOpasHkle MIOCKHE QUTYDEHL
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§ 2. OcHOBHbIEC NIOHATHA

Ilogo6Ho ToMy Kak B NJAHMMETPUMU M3 BCeX JIMHUI oco-
GeHHO BbIJeNIAeTCA NpoCTeiflllaA JIMHUA — NpAMafd, B CTepeo-
MeTpUU U3 BCeX TOBepXHocTelt 0co0eHHO BHeAETCA INIO-
CKaA TI0BEPXHOCTb — naockocmbs. Ilaockocmv U npamasn
Aunus — OCHOBHBIE DJIEMEHTL! CTEPEOMETPHH.

Yepes ecakue mpu mouwku npocmpamcmea, He JaexHca-
wue Ha O0OHOU NDPAMOU, MONCHO nposecmu O00HY U IMOALKO
00ry naockocms. Uepes Tpu TOUKM, JieMallMe HA ONHON NMpA-
MOit, MOKHO IpoBecTH (ecuucIeHHOe MHOMKECTBO IIIIOCKOCTeif,
obpasyomux nyvox MIOCKOCTel; MpAMasd, Yyepe3 KOTOPYIo npo-
XOAT BCe MIOCKOCTH MY4YKa, HA3BIBAETCA €I'0 0Cbio.

Uepes m06yio NpAMYIO U He JIeKallylo HA Hell TOUKY MOMKHO
NPOBECTU OFHY U TOJBbKO OAHY NIOCKOCTH.

. Uepes aBe npsiMble MIOCKOCTh MOMHO NPOBECTH He BCerja.
llBe mnpAMble, 4yepe3 KOTOpHIe HeEJNb3fA INPOBECTH IIIOCKOCT,
HA3bIBAIOTCA CKPEUUSAIOUSUMUCH.

ITpumep. IopusoHTasNbHAA NpAMAx, HayepuyeHHadA Ha
0/IHOIt CTeHe KOMHATHI, ¥ BepTHUKAJbHAA NpsAMac, HauyepYeHHAA
HA TPOTUBOMOJIOMHON CTeHe, ABJIAIOTCA CKPeIMBAOILMMUCAH.

CxpeuiuBalolINecs NpsAMble He NepeceKaloTcs ApYr ¢ Apy-
roM, CKoOJbKO OBl MX HHM IIPOJIOJIMATH, HO MX He HA3LIBAKOT
NapaJlllebHBIMY.

Iapanseavrvimu HABLIBAOTCA TOJILKO TaKue J(Be Hemepe-
ceKallinecd NpAMble, uepe3 KOTOpble MOMKHO NMPOBECTH ILIO-
ckocth (cp. 1V, B, 11).

Paanuune mexay napaineabHbIMU NPAMBIMU M CKPELIMBAIO-
IUMHUCA HArJIARHO XapaKTepuM3yeTCA TeM, 4TO JBe mapaJ-
JleJibHBle TPAMBIE MMEIOT OJHO M TO e HamnpaBJleHHe, TOTAa
KaK HanpaBJeHUA CKPeUIMBAIOIIMXCA NPAMBIX DA3IUYHBL

Bce Touku opHOi mapanielbHON NpPAMON HAXORATCA HA
OIMHAKOBOM DAaCCTOAHMM OT APYroit (pacCTOAHHE M3MEpAETCA
Mo TNepneHAUKYJIAPY), TOrAa KaK TOYKM OAHON M3 CKpeIUBalo-
WMUXCA NpPAMBIX HAaXOAATCA HA pasiud-

HBIX PacCTOAHMAX OT JPYTOH. Sy, of

Yepes nABe nepeceKaoluuecs NpAMble
BCerfla MOMHO NPOBECTH ORHY M TOJIBKO
ONHY MJIIOCKOCTD. U —

Paccmosnues mexncdy Osyma cripewu- e
8AIOWUMUCE NPAMBIMU HA3LIBAETCA [JIMHA
orpeaka MN, coegunsioniero Guusaifumne
ApYyr K npyry Toukm M u N (puc. 153),
Jlealie Ha CKpelupalomuxcAa npaAMbX. Ilpaman MN
TIePNEHANKYIAPHA K 00eUM CKPelBaIIUMCA NPAMBIM,

- oo b oo’

Puc. 153.
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Paccrosinne Memjly INapajulelbHBIMU HPHMBIMUA  olpele-
JISIeTCA, KaK B MJIaHMMeTpuu. PaccrosHue Memuy Icpecekaio-
UIMMMCA MPAMBIMH CUUTAETCA PABHBIM HYJIO.

JIBe MIIOCKOCTH MOIYT HepeceKaTbCA (MO NMpAMOI JMHUM)
uiM He mepecekaTbCA. HemepecekawomuecAa mIOCKoCTHt Ha3bl-
BAIOTCA napaanteabHblmu.,

Ilpamana u niockocTh Takke Jub0 IMepeceKaloTcA (B OAHOM
TouKe), MMbo He NepeceKalOTCA; B MOCHeHEM cllyyae FOBODAT,
UTO NPAMAA NAPAAAEABHA NAOCKOCMU (WIM YTO IJIOCKOCTb
napaJijielbHa NpAMOIA).

§ 3. ¥Yrawt

Yeon mexncdy deyms nepecekaiowpumuct npamoimu U3Me-
pAeTCcA TaK e, KAK 9TO JAellaeTcA B NJaaHuMerpuu (uGo 4de-
pes ABe Takue NpPHMble MOMHO IPOBECTH MJIOCKOCTb). Yeoa
MeNCOY NApattesblblmu NPpAMbMU CUUTAETCH DPABHBIM HYJIIO

A
¥ £
¥ T
0 6’4 K:F/@/
\3
M 8
Puc. 154. Puc. 155, Puc. 156.

(nam 180°% cm. 1V, B, 11). YVeon mexncdy crkpewusarwpumucs
npamvimu AB u CD (puc. 154)') onpepenserca Tak: yepes
a6yl Touky O mposofar ayun OM || AB u ON || CD. Yroa
Mexay AB n CD cuumraercAa paBHwM yray NOM. Hpyrumu
caoBamu, npAaMbie AB u CD nepeHOCATCH B HOBOE IOJIOMe-
HUe @apajleibHO caMuM cefe [0 IlepeceYyeHUA MX Jpyr
¢ apyroM. B uyactHocTM, MOo#HO O B3ATh HA ORHON M3 mpA-
Mux AB, CD, Kotopad TOra OCTAaHeTCA HeNMOJBHMKHOM.
Ilpamaa A B, nepecekawoasa mnjockocts P B Touke O,
oGpasyer ¢ pasauyneiMu npamsivu OC, OD, OE, mpoBefieH-
HBIMM Ha NJockocT# P yepe3 Touky O, BooOlile roBops, pas-
auyHbie yrael (yrast AOC, AOD, AOE, puc. 155). Ecan
OHA NepHeHAMKYJApPHA K [ABYM TaKUM INpPAMBIM (HampuMep,
OE, OD), To oHa NepneHAUKYJApPHA M KO BCeM APYIMM IpA-
MuIM, npoxopAawuM yepes O (nanpumep, OC). Torga npamyio

1) Ha npaAMoit AB (M 1a upAMoit CD) MOKHO 110 1IPOM3BOJIY YCTaHO-
BUTb HanpabjieHHe: oT A K B uiu or Bk A (ot C x D uau or D K C).
B nepsoM cayuae npamy 0603Ha4aloT A B, BO BTOPOM BA,
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OA (puc. 156) Ha3BIBAIOT nepnendukyaapholi K mIockoctn I,
a MIOCKOCTh P — TepneHAMKYJIAPHON K npaMolt OA.
ITpamoyzonvroii npoeryueii (MIH TPOCTO HpoeKInedt)
mouku A na naockocmdy P HaspiBaetca ocHoBanue C nepren-
AMKYJApa, omyulentoro u3 Toukn A na rutockocrs P. Il pock-
yus ompeska AB na naockocms P ectb otpesok CD), wonnamu

, M_WN
) /
(A
Puc. 157. Puc. 158, Pue. 159,

KOTOPOro CJY AT MpoeKuuu Koumon orpeska A B (pue. 157).
ITpoexTupoBanue ecTh OZMH M3 OCHOBHBLIX 1IPUEMOB reoMe-
TpUYecKoro uccienosanus (cm. 1V, B, 4). C nomompio npoek-
TUPOBAHHA ONPeIeNIAeTCA Yroll MeKAy NMPAMON M NIIOCKOCTHIO.
Yanom mencdy npamoii OA w naockocmovro P HasviBaeTcH
yroJ, obpasyemuiit npamoit OA u ee mpoexuue#r OB Ha nio-
ckocte P (puc. 158). Ecau npamMaa MN napaiieiibHa mio-
ckocru P (puc. 159), To oHa napaJjutesIbHA CBOeHl MPOEKIMH M
(ocTpriit) yrom memjuy MN um niockocteio P
CUMTAETCA PABHLIM NYJIO. T4
Ourypa, o0pasoBaHHAA JBYMA HOJYIIO-
crocTAMM P M Q, HCXOHSALIUMH M3 ORHOIN /{()d/ﬂ/
npamoit CD (puc. 160), HasbiBaeTcA Jey- 5
eparnnbim  yeaom. lipamasa CD HassiBaeTcs

pe6pom RBBYrpaHHoOro yria; miockocru P u Q /A
Ha3bLIBAIOTCA €ro 2paHimu. ¢
Ilnockocts R, meprnenmukyisapnasd k ped- Pue. 160.

py ABYTPaHHO'o yriia, B nepecedeHiy C rpa-
uAMH P n Q paet yron AO B, HasLIBaeMUIA auneiinblm Yyeaom
ABYTPAHHOTO yrJa.

3a mepy RBYTPAHHOrO yrJjla NPUHHMMAIOT BeJIM4YHMHY ero
auHeliHoro yria. Bmecro «wepa yByrpasHoro yria ectb 30%
FOBOPAT (IBYTPRUHLIA yroJ pasen 30° u T. 1.

YacTo roBOpAT TaKie «yroJl MeMay ABYMS IIJIOCKOCTAMM»,
nofo6HO TOMY KAaK B INIAHUMETPU! TOBOPAT «Yrodl MeMIy
ABYMA mpAMbiMip. Ilpu aToM uMeeTcAa B BHAY OJUH M3 YeTH-
pex yrioB. o6pasoBaHHBIX ITOCKOCTHMKM (0OBIYHO OCTpHI)Y).

1) BepTUKAIbHBIE U CMEsKHEIC jIBYMPANHBIE YINILI OUDENeJAITCA TaK
e, KaK BEPTUKANbHLIE K CMEHIHLIE VIVILI ME1Y NPAMBIME. BepTHKaIL-
Hble IBYTPAaHHbIE YMNIBI PABHLI UDYT JIPYTI'Y; CMeKHLIC B CYMMe COCTaBJIAKIT
180°.
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Yeon (ocTphiit) wmeoncdy deyma napasseablblmu NAOCKO-
CcMAMU CUNTAETCA PABHBIM HYJIO; B IIPAMOM CMBICJIE MBI 3A€Ch
BOOOILE He MMeeM yrila.

IBe niockocru, ofpasywline Jpyr ¢ ApyroM npaMoit
YroJl, Ha3bLIBAIOTCA NEPREHOUKYASPHbIMU.

Vran, obpasoBaunble AByMsa npameiMu AB u CD, cooT-
BETCTBEHHO MepINEeHANKYIADHEIMU K IJockocTAM P nu

(puc. 161), paBHH yriaam Memway P
4 D U Q (ocTpele — OCTpPHIM, TyNble —
tynuiM). 1loaTomy Mepy yria memuy
JBYMS TJIOCKOCTAMH P U Q MOIKHO

ONpeAeNUTL ele MHAYe, & MMEHHO
M KaK BeJMYuHy yria, oOpasoBaHHOro
npameiMu AB u CD.
77
§ 4. IIpoexnmu

VALY 2 Ha naockocmb MOMHO TIPOEKTH-

poBaTh He TOIBKO NpPAMY, HO M

Puc. 161. Mo0yo MU0, KaK YMeUlaollyoca

B KaKoi-mubG0 IIOCKOCTH, TAK U

He ymewarmomyocs. llycts ABCDE (puc. 162) — kakasn-

Hubyap JuHMA (KkpuBasg uam JoManas). DBymem mnempe-

PHIBHO NEpeJBUraTh TOYKY BioJh DToM Junum. Horma Touka
Oypmer B3anuMarte mnodosmenust A, B, C, D

M T. J., ee npoexkuusna (I'V, B, 3) Gyuer, nepe- 1 ﬂ £
MeIasACh, 3aHUMATh NOJOMeHusA a, b, ¢, d /73 P
u T. K. Junus abede, onvcauHas npoexymeit 2P
aBukyuieica 1o guauun  ABCDE  Touxw,
Ha3bB2eTCA npoekyueil Juuun A BCDE. :
@opmMa mNpoeKUMH, XOTA CAMA M 3ABUCHT Puc. 162.

BCeUeso OT (GOopMbI NpOEKTHPYEeMOW JMHUH,

He omnpefienser (opmy npoexTHpyemoit unuun. Ho ecam
M3BECTHBl 1POEKIMH Hekotopoit mmuuu ABCDE na dse
naockocmu, TO ITUM omnpeielisieTcsi!) M (opMa camolf Ju-
uun ABCDE. 3rtor QaKT JeKUT B ocHOBEe METO/Ia 1axepina-
meabHol eeomempuu, B KOTOPOii reoMeTpuyeckas durypa
M3Y4aeTCA C IOMOILBIO ee NDOCKINIT Ha JABe B3AUMHO IepheH-
AUKYJIAPHLIE MIOCKOCTH.

Ilpu npoexTnpoBaHMM JIHHMY HA MNAOCKOCTH (opma ee
noasepraercA usameHenuio. Tan, HaiipuMep, eciau CIPOEKTH-
poBaTh Ha MJOCKOCTh P Kpyr (puc. 163), mI0CKOCTb Q
KOTOPOTO He Mapajielblia IJIOCKOCTH P, TO B HPOEKIUU
MOJIYy4aeTCa OBAJBHAA KPUBAH, HABLIBACMAS AAUNCOM.

‘) 3a HCKIIUEHHEM HEKOTOPHX 0COOLIN €31y 1A€B PACITOJO sReHIST JIMITIM,
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Ecan 3aMKHyTas JUHUA, JeKallad B INOCKOCTA Q, HpoeK-
TUPYETCA 1A INIOCKOCTh P, To IJlomajp .§,, OrpanMyeHHas
IPOEKLHEN, CBA3aHA ¢ ILIOWAALIO 5, OrpAHUYCHHON IIPOEKTH-
pyemoit Gurypoit, cooTHonenuem

S, = Scosa,

rje « — yroll Mexay miockoctamu P u Q.

Ananornunas Qopmyna cBA3LIBaeT NIMHY a oTpeska AB
(puc. 157 ma crp. 301) ¢ mauHoit a, ero mpoexkuuun CD Ha
MJIOCKOCTh P:

a, = acosa,

rge o — yroii Mexay npamoit A B u miocrkoctbio P,

Yacto moNe3yIOTCA TaKMEe IPOEKTHPOBAHMEM TOYEK M
OTPE3KOB Ha npamyio (ocb npoeKyui ).

ITycre umeem mpsamyio AB u touxy M (puc. 164). Ilpo-
BejieM uepes M MII0CKOCTb, NePNeHIMKYIAPHYI0 K paMoit A B.

Puc. 162, Puc. 164.

Ona mepeceyer A B B HeKoTOpoOit ToOuYKe m; TOYKA m Ha3bl-
BaeTcs npoekyueti mouwku M na npamyro AB.

ITpoextupys kouunl M u IV oTpeska MN Ha npamyo AB,
MBI FIOJIyYyaeM TOYKM m M n; OUPAHMYMBAEMBIf MMM OTpE30K
Ha3bIBaeTcA npoekyueii ompeska MN na npamyiwo AB1),
Havua a orpeska MN cpsaszaHa ¢ AJIUNHON a;, ero NpoeKUun mn
Popmymoit

a; = acos «,

rje o — yrox Mmexagly npsamsimu MN u AB. Hpoexuuu or-
Pe3KOB HA HPHMYIO MOMHO CYMTATH BeJMunnamu aiarebpanye-
CKMMM COBepIIIEHHO TaK #e, KaK NPH NPOEKTUPOBAHUM B Of-
Hoit nyockoctu (cm. 1V, B, 10). Torga umeer Mecto Teopema,
QHAJIOPMYHAA TUIAHMMETPUYECKOlt: cymma npoekyull 3eeHbes
AOMANON AUNUW  PAGIA RPOEKYUU 3AMLIKAIOUEZ0 Ompesrd.

1) OGpaTuUTe BHUMAHUE HA TO, UTO Mm ¥ Nn nepleHMKYJAPHL K A B,
HO B 06uUleM ciryyae (cp. puc. 153 Ha cTp. 299) He MapalJielIbHbl MeHLY
c000il: OHU CKPeuMBaIOTCH, eCNU NpAMLIe A B U M N ABJAIOTCA CKpeIlM-
BAKIIMMUCH,
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§ 5. MHororpaHublii yro:

Ecau uyepes Touky O (puc. 165) nposemen psiji 1JI0CKO-
creit AOB, BOC, COD w T. j., nociliefopaTesbHo mepece-
KaloIMX APYr apyra ne npsameiM OB, OC, OD u T. ji. (nocaej-
HAA naockocTs AOE mepecckaeT mepnyio 110 npsamoit O A), To
nojiyyeHHasaA (QUrypa HA3HLIBAETCA MHOZOZPANILIM  YSAOM.
Touyka O Ha3bIBAETCA 6epuiuroli MHOTOTPAHHOTO yrila.

IMaockocTn, o6pasyiole MHOTOrPAHHBIN YroJl, Ha3blBAKOT-
CA er0 epanamu; NPAMbIE, IO KOTOPHM IEPECEKaIoTCA MOCIIeN0-
BaTeJIbHBIE, DA, HA3LIBAIOTCA pefpamu MHOFOTPAHHOT O yrJa.
Vrau AOB, BOC v T. i. HasbiBAIOTCA €r0 NAOCKUMU Y2AAMU.

Haumensiiee 4ucio rpaHeif MHOTOTPAHHOrO yrila — TpH
(mpexepannviii yeoa, puc. 166). Kamuplif niaockunit yroa Tpex-

g 5-
0

4 c A 8
£ J ¢

Puc. 165. Puc. 166. Puc. 167.

TPaHHOro yrja Meublie cyMMol M GoJibille Pa3HOCTH JIBYX JIpY-
rUX MIOCKMX YIJIOB.

Ceuenne MHOrOrpaHHOI'0 YIJIa TNIOCKOCTHIO (1i€ IPOXOfiALLei
yepes Bepliniy) ecTb MHOroyroibuuk (A BCDE na puc. 165) 1).
Ecau on BBINYKJBIA, MHOPOTPAHHBI YroJi HA3LIBAETCH 6¢ulny-
Eablm. B evinykaom minozoepaniom yeae cymma naockuz
yeno06 He npegocrodum 360°.

TlapanseiibHbie TIJIOCKOCTH OTCEKAlT Ha pebpax Mioro-
rpaiHoro yrja (puc. 167) npomopIMOHATBHEIE OTPE3KH
(SA:8a = 8SB:S5b m Tak panmee) M oOpasyor momobibie
MHOTOYTONbHUEN (ABCD n abed).

§ 6. MHoOrorpaHHMKH; NPU3Ma, Mapajlielenue]l, NupaMma

MuoeozpanHukom Hasvieaemen meao, 2paHuya K0omopo2o
cocmoum u3 Kyckos naockocmell (MHO20YeobHUKOS). OTH
MHOTOYTOJIBHUKHN HA3BIBAIOTCA 2panAmu, UX CTOPOHBI — peb-

1) B ajleMeHTapHOii FeOMETPHM PACCMATPNBAOTCA TOJILKO TaKie MHOT 0-
TPaHHbIE Y™Ib, Y KOTOPHIX KOHTYP A BCDE He MMeeT caMonepeceYeHuii.
IIpocToil MHOTOrpaHHBIA YroJl BHJIEJHET YacTh 1iPOCTPAHCTBA; €€ TaKie

Ha3lil%algl‘ MHOI‘OI"paHHbIM yriaoM. 06 M3MepeHMH MHOrOTPaHHLIX YIIIOB
M
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pamu, UX BEPUIUHLL — eeputunamu miwozozparnura. OTpesKH,
COeIMHALIME [(Be REPIIMHBI, He Jedaulde Ha OQHOW IpaHM,
HA3LIBAKTCH  duazonaamu  mnozozpannuka.  Bunykasim
MHOrOI'PANIIMKOM HA3LIBAGTCH MHOTOUPAIIMI, BCe JIMATOHAIH
HKOTOPOI'O JIeMAT BHYTPU Liero.

ITpusmoli (puc. 168) Ha3HIBAETCH MHOIOIPAHHUK, Yy KOTO-
poro fpe rpaun ABCDE wu abcde (ocHOBaHUA NpUSMH) —
paBHBIE MHOIOYTOJIBHMUKU € COOTBETCTBEHHO HAPaJIieIbHBIMU
CTOPOHaMH, a Bce ocTajbHble rpanu (AebB, BbeC u T. 1.) —
napasilesorpaMMel, TIIOCKOCTH KOTOPHIX NApallebHEL ONHOK
npamoit (Aa, unu Bb, uian Cc nt. 1.). llapannenorpammst A Bba,
BCcb ¥ T. A. HA3BIBAIOTCA G0KOGbIMU
epanamu. Pe6pa Aa, Bbu . 1. Ha3bI-
BAIOTCA 60Kogbimut. Buicomoii NpU3MBbl
HA3BIBAETCA MepHneHfuKyJIap Mm,
onyueHnbIf U3 Mo6oii TOUKN 0FHOro
OCHOBAaHMA HA IIOCKOCTb JIPYroro.
Ilpuama HasbIBaeTcs1 TPEYroJbHOU,
YeTHIPeXYroJIbHOM M T. X., €MOTpA
M0 TOMY, JIeMUT JM B OCHOBa-
HUM TPEYTOJBbHIUK, YeTHIPeXY '0TbHNK
uT L

Ecan Gokosbie pefpa mpusmbl Puc. 168. Puc. 169.
MepneHANKYJIAPHL K  IIIOCKOCTH
OCHOBAHMUA, IPU3MA — npamas; eciln HeT — Haktonnas. Ecau
B NPAMOIt NIpU3Me OCHOBAHUEe — TNPABUJILHBIA MHOrOYTOJbHUK,
TO NpusMa — npasuadkas. Ha puc. 168 — HAKIOHHAA NMATH-
yroapHaa nmpusma. Ha puc. 169 — npaBuiibHaA IIECTHYTOdb-
HafA NpuU3Ma.

Hepnendukyanprum ceveruem a’b’c’d’e’ NpU3MBl  Ha3H-
BaeTcsA ceuyeHue, 006pas3oBaHHOe NJIOCKOCTbIO, MEPIEeHIUKYIAD-
Holt k GokoBoMmy pebpy (puc. 168).

BokoBasa moBepXHOCTb MPHU3MBLI paBHA IIPOM3BEJEHMIO Tie-
puMeTpa (p’) TMepneHIMKYIAPHOro cedeHuA Ha amuHy (I) Oo-
KoBoro pe6pa:

Soox = p'l.

Jlna npaMoit npusMbl NepneHAnKy TAPHBLIM CeYeHHeM ABJAeTCA
ocHoBaHue, GoKoBbIM peOpoM — BBICOTA h, TAK YTO

Seor = ph.

O61eM (V) npusmbl paBeH Npou3BeJeH U0 IUIOINAM MepieH-
RUMKyJsApHOro cevenus (S°) ua amauny (/) Goxonoro peGpa:

’ Vo= 8,
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i MIIOUIafin ocHoBaHuA (S§) HA BHICOTY, T. €.
V = Sh.

Hapaateaenunedos HA3LIBACTCH 1IPUBMA, OcHosalue KOTO-
poit — napaanenorpamM (puc. 170); takum olpasom, napad-
Jiejienume]] MMeeT 1lIeCTb I'paHeil U BCe OHM — IIApailIesio-
rpammsl. ITpoTBONOI04HbIE TPalli NONAaPHO PaBHBI M Mapad-
JexabHel. [Tapadiienienune/l UMeeT YeThipe AMAaroHaIM; BCe OHU
nepeceraloTCs B OJHON TOYKe M JeJNATCA B Heif monojam. 3a
OCHOBaHMe MOKeT OLITh MPHMHATA JNio0asa rpaHb;, o6beM paBel
NpOoN3BeeHHI0 MIOIAM OCHOBA-
HHUA HA BBICOTY:

: V = Sh.

[Tapanaesnenunen, yersipe Go-
KOBble 'PAHM KOTOPOro — IpH-
R 77/ MOYTOJbHUKHN, HA3bIBAeTCA npa-

a RIZIN N

ITpamoit napaanesenunen, y

Puc. 170. Pauc. 171, KOTOPOro BCe lleCThb rpane —

NPAMOYTOJLHUKY,  HA3BIBAETCH
npamoyeoavivim  (puc. 171). O6Gvem (V) npsamoro mnapad-
JlellenuIena paBen [POM3BeNeHNI0 NJoWaju ocHopanusa ()
Ha BoIcoTy (h):

V = Sh.
Js1s IpsAMOYrolIbHOrO Napaslleseniiefa, KpoMe Toro, uMeer
mecro Gopmyna
V = abe,
rae a, b, ¢ — pebpa.

Jinaronans (d) mpsAMoyroyibHoro napaJjielienineaa cBsasana
¢ peGpaMu ero COOTHOIEHUEM

d* = @bttt

HpaMoyroabHlit Iapadiiielienunes, Bce 'PaHU KOTOPOro —
KBaJIpaThi, HasblBaeTcA kyGom. Bce pebpa kyba pasubl; 061D-
em (V) kyGa Boipanaercsa GopMyoii

V = a® rae a — pebpo ky0a.

Hupamudoii n1a3pIBaeTCsi MHOTOTPAHHUK, Y KOTOPOro OfHA
rpanb — ocHogaiue UPAMUABLI — TPOU3BOJIBHBI MHOIOYI0JIb-
unk (ABCDE, puc. 172), a ocrajbHble — 6oKogble TPAHM —
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TpeyrolbHHKK ¢ oOlleit BepuIMHOIL §, Ha3bIBAEMOI 6epuiuroil
nupamusn. lepnenguryaap SO, onyuweHHb# H3 BepHIMHLI
HA OCHOBAHHe, HAJBIBACTCS gouicomoil nupamude. Ilupamuma
HA3bIBAETCH TPEYroJiblioif, YerslpexyrojpbHoif u T. /., CMOTPA
Mo TOMY, JEKUT JM B OCHOBAHMM TPEYroJbHHK, 4YeTHpex-
yroabuuk u T. X. TpeyrojibHas nupaMuaa ecTb YeThHIpeXrpaH-
HUK (TeTpavAp), 4YeTLIPEXYroJibHasi — NATUIPAHHUK M T. M.

Iupamupa HasLIBAETCA npasu.tbHoli, €CIIN OCHOBAaHUe ee —
NpaBUIbHLIN MHOTOYroJbiuK (puc. 173) m BhCOTa MAajaeT B
1eHTp ocHoBaHuA. B mnpapunbnolt nupamuge Bce GoKoBLIe

S

Puc. 172. Puc. 173. Pune. 174.

peOpa paBubl: Bce 00KOBble 'PaHUM — paBHble paBHOOeqpeHHLIe
Tpeyroabuuku. Bricora (SF) OokoBoif rpanu Ha3sbBaeTcA
anogbemoti NPABUIBHONK NMUPAMMILL.

Lorosan noseprmocmv npasuavroii nupamudn. paska

1
npouseedenuio noaynepumempa  0CHOBANUSN (-? p) na ano-
femy (a):

1
Soor = pa.

Obvem 6esikoli nupamuds. paser 001o0ll mpemu npous-

eedenus naowadu ocrosanus (S) na evicomy (h):
1
V =< Sh

Ecan n mupamuie, nposectTH ceyenue abede, mapailieds-
Hoe ocnosanuio ABCDE (puc. 174), T0 Tello, orpaHnYeHHOE
OTMM CeueHHEeM, OCHOBAHUEM M 3AaKIIOYEHHON MEMAY HUMMU
4acTel0 00KOBON IOBEPXHOCTM NMPAMUABI, Ha3bIBAeTCH Yce-
wennoii nupamudoti. Ilapajienpubie rpaHd yceueHHON nupa-
mupel (ABCDE n abede) Ha3bIBAWTCH ee ocrosanuamu; pac-
croanue Mexy uumu (00,) — evicomoii. Y ceyeHHAsA MUPAMUAA
HA3LIBAETCH npasuavhol, ecli NHPAMHUAA, M3 KOTOpO# OHa
nonyvena, Onuta npaBuibHoil. Bece GokoBBle IpaHu NpaBuilb-
HOit yceueHHOIt nUpaAMMABLL - paBible panuoGounbie TpaneLuH.
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Bericota Ff 60KOBOI rpaHy HA3BIBAETCA anoghesoli NPABHIIBHOIM
yceueHHON NUPaMMIbL.

Bokrosan noseprrocmd npasuavitoli yeewennoli nupasmudol
pasna n,pouaeeaen-uro NOAYCYMMUL nepumempos ocHosaMUli Ha
anoghemy:

Soox = %(p,-’rpg)a,

rie p;, p; — NEpPUMeTpH OCHOBaHuif; a — anmodema.

Obsem V ecaroti ycewennoli nupamuduvl pasenw mpemu
npouzeedenus uicomul 1a cymmy rioujadeli GepxrHezo 0CHO-
0AHUR, HUNCHE20 OCHOBANUL U cpedHell nponopyuoHasblioi
Mencdy Humu:

Vo= Fh(S+V 88+ 5.),

rae §, — miomaus ABCDE, S, -- nwioma;b abede, h — BHI-
cora 00;.
B uwacrhoctn, oOkem V npaBuilbHOIT YeTHIPEXYroJbHOI
yceueHHOIT HHPAMMWILL BHIpAMKaAETCA PopMy ol
, 1 2
V = 3 h(a’+ab+b?),
e @ Wb - CTOPOHLI KBAIPATOB, Je:KallMX B OCHOBAHMAX.

§ 7. Hnaunpp

Huaundpuneckoii  nosepxrocmuvlo  HA3bLIBAETCA TNOBEpX-
HOCTB, 0OpasyeMan IBnHieneM npamoii (4 B, puc. 175), coxpa-
HAKLe! 0HO M TO ke HaNpaBlicliue U llepeceKalolliel TaHHY O
nunmoe MN. Jlunust MN HassiBaeTcA ranpasasioweil, NpAMble

JIMHMH, CCOTBETCTBYIOUIME PA3IMYHBIM II0-
J0MEHUAM npAMoit A B, naseiBaloTCA 06-
pasyowumu  LUIMHAPHYECKOl  MoBepXx-

M Hoctu. Teso, orpaHMyenHoe UUIMHAPHYEC-

(] KOIi OBepXHOCThIO (C 3aMKHYTO{f Hampan-

JdAwoulel) ¥ AByMA NapajulelbHbBIMM TIIO-

A CKOCTAMM, Ha3bIBaeTCA yuauropom

(puc. 176). Yactu mapasuienbHBIX TIJIO-

CKOCTelf,  OrpaHMYMBAIOIIMX  LUJIMHAP

(ABCDE wu abcde), Ha3HIBAOTCA ocHosanuamu LUIMHADA.

Paccroanne Mex1y 0CHOBAHUAMM HA3BIBAETCA 6bicomoli WUITHH-
npa (Ha puc. 176 — MN).

TTpuama ecTs yacTHbI B UMIMHAPA (00pasyloiue napa-
JesibHBl 60KOBBIM pe0paM; HaNpaBIAKILAA — MHOFOYTrOJBHMK,
Jemamuit B ocHosaHun). G JApyrofl CTOPOHBI, MPOH3BOJIBHBII
UMJIMHAP MOMHO PACCMaTPUBATh KaKk BHIPOAMBIUYIOCA («Crila-

Puc. 175.
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JKEHHYIOD) HPUIMY C OUYeHb GOJNIBILMM YHUCIOM OYEHD Y3KHUX
rpaneit. [IpakTnyecku LMIIMHID HEOTIUYMM OT TAKON MPUBMBL.
Bce cBoiicTBa NPU3MbI COXPAHAKTCH M B INMIIMHIPE (CM. HUKe).

Huauugp — npamoii, ecau ero obpasyiouiue mepneHj(uKy-
JIAPHBL K OCHOBAHUIO; B HPOTHUBHOM CIy4Yae — NAKAOHILbIL.
Huauuap — Kpyeoeoii, €CliM B OCHOBAHUM CI'O JIIKNT KpYT.

Ecau umniaunap opnoBpemen-
HO nNpAMO M  KpPYroBOif,
OH  HA3BLIBACTCHA  Kpyaablm
(pme. 177). HKpyrasiit  nu-
JINHAD MOIKHO pAccMaTpuBaTh
KaK BBIPOHIEHUE IIPABUIIbHOI
npusmbl.  PopMy  Kpyrioro
UMIMHAPA UMEIT MIIOrHe Xo-
noBble MpeaMeTHl (TpyObl, cTa-
KaHs M Ap.). Kpyrastif nuaunmp
MOMHO MOJIYy4MTb, Bpamas Puc. 176. Puc. 177.
MPAMOYTOJBHUK BOKPYr Ojl-

HOM M3 ero CTOpOli, 110ITOMY KpYIJAblit UMD HA3LIBAETCH
TaKKe yuaundpom spawjerus.

Ceuennsa GOKOBOI IOBEPXHOCTH KpyroBoro HuJMmipa '),
napajutensusie octiosauuio (A BCD na puc. 177), — OKpyH-
HOCTH ojiuHAKOBoro pajguyca. Ceuenuss, napaiiesibibie o0pa-
sylolieif, — napnt napanaiedsHbix npsamux (EF u HG). Ceue-
HUA, He Napallenpnble HuM ocHosanuio, nu oObpasywouei
(abed), — snnuncw (cm. 1V, B, 4).

BoxoBasg moBepxHOCTh IMJMHAPA paBHA MNPOU3BEAEHHIO
ofpasylolieil Ha JJIMHY JIHHUH, OrDAHMYMBAIOIIEH CceveHMe,
nepneHuKysapHoe Kk obpasymwunieit. [las npAMoOro LHJIMHApPA
TAKMM CedyeHMeM ABIAETCA oclioBaHHe, a o0pasyiowan fAB-
naerca BeicoToit. IloaTomy

Bokosan nosepxiocmdy kpyeaozo yusundpa pasnwa npous-
eedenuin ORPYMHOCIMU OCHLOSAILULSL 1A 8uLICoMmy:

.S'Gm: = 2nrh.

Obvem 6cnkozo yuaunipa pasen npoussedenitio naowadu
0CIOBANUSL 1A, GLICOMY:

V = Sh.
Jaa «pyriaoro nuanHapa
V = ar*h (r — papnyc ocHoBaHmHs).

1) BoKOBY10 10BEPXHOCTE Mbl LIPEUT0JIATAEM MPOJIOJIACHH Ol 32 OCHO-
BARMA UAHIADA.
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§ 8. Konye

Konuueckoii  noseprnocmvio  HA3LIBAETCA  TOBEPXHOCTS,
o0pasyemas mBueHueM npaMoit (AB ma puc. 178), npo-
XOJAILel BCe BPeMA Yepe3 HEeMOABU HKHYI0

.\\ TOUKY (§) M mepecexaowei AauHyI0 Ju-
VDB nuio (MN) 1),

M g5 JInuna MN HasbBaeTca manpagamio-

A 7 ugell; NMPAMBIE JIMHUM, COOTBETCTBYIOLIMC

PA3IAMUHBIM T0JIOEHUAM A B, naspipa-

Puc. 178, I0TCA 06pasyiouumu KOHNYECKOHX TTOBEpPX-

HOCTH; TOYKA § — ee eepwunoii. Konn-

ecKasi IOBEPXHOCThL MMeeT j(Beé MOJIOCTH: O[(HA ONUCHIBACTCS
Jyyom SA, Apyras — ero npopoJkenuem SB.

YacTo MoA KoHM4YECKON NOBEPXHOCTLIO PaByMCIOT ojiy
M3 ee MOoJIoCTei.

HKonycom nasuisaetcst Teilo, orpannyentoe ool mMoJocTbio
IfOHU"ECKON TOBEPXHOCTH (C BAMKIYTOW Hampasiuiouieit) u
nepeceKaoleit ee mnockoctso (ABCDEFGHJ, puc. 179), ue
NpOXOnsAlueil uyepes Bepiuu-
Hy . Yacte 9To# mioCKO-
CTH, JIeMAW@d BHYTPU KOHM-
YEeCKOM TIOBEPXHOCTH, HA3bI-
BAETCA  ocHogamuem KOHYca.
Ilepnenaukynap SO, ony-
LIEHHBI M3 BepUIMHBL HA OCHO-
BaHHE, Ha3bIBAETCA gulcomoli
KoHyca.

IlupamMuga ecTs wyacTiblit Puc. 179. Pie. 180,
BUX  KOHyca (HampaBifAw-

WasA — MHOTOYroJbHUK); MPOM3BOJIBHBIA KOHYC €CTH BBHIPO-
WaeHne IMpaMub, /
Honyc naspiBaetcst kpyeosnm (puc. 180), ccian
OCHOBAHUE ero - Kpyr.

Ipsivast SO, coeamMiigONaH BCPIIIHY Kolyca
M IeHTp OCHOBAHMA, HABLIBAETCH 0Cbl0 Konyca.
Eciam BbIcOTa KpYroBOro KoHyca najlaeT B LEHTp
OCHOBAHMA, OH HA3BIBAETCA Kpyeablm HKOHYCOM
(puc. 181). Kpyraeiit KoHyc MoeTr OMTbH NOJY-
Yen BPAIUEHUEM NPAMCYIOJIBHOTO TpeyroJbHUKA
OKOII0 ogHoro 13 KareroB. IlodTomMy Kpyribif KoHycC Ha3bl-
BAIOT TAKIKE KOHYCOM 8pawjeitiLa.

Puc. 181.

'} B 2JIeMeHTapHO{i TeOMETPUM DPACCMATPUBAIOTCH TOALKO Takue
KOHMYECKHE [OBEPXHOCTH, Y KOTOPLIX HET caMorepeceteHuii,
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CevyeHue KpYroBoro KOHyca IJIOCKOCTBIO, IapaililesbHoil
OCHOBAHMIO, ecTb KpyT (puc. 180). O ceyeHuAX KOHYCA MIOCKO-
CTAMHM, He MAPaJIeJbHBIMU OCHOBAaHUIO, CM. § 9.

Bokosas noseprrocmb Kpyaaoeo Kowyca paswa npoussede-
11U noaoguK bl okpyxcrocmu ocriosarus (C) va o6pasyowyio (1):

Soox = 1?Cl = arl (r — paanyc oCHOBaHMA).

Ofvem 6cAKO20 KOHYCA pascern mpemu npoussedenus nao-
wadu ocrosanusn (S) na euicomy (h):

V =+ Sh.
Jas kpyeaozo konyca :

V=

1 ¢
3‘ .Sh =

-l arth.

§ 9. Konnueckue ceyenns

Konuveckumu  cevenuamu HA3bIBAKWOTCH  JIMHUKU  llepece-
YCHMA PABTIMUYHBIX TIIOCKOCTelt ¢ GOKOBOI MOBEPXHOCTLIO K P Y -
roBoro (He obasaTenbHo Kpyrioro) Komyca. Honmueckas
MOBEPXHOCTh MBICIUTCA HCOI'PAHUYEHHO TTPONOJIKEHHOMK B 0be
CTOPOHBI OT BEPHUIMHBI.

Ecau cerymmaa miocKocTs lepeceisaeT JUHIbL Oj(HY 110J0CTh
KpPYroBoro KOHyca M He napajiellbHa HU ONHOW u3 ero o6-
pasylomux (puc. 182), To KoHMYECKOe CeUeHHe HBISIEeTC:!
aaauncom (I1V, B, 4). B nckimouuTeasibix
cayudanax sanunc obpamaerca B Kpyr ).

Puc. 182. Pite. 183, Puc. 184,

Ecan cekylasa nioCKocTh nepecexaeT JAullib 0JHY MOJOCTb
KPYroBOTO KOHYCa M mapaiielblia ool u3 obpasyloummx
(puc. 183), To B ceyecluu IOJIYHACTCA HeorpatHuieniasig (B ogHy
CTOPOHY) JUIUA, HasLIBACMAN napalo.oii.

1) Hanpuamep, B KPYRIOM KOHYCe BCC CCTCHIDEL HapAJIeTbible 0CHoBa-
M0, -— KPYTI,
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Ecan cexymas niockoctb nepecekaer 00e¢ IIOJIOCTH 110-
BEPXHOCTM KPYroBoro Kohyca (puc. 184), To B ceueHMM MOJy-
4aercA JIMHHUA, COCTOAMIAA M3 NABYX HEOrPAaHMYEHHO Y[AJIAI0-
IIMXCA BeTBeilf, Ha3sIBaeManA zunepboaoli. B uactnocry, rumep-
Gona nosyyaeTcA B TOM CJy4ae, KOrJa CeKylasa MNJ0CKOCTh
napaJjiielbHa OCH KOHyca.

Konunyecrue cedeHUsA npefcTaBiAioT 0olbLIOK HlTEpEC KAk
B TeOpeTH4YeCKOM, TaK M B NpaKTHUecKOM oTHomenuun. Tak, B
TeXHUKe NPUMEHAIOTCA dIIIUNITHYeCK e 3y GuaThie KoJleca, napa-
Gosmueckyie MPOHEKTOPHI; NMIAHETH M HEKOTOPhle KOMETHI JBH-
JKYTCA 10 DIIIIMIICAM; HEKOTOPhle KOMETH JIBUMYTCA 10 mapa-
6oj1aMm ¥ runep6onam.

OcHoBHbIe CBOCTBA KOHMYECKUX CEUCHMI M3JIAraloTCs BO
BCEX PYKOBOJCTBAX IO AHAJIUTHYECKOH rcoMeTpun.

§ 10. Ilap

WMaposoii, wim  cifepuneckoii, noeepxiocmo  (MIOIAA
1POCTO cfepoli) HABBIBACTCA TreOMETPHYECKOEe MECTO Tovek
NpPOCTPAHCTBA, PABHOYRAJNEHHLIX OT OJHONM TOUKM — yenmpa
wapa (Toyka O na puc. 183). Paduyc OFE u duamemp EG
IIApOBON IOBEPXHOCTH ONPEACIHAITCA TaK ke, KaK JUIi
okpysxuoctu (I1V, B, 14).

Ter, o2paruverroe mapoaoﬁ noeepxiocmylo, naaot-
caemca wmapom.

Illap MoKHO 1NOJYYNTH, Bpallas MOJYKpYyr (MIAM Kpyr)
OKOJIO ero JiMameTpa.

Bce naockue ceuenns wapa — kpyru (A BCD ua puc. 185).
C npubanieHueM ceKylleit NIOCKOCTH K LEHTPY HIapa pajuyc

Puc. 185. Puc. 186.

Kkpyra yBeauumnpaercd. HanGoapwnit kpyr EFGH nonyyaercs
B CeYeHMU LIApa IJIOCKOCThIO, NMpoOXofislleit uepes UeHTp (.
Takoit Kpyr /ICIUT NONI0JIaM LIap M €ro MOBepXHOCTb M Ha3bl-
BaeTca Ooavwuum kpyeom. Papmyc OoJblnoro Kpyra pasen
pajuycy 1apa.

Bcakas napa 6odblunX KPyros nepecexkaercs MO JUAMETPY
mapa (A B Ha puc. 186), ciay»xaueMy AMaMETPOM TaKMe U AJIA
KaOro M3 nepeceKaioliuxca KPYros,
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Yepes aBe TOYKM HIAPOBOM II0BEPXHOCTH, JleMaluue Ha
KOHLAX OZHOrO M TOro e jMaMerpa (HampuMep, INOJIOCH
3eMHOro 1I1apa), MOJKHO 1IpoBecTH GecyucileHHOe MHOKECTBO
Goablinx KpyroB (Mepupuanbi). Yepea HBe TOUKHM, He JIera-
uiMe Ha KOHLAX ONHOIO jIMAMeTPa, MOMHO IPOBECTH ORMH M
TOJbKO OfUH OoJbuIOK KpyT.

Kparyaitiice paccrosinme na cpepuyeckoir noBepxHo-
CTH MeMly JIByMH# €c TOYKaMM ecTh Jyra (MeHbUIAfA MHOJYy-
okpysioctu) Ooabuioro Kpyra, NpoBeJleHHAn 4epe3 OTH
TOYKH.

Hosepxnocms  wapa  pasiia  ywemsepenioti  naowadu
doabuo2o Kpyea:

(R — pammyc mapa).

Obvesm wapa  pasere 06vemy nupasmudol,
ociosaue  KOMOpolL umeem Iy e nao-
wadv, WMo 1 nosepIIOCMb Wapd, ¢ Ghcoma
ecmy paduyc wapa:

4 .
Vo= trs et ans
tj 9

O0'beM 1mapa B 10JATOPa pasa Melblie 00heMa OIIMCAHHOIO
BOKPYT Hero uluaunapa (puc. 187), a NMOBepXHOCTb INapa —
B MOJTOpA pa3a MeHbllle MOJHOI HOBEPXHOCTHM TOTO IKe LH-
aunjpa (meopema Apzumeda):

. 2 ¢
AS = —AS,,

3
;o ,
Vo= 2v,

rie S;, V, — noamas nHosepxuocTh M oObeM IMIMHADA, H30-
OGpaucennoro na puc. 187.

§ 11. Chepuueckne MHOroyroabHHKK

Coiepuneckust  mioeoyeoaviuros HasuiBaerca  Purypa,
COCTAaBIEHHAA 3aMKHYTHIM PHIOM JIyr 00JbIUMX KpYros; Ka-
MIAA YTa He JIOJHHA MPEBOCXOAUTh MOSIYyOKpY #HOCTb 60Jb-
nmoro kpyra. Ia pnc. 188 usoOpasken cdepuyecknit nATH-
VIOJbHHUK.

Oyrn AB, BC u 1. 3. — cmoponw. chepnuecKoro MHOro-
yroapuuia; Touku A, B, C u T. 1. — eepuiunsl,
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Cdepuyeckuit MHOTOYTOJbHUE — BBIIYKJIblif, €CIIM BECH €0
KOHTYD pacnoJjlaraercA Ha odwoii u3 AByX noaycgep, obGpa-
30BAHHLIX 0OJIBIUMM KpPYroM, KOTOPOMY NMpHMHAJIEHUT KaKafd-
anbo cropoHa. Muoroyroasuuk A BCDE puc. 188 — BHIIyK-
aslit. Muoroyroasuuk LMNP puc. 189 — HeBbINyKJblil; ero
KOHTYp pacnojaraercd Ha oGeux moaychepax, o6pasoBaHHBIX
GonplunM Kpyrom cropouni NM (a Takme cTopounl NP).

Puc. 188, Puc. 189

Samevanne. B oaemenrapuoit reomeTpun paccMatpi-
BAIOTCA TOJBKO npocmiste chepuieckne MHOIOYTroJIbHUKH, T. €.
TaKkUe, ¥ KOTOPHLIX KOHTYp fie nepecexaer cam cebsa. Besaknmit
npoctoit  Muoroyrojdeuuk  pasbuBaer
noaycpepy na jse obGmactu. OgHy u3
HUX MOMHO CHHTATL BHYTpeHHel, Jpy-
ryio — Bueuineit. Ecau niomanu obia-
creil He paBHbl, 33 BHYTPEHHIOW 00LIYHO
NpuHUMAIOT Ty o0iacTh, NJOMAAbL KO-
TOPOIl MeHbIUe.

Bnyrpeunnit  yroa  chepuueckoro
MHOPOYTOIBLHMEKA, HanpuMep yroa A BC,
00o3HAYeHHLIT 1Ha puc. 190 uepes B,
mwMepsieTea  duneltusim - yraom  ABC,
KOTOpBIT ofpasosan Jgyyamu BA", BC’,
KacawiuMucst cropod BA, BC. Bmecto
JnHeijfnoro yraa A’BC’ M0oKHO B3ATH
U3MepHACMbIT UM JiByrpaHHblit yrod, pedpo KoToporo ectTb pa-
anyc OB, a rpauamu AssnoTea naockoetn OB A’ OBC’ Goab-
nmux kpyros B.A, BC.

Takum #ie 0GpasoM enewuiuii Yroll cepudecikoro Mioro-
Yrodbuuia, Haupumep yroa D" B.1, oGosnavenustit Ha puc. 190
uepes f3', namepaerca JutHelinbiM yriaom D'BA’ wan cooTsert-

Pue. 190,



§ 11, COEPHYECKHUE MHOI'OYTI'OJIbHUEKH 315

CTBYOLUMM JIByrpaHHbiM yrioMm. CymMMa BHYTpEHHEro M BHell-
Hero yrJoB Nmpu oOfiHoif BepwuHe pasna 180°, T. e. =z pa-
JIMaHOB.

Ilnockuit MHOroyrosIbHHMK HMeeT CaMoe Melbliee TPU CTO-
ponpt. Cepudeckuit MHOroyroJbHIK MoMeT uMeTb ABe. Ha
puc. 191 usobpasken chepuyecknit gsyyroyupunk. BuyTpenuue
yrasl &, § [ByyrolibHMKa paBHBI Mexy co0Oif.

ITnowane AByyroinHMKa, BHYTPEHHUIX yroll KOTOPOro co-
JIePIRUT & painaHoB, BLIpamaeTcs: popmyaoit

S = 2R,
e I — pajuyc mapa.

IIpumep. IByyroabuus, y KOToporo BHYTPCHHUIT YroJ
HpHMOR  (YeTBEPTMHKA IIOBEPXHOCTH Iapa), MMeeT mJO-
asnL 2I€2~-g-= Al T e. Ty e, 4uTo M OodbUIOR Kpyr
(cp. 1V, B, 14).

B chepuueckom Tpeyrojbnunke cyMMa BHYTPEHHMX YFJIOB
peerjia Gosibiie 180°% 1JI0MAAL  TPEYroJibHMKA NPOHOPIUO-

4

Pue. 191, Pue. 192,

HaJlbia M30LITRY 9TOH cymMMbl najil 180°. Vimenuo, ecan Buy-

TpeHiine Yriibl COJeprKaT o, ®,, ®; pajuaHoB (puc. 192), To

S = R*oy + oy +og— ). (1)

CymMa Bienmux yraos cepuueckoro TpeyroibHUKa Bcerua

Meubiiie 360°. Kenu af, @y, &y — BHeHMNNWe yMILl TPEYroJbHNKa,
BHIpAKEHILIC B PAJMARION Mepe, To

8= R 27— (o) +ay+ag)]. 2)
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9ra (opmysa pacmpocTpaHfeTcs M Ha JoGoit cepuue-
cKuit MHOrOyronsHuK. MiMeHHo,

S =R} 2n— (0y+ay+ ... +a)],

T. €. OTHOIIeHMEe IUIOIEAAN chepuyecKoro MHOroyroJbHHU-
Ka K KBajpaTy pajgumyca uiapa paBHO
u30hHITKYy 27 Haj CyYMMOH BHeUIHUX
yrios.

Il pumep. Paccmorpum cdhepuue-
CKHKIf TpeyroJbHUK, 00pasoBaHHbIii Tpe-
MfA B3aMMIO NepreHAUKY JIAPHBIMU 60JIb-
muMu  kpyramu (puc. 193). Cymma

ero BHYTPEHHHMX YIJIOB PAaBHA 123- ITo
gopmyiie (1) naxojium:

Puc. 193. S = ~1—nRz
3 .

Tot e pe3y IbTAT MOJyYHM, y4uTsd, YTO ILQH B TpeyroJbHUK

COCTaBJAET % yactsb cepsl (cp. 1V, B, 10).

CyMMa BHeIIHHKX YIJIOB JAIHOTO TPEYTOJbHHKA TOME paBHa
%. ITo dopmye (2) Haxomum cHOBA S = --;- aR:2,

§ 12. YacTu mapa

Yacte 11apa, OTCekaeMasd OT Hero Kakoi-HuOyap niaocko-
ctoio (ABCD na puc. 194), HaspIBaeTCA wa-
posvim (min chepuueckum) ceemermonr.

Ocnosaruesm HIADOBOrO CEerMeHTA HAa3bl-
BaercA Kpyr ABCD. Buicomoi mapoBoro
CerMeHTa HasblBaeTCA oTpe3ok NM, T. e. mau-
Ha NepHeHAHKYIAPa, BOCCTABICHHOr0 M3 LieHT-
pa N OCHOBaHMA [10 NepeceicHUA C IMOBepX-
HocThlo mapa. Touka M Ha3LIBaeTCA eepuiu-
Hoii IAPOBOr'0 CErMeHTa.

Hpuaan nogeprrocmb wapoeo2o  ceeMeHma PaBHAETCH
NMPOM3BENeHUIO €ro BHICOTHL HA OKDPYMKHOCTh GOJBILOro Kpyra
mapa:

Puc. 194.

S = 2aRh
(rme R — pammyc wapa, b = MN),
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O6vem waposozo cezmenma BHIPAAETCA TAK:
V = ah?(R k), nan V = - ah (h+3r),

rje r — Pajiuyc OCHOBAHMA CETMEHTa.

Yacre 111apa, 3aKI04EHHAA MeKIY ABYMA CEKYLIMMHU Mapad-
JeabHBIMU niockocTAMH (ABC n DEF na puc. 195), HasH-
BAETCA wapostim caoem. HKpPHBAA TIOBEPXHOCTh WIAPOBOro
CIIOA Ha3LIBaeTCA waposbim noscom (Miu aonoi). Kpyru ACB
n DFE Ha3BBalOTCA ocKogarusamu apoBoro nosca. Paccroa-
Hue NO wmeay OCHOBAHUAMH €CThb 6bicoma LIAPOBOTO CJOA
(n mosca).

Kpusas nosepxrocms mapoBoro ciod (S) paBHa Npous-
BeleHUI0 ero BBHICOTHL h = NO Ha OKpyHOCTh GoubiIoro
Kpyra uiapa: '

S = 2aRh.
Obvem waposoeo caos BHIpamaerc PopMyoit
V = 42kt (g + )k,

rjie r, Hry, — pagnychl OCHOBAHHIL.
YacTe wapa, orpanuyennaA KpMBOH NMOBEPXHOCTHI HIAPO-
Boro cermenta (AC na puc. 196) ¥ KOHHYECKO! TOBEPXHOCTbLIO

Puc. 195. Puc. 196.

(0OABCD), ocHoBanueM KOTOPOH CIIy KKT OCHOBAHHME CEerMeHTa
(ABCD), a BeplMHOX — UEHTp LIAapa, HA3BIBAETCA WA POGbIM
ceKmopom.

ITosepxrocmb wapogozo cekmopa CRIAABIBAETCA H3 KpH-
BLIX MOBEPXHOCTeN IIapOBOro CerMeHTa M KOHYcCa.

Odvem wapogozo cekmopa paBeH 00beMy NMHPAMHU/LI, OCHO-
BaHMe KOTOpOIf MMeeT Ty e IJOIAXb, YTO U BHpe3bIBaeMasd
CEKTOPOM YacTh HIapoBoif moBepxHocTH (S), a BHCOTA PABHA
paguycy mapa:

V = RS = 2 aR,

riAe k — BBICOTA IIAPOBOro CerMeHTa, MPUHAAJIEKALLETO 1APO-
BOMY CEKTOpY.
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§ 13. KacareabHas I10CKOCTH HIAPA, IMIHH (PR H KoHyca

HebGonbyio pyry A B raxoii-nubysub xpueoti aww (na-
MpUMep, OKPYHHOCTH) 1A IIPAKTHEE HACTO (€3 3aMeTHoi onnb-
KM MOMKHO 3BaMenuTbh HeOouapnmuM ortpeskoM AT npamoii,

Kkacareiaphoit K ayre AB B TOu-

7 7 ke A (puc. 197). Tak, nanpumep,
MBI TOBOpHM, YTO MIAEM M3 O0;HOTO

\E\ MecTa B jApyroe Io npsaMmoili M-
Puc. 197, HMM; Ha CaMoOM Jlejle Mbl liepe-

MeIlaeMCA NpU 9TOM He IO MPAMOIL
JuHMM, A 1o pyre GoJbLIOr0 Kpyra, INpOBeJeHHOro Ha
TIOBEPXHOCTH 3€MHOT0 luapa.

Takum e o0pasoM HeGONBLIYIO YACTh Kpusoii noseprHo-
cmu (HanmpuMmep, HOBEPXIHOCTH 1IAPA) YACTO MOKHO Ges 3amer-
HO¥t oIMOKM 3aMeHUTDh HeGOJbIINM KYCKOM KacanmeabHoll nao-
ckocmu, T. €. TUIOCKOCTH, KOTOpast B MalJloit cBoeif uacTu
NPaKTUYeCKH HEOTIHYMMA OT MAJI0if e YacTH KPHUBOIl MoBepX-
HOCTH. DTOT PaKT OLLI MPUYHHOIL TOTO, YTO B Teyelne MHOTHX
TBICAYEJIETHI JIOJM OHIMOOUHO CUMTAIM 110BEPXHOCTb 3eMiu
TIJIOCKOH,

Tounoe onpejesieHue KacaTeJIbHOIT NIOCKOCTH MOMHO JATD
B MOJIHOM COOTBETCTBUM ¢ mpenie AannuM (IV, B, 14) Touneim
onpefelienueM KacaredbHoii npamoii. Torga mer paccMmarpu-
BaaIu Jdee mowku A u R ue-
KOTOpOif  KpMBOIt  (HaipuMep,
OKDYKHOCTH); OfiHY M3 HUX ApH-
Omukaan K ipyroii u  oTme-
4aJu, YyTo Npu 9ToM npaMas AB
npubinxKalack K HEKOTOpOMY
npefeilpHOMYy noJoxenuwo. Te-
nepb ’Ke BO3bMEM Ha KAaKOIii-
anbo mNOBepXHOCTH (HANpumep, Puc. 198.

Ha TIO0BepXHOCTH HIapa) mpu

mousu A, B, C (puc. 198); uepes HHX NpOBeIeM CeKy-
myio njockocts P. [IBe Touku B u C Oyaem npubnanikarb
K Touke A mo ABYM pagsauwnum Hanpapieausam. llpu arom
NJ0CKOCTh P GymeT npulausKaTbesi K HEKOTCPOMY NpejebHOMY
NoJIoAeHUMI0 () He3aBMCUMO OT TOro, I'ie ObLIM B3ATHL TOYKU
B v C u xak ouu psuramuck, npubmukance k A. IliockocTs
Q HasbiBaeTCsA KacaTeNbHOil MIOCKOCTbIO (B Touke A) !).

1) TpeGoBaHue, 4TOOL TOUKU B 1 C npuiJIMKAJIUCH K TOYKEe A IO pas-
JIMYHBIM HANPABJEHUAM, cylecTBelio. KeIn, HapuMep, Jina nyTteiuecr-
BEHHMKA GYNYT NPUGAMKATLCS 1K CeBePHOMY HOJMKWCY 10 OJHOMY H TOMY
#e MEPHMAHY ISTH 110 ABYM MepILUANaM, COCTABIBHONINM TIPONOILeHne
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Kacameabroli naockocmvio K nosepxrnocmu 6 ee moure A
naamieaemces  NAOCKOCMby, kK )\?0))10[)012 Heozparuverrno npu-
JAUNCAEMCSs  CERYUAR  NAOCKOCME, NPorodiwas 4epes mpu
mouku nogeprnocmu A, B, C, koeda mouwvu B u C npubaunca-
omes kK Mouke A no PaA3AUMHBIM AN PABACHUAM. Mosxker
CIYUYMTBCS, YTO 1I0BEPXHOCTH B HEKOTOpOit ee TOoYke A
BOBCe He MMeeT KacaTelbHoif niaockocru. Tak, nanpumep,
B BepllilMHe KOHYCA KOHHYECKasl MOBEPXHOCTh KacaTelbHOMI
IJIOCKOCTH He UMeerT.

[Mnockocty (Q, puc. 199), racameavnas Kk wapogol no-
gepzrocmu, TiepneHIMKynsipra Kk paguycy OA, npoBegeHHOMY
B TouKy Kacauus. Ilnockocrs, kacaTenbHas K 1IApOBOit MoBepX-
HOCTH, UMeeT ¢ Heif TONbKO 0jIHY 00ULYI0 TOURY.

Pue. 199, Pire. 200, Puc. 201,

Hocuejinee cBoifcrBo npnuuMaercs oOblYHO 34 olpeielte-
HHe TIIOCKOCTH, KacaTeapHoit K mapy. Ojnako oHo coBep-
HIEHHO HeAeCTBUTENLHO ;IS JIPYIUX IIOBEPXHOCTEH, B vact-
HOCTM JUIA TOBePXHOCTM IMJAMHjpa M kKoHyca. JlaHHoe ske
BbILIE OMpejlelielie NMPUMEHUMO M K DTMM MOBEPXHOCTAM.

Mmockocts Q (puc. 200), xacameavinas kK noseprHocmu
Kpyaao2o yuaundpa B Touke <1, IPOXOAUT Yepe3 o6pasyoiyo
MN, naymyl uepes Touky I, M uepe3 KacartelbHylo BC
K OKPYHOCTM OCHOBaHMA B Touke N, npuHamiexameir obpa-
sytoweit MN. IlnockocTs, KacaTeqbHad K MOBEPXHOCTH Kpyr-
JIOr0 UMIMHAPA, OTCTOMT OT BCEX TOYEK ero ocH Ha paccrof-
HUM, paBHOM paauycy R OCHOBAHMA LUMJIMHJIpA.

ITaockocte Q (puc. 201), kacameavras x noseprrocmu
Kkpyeno2o konyca B Touke A (He coBmajiaiolieit ¢ BepuInHoOK S),
npoxoguT uepe3z oOpasyiomyio SB, nuymyio uepe3 TOUKY
A, n depes kacaredbuylo MN K OKPYMHOCTH ,OCHOBAHMA
B Touke B.

OIMH [IPYrOT0, TO IUIOCKOCTL, IIPOXOAAILAS Yepe3d MoJMIC A M HNyHKTH
B u C, B KOTOPLIX HAXOJAITCA IyTeulecTBEHHUKH, Bce BpeMA Oyaer coB-
1agaTh C NIOCKOCTLIO MCpMAMana M He OyJeT, CIACAOBATENLHO, NPUGIH-
JATLCA K KACATENbHOI MUIOCKOCTH, T. €. BCe BpeMA OyjeT oaHOi M TOM
Ke CeKylell NMJI0CKOCTLIO. YIIOMAHYToOe TpeOOBaHME MOMKHO CTpOro
(bOpMYJIMpPOBATHL Tali: Kacateabuble k jiyram AC u A B B TOYKe UX Iépe-
CeYEHHMA A JI0JIKHbLl ObITHL PABIHYHLIMH TIPIMBIMU.
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Huaundp Ha3biBaeTCH snucannbim ¢ npusmy, eciu 6oko-
Bbie I'DAHM NPU3MBEI ABIAIOTCH IJIOCKOCTAMM, KACATENbHBLIMMH
K IWMJIMHAPY, A MJIOCKOCTH OCHORAHMIT y NMPUIMBIL M ITHIAMHIIPA
OIHU U Te IKe. L(unum)p HA3LIBACTCH onucanimst owoao
npuamsl, ecau OGokoBhle pedpa mpusMbl HBJIAIOTCA 00pasyio-
UMK 60KOBOM MOBEPXHOCTH IMIMHAPA, & IJIOCKOCTH OCHOBA-
HUIt y IPpU3MBI U LIJIMHAPA OHHA U Te ’Ke.

CoBeplLIEHHO TaK e ONpeReAeTCA KoMyc, 6RUCaIMbLli
6 nupamudy WM ORUCAHILIL 0KO0A0 Hiee.

§ 14. Tenecubie yrinl

Teaecnbim yeaom HA3BLIBAIOT YACTb NPOCTPAHCTBA, BAKJIIO-
YEHHYI0 BHYTPU OJHON TMOJOCTH KOHUYECKOHl IOBEPXHOCTH
(1V, B, 8) c samxkuyToit nampanisioumeii. Tak #e Kak u yroa
Me3KAy ABYMA NMPAMBIMH HA INIOCKOCTH, TeJeCHBIt yroJi npo-
cTHpaeTcl HeorpaHmyenno (0eckoHeyHas BOpOHKa). Muoro-
rpaunbit yrox (IV, B, 5) ecth wqacTheili ciayuyait TejdecHoro
yria (nMpamMMAalbHaA MOBEPXHOCTh — UACTHBINA Cydail KOHK-
YyecKol).

Tak ske KaK BeJIMYUHA YIVIa MeKAY ABYMA NPAMbBIMM H3Me-
PAETCA AYTroit OKPYHOCTH, TeJeCHHI Yroji M3MepfieTca Ky-
CKOM noBepxHocTH wwapa. Mmenuo, us BepmuHel S TeJecHOro
yria npoBoiuM JIOOBIM PpajMyCcOM I1apOBYI0 NOBEPXHOCTD.
Ha oToit nosepxHOCTH NOBEPXHOCTh Tellec-
HOFO YrJIa BBIpEMET HEKOTOpYi0 4acThb
(ABCD, puc. 202). ITaowans aToir yactu Oy-
ReT MEHATbCA B 33aBUCMMOCTH OT BeJMYMHBI
pazuyca wapa, Ho Bceraa OymeT cOCTaBJIATHL
OfHY M Ty e N0JII0 MIOLIAAX Bceil MoBepX-
HocTH mapa. Iloaromy Mepoit TesiecHoro yria

Puc. 202. Morao Obl CIyHMThb OTHOLIEHME TLIOLIAAM

ABCD x miowafu 1UapoBOi NOBEPXHOCTH,
nofo6GHO TOMY KaK YroJ MeAay ABYMA NPHAMBIMU MOKHO OBLIIO
OBl M3MEpATb OTHOLIEHMEM 3aKJIOYEHHOH MEMKRY HUMHU AYrH
(c meHTpOM B BeplUMHEe Yria) K AJMHE OKPYKHOCTU TOrO e
pamuyca (yroa B «nojiobopoTa», B «ieTBepTh 06opoTa» u T. 1I.).
IIpunsAro, omHako, 3a Mepy TelecHoro yriia Gparth oTionie-
nue riomanu A BCD k niolaayn KBagpara, NOCTPOEHHOI0 Ha
paauMyce mwapa (9Ta NMOCHefHAA PbiparkaeTcsa BeanunHoit R2,
NMpONOpUHOHAJIbLHOM Nitomaau 472 noBepxuocry wapa). Takoe
U3MepeHHe TelleCHHX YIJIoB NMOAOOHO paMaHHOMY M3MepEeHHI0
YIJ0B MeAy NpAMHMHE (cM. V, 3).

Urak, sa mepy « meaecnoeo yena c eepwunoii S npu-
HuMalom ommuowenue naouiadu, ELPEILIBALMOIL  MEAECH LM




§ 14, TEIECHDBIL YIIbI 321

HeloM  HQA NOGEPXNOCIUU WAPA, ORUCAHHOZO N POUIBOLLI BLA
paduycom us yewmpa S, K keadpamy paduyca amozo wapa

w1. ABCD
——

Il p s ep 1. Texecnniit yrosu, oOpasyemblit TpeMsi B32UMHO
HepHenjiMKy IS PULIMU 1IJIOCKOCTHMU (HAmpHMep, IByMA CTell-

n
KaMI 1 JUIOM TIPAMOYTOMBbHOI 1KopoOkn), pasen —-. Jleitcrau-

TeJIBHO, €CHH M3 BeplIIMHHL S TAKOro TeJecHOro yria omnu-
caTh 1IApOBYI0 TIOBEPXHOCTh, TO HA TIOBEPXHOCTH lIapa
BhipesieTcst 1/g ee vacTb (puc. 203), Tak KaK TpU B3aMMHO
1epreHjnKyIApHbLIe IIOCKOCTM Dpa3perkyT ec¢ Ha 8 paBHHIX
vacreit (mpefcTaBbTe ce0e Ha IIOBEPXHOCTH Triobyca KYCoK,
BBIPE3AHHBIT JIBYMsA B3aUMHO NeprNeHuKYJIAPHBIMU INIOCKO-
CTSIMM, NPOXOAAILIMU Yepe: MepHMaHbl, U NJIOCKOCTHIO, TIPO-
XOfifillleli uepe3 OKBATOP); CJe10BATENLIO, NIOUARD OTOM
YACTH TOBEPXHOCTM PpaBHA
/nnR‘J:S:l?i, I ee OTHO-
nmenne Kk R?* panio 72’5
II'puwmep 2. Haiitn Te-
JICCHBIIT yroJi mpH Bepiuuuie
KOHYCa, Yy KOTOPOTO BLICOTA
paBHa pajuycy OCHOBAHMS.
OnuineM N3 BepIIMIBL KOHYCR  DPue. 203, Puc. 204.
HIAp PAYCOM, paBABIM 00pa-
syoleit kouyea L (pue. 204). Buicory OJ) Konyca MO¥HO Bbi-

e

pasuth uepes I, OD = - '(/,—— ; Buicora CD edepnueckoro cer-
. ye

senra A BC pasna 1 - Y - cdepudecras IoManb, BLpestl-

BiCMaH TeJNecHLIM  yIrJIOM, ecTh KpPHBAA MOBEPXHOCTh HTOIO
cpepuyeckoro cermenta, ona pasna (I'V, B, 12)
, T 2
satecn - 2t (1 V),
WIOOBATENLIC, BeIUUHHA TETECHOro yiiia ecth
Ve )
)~ —_ T
2 (l L
Iipuuniieli MepLr Tes1ecHoro yria sisisHeTcsa TeHCCHbIA yrod,
BIpE3bIBAIOLMIT U3 cdephl (¢ LleHTPOM B BepliMHe yriia) Iio-
1i1a/ib, PABHYIO INIOUIAJH KBAZPATa, IOCTPOCHHOTrO HA pajuyce.
Taroit TeJecHBI Yroll HazLIBAeTCS cmepeopaduarnom.
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§ 15, HpaBiibliblc MHOTOTPAHIMEKH

Miozoepannur  nasvieaemen npaeusbHuiM, €Cld BCe ero
rpaHi — paRHble NPaBUAbHbe MHOFOYTOJIBHMKHM M B KA KA0i
BepuUIMHE CXO[AUTCSH OHO M TO e 4ICIIo rpaHeil.

B nmpoTuBONoII0MKHOCTh TOMY, 4TO CyliecTByeT Gecuncien-
HO€ MHOMeCTBO He NMOJOOHBIX APYr Apyry NpaBMIILHBIX MHO-
rOyYroJiIbHMKOB, CyLecTByeT JIMIIb OrpPaHMYEHHOE YUCIO He
nofo6HEIX JpYI' APYry NPaBUILHLIX MHOTOTPAHHUKOB. Bui-
NYKALIZ NPAGUALILLIL MIL0202DANHUKOE MOHIET ObITD TOJBKO
NATbL (CBEPX TOrO, CYIUIECTBYET €llle YeThipe HEeBBINYKJbIX).
9TU NATH NPABMILHBIX BBITYKJIBX MHOTOTPAHHUKOB CIENYI0-
uiue: npaeuabibiii mempdadp (4eThIpeXrpaHHMK) UM, KOpoue,

N A
7 < Y K2

Pue. 205, e, 206. Puc. 207. Puc. 208. Pue. 200,

NpocTo mempdsdp (puc. 205); eekcdadp (MECTUrPAHIME),
KOTODHIl ecTh He 4TO MHOe, Kak KyO (puc. 206); okmdadp
(BOCBMHrpaHHMK, pKC. 207); doderdadp (12-TpaHunK, puc. 208);
urocdadp (20-rpaHHuk, puc. 209).

Uucna Bepumn M pedep, & TaKH#e MOBEPXHOCTH U 00beMbl,
BLIpaeHHsle Yepes pebpa a, NPaBUILHLIX BBIYKJBIX MHOTO-
I'PAaHHMKOB JIAHLI B ¢Jejyloleir Tabaue:

> :,,E
=B E | = =
gz | 28| © 5 2 A
SRl o =i 4 3]
EElSE| 2] 5|8 g
°s | P | A = & >
sslgdlegle|g| & g
% | 8% | 5 g g A 2
Sx | Sa ] = = o ©
e || 5 = o = o
1. Terpasip 3 4 4 6 1,73 a2 0,12 a®
2. I'excanup A 3 6 8 12 6,00 a2 a?
(ky0)
3. OKradp 3 A 8 6 12 3,46 a2 0,47 a?
A, Joneravip|{ b 3 12 20 30 | 20,64 a2 7,66 a3
5. Nkocaanp 3 | 5 20 12 30 8,66 a2 2,18 a®
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B kasppl npaBUIbHBI MHOTOTPAHHKK MOMHO BIMCATh
wap. OKOJIO KaKAOro NPaBMILHOLO MHOPOTPAHHMKA MOMHO
onmMcaTh wap.

§ 16. Cummerpus

I'peyeckoe cioBO cummempus OYKBAIBHO 03HAYALT «CO-
pasmepHocthy. Ilom cumMmerpuelt B IMPOKOM CMBICTie MOHH-
MalOT BCAKYI0 NPaBUIIbHOCTh BO BHYTpPEHHEM CTDOEHUH TeJa
nau PUrypsl. YueHue o pasiMyHBIX BHAAX CUMMETDUU npen-
crapiser 60JbLIYI0 N BaXKHYI0 BETBb r'eo-
MeTpUH, TECHO CBA3AHHYI0 CO MHOTMMMU
OTPACHAMHA eCreCTBO3HAHUA U TEXHUKH,
HAYMHASL OT TeKCTHJIBHOTO IPOM3BO/ICTBA
(paspucoBKa THaHeil) 1 KOHYAA TOHKUMMU
BOIIPOCAMM CTPOEHMA BellleCTBa.

ITpocreiiumMu BUAGMM CHMMeTpIY AB-
JIAI0TCA cllefyollye Tpu:

1. 3epraavras cummempus, XOpOLIO
3HAKOMAsA KaMKIOMY U3 II0OBCEJHEBHOIO
nabmopennsa. ak moxaswiBaer camo Ha-
3BaHNe, 3epKAJbHAA CHUMMETPDMA CBA3BI-
BaeT HEKOTODHIt mpeaMer M ero u3olpa-
’KeHHMe B IIocKoM 3epkaie. Ieomerpu-
yecKoe ompefielienne 3epKaJbHON CUMMe-
TpUM TaKoBO: dueypa (puc. 210) HasbiBa-
eTCH CUMMEMPUNHOU OIHOCUMEAbHO nAOC-
rocmu P (3epKallbHAA IJIOCKOGTL, TIIOC-
KOCTB CHMMETpHH), eCiIH KaMAoi Touike
I/ aroit QuUrypnl COOTBETCTBYeT TaKasf Pue. 210,
HPHHALIIeHAILAA TO ke UIype TOYKa
F’, uro orpesok FE’ mepneHpuirylsipen Kk ockoetd P u
JICJNTCH 9TON MIIOCKOCTBIO T10TI0JaM.

I'oBopaT, uro omna Qurypa (WIM Te0) 3epPKATLHO CHM-
MeTpuYHa JPYI'oi, eciu BMecTe OHM 00pasylr 3epiaJbHO
cumMeTpuynylo Qurypy (uau texo). Ha puc. 210 nunua ABC
cuMMeTpuyHa nuHUU A B’C; npasasa pyKka CUMMeTpHYHA JIEBOIl.

BancHO OTMETUTB, 4TO JIBA CUMMETPHUYHLIX APYr APYrY Tela,
BOOOIIe TOBOPA, ‘He MOPYT OLITh «BIOMKEHLI JpPYr B APYran;
HHAYe, OIHO M3 ITUX TeJ e MOMKET 3aHATh MecTa APYroro.
Tak, mepyaria ¢ JeBoit PyKM He TOIUTCH AJH MpPaBOH pyKH.

Cummerpuynbie ¢Urypnl Ipu BCeM HMX CXOJCTBe Cyine-
CTBEHHO OTJIMYAIOTCH APYT OT Apyra. YroOsl yGenuThCH B 3TOM,
uonpoGyiiTe, mocrasuB OyMary NpPOTHB 3epkaja, HpOYeCThb
B depKajle HECKOJbKO HaNeyaTaHHBIX Ha GyMare cIoB.

CumMMeTpuunbie NPEAMCTL HeJb3sl MOITOMY Has3BaTh pal-
HBIMHU B Y3KOM cMLICJiCe cJI0Ba. IX HABBIBAIOT acpKaablto pagrvia i,
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Boobuie 3epraliblo paBHBIMU TejlaMu (uaM gurypamu) na-
3BIBAIOTCA Tella (Uit QUTypl) B TOM CJIydyae, ecad MpH
HaJJIeKalleM MX cMelleHnd oHM MOryT o0pa3oBaTh ABe MmoJo-
BUHBI 3€PKAJIbHO CUMMETPHYHOrO Tesa (MK QPUrypsi).

2. l[enmpaavran cummempusn. Puzypa (MIK TeNo) HA3LI-
BAETCH  CuUMMemMpPUuHol omiocumeavio yenmpa C, eciu
KaAoit rouke I vTolt GUrypnl (Teia) COOTBETCTBYeT Takas
UpUHANJIeKAILAA Tol e Qurype (Teay) Touka A, 4ro orpe-
30K KA npoxojut yepes Touky C M JeJIMTCA B Helf momoJiam

(puc. 211). durypa A BCDE, cocraBiedHad

y/ £ u3 HAByX TpeyroiabHukoB ABC u EDC

(puc. 211),y KOTOPEIX CTOPOHKI IONAPHO PAB-

Hbl M CJy’KaT NPOAOIHEeHNeM ApYr Apyra,
yii Y] obiajaer UeHTPOM CHMMeTpPpHHU
(C). Mesny coOTBeTCTBY IOIUMH JIPYT APYTY
IIapaMH TO4YeK BCerfa JeaT pPaBHHE OT-
PesKu; COOTBETCTBYIOlUMe IPYT APYry yrinl
ABYX MOJIOBUH TedNa, 60Majaiollero EHTPANLHOM CUMMeTpHeit,
Takke paBHbl. OfHaKo, BooOlLle roBops, /iBe NOJIOBUHH Tela
¢ LeHTPaJbHOI CMMMeTpUeli He MOFYT 3aHATh MeCTO Of{Ha ApY-
roif, Kak M J\Be TOJIOBHMHBLI Tejla, 00Ja/lal0Iero 3epKaJbHON
cumMeTpueit. Bonee Toro, oiiny M3 UOJIOBHH Tella ¢ L{eHTPAJb-
Hoit cuMMeTpuelf MoxHO (noBopoToM Ha 180° oxoiyo awGoir
ocH, MPOXOoAsALiell uepe3 LEHTP CUMMeTpUM) N0-
CTABITL B 3ePKAJIBHO CHMMETPUYHOE IO0JIOKeHue
¢ FpYroit (OTHOCHTENBbHO IINIOCKOCTH, IepIeH;iu-
KyasApHoit Kk ocu 1oBopora). ITovTomy nBe mo-
JIOBMHBI TeJA ¢ 1euTPAIbHON cUMMeTpueil sep-
KJIBHO PaBUBLE (CM. BHIUE) ApYr Hpyry.

Hpuwmep. Beam npogoikute pebpa S,
S, 8C, .. umpamugsl SABCDE (pue. 212)
HY  PACCTOMHMS, DaBHBIE JJIMHAM OTHX pebep,
B UPOTHBONOJIGIKHYIO CTOPOHY OT BCPUIMHBI, TO
aBe  nupamupsl SABCDE wm  Sabede BMecte
o0pasyloT Teio, CHMMETPHYHOE OTHOCHTEJBLHO
IeHTpa S.

Ecau mapamujia S A BCDE na puc. 212 noyjas Pue. 212
u He uMeer «uHay ABCDE (nupammpanpHasd
BOPOHKA), TO, BHIBEPHYB ee HAWBHAHKY, MOJYYUM Tello, B Ko-
TGPOE€ MOMKHO BIOMNTE NMPAMURY Sabede; He NPOH3BOUH
BLIBOPAUMBAHM, Nedb3d (B o0leM clyyae) COBMECTHTb ITH
nBa Tesa, TaKk uro B o0wem ciayyae SABCDE n Sabede ue
PaBHBI, a JIUUIb 3epPKANbHO PaBHBL. B HCKIIOUHTENLHBIX CIY-
Yafax (Hanpumep, ecau nupamuga SABCDE — npapuisiasn)
BO3M0IKHO W PABEHCTRO.

Puc. 211.
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3. Cummempuss epawgenus. 1Teno  (wan ducypa)  ooua-
daem  cummempucii  gpaujercus, CCIM  IIPU  TIOBOPOTe  Ha
yl‘o.}lf?;? - (n — neJoe ¥MCI0) 0KOIO HEKOTOPOH tpaMoii A B
(0Ch CMMMETPHMU) OHO TOJHOCTBIO COBMEL[AETCSH CO CBOUM M-
XOJIHBIM 10JIo2KeHueM. lcam umcio n» pasuo 2, 3, 4 um 1. j(,
TO OCb CHMMCTPHMU HA3BLIBACTCH 0Cblo  6MoO-
pozo, mpemvezo w m. 0. nopadka.

I pumep. PaspememM Kpyr na Tpu cek-
Topa ¢ IlelTpallblbiMu  yraamu 1mo  120°
(puc. 213). Halomum 5TM CeKTOpH APyl HA |\ @
Jipyra (He IepeBopauMBas MX JpYroit cro- Y
poHOW) M 1popexeM Ha HUX Qurypy a
npounsBoubnoit gopMel. CIJIOKUB CHOBA CeK- o on
TOPHL TAaK, KAK OHU JIeMaanm, noxyumm ¢u- Pute. 243,
rypy (Kpyr ¢ TpeMsi BBHIDE3aHHLIMM Ha HeM JbIDOYKAMM),
00718fa0yl0 OCBI0 CHMMETPUHM 3-T0 1lOpsjKa. Ira och
HepnenimKyiApHa K niockocTn yepreska. Ilopoporom na 120°
(Urypa MoJNHOCTHIO COBMELAETCA CO CBOMM MCXOMHBIM I0JI0-
HeHMeM.

B Goslee y3xoM cMmhbiciie OCb0 CHUMMETPHMU HA3BIBAIOT 0Chb
CMMMETpHM 2-r0 IOPAAKA M I'oBOPAT 00 «oceBoit cuMMeTpUmy,
KOTOPYIO MOMHO OIIPeleluTh Tak: hueypa (uau meso) obaa-
daem ocesoli cummempueii OTHOCUTEILHO HEKOTOPOH ocH,
eCiin KaIoif ee Touke E COOTBeTCTBYyeT TaKas IpUHAMJIe-
wanas Toit se gurype Touxa F, uro orpesok EI' nepnengu-
KyJipell K OcH, Mepecelkaer e¢e M B TOYKe IepeceyeHHs Je-
autes nonodaM. Pacemorpennast soie (puc. 211 na crp. 324)
1Hapa Tpeyrojbunikos o0jamaer (Kpome IEHTPAJbHOM) elle
oceBoit cuMMmerpueif. lie och CUMMeTpUMM IPOXOJIUT Yepes
ToYKy C HepHeHIUKYJIAPHO K IJIOCKOCTH YepTeska.

I pumepbl nepevucaennvir 6udos cummempun.

Illlap oGnamaer U UeHTPAJIbHOIf, U 3epKaJNbHOU, U oceBOit
cummerpueii. 1leHTpoM cuMMeTpuM ABJIAETCA ILeHTpP 1Uapa,
III0CKOCTBI0 CUMMCETPHU I — IIIOCKOCTH 1106010 60JBIIOro KpyTa ;
ocblo — mo0oif amerp wapa. Iopagox ocu — moGoe uemoe
qHCI0.

Kpyaavtic konyc nmeer ocesylo cumMMeTpHio (Joforo wo-
psjika); ochb CUMMETPMM — OCh KOHYycCa.

I pasuavnas namuyzoabhas npudma HMeeT IUIOCKOCTh
CMMMeTpPHMHM, MAYMIYI0 NApajllelIbHO OCHOBAHMAM Ha PaBHOM
OT HUX DACCTOSHUM, U OCb CHMMETPUH INATOro IOPAAKA, CO-
BIANAKILYI0 ¢ 0CbI0 NpuaMel. I110CKOCTbIO CHMMETPUU MOJKeT
TaKe CIYHHUTh INIOCKOCTb, AeJdAlIaA MON0JaM OfMH U3 JBY-
I'PAHHBIX YIi0B, 00pa3yeMbX GOKOBHIMU IPAHAMH.
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§ 17. Cummerpust maockux gpuryp

1. depraavno-ocegan cummempus. Eciun mwiockas durypa
(A BCDE na puc. 214) CMMMeTPHYHA OTHOCUTEIBHO IJIOCKOCTH
P (4To BO3MOKHO JIMIUB B CIyyae B3AMMHOMN IEPIEHJUKYJIAD-
itoctu mitockocreit A BCDE n P), To npamas KL, no Kotopoit
NepecexaloTCA YMOMAHYTHE NIIOCKOCTH, CIYMHUT CChIO CHM-
MeTpuu (2-ro nopsamka) ¢urypst ABCDE. OGpatio, eciu
niocran gurypa ABCDE umeer ock cumMmetpun K1, Jexa-
My B ¢e MJIOCKOCTH, TO dTa (PUrypa CUMMETPHYHA OTHOCH-

TeJIbHO MJoCcKoCcTH P, mnponefeHHoi
yepes KL mnepueHIMKyJApPHO K MJIO-
8. L ckoct  ¢urypm. Ilootomy oce KL
MOMKHO HAa3BaTh TaKMe 3epKaabHOlL
L npamoii naockoit puryput ABCDE.
JIBe 3epKaJbHO CHMMETPUYHBIE MJIO-
ckue QUIrypsl BCerga MOKHO HAJIOKHTh
Prc. 214 Apyr Ha papyra. OgmHaKo JJIsA  3TOro
- o HeoOXOAMMO BHIBECTH OFHY M3 HHX
(nam o6e) u3 ux obiweit MiIoCKOCTH.

2. l{enmpanvnas cummempus. Ecam miockaa ¢urypa

(ABCD na puc. 215) uMeeT ocb CUMMETpMM 2-ro MOPAMRKA,
NepneHAMKYJIAPHYI0 K miockoctu ouryphl (npamaa K. na
puc. 215), To Touka O, B KOTO-
poit KL mepecekaeT It1oCKOCTh u-
TypH, CIYMUT UEHTPOM CUMMeT-
puu ¢urypu A BCD. O6paTtho, ecau
niaockaa ¢urypa ABCD wumeer
HeHTp cuMMeTpuu O (OH HempeMeH-
HO JIEKUT B MIOCKOCTH PUrYpH), TO
aTa Qurypa HuMeeT OCb CHMMETPUM
BTOPOro MOPAAKA, NPOXORAILYIO Ye-
pea O NepneHAMKYJIAPHO K mJIo0- Puc. 215.
ckoct ¢urypel. Takum oGpasom,
ABe IeHTPAJIBHO CHMMETPHYHBIe IJIoCKMe QuUIrypsl Bcerja
MO?KHO HAJIOKMTh APYr Ha ApYyra, He BHIBOAA MX M3 oOluyeii
naockocTu. JliA aToro KOCTAaTOYHO ONHY M3 HUX IOBEPHYTb
Ha yrod 180° OKOJIO IeHTPA CHUMMETDMH.

Hak B cnyyae sepkaibHOM, Tak M B Cllyyae LEHTPAJIbHOI
CHMMeTpUM IJIoCKad QUrypa HelipeMEHHO MMeeT OCh CHMMET-
PHM 2-TO MOPANKA, HO B NEPBOM ClIy4Yae 9Ta OChb JIEKUT B MJIIO-
CKOCTH QHIYpHI, @ BO BTOPOM — NepneHAUKYJIAPHA K 9Toi mio-
CKOCTH. .

IToatomy B niaHuMeTpuM IHMIIb B NepBOM CJydyae CHM-
MEeTpPHA HA3BIBAETCHA 0CEBOM,
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§ 18. ogodne Tex

10006ue POCTPAUCTBEHHBIX TeJl U PUIYD MOMKHO OLpeje-
JMTh TAK e, waK nofgobue miockux ¢uryp (LV, B, 13). Ipa
TeJda nodo6Hb, CCIM ONHO M3 HUX IOJYYaeTCA U3 APYroro
yBellMyeHUEM WII yMelbllleHHeM BCeX ero pasMepoB (JIuneii-
HbIX) B OJHOM M TOM :Ke OTHoluennu. Mawwua u ee Mofesp —
nopo6Hble Tesa. Jipa Tena (niu Guryps) sepraaviio nodobuu,
CCII OJ{HO M3 HUX N0jI06HO 3epKambHOMY M:300parKeHH0 ApY-
roro (cm. IV, B, 16). Taxr, Hanpumep, HeraTuB (QOTOCHMMKA
c 1nopTpera 3epKanipio nogoben moprpery. Ba GoTMHKa pas-
JINYHBLIX HOMEpOB, HO OXHOro (acoHa, ORMH — C MPaBOM, Apy-
roit — c JIeBOii HOTH, 3epPKAJIILHO MOTOOHHI.

B nomo0HBIX n 3epKajbHO 1OAOOHBIX QHUrypax Bce COOT-
BETCTBEHHbIe Yribl (NHHEHHbIE W ABYrpaHHbe) paBHbl. B mo-
JO0HBIX TeJlaX MHOrOTPAHHbLIE U TeJECHBIE YIJIEl PAaBHLI, B 3ep-
KaJIBHO NMOAOOHBIX — 3€pKAJNbHO PABHHIL.

Ecau dsa wemuipexepaniuka (T. €. IBe TPeyrojbHble NHU-
paMUIBI)  UMEIOMm  COOMEEMCMEEHHO  NDPONOPYUOHAALHbIE
pebpa (MM, YTO TO iKe, COOTBETCTBEHHO NOAOOHBIE rpaHu),
mo onw nodobrut uau 3epranvrio nodobibl, TAK YTO, HANPH-
mep, ecau peGpa nepsoro BjBoe Goubiue pefep BTOpPOro, TO
W BBLICOTHI NMEpPBOro BiBOe O0Jblle BHICOT BTOPOro M Paguyc
OIMCAHHOTO 11apa MEPBOTro BABOE OOJbIE PAfUYCa BTOPOro
H T

Jlast MHororpaHiinkoB ¢ GONBbLIMM YUCIIOM rpaileif 3Ta Teo-
pema y#e He uMeer Mecra. IIpeacraBum cebe, Hampumep,
4TO 12 PaBHBIX CTepHHE coeguHeHsl TAK, YTo OHM oOpasyioT
pebpa kyOa. Ecam coemuuenns 9TMX CTepHeHd y BCPUIMH
cleJlaHbl 113 IIAPHUPAX, TO, Ke PACTATMBAA CTePHHEl, MOIKHO
usMenuTh ¢opmy obpasoBaHHo umuM ¢urypsl m us Ky6a
nosxyuuts napaduteidenunen P. Ilapaamenenunen P, mogo0-
Hblit P, ne Oyner HM noxo0eH, HM 3epKaJbHO MogobeH KyOy,
xota pebpa ero mponopuuoHadbHbl pebpam Ky0a; ¢ 4YeThl-
PeXTPaHHUKOM, IOCTPOEHHBIM M3 6 cTrepiKiieif, 5roro ciy-
YUTLCA 1e MOJKeT, TAK KaK OH COXpPaHuT cBow (opMmy u
B TOM CJIy4ae, eClli Bce COelMHeHMs OyJyT IMApHUPHHEIMH.

WTak, BooOlLle roBopA, NPONOPIKMOHAILHOCTH BceX pebep
11e{OCTATOYHO JUIA TOTO, YTOOBI TeJa GhlyIu Mogo6HBI (MK 3ep-
KaJIbHO MOXOOHHI).

JIBe npuaMBl MIN [Be MUPAMUALI NMOKOOHBI UM 3ePKAIBHO
110700HbI, eCIN OCHOBAaHME M OfHA M3 OOKOBBIX rpaHeil mepBoit
COOTBETCTBEHHO MOXOGHHI 0CHOBA!IIIO U GOKOBOIT rpaHK BTOpOI
1 ecJIM, CBepX TOro, AByrpaHuble yribl, 00pa3oBaHisle B 06enx
Npu3Max (MMpaMuaax) ymOMAHYTHIMU TPAHAMM, DABHBI MeMy
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¢000it. JlBe npaBuibHble IPU3MBL MJIH IMPAMIABL ¢ OAIUM 1 TeM
e MHCIIOM rpatieif noxo6HbI, eciin pajny chl HX 0CHOBAMIA 11po-
HOPUUOHAILHBL BHICOTAM. [[BA KPYFIBIX HHIAMIPA HIU KOHYCA
nomoOHBI, CCII PAjinYChl MX OCHOBAHUIT 1POHOPIUMOHAILIH
BBICOTAM.

B n1o/106HbIX TeJax III0ILAAU BCEX COOTBETCTBY IOUIX JIpYT
JpYLrY INIOCKHX M KDUBBIX IOREPXHOCTEIl NPOMNOPIMOHAIBHH
KBaJpaTaM JIIOGLIX COOTBETCTBEHILIX OTPEZKOB (T. €. OTHOIIC-
Hue TIolAkeit paBHO KBajpatry OoTHOMeHHs mojxolusn).

O0'beMbl HOJOOUBIX TEJ, a Talkde 00heMbl JHOOBIX COOTBET-
CTBEHHBIX HX vacTeil mponopnuoHaybibl Kkybam JoObix co-
OTBETCTBCHHBLIX OTpe3KoB (T. ¢. oTHouieHue o0'beMoB PABHO
KyOGy oTnourenust 1opobus).

Ionesysice nociaenunuMu ABYM#H CBOMCTBAMIL, MOMKIO B pse
cilyuaen oyelb YNPOCTUTH HEKOTOPLIE BLIUMCICHUS.

ITpumep 1. Ha mokpacky mouymapoBoro Kynoda ;ina-
MeTpoM 5 m uieT 6,5 ke odm@ul. CKOJBKO OJH(LI HYIKHO JITs1
OKpACKHM KyIMoJa JuamMeTpoM 8 m?

Beakue aBa modymiapus ABISIOTCA NMOJOOHBIMU TeJlaMu.
MxX noBepXHOCTH, a CJIETOBATENHHO, M KOJUYECTBA OJIHUPLI,
Heo0XofMMBble IIA UX NOKPACKH, IPONOPIMOHATILHBI KBajipaTam
auamerpoB. OGo3HavyadA yepe3 & MCKOMOC KOJMUECTBO OJUPLI,
umeem:

&= (£) &= 65(5) ~ 16,6 we.

Hpumep 2. Houcepsnasi 0anka BHCOTOIT B 11 cu 1
nonepeuHnkoM B 8 cu BMewaer 0,5 we Koncepsos. Haxopnt
pasMepbl Gannu Tex ske Komcepson (popma Oanku — Ta #e),
BMewanueit 1 ke KkoucepBoB?

OGosunavast yepes h BBICOTY M uepes d louepednuK (Aua-
MCTp OCHOBANMA) IToit Oanku, uMeeM ('i,;—)J =95 = 2, 0TKY )l
i

3
h=11YV2 =~ 14 cm.
3
Toutio Tak ke d = 8Y2 = 10 car.

§ 19. O4'beMbl H HOBEPXHOCTH Tel

OGosnaveuus: ¥V — obbem; S — niomaas ocHoBaHUSI,
S6ox — GoKOBasg NOBepXHOCTh; P — mojHas NoBEPXHOCTh; b —
BBICOTA; @, b, ¢ — M3MepeHUs MPAMOYTOJIbHOrO NMapaJiiesient-
nefa; A — amogema npaBHIBHON NUPAMUAH U MPABUIBHOMN
yceuenuoit nupamupsr; | — obpasyollan KoHyca; p — nepumerp
HIIN OKPYH{HOCTH OCHOBALNSA; ¥ — PaAMYC ocloBauus; d — Aua-
MeTp ocHoBauusa; R — papuyc mapa; D — jguamerp luapa.
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Il pussa, npsiMast 1 HAKIOHNQI; napaasescnuncd:
V = Sh.
Hpsimasi npusma:

‘Sl_mli a

rh.
Hapamieaenuue HpsMoy roJbublii:
V = abe; P = 2(ab 1-be | ac).
Jiyo :
V = a8 P = 6a*.

Hupamuda, npaBuibiian 1 HeNpaBuiblas:

1 ¢
V =5 Sh
Hnpamupa npasuabiast:

1
‘960]( = '2" ])A‘l.

Yceuennast InMpaMui@, HpaBWIIbHAsSL W HEHPABUJIbHAH!

Vo= (S, V8854 8) b
Yeeuenuast 1MpaMuAA NpaBUIIbIast:
Sooi = 12' (1 p2) et
Hurundp Kpyrooit (psIMOA M HAKIOHUBI):
V =8h = r’h = —2— adth.
Hunnungp xpyrarii:
Soox = 2:11'/:1 = adh.

Ilonyc wpyropoit (kpyrinit u lllal(Jl()llllblill):
B R IO B
V = 5 Sh = arth = 3-nd*h.
Kouye kpyrasiit:

Soore = —;—])l = arl =7:,'— adl
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YceueHubiit KOHYC KpyroBoii (Kpyrimiit M HaKIOUIBIA):
1 2 1
V=g nah (r 1ryrylrd) = 18" ah (d? + dyd, 1 dE).
YceueHHbIt KORYC KpYI1IIbIi:

Seore = Ayt ral = -4

1
b aldy dy)l.

Hlap :
V= altt= al¥ P = 4ak? = 7D*
Hoaywapue :

V= lar =} abs, § =2kt = 2D,

i

Sgor = 2nR? = 472, P = 3Rt = - b2,
Hiaposoii cezmenm :
2 1 (TN
V= aht (R b) = 5" (k24 3r2),
Sgox = 27Rh = 7 (r* 4 k%), P = 7 (2r* 4 h?).

Hlaposoii caoli:

V= & ahd oy alt ) by Sgo = 2nRh.
I aposoti cexmop :

V=2 arnw

(A" — BHICOTA CerMenTa, COREPALLUEIOCH B CEKTOPE).
Hoawii wap :

V= = (R{-RY = T (D}~ DY);
P = 4a(R2+Ry) = n (D} + Dj)

(B, 1 R, — papmychl BHeMIeH M BHYTPCHHeH IApPOBBIX I10-
BepXHOCTeH).



V. TPUTOHOMETPUH

§ 1. lIpepmeT TpUroHoMeTpHN

CJ10BO «TPUIOHOMETPUAY UCKYCCTBEHHO COCTABJIEHO W3 I'pe-
eCKUX CJIOB: (TPMFOHOH» — TPEYrOoJBHUIX U «METPe3nC» — M3-
MepeHue (COOTBETCTBYIOLIMM PYCCKHM TEpPMUHOM OBLIO GBI
«TpeyroiapHuKoMepue»), OCHOBHAA 3aja4a TPUTOHOMETPHHU CO-
CTOUT B peuleHuu mpeyz2oabHUKos, T. €. B BBHIUUCJICHUU HEHU3-
BECTHBIX BeJIMYMH TPEYTOJbHUKA MO TAHHLIM 3HAYEHUAM JpYy-
rux ero BeauyuH. Tak, B TPUTOHOMETPHM DEIIAIOT 3aAAYy
0 BBIYMCIICUHH YTJIOB TPEYTroJbHUKA MO JAHHBIM ero CTOPOHAM,
3a/layy O BBLIYUCJIEHMM CTOPOH TPEYTOJIbHMKA — IO IIOWIANU
M ABYM yriaMm u T. 7. Tax Kkak mo0yo BHYUCINTENbHYIO 32034y
reOMeTPUM MOMHO CBECTHM K peLIeHHI0 TpeyroJbHHUKOB, TO
TPUTOHOMETPUA OXBATLIBAET CBOMMM ITPUMCHEHNAMH BCIO ILIa-
HUMETPHIO M CTEPeOMETPHI0 M IUMPOKO NPUMENAETCA BO BCeX
OTHeJaX eCTeCTBO3HAHUA M TeXHUKHM.

VYvyenue o pemenun chepryeckux tpeyroasuukos (IV, B, 11)
HA3bIBAETCA cffepudeckoii mpueornomempueli; B IPOTUBOMNO-
JIOHOCTD 3TOMY yY€HMe O pelleNuu 0GBIYHLIX TPeyroJbHUKOB
HA3bIBAIOT RAOCKOU UAU NPAMOAUNEUHOU mpusoHomempuel.

VYribl npou3BOIBHOro TPeyroJdbHUKA HelIb3A CBA3ATH Hemo-
CPEJICTBEHHO C €ro CTOpPOHAaMHU C MOMOIIBI0 ajIre0panmdyecKux
coorHouleHuit. IlosToMy TpuroHoMeTpnsA BBORUT B paccMoTpe-
HHUe, KpoMe CaMUX YIJIOB, ellle HOBble KOJIMYEeCTBA, TAK Hasbi-
BaeMble TPUrOHOMETpHYEeCKNe BeJIMYMHH (KX IepeyeHb U OInpe-
nelleHHA cM. V, 5). OTH BEJIMYMHBL yKe MOMKHO CBA3ATh CO
CTOPOHAMH TPEYTOJIbHMKA NMPOCTHIMU ajireGpanyecKUMU COOT-
nHowenuAmMu. C Apyroit CTOPOHH, MO NAHHOMY YTIy MOMKHO
BBIYMCJIUTD COOTBETCTBYIOllee 3IaYyeHUe TPUTOHOMeTpuyeckoin
Besmunusl, u oOparwo. Ilpasaa, oTM BbluMCIeHUA TpelyloT
IIMTENbHBIX U yTOMMTEIBHHIX pacdetos, HO ata pabora mpo-
AelaHA pa3 HaBcerAa ¥ 3aKpenieHa B Tabanunax.

3HaueHNe KAMKION TPUTOHOMETPUYECKON BeJIMYMHBI M3Me-
HAETCA C M3MeHeHHeM YIJIa, KOTOPOMY OHa COOTBETCTBYET;
APYTHMM CJI0OBAMM, TPUIrOHOMETPHYECKAA BeJMYAHA €CTb
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Gynkuun yraa (VI 2). Orciojin nauMenoBauue: mpiucono-
Mempuneckue (fynkyu.

Mengy pasiMqibBIMilL TPRIOHOMETPUYCCKUMU Py HRIMSIMI
CYHIECTBYIOT Barcible 3aBucumMocT. MenonbloBanme ux 1o:3s0-
JBIET COKRpAIATh M 00Jeryarh shlyncienust. Hacth Tpuronomer-
PUM, HOCBAILECHHAA U3YYEHNI0 DTUX COOTHOLICHUIA, HA3BLIBACTCH
conuomempueli, T. C. «yrioMepuem». («roHnay — HO-I'peveciu
«yroJm).

§ 2. Ucropnaeckne cBejeHsE 0 PASBHTHIL TPHLOHOMETPHI

IlorpeGHocTs B peLIEHMM TPeYI'OJILHMKOB palblue Bcerv
BOSHMKIIA B aCTPOHOMMH, U B TeuelMe JI0IIrOro BpeMEHH TPH-
I'OHOMETpHMs PA3BUBAJIACH U M3Y4AJIACch KAK OJMIL U3 OTHEIOB
ACTPOHOMUM.

Hackonbko nsBectHo, C110COOLE pelIeHMsI TPEYroJdbHUKOB
(cpepnueckux) BrepBbic ObLIIM HMUCbMEHHO MH3JIOHCHBI I'peue-
cruM actponomom I'mnmapxom B cepejiune 2 Beka jo i 0.1).
HauBbicniumMu 10CTHHEHUAMY Fpevyeckas TPUI'OHOMeTpus 00 -
sana actpornomy IlTodiemeio (2 Bek H. 9.), cospgaresio reouei-
TpUUeckoit cucTeMbl MUpa, rociojcTsonasiieit 1o Houepuuka.

I'peyeckne acTpOHOMBI He BHAIM CHHYCOB, KOCHIIYCOB If
TAHreHCcoB. BMecto Tabami HTUX Besmunmi ouuv ynoTpelisiiit
Ta0JIMIBI, 1103BOJISIBIIME OTHLICKMBATL XOPHY OKPYIKHOCTH 110
crsiruBaeMoit xyre. Jlyrn usmepsiiinch B rpaaycax M MITHYTAX;
XOPJBL TOKE U3MEPSIIMCh IPAgycaMit (OMH I'PALYC COCTABIISIIL
HIECTH/IECATYIO MACTh PAMyca), MUIYTaMIl 1l CeKyHIaMu. IDTo
HIECTUAECATCPUYNIOE TIOApA3/ledIciie IPeKil 3aUMCTBOBAIN Y
pasuaonsn (cm. 11, 7).

Tabmuuwl, cocrasicuunie llTonemeem, copepikaimn Xop;iht

>

1°,
BCEX JLYT 4Cpe3s KMuble -5 *), BLIYUCTEHHBIE C TOUHOCTBIO JIu

ceKkyHabl. C IOMOILBIO MHTEPHOJNAIMH MO UMM MOMHO OLliIo
HalTH ¢ TOlf e TOYHOCTBIO Xopuy Modoit nyru. (Jlia obierye-
nus unrepnoasnuu ITronemcit maer mompabrku ua 1°.) IHpu
seiatesenun  tabmug  HrosdeMeit  ommpasicss ma  OTKpLITYIO
UM TeopeMy O JHATroOIAIAX BIMCAHHOIO YeTLIPEXYroJbLHUKA
(Iv, b, 19).

1) CoyMHenmne I'miuapxa ¢ ;oo Jlo Hac.,

2) Ecau B3ATL INEHTPAIBHLIL YION, OUMPAOUMIIC 1 110J0BUIY
PaCCMATPUBAEMOM IYru, To Xopua OyAcT yiBoeiioii JunMeil cuiyca
9T0ro yrua. ITooromy Taduuua I'Isoncmﬂ PaBHOCHJILHA TIATUINAYHOIT

rafamue sgaieunit ciuyca ucpes ——.
{3
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SHAUUTEJBHOM BBICOTHI jLOCTUIIA TPUIOHOMETPUH M Yy MH-
HMACKHMX CpejlHeBeKOBHIX acTponoMoB. Kak U rpekn, mHIMinb
3aUMCTBOBAJIM BaBWIIONCKOEe rpagycHoe usmepenne pyr. Ho
HHAUALB PACCMATPUBAIM HE XOPBI AYF, & JUHUA CUHYCOB M
Kocunycos (T. ¢. iunuuu PM u OP pns nyru AM Ha puc. 216).
I{pome Toro, paccmarpunadsiach aunus PA, nmojy4usinas nosu-
Hee n I‘lupoue HA3BaHUE «CUNYC-BEp3yen.
3a epuuuiy usmepenust orpeskos MP, OP, PA npnuu-
mMadjiach ayropasg muiniyra. Tak, Junus cunyca ayru AB = 90°
ectb OB — pajuyc okpyHocTy; ayra AL, paBHas paguycy,
cojiepsuT (okpyrienno) 57°18" = 3438°. Iloaromy cunyc
ayrm 90° cuMTalicA  paBHBIM 3438,

Homenmue no Hac MHAMiickuwe Tabmu- ;N
bl CHHYCOB ([peBHeillnag  cocTaBjeHA M
B 4—05 BeKe H. D.) He CTOJIb TOYHBI, KAaK '
NTOjIeMeeBH; OHU COCTABJEHBLI uepe3 3°45
(T. e. yepes 1/, yacThb HAYrM KBAJPAHTA). A

JanbHeitiee passuTHe TPUrOHOMETPHUA

nolnyuusna B 9 —14 Bexax B Tpyjlax apabo-

ABBIYHBIX aBTOPOB. BB 10 Bene Oarmanckiniy

yueHwit Myxammej ns bByjukana, ussect- Puc. 216.

ublit o)y umenem AGy-iub-Bada, upucoenu-

HIAJ K JNHIAM CHILYCOB M KOCHHIYCOB JIMHUHM TaHI'€HCOB, KOTal-
I'eHCOB, CCKAHCOB I Kocerkancon. Ol JlaeT UM Te ke ompepede-
s, KOTophle MoMelalTest B namux yyebuukax. AGy-nb-Baga
VCOTAHABIIBACT TAKHC OCHOBHEIC COOTHONIEHUA MEKEY DTHMM
JunuAM (cooTnerersyomie dopmvaam V, 14). B pykax 3Ha-
MCHHTOTO MycydbMancioro vaenoro Hacup sj-Jluna u3 Tyca
(1201 —1274) TPUrOHOMeTPHUH CTANOBIUTCS CAMOCTOATENBHOMN
naydtoit pucnmnamioii. Hacup oi-Jinn cucremaruyeckn pac-
CMATPHBAJL BCe CIYHAN pellenus IIocKknx u cdepudeckux
TPEYrOJBHUKOB My K3l psil HoBLX 110c000B peniesus.

B 12 nexe Ot nepepegen ¢ apalekoro A3LIKA HA JATHH -
CRUR psl QCTPOHOMUUCCKHX paGoT, M 110 HMM BIlepBLie eBpo-
HeHUbl  MOBHAKOMUINCL ¢ TpHroHoMeTpureil ).  OjpHako  co

1) B ato ;pcmu NOABMJICH JLATHHCKUIT TEPMUH «CHHYCr, UTO 03HAYAET
«iadyxa» WIKM «kapMal». 9DTo HepeBojt apalcikoro c¢ioBa  «IKei0»,
uMeuero To ke suavenie. Kax uosiswies ator apabcekmii TepMMm,
Heu3BecTHO. leKoTophie MOJaraor, YTo ol IPOM3oIneSl U3 MHAUBCKOro
(CAaHCKPHUTCKOI'0) CJIOBA «:KMA» WIIM «KUBA» (MepPBOE 3HAYEHMe -— TEeTHBA;
B reoMeTpuu — xopra). Ho cuiyc B MHMIICKOR TEPMAHOTOrMM HUMeHy-
€TCA «apJIXa-Kuas, T. €. 1oJIyXoplia.

Ha3sBaHue «KOCHHYC» ITOHBUIIOCHL TOJILITO B HAYaJIC 17 BeKa Kak COKpa-
1ieHMe HauMeHOBaHMHA complementi sinus (CHHYC JONOJIHEHHMA), YHKAa3H-
Bawilero, YTo0 KOCUHyC yria A ecThb CUHYC yrJjia, DOMOJHALIEro yroJ
A T0 90°. HamMeHOBAHHA «TaHreHC» UM «ceKaMC» (B epeBofe C JIATHH-
CKOTO O03HayYalIlMe «KacaTelhbHafl» M «ceKylllana») BBeeHH B 1583 r.
HEeMEeIKUM Y'IeHLIM DUIKOM.
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MHOI'MMM JOCTUIKEHMAMU apaboAsbIYHONl HAyKM eBpomeiiuam
He Y[aJloch NO3HAKOMUTBLCA CBOEBpeMeHHo. B uacTHocTu, um
ocranack neusBectHoit pa6ora Hacup sp-Iuna. Bupaomuiica
HeMelKkMit actpoHoM 15 Beka PeruomonTtan (1436 —1476) ye-
pe3 200 aer mocae Hacup aj-Jlnna 3aHOBO OTKPHIT €ro Teo-
peMEHL.

Peruomonran cocraBui 0GIIMpHble TAGIMUbLI CUHYCOB (4e-
pe3 1 MUHYTY C TOYHOCTBIO O CeAbMOIf 3Hayalel LUPpHI).
OH BriepBbIe OTCTYNUI OT WIECTUIECATEPHYHOrO JelleHuA pagu-
yca M 32 efUHMIy M3MepeHud JIMHUM CHUHYCA NPUHAI OXHY
XeCATUMNILIMOHHYIO YacTb paguyca. Takum o0pasoM, CUHYCLI
BHIPQAKQJINCh LeJILIMU YMcIaMu (a He 60-puynbiMu Apobamu).
Jlo BBelenyA NecATUYHLIX pobeli 0CTABAJICA TONBKO O{UH LIar.
Ho on 1rorpeGoBaa Goaee 100 ser (cm. 11, 31).

3a rabumiamu Pernoronrana nociiefoBad pAx APYTHX, eile
Gonee moppobubix. Hpyr Honepunka Peturyc (1514 —1576)
BMECTe C HECKOJIbKMMHM MOMOLIHMKAMu B Tedenue 30 JeT pa-
Oorad nay tabaunamMu, 3aKonuyedHbIMU ¥ U3MAHHLIMU B 1596 T.
ero yuenurom Oto. Yras mmm yepes 107, a paguyc Jeauics
Ha 1000 000 000 000 000 uyacreii, TaKk 4TO CHMHYCH uMeau 15
BepHEIX 1udp!

Byxsenneie oGosnaueHuda (B airebpe OHM MOABMIMCL B
Koune 16 Beka) yTbepAWJIMCh B TPUFOHOMETPUM JIHIUIB B cepe-
nuHe 18 Bexa O6Iaroaps pyccromy akajgeMury ditnepy (1707 —
1783). OTOT BelMKMHA MATEMATUK UPUIAI BCEH TPUIOIIOMETPHI
ce coBpeMenublif pum. Bemmuunst sin x, cosa u T. Ji. 0H pac-
cMarpuBan kak gymwigin (VI, 2) uncsa @ — paguanuoi Mephl
COOTBETCTBYIVUICIO yraa. Jifjiep JlaBaj UMCIY & BCeBO3MOJ-
1Ble BHANCHISL HOJMOMUTeTbHEe, OTPULaTeIbHLIe U laxie KOM-

nJeKcusie. On BBed u obpaTanie TPUIOHO-

p— MeTpudeckue Gynkuuu (V, 24).
M § 3. Papuannoe H3Mepenune yraon
0 Hap:uy ¢ rpagycuoit Mepoit  yriaon

(IV, B, 5) B TpuronoMerpun yuorpeoisercs

M Jpyran Mepa, HaseiBaeMas paduahitoli.

Pue. 247. B meit 3a equuuIy M3MepeHMsT MPUHIMAET-

cs1 oemepunt yeon (MON na puc. 217), nod

komopwm eudna u3 yenmpa orpyscrocmu ee ayra MN,

S—
pavuaa paguycy (MN = OM). Takoit yroil HaselBaeTcsi pa-
duamom. Bemnuuna aToro yriia e 3aBUCHT OT PAUyCa OKPY K-
HOCTH M OT MoJjomeHud Ayru MN na okpysHocTH. Tak Kak
MONYOKRPY*HOCTH BUAHA M3 IleHTpa mox yriaom 180°, a uimna
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ee paBHa & pagmycaM, TO paaual B 7z pa3 MeHbIUe, YeM yroJj

B 180°, T. e. olMH pafiUaH paBeH % rpajgycos:
1 180° o 90K oqmrs e
pajman = = 57°,2958 ~ 57°17°45".

OGpatiio, oMl rpajlyc paBeH pajuana.

T
180
1° = —— pajuana = 0,017453 panuana.

180
1" = 1_6?(7'65 paguana =~ 0,000291 paguaua.
17 = Tébfnﬁw paguana = 0,000005 papuana.

Paduaraoii mepoii mo6oro yria (AOB Ha puc 218) As-
JIAeTCA OTHOUIeHHe dTOro yria k pagnany (MON ua puc. 218);
no oruomenue /AOB : /MON paBHo

otnoutenuio iyr AB: MN, T. e. otHolen11o A y
nyru AB k paguycy. / ‘ i
Taxum oOpasoM, paduanitas mepa aio- 2\
Ooco yeaa AOB ecinb omiowenue Oaunde
dyew  AB, onucannoli  npou3BOALHBIM
paduycos us yenmpa O w 3aKAIOUEHHOD
stescdy emoponamu yeaa, x paduyey 0.1
amoll dyeu.
Baeepenne pajnandoit Mepul yria 1o-
3BOJISteT MpUaTh MiHOrMM Qopmyiam Oosiec mpocToit Bui!).

Pic. 218.

1) BoMHOrdx yye6HUIKAX TPUrOHOMCTPUM YCHIIEHAO IOXYEPKABACTCH,
4TO 1IPM PAJMAHHOM M3MEpPEHHU YIJIOB BEJUIAHA Yrila H3MepseTcA 0 T-
BleYeHHB M 4McJoM. Co3jpaiouieeca NpH dTOM NPOTHBONOCTAB-
JleHMe PajgMaHHOro M IpajlyCHOro M3MepeHHil JHIIEHO BCAKOro OCHOBA-
nusi. U B paiMaunoii ¥ B paycHoil cucreMe yroJl MaMepaeTcH edunuyeit
yaaa. To, YTO HAUMEHOBAHME B OJIHOM Cjy4dae (JUIs1 rpajgyca) npocrasiif-
eTcA, a B APYroM (JulA pajuMana) IoApa3yMeBacTCA, He MTpaeT POBHO
HUEAKOI poJin.

EjuicTBeNHbII pa3yMHbIi CMLICT BLILICYHOMSAHYTOTO YTBED HEECHAS
3a1UTI0YACTCA B TOM, YTO paJiMallHAA Mepa YIrila, BLIPAMKAACh Omuoute-
nuesm ABYX JUIMH, COBCpPLIEHHO He 3aBHCUT OT BHIOOpa CAMHAUM IJIMHE!.
Ho ¥ rpagycHasi Mepa yria He 3aBMCMT OT aroro phi6opa; Gosee Toro,
0HA TOM{e ecTh OTIIOLICHNC ABYX JUIMH, MMEHIIO, IJIMHLI YT, ONMECAHHOMN

i
M3 BepIIMHBI YyIJIa M 3aKIIIOYEHIION MEeKAY ero CrOpOHaAMH, K 3% 4YacTH

IIYTH OKDY}KHOCTH TOTO i€ pagmyca. TO OTHOUICHEE HATEM He Xyie
OTHOINEHUS TON e IYTU K ee pajuycy.
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1losesH0 3anOMINTL CTEYIOUIYI0 CPABHUTENbHY 0 TadIuLy
IpPafycHOll M PaAMAHHON Mepbl 1IeKOTOPHIX YACTO BCTPEualo-
LINXCA YIIoB:

Y B orpajlycax 360° 180° 90 | 60° Ahe ! 30
T T 4 kL4
r. JIMAHE 7 = e — —-
Yrae B pajMaHax 2 k. 5 3 M ‘ 6
1

§ 4. 1le peBoj rpagycHoii Mepsl B Pa;(HAIIYI0 H 00 PATHO

1. Ymobu naiimu paduannyio mepy rakozo-nudyds yzaa
no damnol epadycioii eco mepe, nymero (cM. V, 3) nomio-

T

) P
arcumun HUCAO epa&ycoa na 180

= 0,017453, «ucio munym

T il ~
" 18060 180-60-60
2 0,000005 w reaiideruivie npouseedenis ca0HcuUM.

I p uwm e p 1. Haitrn pajpnannyio Mepy yraa 127307 ¢ rou-
HOCTBIO JLO UETBEPTOrO JIECITHAHOT0 BHAKA.

~ 0,000291, « uwcao cexynd na

Pemenie. Honmnonaenm 12 na . VUUTLIBAA I 1TSITHIT

T
180
JMECATUYHBIHT 3HAK MHOMUTENH (TAK KAK 1IpU YMuoxenan na 12
abconoTiast NOrPeHiocTh BospacTaeT upitsicpuo B 10 pas,
ep. I, 40);12-0,01745 = 0,2094.

Homuosaen 30 na { o YUINTHIBASL 1 ecToli il Mito-

T
180-6(
denredsst; 30 -0,000291 = 0,0087. Haxojpum 127307 0,2094
10,0087 = 0,2181.

Jlna obnerdenus suldncicHuii ciryskur rabiauna I, 8, nome-
nienHas ua crp. 46 M jlaoiiasg TovlHoCTh (0 YEeTBEPTOro Necsi-
TUYHOro snaka. I3 mepsom ee croilue («rpajlych») NpoTUR
nudprr 12 waxojpum 0,2094; B mpejocieneM CToadne («(u-
HYTBDY) TPOTHE HUPPR 30 Haxojim 0,0087.

Januch:

12° = 0,2094 (pagmnana)
30" = 0,0087

0,2181
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ITpumep 2. Hailtu paguannyi Mepy yriaa 217°40°.
C momoubio Toit e TaGIMIBI HAXOMNMM:

200° = 3,4907
17° = 0,2967
40" = 0,0116
3,7990

2. Umobur naiimu apa&ycuyro Mepy yeaa no OanHol e2o
paduarnoli mepe, nyncro (CM. V, 3) nomuoncums wucao padua-

106 Ham ~ 57°,296, T. e. Ha 57°17°45"" (ecnim TpebGyerca

TOYHOCTb [0 0,5 M yroa coiep:ut ie Oojlee 2 pagMAHOB,
TO MHOMUTENb MOMHO OKpYINIUTH A0 57°,30, TaKk Kak IO-
rpewHocTh B 0,004 rpagyca cocTaBiifieT OKOJIO YeTBEpPTH
MHHYTHI).

Il pumep 3. HaiiTir ¢ Tounoctuio 10 1’ rpagyciyio Mepy
yriaa, copep#aulero 1,360 paguaua.

Pemenwue. 1,360-57°,30 = 77°,93 = 77°56".

Has oGieruenust BulYMCIeHUit caysut tadama I, 9, mo-
meernan Ha crp. 47. Io meit naxomum:

1 paguman = 57°18’
0,3 paauana = 17°11’
0,060 » = 3°26’

77°55" 1)

Il p ume p 4. Haiitu rpagyciyio Mepy yria, cogeprauiero
6,485 pagnana. G nmoMombo TaGIUILI HAXOIUM :

6 paguanoB = 343946’
0,4 pamguana = 22°55°
0,08 ¥ = 4°35
0,005 y = 0217

'371°33"  (npemesblian
norpemnocTb 2’)

§ 5. TpuroHomerpudeckne PyHKLIH OCTPOrO yria

Peiitenite BCAKMX TPEYroJbHMKOB B KOHEYHOM cyeTe cBo-
AUTCA K pelIeHUI0 NPAMOYrOJNBHBIX TPeyroJbHMKOB. B mps-
MOYTOJIbHOM e TpeyroibHnke ABC oTHoOlUIeHMe HBYX ero

1) PacxosieHMe B 1’ MPOUCTEKALT OT HAKOMIEHUS 1 )FPEIIHOCTEi e
raempix; cm. I, 38.
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CTOPOH, HAampHMep KaTeTa ¢ K THIOTEHy3e ¢, BCeHeso 3aBM-
CUT OT BeJIMYUHBl OJHOr0 M3 OCTPHX YrJoB, Hampumep A
(puc. 219). OTHOlIEHNA PA3IUYHBLIX AP CTOPOH NMPAMOYTOJb-
HOTO TPEYroJbHUKA M HA3HBAITCA MPUZOHOMEMPUNECKUMU
Pyuryusmu ero ocrporo yraa. Ilo orHomenuio Kk yray A
3TH (QYHKIMU MOJYYaIOT CleyloliNe HA3BAaHUA
n 06o3HaYeHUA:
. 1) Cunyc: sin 4 = %(omomeuue npo-
‘ g Imusoaexcawezo kamema K zunomenyae).
2) Kocunyc: cos A = —bc—(o'momenne npu-
A §  Aexwcawezo kamema K zunomenyse).
3) Tancenc: tg A = - (oTHomenue npo-

mueonesrcaujezo Kamema K npuaencauiemy ).

Puc. 219.

4) Ilomaneenc: ctg A = Tb (oTHOWIEHNE npuaexcawezo
Kamema K npomuseoaedcaujemy ).

5) Ceranc: sc A = -z— (oTHOWIEHUE 2unomenysvl K. npuae-
ocaugemy kamemy ).

6) Kocexanc: csc A = % (oTHOLUEHUE 2unomeny3vt K npo-

mugoaencayemy Kamemy ).
ITo oTHomeHu0 K yray B («IONOJHMTEIBHOMY» YIJy TO
OTHOUIEHUIO K A) Ha3BaHUA COOTBETCTBEHHO MEHAIOTCA:

sinB=Tb;cosB=—‘;—; th=%;
a, _ c. =<
cth:-b—, scB~a, cscB-b.

JIJ11 HEKOTOPHIX YIJI0B MOM{HO HamUCATh TOYHBIE BHIpAKe-
HUA MX TPUTOHOMETPMYECKMX BeJIMYMH. Barkueimue cayuyau
AaHbl B Tabauie Ha cTp. 3391).

1) Yrawt 0° 1 90°, cTpOro roBopsfl, He MOTYT BXOAUTDL B NPAMOYIOJL~
Hbiil TPEYroJIbHUK B KKayecTne ero oCTpbiIX yriloB. OHAKO NMpH paciuupe-
HUM NOHATHA TPUTOHOMETpUYeCKOi YHKLMM (CM. HM#e) pacCCMaTPUBAIOT-
CA 3HaYeHMA TPUroHoMeTpuueckux GyHKIM{I 1 ;1A 3TUX yraoB. C Apyroit
CTOPOHBI, OIMH M3 OCTPBIX YIJIOB TPEYTrOJLHMKA MOMET CKOJIb YFOHHO
npubausautbea K 90°, ipyroi Oyaer Toraa npubau;:KaTbea K HYJIO; TOMAa
COOTBETCTBYIOIMEG TPHUIOHOMETPUUECKME BEJIMYMHbLI OynyT IHpuGaU-
IKAThCA K 3HAYEHUAM, YKa3aHHbIM B TabJjnie.

3HaK oo, BCTpPeyalolmiica B 9Toil Tabnanie, yKkaswiBaeT Ha T0, 4T0 a6co-
JIIOTHOE 3HaYeHue HaHHOi BeJIMYMHLI HEOTPAHMYEHHO BO3pAacTaeT, Koraa
yrojt npuGam:kaeTcA K TOMY 3HaYeHHIO, KOTOpoe YykasdaHo B TabJMIe
3TO0 ¥ MMEIT B BUAY, KOTA r'OBOPAT, YTO BEJMYNHA «paBHAETCA GecKO
HeYHOCTH» MJH «oOpaigaercst 8 OGeckoHevyHOCTL» (cp. II, 23 u VI, 12)
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dra rabaumua umeer Gollee TeopeTHUecKoe, UeM NPAKTH-
4eCcKoe 3HAYeHUe, TAK KAK COMEpPHKUT HeM3BJIEKaeMble TOYHO
KopHU. Jla1A GOJBUIMHCTBA Ke YIJIOB fase U C MOMOIIBI0 KOp-
Hell HeJb3fl B3aMMCaTh TOYHBEIE YUCIIOBBIE 3HAYEHUA TPUIOHO-
merprnyecknx GyHuuuit. Ho mpubivxeHHbIe UX 3HAYEHUA MOMKHO
BHIYHCIUTE C 00011 eaeMoil cTeneHbio TOYHOCTH (cM. V, 26).
Brruucienus atu TpeGyor Goasuoi 3aTpartsl Tpyna. Iloatomy
OHM TIPOfieJIaHBl pa3 HAaBCErAa, M pe3yJIbTaThl CBEeHHl B TaO-
suupl. TaGauubl CHHYCOB M KOCHMHYCOB (YeThHIpeX3Ha4HBIe) Mo-
MelleHbl Ha CTp. 34 —37 (I, 6), Tabauupl TaHreHcOB M KOTaH-
reHcoB — Ha cTp. 38 —45 (I, 7).

A sin A |cosA|tg A|ctgAd|scAdjcscA
0° 0 1 0 o 1 o
30° + 123: '},13T Vs 7-23—— 2
45 g sz“ 1 v |y | yT
w (3w w | w
90° 1 0 oo 0 oo 1

§ 6. OTbickaHMe TPUroHOMeTpHYIecKol PyHRIMK MO yray 1)

a)CnmHyc m KocuHyc. B rabaunne I, 6 (crp. 84 —387)
JlaHBl CHHYCH BCeX YrioB oT 0° mo 90° uepes 1’ ¢ TOUHOCTEHIO
0 verBepToro 3Haka. Tak Kak CHMHYC yria paBeH KOCHHYyCY
xonoJHuTeAbHOro yraa (V, 5), To no Toit e Tabnuie MOMKHO
HallTH KOCMHYCHI BCeX yYriioB oT 90° mo 0° yepes 1'.

ITpu oTeICKaHMM CHHYCA YUCIIO TPafyCOB NPOYUTHIBAETCA
B segom CTOJIOLE «Tpajgychbly, a OKpPYIJIEHHOE YHUCIO MMHYT
(0, 10”7, 20, 30°, 40", 50°) — ceepxy (06 sTOM HamMOMHHAET
HalMUCh «CMHYCH» H a & Tabauient); NMpu OTHICKAHMM KOCH-
Hyca YHCJAO TIpajycoB IpPOYUTHIBAETCA B npagom CTOJOIE

1) EcyiM IJIA yriia flaHa ero paguauHan Mepa, To lepeBoiuM ee B Irpa-
RYCHYIO (cM. V, 4).
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(rpagychly, & OKPYTJIEHHOE YMCIIO0 MUHYT — cHu3y (06 3TOM Hamo-
MMHAeT HaJINCh «KOCHHYCHDY I 0 A TaOauueit). Ha mepeceue-
HUM COOTBETCTBYIOIeH CTPOKM M CTOJNGLA HAXOAMM OCHOBHOIL
pesyabrar. Ha Hemocrawomee uuciao munyr (or 1 mo 9)
melaetcA nonpaska. OHa Geperca B paselle «IONPABKU» B TOMK
e CTPOKe, Ile B3AT OCHOBHOI pesyibTar. Ecim nimercsa cu-
HyC, TO INONpPaBKa npulbaessemca K OCHOBHOMY pe3yJbTATy;
€CJIN e ULIETCA KOCUHYC, TO IIOIIPABKA 8bI4Umaemcsa U3 OCHOB-
HOTO pe3yJbTaTa (TaK KaK NpU yBeJUYeHUH YIJa CHHYC yBe-
JINYMBAETCHA, & KOCHHYC yMEHBILIAETCH).

IMpumep 1. Haittu sin 53°40°.

B aesom cronblue «rpamycely GepeM uucio 53, a B eepxiel
CTpoKe — HauMeHoBanme 40°. Ha mepeceuenmun naxomum
0,8056. ITonpaBku He Tpebyerca:

sin 53°40" = 0,8056.

II'pumep 2. Haittu cos 63°10°.

B npasom cronbue «rpamychy Gepem umciio 63, a B ruoc-
Meli cTpoke — HauMeHnoBaHue 10°, Ha nepecevenitit nmaxonum
0,4514. IlonpaBrku He Tpebyercs:

cos 63°10° = 0,4514.

IIpuwmep 3. Haiitn sin 62°24".

B siesom crolibiie Gepem 62, B BepxHeif ctpoke — 20°. Ha
nepeceyeHUN HAXOZUM OCHOBHOI pedyastatr 0,8857. B Toit see
CTpPOKe pasfesla «IMoNpaBKM» (CTOdGel 4°) HAXOAUM uHMCIO S
(T. e. 0,0005). ITpubaBiiAs ero k 0OCHOBHOMY pe3yJIbTaTy, MoJy-
yaem 0,8862.

3amnuce:

sin 62°20”
+4’
sin 62°24" = 0,8862

ITpuwmep 4. Haitru cos 42°16”".

B npasom cronbue Gepem 42, B HumHelr cTpoke — 10°.
Ha nepeceyeHnn HaxoxuM OCHOBHON peaynabrar 0,7412. B Toit
e CTpPOKe B pasfelle «IONpPaBKU» (cTodber; 6°) Haxomum
yucao 12. Brelumras ero M3 OCHOBHONO pesyibTaTa, MOJy-
yaem 0,7400.

3anuch: cos 42°10" = 0,7412

+67 —-12
cos 42°16" = 0,7400

6) Taurenc n xoraHreunc. B rabmuue I, 7
(erp. 40 —47) mannr Tanrencs BeexX yraon ot 0° 1o 90° yepes 1°

0,8857
+5
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C TOYHOCTHIO O 4YeTBepToil sHavameir nuPpu. B npenexax or
0° mo 76° TabaMIa ycTpoeHa Tak e, Kak Tabiauua CHHYCOB.
B npomemyTke Mempy 76° m 90° (rme TaHreHC MBMeHAETCA
OuYeHb HepaBHOMEPHO) pasfella «MONPABKMU» HeT, HO 3aTO caMa
rabauna Gonee mogpobHa.

TaK KaK TAHTEHC Yria paBeH KOTAHIeHCY OMOJHUTeIbHOTO
yraa (V, 5), To mo Toif e TabauIe MOMHO HalTH KOTAaHI€HCHI
BCeX yrioB or 90° mo 0° uepes 1°. Ilpum pasbiICKAaHWM TaH-
reHca sHaYeHe Yrila NPOYMTHIBAETCA TAK Ke, KaAK IIPU OTHICKA-
HuM cuHyca mo Tabmuue I, 6 (cM. mMYHKT a); IPY OTHICKAHUU
KOTQHreHCA — KaK IIPM OTHICKAHMM KOCHHYcCa.

ITpumep 1. Haiitu tg 82°18’.

B sesom crTonbue «rpapycely GepeM 82°10°, B eepxHei
crpoke — 8’. Ha nepeceyeHuyM HaXoouM pe3yJbTat

tg 82°18’ = 7,396.

IT p u M e p 2. Haiitu ctg 12°35’.

B npagom cronbue «rpamycey GepeM 12°30°, B HudscHel
crpoke 5. Haxommm: .
ctg 12°35’ = 4,480,

Mpumep 3. Haittu ctg 58°36’.

B npasom cronbue «rpanycsl» GepeM 58°, B HUMKHell CTpoke
30’. Ha nepeceueliun Haxonum 0,6128. B Toit e cTpoKe B pas-
7lesle «IOMpaBKMy (cToJifer| 6/, cIU3y) HAXOMUM 4MUCIO0 24. Bh-
yuraa ero u3 0,6128, nonyyaem 0,6104.

3anuce:

clg 58°30" = 0,6128
+6’ —24 -
ctg 58°36" = 0,6104
ITpuwmep 4. Haittu tg 48°43".
Haxommnm:

I

tg  48°40° = 1,1369
+3 +20
tg  48°43 = 1,1389

§ 7. Pa3spicianue yria o ero TPUroHOMeTPHYCCKOiE
GyHRIIN

VYroJt o JaHHOMY €ro CMHYCY MJIM KOCHMHYCY OTHICKMBAeTCH
¢ nomouipio Tabmuust I, 6 (ctp. 34 — 37); mo TaHreHCy MM Ko-
TAHreHCy — ¢ moMomkto Tabmuust I, 7 (cTp. 38 —45). IlpoGeran
ria3aMy OfMH U3 CTOJNOIOB (HampuMep, CTONGEN, MOMeueHHbI
cBepxy 0’), Haiinem aubo Hy}HOe HaM 3HaveHue, Jubo Gam-
waltiiee Kk Hemy, B nepBoM ciiyuae- HE[IOCPEICTBEHHO NPOUU~
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THIBAEM BEeJIMYMHY UCKOMOTO yria (MoJb3yACh JIeBbIM CTOJOLOM
TpajycoB M BepXHelf CTPOKON MHUHYT, KOTXa MMeeM JIeJI0 C CH-
HYCOM M TaHT'eHCOM, WJIM NMPABLIM CTOJGIIOM M HMMKHel cTpo-
KOlf, KOrlla uMeeM [[eJI0 C KOCMHYCOM WJIM KOTAHreHCOM; Cp.
npenuxywuit naparpad). Bo Bropom ciyyae cMoTpuM, HeT Jau
HemopajleKy Ooyiee Gauakoro sHaueHms. Ecaum ecTs, To AasA
Hero TakuM ke 00pa3oM NMPOYMTHIBAEM BEJIMYMHY YTiIa; eCiu
HeT — cCOXpaHfAeM Ipefie HaiineHHoe 3HayeHue. HakoHen,
KOTia B BTOM eCThb HYfla, yuuThiBaeM nomnpasKy. IIpu arom
HYKHO TIOMHMTb, YTO BO3PACTAHMIO CHMHYCA M TAaHreHCA COOT-
BETCTBYET IOJIOMUTEIbHAA NMONPAaBKa, a BO3PACTaHUIO KOCH-
HyCa ¥ KOTaHreHCa — OTpHLaTeJbHaA !).

I p u M e p 1. Haitti ocTphlit yrou «, ecau cos & = 0,7173.

IIpoGeraa raasamm cronbey Ttabmunbt I, 6, moMeyeHHBIH
cBepxy 0°, Haxogum 3HayeHue 0,7193, Guuskoe K JlaHHOMY.
Henopganexky ot Hero HaxoauM sHavyeHue 0,7173, coBnagaloliee
¢ flaHHHIM. IIpounTEIBaA rpajycel B NpaBoM CT0101e, @ MUHYTLI
B HUKHel CTpoKe, HaxoguM « = 44°10°,

IIpumep 2. Haitti ocTprit yrox «, ecuu cos « = 0,2643.

B Tabmune I, 6 6ausxaiimee sHaueHue ecthb 0,2644. OHO pas-
HUTCA OT AaHHoro Ha 0,0001, a B pasfeie «MONpaBKU» HaM-
MeHblllee YHMCIO ecTh 3. (eMy COOTBETCTBYET mompaBka B 17).
IToaTomy nonpaBka me yynterBaercA. [Tonb3yAck mpaBeM CTOJI0-
LOM IPAafyCOB 1 HUKHEN CTPOKOM MMHYT, HAXOOUM & = 74°40’.

II p u M e p 3. Haiiti ocTphlit yrou «, ecau cos @ = 0,7458.

Bammxaitmemy rabauuHoMy 3HayeHuio 0,7451 COOTBETCTBYeT
yrox 41°50°. JlaHHoe 3HayeHMe HpeBHILIaeT TabaumyHoe HA 7
e[lMHUI{ YeTBepTOro 3aHaka. B Toit ke cTpoke paspena «mo-
NpaBKHM» HAXOXMM uncaa 6 u 8. MoxHo B3ATH JioGoe U3 HUX
U ebivecmd M3 yria 41°50° monpaBky 3’ uim 4’, Tlomyuaem
41°47’ (c uabuiTKOM) NAM 41°46° (C HEROCTATHOM).

3amnuce:

0,7451 = cos 41°50°
+7 -3
0,7458 = cos 41°47°

IIpumep 4 Haittu ocrphii yrou «, ecau tg o = 4,827.

B rabaune I, 7 naxogum Ommikaiilnee HeLOCTAaTOYHOE 3HA-
yenmne 4,822 u Oamkaiimee usGuiTouHoe 4,829. Tak Kak BTO-
poe GausKe K TaHHOMY, YeM nepBoe, To GepeM BTOpoe. B ie-
BOM c'rgnﬁue yuraem 78°10°, B BepxHeit crpoke 8'. Haxomum
« = 78°18’.

1) Ec/IM HYHO, Hal{leHAas rpafycHasA Mepa yria Mo:xeT OLTh Nepe-
BefieHa B PajHaHAYIo (CM. V, 4).



§. 8 PEIIEHUE NPAMOVYTOJBbHLIX TPEVI'OJIPHUKOB 343

§ 8. Pemienne npaAMOYreabHbIX TPEYroAbHHKOB

1. ITo pBym cropoHam. Eciau paHbl ABe CTOPOHH NPAMO-
YrFOJILHOTO TPeYroJbHUKA, TO TPeTbA CTOPOHA MOMKeT OBITH
BHYKcleHa mo «reopeme IImdaropar (IV, B, 10). Onpenede-
HHUe e OCTPHIX YIJIOB NPOU3BOAMTCA IO OAHOMN U3 Tpex mep-
BHX opMys § 5, cMOTpA MO TOMY, KaKHWe CTODOHBI HAHHI.
Ecan, nanpumep, KaHB KaTeTH a, b, To oCTpHIt yroax A ompe-
AensAeTcs No Gopmyie

a
tgA-:‘E‘r

a oCTpHIt yroll B naxoputca no gopmyie B = 90° — 4.

Caywuvait 1. [lans Kkarer a = 0,528 » U runoTeny3a ¢ =
= 0,697 m.

1) Onpcprenenue Karera b:

b=VEF=a = V0,6975—0,528% ~ 0,455 (u).
2) Ompenenenue yriaa A:

. a 0,528
sin A = - = 0697 0,757.
ITo Tabnuue cuuycoB Haxomum: A =~ 49°10° (npenenabHan
norpewmHocts 5°). HaxoguTe A ¢ TOUHOCTBIO 0 MUHYTH HeT
CMHICJIa, TaK KaK, paccMaTpMBas 3HA4YEHMA « U ¢ KAaK IIpH-

GumsKeHHBle YMCIa, MBIl He MOeM PYYaThCH JiarKe 3a TPEeThIo
uudpy uacrnoro ¢ ~ 0,757 (II, 42).

3) Onpenenenue yraa B:

B =90°—A4 ~ 90°—-49°10" = 40°50",
Cayuai 2. Mauel KareTel a = 8,3 cm, b = 12,54 cm.
1) Omnpepenenne TUNOTEHYSH ¢:
¢ = Var+bt = V83T+12,4% ~ 14,9 (c).
2) Onpenesienne yraa A:

tgd=2=2% 5067 4~ 38

3) Omnpenenenue yraa B:
B = 90°— A =~ 90°-34° = 56°.

2, Ilo cropome u ocrpemy yray. Ecau paH ocrphit
yroa A, To B naitgerca no dopmyie B = 90°— A. Cropony
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e MOKHO HaitTH 1o dopmysaam § 5, KOTOpHe MOMKHO Npen-
CTaBUTh B BUfE:

a=csinAd, b=ccosd, a=0>btgAd,
b = c¢sin B, a=ccosB, b=atgh.

BriOupath HYKHO Takne POPMYJH, B KOTOpPHE BXOAMUT Aal-
HAf MIM yrKe HalffleHHasa CTOpOHA.

Cnyuait 3. JJausl runorenysa c¢ = 79,79 s U OCTpHIf
yroax A = 66°36". . -

1) Ompenmenenne yraa B: B = 90°— A = 90°—66°36" =
= 23°24",

2) Ompepednenne Katera a: a=c sin A=79,79 -sin 66°36’ =
= 79,79-0,9178 ~ 73,23 (m). -

3) Omnpenenenue Kartera b: b = ccos 4 = 79,79-0,3971 ~
~ 31,68 (m). C

Canydvait 4. Jaue KareT a = 12,3 m M OCTpHIf yroa
A = 63°00".

1) Onpenenenue yria B: B

2) Onpenenenne Karera b: b
=12,3:0,509 ~ 6,26 (). 123

a s

3) OmnpenelicHUe M'MIIOTEHY3bL ¢: ¢ = Sh A T smeseeu =

90° — 63°00" = 27°00".
atg B = 12,3 tg 27°00" =

12,8
= W =~ 13,8 (M).

§ 9. Tadauua JorapndMoB TPUroHOMeTpHYECKHX PYHKLMI

ITpn pelmenuy NpsMOYIroJbHLIX TPEYTOJIBHUKOB IPUXONUT-
Cfl BCETZia BHIMOMNHATE YMHOKeHNe 1 [enenne. Ecan Tpebyeman
CTelleHb TOYHOCTM 3HAYMTENbIIA (HAnpuMep, eciM IepeMHO-
#aeMble yiclla YeTHIpeX3HAuHbl), TO 3TU AeHCTBUA OTHUMAIOT
MHOTO BpeMeHM; CBepX TOr0, OHH YTOMMTEIBHH, U MOTOMY
B HHUX JIerKO ciedlath ommbKy. BBIIOMHAA MX ¢ IOMOLIBIO
JorapurMoB, MEl 9KOHOMUM BpeMa ¥ cuiasl. Ilpu sorapudmn-
YECKUX BEIYMCIEHHAX BMeCTO TAGJMIBI TPUTOHOMETPHUECKHUX
BeJIMYUH ITONB3YIOTCA Tabamileif MX JorapuMoB, 4TO MXaeT
GOIBIIyI0 SKOHOMUIO BpeMeHHM (BMECTO TOT0, YTOOBI CHayasa
FCKATP CHHYC YIIa 1o Tabinie TpUrOBOMeTPIYeCKNX BeJIUYMH,
a sarem Jorapudm droro cumyca mo Tabamme JorapuMos,
HIYT UpAMO Jorapum cuiyca).

B rabmame I, 5 (cTp. 26 — 33) mansl sHAYEHHAA JOrapuPMOB
CHHYCR, KOCHHYCa, TaUreHCa M KOTAHIeHCA ¢ TOIHOCTBIO M0
9eTBEPTOro IECATMYHOro 3HAKa Yepes RasKjIEe 10°. Ecau yroa
Be mpeppmmraer 45°, To HasBaHMe Hy:RHOK (ymrnumEm Oeperca
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CBepXy, a BeJIM4NHA yraa — cilesa. Ecau yrods npeselmaer 45°,
TO HasBaHMe QYHKUUM YHUTAeM CHU3Y, a BeJIMYMHY yria -—
cmpasa.

ITo Toit ke Tabuuile MOMHO BHIYUCINTD JOrapuGMbl TPUrO-
HOMeTpuYecknx (PyHKumit u dvepes 1. Cnoco® BhIUMCIEHNA
(cM. V, 10, V, 11) ocHOBaH Ha TOM, 4TO U3MeHeHMe yIJa B Ipe-
gesax 10° MOMKHO CYUMTATh NPONOPLNOHAJIbHBIM M3MEHEHUIO
lg sin, Ig tg, g cos u 1g ctg. IlorpemHocTs, npoucreKaomas us
9TOro AONYLIEHMs, KaK HPABHJO, HE OTPAa3UTCA HA YeTBEPTOM
AecATNYHOM s3Hake. Uckilouenne cocraBiaAlor fiA Ig sin n ig tg
Jmnaie yrasl, 6auskue k 0° (or 0° Ko 4°), a maa 1g cos u 1g ctg
JUIb yribi, 6anskue k 90° (ot 86° mo 90°); ANA TAKUX YrioB
.TOTPEIHOCTb CTAHOBUTCA OILYTHMOI.

Iloacuum ato mpumepoM. YBenuyenuio yraa c 12°20° mo
12°30’. cooTBeTCTBYeT yBeamuenue lg sin ¢ 1,3296 mo 1,3353,
T. e. Ha 0,0057. BrBoe GoxabmieMy yBeauyeHuio yriaa ¢ 12°20°
A0 12°40’!) coorBeTcTByeT yBenuuyenue lg sin ¢ 1,3296 mo
1,3410, 7. e. Ha 0,0114. 9T0 yBenuyeHue BABOe GoJblle Ipe-
ABIAYLIETO.

NameHenns lg sin, cooTBeTcTBylolMe pocty yriaa Ha 107,
HeT HYKIB BHYMCIATHE. OHM NOMEIEHH B CTOJaOLAX, OTMe-
yeHHHX OykBoit d 2). Tak, B cronbue lg sin mporus 12°20°
ynraem 1,3296, nporus 12°30 unraem 1,3353.Pasnocrs 1,3353 —
—1,3296 = 0,0057 mpocraBileHa B JeBoM crou0Le d. Mempmy

1,3296 u 1,3353 (XIA KpPATKOCTH 3aMMCaHO 57).

Te ke pasHOCTH (TOJIBKO B3ATHIE CO 3HAKOM MUHYC) NAlOT
n3MeHeHNs 1g cos, cooTBeTCTBYIOIMe pocTy yria Ha 10°. Tax,
Ta e Halmuch 57 JAacT ymewbvwenue lg cos mpu pocte yria
¢ 77°30" mo 77°40’.

Jaslg tg n lg ctg pasnocT npocraBileHHl B CpeHEM CTOMG-
ne, osariasiennom d. c.3). OHuM 0GCIyHUBAOT Cpasy [ABA
croabua, npuierapiux k croabuy d. c. copasa u cieBa. Tak,
pasnoctn 1g tg 12°30” — 1g tg 12°20” nlg tg 77°40" —1g tg 77°30°
nMelot obmiee suavenue 0,0061, npocraBienHoe B cToxabue d. c.
Meay COOTBETCTBYloWMMM cTpokamn. Uwucio 0,0061 pmaer
TaKxe ymenvwenue 1g ctg mpu pocre yriaa ¢ 12°20° mo 12°30°
uc 77°30" mo 77°40°.

Uncaa, npocraBieHHbie B croabuax d. u d. c., Ha3HIBAOT
«MAabAUNH BIMU pasHocmamud.

1) MBI B3AJIM YBeJIMYEHNeE, BHIXOAALLEE 32 npeaednt 10°, 4To6ul He NpU-

Gerate K 6osiee nonpoGHoit Ta6imnne. B 6osiee TECHLIX NMpeAeNax Iponop-
HAOHAJIBHOCTDL K NMOAABHO GyeT MMeTh MeCTO.

3) HavaspHasA GYKBa JaTMHCKOrO ciloBa diiferentia.(pasHoCTb).
3) To ecrb differentia communis (o6man pasHOCTD).
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§ 10. Pasbickanne jJorapudma TpuronoMerpnyeckoi
QPyHKIMH 10 yray !)

Jna yrios, cofiepalux Kpyrioe uuciao MuHyT (0°, 107,
20°, 30°, 40°, 50°), TpebyeMas BeJWYMHA (C TOYHOCTHIO JO
0,0001) Geperca mpamo u3 Tabuuusl I, 5, onmucaHHo#t B mpe-
aepymeM maparpade. I[JIg OCTAJNBHBIX YIJIOB BHINOJHAETCH
NPONOPIMOHANBHHI pacyeT (MHTEPNONALNA).

Ilpu aTOM HYKHO IOMHHUTB, YTO AJA sin u tg sHaku mo-
NMPaBOK yria M JorapuPMoB TPHUTrOHOMeTpHUYecKolt QyHKIMU
OIMHAKOBHI, a JJIA COS U ctg — NPOTHBOMOJOMHH.

N pnwmep 1. Haittu Ig cos 24°13’.

Haunsnit yron Mensue 45°. Tloatomy Gepem cronben, o3a-
raapieHHb 1g cos ceepxry. Tam HaxomuM %) 1g cos 24°10° =
= 1,9602. Tabnuunasa pasHOCTb (YMUCIO B mpaBoM cToaOue d)
(= lg cos 24°10° —Ig cos 24°20’) = 0,0006. Haitnem monpasky
z Ha 3’. I3 nponopuuu

z:0,0006 = 3°:10’
HaXOAMM:
z = 0,0006-0,3 ~ 0,0002.

ATy nonpasky Hy#HO cbiuecms U3 1,9602. 1lomyuaem:

Ig cos 24°13" = 1,9600.
3anuck:

1g cos 24°10° = 1,9602 d = 6
+3

1g cos 24°13’ = 1,9600

3ameyvanne. JInsg pasbiCKAHHA NMONPABKU HET HY KB
NMPOM3BOAMTL NUCbMEHHBI pacuer. JlocTaTOYHO YMCIO MHUHYT
NOMHOMMUTh (B yMe) Ha TalJMYHYI0 Pa3HOCTh M, OKPYIIIMB
npousBefienue, oTOPOCUTL HYJb, CTOAIIMA B KOHIle. B Haiem
npuMepe HY’KHO IOMHOMUTBR 3 Ha 6 W mnpousBefeHue 18
OoKpyramTh 10 20. OT6packiBass HyJb, HAXOAUM IOMPABKY 2.

ITpumep 2. Haittu 1g tg 57°48".

Hanuniit yroa 6oxabiune 45°. Iloatomy cMoTpuMm B crouGen,
osarJaBleHHH 1g tg cnusy. Orryna Gepem lg tg 57°50" =
= 0,2014;d.c. (= 1g tg 57°50"—1g tg 57°40’) = 28(.e.0,0028).
WNmem monpaBKy na nedocmarowue 2°. IlomHomaeM (cM. 3a-

1) Ecan s yrjia_jlaHad ero paauaHHas Mepa, TO NpeABapUTENbHO
nepeBoUM ee B rpanycHyio (V, 4).
) HyKHO NOMHUTD, 4TO B Tabauue I, 5 XapaKTepUCTUKU BceX Jiol'a-

pudMOB YBCANYCHE HA 10, T.€. BMECTO 1 Banucano 9, BMECTO 2 HamUCaHO
T A
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MeuyaHue K npumepy 1) 2 Ha 28. Haxopum (okpyrienuo) 60.
Ot6pocuB HyJIb, HAXOXUM NONpaBKy 6. Beiunrtaem ee ua 0,2014.
Honyyaem Ig tg 57°48° = 0,2008.

3anuce:

Ig tg 57°50" = 0,2014 d = 28
-2 -6

Ig tg 57°48° = 0,2008

3ameuanue. MomHO B3ATh M3 Tabuuusl Ig tg 57°40° =
= 0,1986, HaliTu mompasky 22 (8-28 =~ 220), npuxoAAILYIOCH
Ha 8, u npubasums ee k 0,1986. PeayubraT Gyner TOT e, HO
yMHOMKATb 28 Ha 2 Jerye, yeM Ha 8, TaK YTO MeHblle IIAHCOB
omubuUTbCA NpM AEHCTBUAX B yMe.

I pumep 3. Haitru Ig ctg 65°17".

1g ctg 65°20° =1,6620 d = 34

-3 +10

1g ctg 65°17° = 1,6630

II p u M e p 4. Haiitu 1g sin 40°34°.
1g sin 40°30° = 1,8125 d = 15

Y +6
lg sin 40°34° = 1,8131

§ 11. Paspickanne yraa no jorapudmy
TPHTOHOMeTpHYecKoif PyHKIMHI

ITpoGeras riazaMu COOTBETCTBY foLiiue CTONGUBI Tabauumt I, 5
(3HauennA Kaskmolt PyHKIMM pa3MeLIaloTCA B IBYX CTONOLAX),
HaxomuM nuGo HyMKHoe HaM 3HAaueHMe, JuGo OGamkalilnee
K HeMy; B IIOCJeJIHEM CJlyyae BHIMUCHIBaeM TablMuHyi0 pas-
HoCTh. EcCIM HaMMeHOBaHWe JAHHON TPUrOHOMEeTPHYECKOH
(QYHKIIMM CTOUT CBEpXY, TO FPafyChl M JECATKU MUHYT NPOYH-
THIBaeM CJIeBa; ecllM >ke CHU3Y, TO — cmpaBa. Hawxonen, ecan
B DTOM €CTb HY’KHa, HAXOQUM HONPAaBKY YIia C IMOMOLIBIO
OPONMOPUMOHAIBHOrO pacyera (A4 sin M tg mompaBKa yria
HMeeT TOT ’Ke 3HAK, UTO IIOMpaBKa Jorapu@Ma TPUroHOMe-
TPUYECKUX QYHKUMIA; IJIA coS M ctg — TNPOTHBONOJOMKHBIIL).

IT p u M e p 1. Haittn ocTpslit yron o, ecin Ig tg « = 0,2541.
3nauenne 0,2533, GmmKaifuiee K gaHHOMy (TaGanyHasA pasHOCTb
d. c. = 29), crout B ToM cToabue Ig tg Ivic 9TO HaMMeHOBaHMe
Hanucano crusy. Ilostomy uuraem cnpasa 60°50°. llonpasky x
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Ha M30HITOUHBIE 8 eIUHMI] TOCIEHEro 3HaKa (0,2541 —0,2533 =
= 0,0008) HaxOuM M3 NpPONOPLMK

z:10" = 8:29,
OTKyfla = = 12'9'8 ~ 3’. IIpubaBusAA 9Ty MONPABKY, HAXOKUM
o = 60°53".
3anucse:

Igtga = 0,2541
0,2533 = lg tg 60°50° d = 29
+8 +3’

- 0,2541 = Ig tg 60°53"
a = 60°53".

3aMeuanue. Ilonpasky MOKHO HAHTH B yMe CleAylo-
muM o6pasoM. PaccmaTpuBaeM pasHOCTh MeAy MaHHLIM 3HA-
yeHUeM M TaOMMYHBIM — B HameMm npumepe 0,0008 — Kkak
1esioe yucio 8 (r. e. He oOpajaeM BHUMAHMA HA 3aNATYI0 M
HyJau cieBa). Baan ero mecarukparHo (80), meaum Ha Tabany-
Hyl0 pasHocTh (29). OkpyrieHHoe (A0 eRMHUIL) 4YacCTHoe —
B HallleM npuMepe 3 — MaeT NONPaBKY B MUHYTaX.

ITp M e p 2. Hautu ocTphiit yroi e, eciu Ig cos o = 1,4361.

Buunkaitimee tabinunoe sHavenue 1,4359; rabauunas pas-
Hoctb d = 44. HaumenoBauue 1g cos crout crusy. Iloaromy
yuTaeM caesa 74°10’. lecATMKpATHAA PasHOCTh MEMKAY JAHHBIM

sHayeHneM M TabanmyHbM ecth 20. YacTHoe —23 (oHO MemnbLIe
MOJIOBUHBI) oupymeﬂuo paBio HYJIIO.

3uaunt, o = 74°1
Hpumep 3. Ham'm OCTpHIf yronm o, ecin lgctga =

= 1,6780.

Banskaiiuiee Tabauunoe snauenue 1,6785; tabauunana pas-
nocte 32. HaumenoBanue lg ctg crour crusy. IlpountsiBaem
cnpasa 64°30°. JlaHHOe 3HayeHMe MeHbllle TaGaMYHOro Ha 5.
AdecarukpatHoe uucao 50 peaum Ha 32. HacTHoe OKpYTJIeHHO
pasHo 2. IIpuGapnsem 2°; Haxogum o = 64°32°,

3anuce:

Ig ctg @ = 1,6780
1,6785 = lg clg 64°30" d = 32
-5 +2

1,6780 = Ig ctg 64°32°
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IT p u Me p 4. Hatimut ocTpsiit yrona, ecou g sin a = 1,7414.

Ig sin o« = 1,7414
1,7419 = lg sin 33°3

1,7414 = lg sin 33°27’
o = 33°27’.

00 d=19
3:

§ 12, Peuteue NpSIMOYroabHLIX TPEyroALHHKOB
€ MOMONIBIO JOrapH@MUpPOBAHUA

Cnyuvai 1. Jaus: rumorenysa ¢ = 9,994, karer b =
5,752. Onpepeauts a, B, A

I

1) Onpenesenue B: sin B = »bc«.
lgb = 0,7598
— 1g ¢ = 1,0003
lgsinb =1,7601; B = 35°8"..
2) Onpepmenenne A: A = 90°—-B = 54°52’,
3) Ompenenenne a: a = b tg A;
Igb = 0,7598
lIgtg 4 = 0,1526
Iga = 0,9124; a = 8,173.
Cayuvai 2. Jausl xarett a = 0,920 u b = 0,849,
OmnpepeauTh MUIOTEHY3Y U OCTPLIE YIJIBI.
1) Onpepnenenne yraa B: tg B = %,
lgb = 1,9289
—lga = 0,0362
lgtg B =1,9651; B = 42°42".
2) Ompepenenne yraa A: A = 90°— B = 47°18".
3) Onpepesienne runoOTeHY3Ll ¢: ¢ = LI
lgb = 1,9289
— lgsin B = 0,1687
Ig ¢ = 0,0976; ¢ = 1,252.
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Cayuait 3. lann: runotenysa ¢ = 798,1, ocTpHit yroa
A = 49°18’. Onpenenurts a, b, B.
1) Onpepeinenne B: B = 90°—49°18" = 40°42".
2) Ompepenenue a: a = c¢sin A4,
Ig c = 2,9021
lgsin A = 1,8797
lIga = 2,7818; a = 605,1.
3) Onpepenenue b: b = csin B,

Igc = 2,9021
Ig sin B =.1,8143
Igb = 2,7164; b = 520,5.
Cnywain 4. Jlauel: Kater a = 324,6; ocTpmit yroJ
B = 49°28’. Onpenpenurs b, ¢, A.
1) Onpepenenne A:
A = 90°— B = 90°—49°28" = 40°32".

2) Onpepenenue b: b = a tg B,

lga = 2,5113
lgtgb = 0,0680
Igb = 2,5793; b = 379,6.
3) Onpenenenne ¢: ¢ = -z
lga = 2,5113

_lgsin A = 01872
Igc = 2,6985; ¢ = 499,5.

§ 13. ITpakTnyeckne NpMMeHeHUS PelICHHA
NPAMOYrOJAbHBIX TPEYroJIbHHKOB

Jna ucnosb30BaHUA M3JT0MKEHHbIX NPHEMOB pellleHHA 3a-
Aay Ha MpaKTMKe HeoOXOXMMO Iperkie BCero Xopolllo 0CBOUTh-
cA ¢ rabaumamMm m HayyutbcA 0e30mNO0YHO OTHICKUBATH
no HuM pesyiaptaThl. Ho 3Toro Maso; ocraloTcA eille ABe
TpyaHocTd. IlepBas — umMcTO reoMeTpUYeCKOro XapaKTepa.
HyxHO Haywumvca omvickusamv B HAHHONW reoMeTpmyeckoit
$urype mpocroit crmocoG BrijeNieHMA B Helf NMPAMOYTOJILHOTO
TpeyroabHuKa. IIpuBOMM THNHMYHBIE NMpPUMeEPHL.
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IIpumep 1. B paBHoGexpennom Tp-ke ABC (puc. 220)
nsBecTHO ocHoBanme AC u GokoBas cropona AB. Onpepe-
JuTh yroll B npu BepiuuHe.

Iposopum BrcoTy BD, KoTopas pasenut ocHopauue AC u

AC
yroa B mpu Bepumse nonosam. 3uas AC, naitiem AD = —=-
B npamoyronsHoM Tp-ke ABD mno warety AD u rumote-
Hyse AB uaitgem (cayuatt 1 § 8 n 12) / ABD. ¥YnBous ero,
HaleM MCKOMBIf yroJd npu BepLIdHE.

\
A A /
i =

Puc. 220. Puc. 221. Puc. 222.

Ilpumep 2. Jau paguyc Kkpyra R, BHYMCIUTH CTOPOHY
AB npaBUIBHOTO BIMCAHHOIO [eBATHYTOJIbHHUKA.

Ilposons paguyct OA, OB K KoHnaMm Xopas AB
(puc. 221), noixyyaeM paBHOOEIPEHHBI Tp-K, B KOTOPOM
usBecTHa OokoBaA cropona OA = R. Kpome Toro, Jerko

o
HalfiT yroa npu BepuuHe / AOB = 33—0 = 40°. PasbuBasn
Tp-k AOB Ha ABa NPAMOYTOJBHHIX TP-Ka BBICOTON, KaK B
npefbymieli 3afaye, NpUBefeM 331auy K ciayyalo 3 §8wu 12.

Hpyras TpyAHOCTh — HauboJlee CyIleCTBEHHAA — COCTOMT
B TOM, YTOOBl KOHKDETHO IOCTAaBJIEHHYI0 33a[aYy nepesecmu
HA MaAmMemMamuyeckull A3blK. g

Ilpumep 3. PaccuutaTh, KaKOBBl JAOJMKHLL OBITH BHY-
TPEHHMIt M BHeUIHMI pajguMychl lIAPMKOBOrO MNOMIINIHUKA,
4To6bl B HEro yJOKHUJIOCh NBafLATh CTAJBHBLIX IIAPMKOB AHUA-
MeTpoM 16 wma.

(s ynpoueHnuss 3afayy Mbl MPEANOJN0HMM, YTO HIAPHKH
JHOJKHBI JIeKATh BIJIOTHYIO.)

OcHOBHas TPYRHOCTb BTON 3alaud COCTOMT B TOM, YTOOB
BBIleJIUTh B Heil ee MaTeMaruyeckoe cofep:xaHue. IlocTpous
puc. 222, saMeyaeMm, YTO HaM M3BeCTeH AUAMETp lIApUKa
BC = 16 mm, a 3HauuT, U ero paguyc AB = AC = 8 mm.
Csepx Toro, yrox mempy paguycamu OA u OD, npymumu
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o
BB HEHTPBI COCEAHUX IHAPUKOB, TOJIHEH COCTABUTh 2%— = 18°.

Hagee, orpesok AD, coeguHAOUIMA HEHTPbl KACAIOIIUXCSA
HIAPOB, MOJeH PaBHATLCA AMAMETPY KaMIOTro U3 NUX, T. e.
AD = 16 mm. Teneps MbI UMeeM paBHOOepeHHbIt Tp-Kk AOD,
B KOTOPOM M3BeCTHO ocHoBanue AD = 16 mm M yroa mnpu
BepumuHe « AOD = 18°. Pa3busasn ero Ha JBa HPAMOYroJbHBIX
Tp-Ka, NPUBOAMM 3aJa4y K ciiyyawo 4 § 12 u moiayuyaem OIF =
= 0A = 51,1 mm. OTCIONA HAXOAUM BHELIHNI pagnyc

OB = 0A+AB = 511+8 = 59,1 ma
W BHYTpeHHu# pagmyc
OC = 04 —-AC = 43,1 mm.

§ 14. CooTHOLIEHNA ME:NLY TPHTOHOMET PHUCCKHMM
PYHRIMSIMHE O;(HOTO H TOTO Ke yria

3uasg ojiy M3 TPUIrOHOMETPUUYECKHX BEJMYUI HEKOTOPOTro
OCTPOro yrjIa, MOMHO 110 HIKEHPUBOLUMBIM (POPMYJTAM BLI-
UHMCIIUTD BCe OCTANblble. ONHAKO [JIaBIIOE UX BHAYEHNE COCTOMT
B TOM, 4YTO C UX IOMOLULIO MOMHO, 3HAIUTEILHO YMPOIIAT
BUJT MHOTMX 00LIMX (POPMYyI, COKpATHTE MPOIECC BLIMHCICHUSI.
sina+costa = 1; tga-ctga = 1;
sin « COS a
= — Lo - 227
lg o« cosa ’ clgx sina.’
sina-csco = 1; cosa-sco = 1;
sc?a = 1+1g%a; cscia = 1+clga;

2 1 _ o clgta |
cos” & = 1+1g%« ~ l+clgza ’
[T 1 g
sin“a = 1¥ctgzae  1+tg2a

9T POpMyJIBl OCTAITCA CHpPAaBEMJIMBBIMU U JIJIA TPUIOIO-
MeTpuyecKuX (QyHnIuit moforo yriaa (cM. clefaywomuit mapa-
rpad).

§ 15. TpuroHomerpnyeckne GyHKUUH 11000r0 yria

Moo ObI0 OBl IMOCTPOMTH BCK TPHMIOHOMETPMIO, MOJIb-
3yACh TOJNBKO TPUTOHOMETPMYECKMMU BeJIMYMHAMU OCTPHIX
yrioB. OfHAKO TOTAA IPU PellieHMN KOCOYTOJbHBIX TPeyrolb-
HHMKOB M B IpyrMX BOIpocax, TpeOylolX NpUMeHeHUA TPUro-
HOMETpPMHM, HY KHO GBUTO OBl PA3IMYATh MIIOMKECTBO OTAEeJbHBIX
CIyuaeB OFHOI M TOMi e 3afaud, CMOTPS MO TOMY, KaKOBA
BeJIMYMHA TOTO HJIM Muoro sajanuoro yriaa. Hanporus, perie-



§ 15. TPUTOHOMETPUYECKUE ®YHKIMUU JIOBOI'O YIJIA 353

HHe BCeX 3afal INpUHMMAaeT efuHooOpasHyio ¢opmy, ecan
cxegylomuM 006pa3oM paclpoCTPaHMTh NOHATHE CHHYC, KOCH-
HYC M T. . Ha yrisl J1000if BeINYMHEL, He TOJIBKO 3aKJIIOYEH-
uble Mexpy 0 m 180°, Ho

U mnpeBocxopsamue 180°,

He TOJBbKO II0JIOHUTEINb- g

HBle, HO ¥ OTpHMLaTeJbHbIe Y
(M. 1V, B, 5). M M ﬁ
Has orcuera yrios Ge- g a 2\
peM okpy#HocTe ABA’B’
(puc. 223) ¢ aBymsa B3a-
UMHO TepNeHINKYJIAPHBI-

mu guamerpamu A A’ («nep- Mg M
BHll» AuameTp) M BB’ .
(«eTopoity). Touky A npu- Puc. 223. Puc. 224.

MeM 3a Hayallo OTCYeTa

ayr. HampaBileHue, NpPOTHBONOJOKHOE ABMKEHMIO YaCOBOM
eTpelKkH, OyfeM CUMTATH MOJOMKUTENbHEIM. «(ITomBusKHBIAY pa-
nuyc OM c «HenonBuHubiM» OA obpasyer yroix a. OH MoKeT
npHMHagJexaTh nepBoit uyerBeptu (MOA), Bropoit (M,0A4),
Tperbelt (M,0A) nnu uyerBeproit (M;0A). Cunrasa MOJNOMKM-
TeJdbHBIMM Hanpasienusa O A, OB u orpunareasusiMu OA4’, OB’,
MBI OTIpefeNisAeM TpPUroHoMeTpuyeckue QYHKUMU YIIOB Tak:

h b

Puc. 225. 3Hakd cuiyca Pue. 226. 3HAKI KOCUHY-
UK KOCEKaHCa B PA3IMYHBIX ca M CCKAHCA B Pa3JIMYHLIX
YeTBEPTAX OKDPYMKHOCTH. YCTBEPTAX  OKPY?HKHOCTH.

Junus cunyca yraa o (puc. 224) ccrs mpoeknus OQ mo-
IBMMHOTO pajuyca Ha BTOPOIl AuaMeTp (BRATad C COOTBeT-
CTBYIOIMM 3HAKOM); aunun kKocunyca OP — npoekuusa Tmo-
ABHIKHOIO pajuyca Ha NepBbIN AMaMeTp.

Cunyc yeaa o« (pMC. 224) ecTh oOTIHOLIEHNe JMHMM CH-
Hyca OQ') k paguycy R OKXpyHHOCTU; Kocuhyc — OTHOIIEHME
nuHUM Kocunyca OP 1) k paguycy. Ha puc. 225 yrasannt 3HaKn
CHHYCA, H& puC. 226 — 3HAKYU KOCHIYCA B PABILIX YCTBEPTAX.

1) B3saT0ii C COOTBETCTBYIONMM JIALKOM.
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Jurusn manzenca (ADy, AD, u T. I.) eCTb OTpe30K Kaca-
TeJIbHOW, TPOBeeHHO! uepe3 KoHell A InepBoro AuaMmerpa,
OT TOYKM KACaHUA [0 NepeceyeHUA C NMPOAOJIKEHUEM MOXBH K-
Horo papuyca (OM,, OM, u r. n., puc. 227).

Junus komaweewca (BE,, BE, u T. 1.) eCTb OTpPe3oOK Ka-
caTelIbHOI, TIpOBefleHHOIT yepe3 KoHel B BTOporo Auamerpa,
OT TOYKM KacaHuUA B [0 mepecevyeHMA C NMPOXOJKEHNEM MO-
ABMkHOro papmyca (OM,, OM, n T. J., puc. 228).

£

1
/,'
M

Puc. 227. Puc. 229 Puc. 229. 3HaKkM Tanre-
ca M KoTaHreHca B pas-
SIMUMNLIX  YeTBEPTAX OK-

PYHCHOCTH.

Taneenc yria ecTb OTHOIIeHMe JMHUH Talrenca!) K pa-
amycy.

Komaneenc — oTHOlEHMe JIMHMM KOTaHreuca'!) Kk paguycy.

3HAKM TaHreHCA M KOTAHreHCa [JIA PA3INYHBIX YeTBepTei
yKasaHbl Ha puc. 229.

CeKaHC M KOCEKAHC MpOIle BCEro ompefeJuTh Kak oOpart-
HBle BeJIMYMHBI KOCHMHYCA M CHHYcCA.

B rabamue, moMeleHHON HA cTp. 354, JAHBI BHIpAKEHUA
KaKIoit U3 TPUrOHOMEeTpUYECKUX PYyHKIMIA To6oro yria yepe3
BCe OCTaJIbHbIE. B TeX BbIpaKeHUsIX, KOTOPHe CONIPOBOKAAIOTCA
ABYMs 3HaKaMM, BHIOOD 3HAKA 3aBUCHUT OT TOr0, B KaKoif uer-
BEpPTH JIeUT yrod (cMm. puc. 225, 226, 229).

I'padurn Tpuronomerpuyeckux QyHkumit maust B VI, 8.

§ 16. ®opmyanl NpuBefeHHA

Tak HaspiBalOTCA HUMKenpuBefeHHble (QOPMYJH, AaloLye
BO3MOKHOCTb: 1) HaXOZUTh UUCJIEHHble 3HAYEHUA TPUrOHOMeE-
Tpuyeckux PyHKUU yriaos, npessiuiamux 90°, 2) corepaTh
npeo6GpasoBauud, ynpolawoime Bua GopMy.

1) B3ATOMK ¢ COOTBETCTBYIOUIUM 3HAKOM,
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Bce atn Gopmyanl BepHBLI JJIH BCAKHX YIVIOB &, XOTH Y10-
TPeCJIAITCA NPeMMyUIeCTBEHHO B TeX CIy4asXx, Korpa o —
OCTPHIA yrod.

I rpynna:
sin (—a) = —sinea, tg(—a) = —tga,
ctg(—a) = —ctga, cos(—a) = +cosa.

ITn (I)OpMyJILI MO3BOJIAIOT M30ABUTBCA OT paccMoTpennn
OTPUHATEJbHBIX yIJI0B.

IT rpynma:

sin sin
cos | (360° k+a) = cos o (3mech k — uemoe

tg tg NOJIOMUTENIbHOE TMCIIO0).
ctg ctg

Ot opMyJHl 103BOJAIT M30aBUTHCA OT PACCMOTPEHMSI
yrioB, 06nbmux 360°.

Il rpynmna:
sin I F sin
ctogs [ (180° ta) = 3 ‘igs «.
ctg + ctg

HasBanua QyHKUMIT COXpaHAIOTCA; 3HAK B NpaBoif 4acTH
GepeTca TOT, KOTOpHIf OygeT UMeTh JieBas 4acThb NIPH OCTPOM
yrie a.

Hanpumep, sin (180°—«) = +sin «, Tak Kak IPH OCTPOM
& yroa 180° — « JieHT BO BTOpOIf 4eTBepTu, MJIA KOTOPOIt
CUMHYC NoJlomurelnieli; sin (180°+«) = —sin«, Tak Kak npu
ocTpoM o yrodt 180°+ a JexuT B TpeTbheil YeTBEPTH, MJIA KO-
TOPOI CHMHYC oTpuuareileH; cos (180° —a) = —coS &, TaK Kak
LOCHHYC BO BTODOif YeTBepTH oTpuIlaTedeH, It T. JI.

IV rpynna:

sin -+ cos sin — cos
cos ° _ F sin . €0S | ;5mno _ % sin
tg (90°+a) = T cig o tg (270°+ o) = Totg (&
ctg Fotg ctg Fotg

Hazpanue pyHKuuu MeHsieTCA: BMECTO Karao0#i Gyuriun Ge-
peTcAa ee «lOMOJIHMTeNbHARAY. IIpaBuio 3HAKOB TO e, UTO I

1 upembigyweit rpynmne. Hanpumep, cos (270°—-«) = —sin «,
Tak Kak yrod 270° — o« npu oCTpPOM o NPUHALJIEKHUT TpeThell
“eTBepTH, I'le KOCHMHYC oTplllaTellen; cos (270°+a) = 4-sin «,

Tull KaK B ‘lOTI!(’,p’l‘Oﬁ YeTBEePTH KOCHHYC ITOTTOHIITCTeH.
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Bce BrenpuBeaeHHbIe GOPMYJIIHI MOMKHO TOJIYYMTH, MOJb-
3yACh CJERYIOLIMM INpPaBHJIOM:

Jwbas mpueonomempuneckan Pynkyus yeaa 90°n+a
no abcoaommoll eeaunure pasHa moi nce Fynrkyuu yesa a,

ecau wucao n — uemmoe, u OonoaHumeadHol Pyrryuu,
ecau uucao n — Hewemnoe. Ilpu smom, ecau Pyrnkyus
yeaa 90° n+oa noaodcumenvra, Koz2da & — ocmpuli yeoa,

mo snaku obeux Pynryuii odunarossl; ecau ompuyamendha,

mo pazauuHbl.

PesysnbraThl AaHHBIX Bhillle QOPMYJ NpHUBENEHUA CBENEHbI
B IIOMEIEHHYI0 Ha cTp. 357 Tabauuy, B KoTOpylo MoOaBieHBI
rpadbl IJA ceKaHca U KoceKaHea.

§ 17. ®opmyasl CIOKEHNA M BLIYHTAHUA

sin (x4 B) = sin « cos f+ cos « sin B;
sin (¢ —f) = sina cos f—cos a sin g;
cos (¢ +pB) = cosa cos f—sin asin f;
cos (¢ —pf) = cos a cos B+ sin a sin §;
_ lga+tgp |
Lg(a'l'ﬁ) = —tgatgp’
_ tga-—tgﬂ_
18 (@-B) = T tgatg s -

§ 18. @opmyan! ABOIHLIX, TPOMHLIX M NOAOBHHHBIX YII0B

sin 2a = 2 sin « cos «;

cos 2a = cos*a—sinta = 1—-2sin?a = 2 cos2a—1;
_ 2tga | oy _ © B

tg 20 = 1—tga’ clg 2o = 2ctg « ’

sin 3« = 3sina—4sinda; ¢cods 3o = 4 cos® o —3 cos «;

_ 3tga—tgra . _ Ctg3a—3 clga
tg 3o = === — cig 3a = e s

1-3tg?
. T—cos « 3 1+ cosa
sin- = /1552 cos £ — )/ g
te X — 1—cosa __ sina _ 1-—cosa,
€3 = T4cosa  1+cosa sina

1+cosa sin « 14cos a

otg 2 _:t‘/l—cosa T 1—cosa sinax
3HaKM Tmepex pajMKanaMu GepyTCA B COOTBETCTBHM C TeM,
B KaKoft 4eTBepTH JeKuT yrod5- (V, 15-16).
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§ 19. IIpeoGpa3oBanne TPUrOHOMETPHYECKHX BbIpaskeHmii
K BHRY, YAOGHOMY [ 0TapHPMHpPOBAHNA

sina + sinf = 2sin°“;'9 “;ﬂ;
. . _ at+f . a—f
sin ¢ —sin § 3 23
cos a+cos f = 2cos# ;ﬂ .
_ e+f . a—f _ a+ﬂ
cosx—cos f8 ) 3 2

cos & +sin & = Y2 cos (45°—a);
cos o —sin & = Y2 sin (45°—a);

_ sin(«tp) | _ sin(Bta) |
tgattgh = cosacosp ’ otg & clgf = sinasinpg ’

B +
tgatctgp = %:f?m—ﬁ;; tga—clgf = —gc?:a(zaslnﬂ/; '

tgoetetga = 2csc20; tga—ctgo = —2ctg 2
1+cosa = 20052%; 1—cosa = 2sinz__;_;
14sin o = 2 cos? (450——;—);

1—sina =

2 sin? (45° -%);

+iga = sin (45°+a) _ VZsin (45°ta) |

" cos 45°cos a cos a ’

tigatgp=S8CFD . oocigp+ 1 = BEFA

oS a oS B’ ~ sinasing
CoSs 2a €oS 2a
— 2 — . = 5z,
1-tgia cos? a ! 1-clg?a sin2a ?

N sin (a +B) sin (a —p) ,
tg*a—tg?f = :oszacosﬂjle ’

ctg’ a—ctgzﬂ _ sin (a+p) sin (B—a) |

sinz a sinz g ?
tg? e —sin? @ = tg? a sin? a; ctg?a—cos?a = ctg? « cos?a,
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§ 20. IlpeoGpa3oBanne k dorapndmMuyeckoMy BULY
BbI pazkeHnii, B KOTOpPble BXONAT YIAHI TPEYroAbHHKA

Eciu A, B, C — yraw Tp-Ka mau BooOie ecin A+ B+
+C = 180°, TO HeKOTOpbie BHIpAMKEHWA, He HMelOIMe Jora-
pudMuAvecKoro BHAA, MOKHO NMPHUBECTH K JIOrapuUPMUUECKOMY
BUAY € NMOMOILBIO clefylomux GopMydl, KOTOPbIe NMOJIe3HBl IPU
pellieHMH KOCOYTOIBHLIX TPEYTrOJbHNUKOB:

sin A-+sin B = 2 cos 14-—2—!’- cos—%;
sin A —sin B == 2 sin -4-—23 sin % ;
cos A+cos B = 2 cos A ,’i sin »‘21‘-;
¢os A —cos B = 2sin IL —4« cos —(2— ;
tg4*48”=e&§%%33
ctg A-+ctg B = sm’SIT"s_.LiTB;

sin «f-sin B+sin C = 4 cos % coS —215 cos ; ;
tg £ 1+th+£;:(,' lwA t(rB tg(J,
c(g—- + ctg~ - ct,g-‘, =ctgy ctg ctg g

§ 21. Hexoropsie RAIKHBIC COOTHOMICHII

sin @ sin f§ = ~1-[¢‘os (o~ B) = cos (-1 f)];

cos & cos fi = —(‘;[’ms (o= f) 4 cos (x4 B)1;

<

1 . . "
~y Isin (k- B) -+ sin (e — f)].

DTUMH (])opmynavm MOKHKO 1HOJIB30OBATRCS, Yy1o0bl M- S()Lt}(d“b
YMUOMCHUs! (IPM BBIUMCICHUAX 0e3 .Jompndmon UMM YacCTo
1GAB3VIOTCST B BHICHICH MareMaTulie, llallpHMP[) npu l‘lll'lelpﬂ-
POBANHI TPHIOHOMCTPHUECKHX (Y HKITH).

sina cos ff =

g L-tge g

sine == -~ T . coSa =z - -2
&€ o
LHtg2 -y L+ Lg-—-

Oti GopMysbl IOJE3HLl IIPM pellelld TPUrOHOMETPUUYECKUX
ypaBHeHuit (B BhICIIelf MaTreMaTHke — IIpU UHTErPMPOBAHUM
TPUTOHOMETPUYECKUX QyHKIMit).
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cos L —cog {2nFt Ve

sin a +sin 2a+sin 3a+ ... 4sin na = z L ;
2 sin —
2
sinQn?L”i —sin%~
€0S & +€0S 20+ ¢0S 3+ . .. +COS nx = :
2sin -

cos noe = cos® «—C2% cos* 2asin?o+C4cos* 4asinta— ...
sin ne = n cos*~1a sin « —C$ cos™~3 a sin3 a +
+C, cos*Sasin®ou— ...

B nocaepnux gByx Qopmyaax Cf — GuioMuadbuvie Kodd-
$uumentsr (cm. III, 72). 3maky uyiaeHoB uyepejylOTCH; IpaBble
yacTi o6pHIBAIOTCH «caMu  coboity, BaKAlMMBAsICh 1iyNeBOi
HJIN MepBOif ¢TemelbIo Kocuiryca.

IIpumepnl.

cos 3 = cos® e —3 cos & sin® a;

sin 3¢ = 3 cos* « sin & —sind «;

c0s e = cos? & — 6 cos® a sin? -+ sint ;
sin 4¢ = 4 cos® & sin «—4 cos « sin3 «.

§ 22. OcHoBHBIC COOTHOMICHA MEK/LY dIeMEHTAMM
TPeYroanuuKa ')

OGosuauenust: a, b, ¢ — cropousl; A, B, C — yranl Tp-Ka;

b
p= % — TMOJyNepuMeTp; A — BLICOTA; .S — TNIOMALb;
R — pajinyc ONMCAHHOTO KpYra; r — pagiyc BIHCAHHOIO KpY-
ra; r, — paguyc Kpyra, Kacalollerocsi CTOpOIsl ¢ 1 NPOKOIIHe-
HUA CTOPON b M ¢ (BHERMHCAHMHKIK Kpyr); h, — BHICOTA, OMy-
LEHHAA HA CTOPOHY a; f, — Ouccerrpuca yria A.

1) Teopema KocuHYCOB

X b2 k2 —a2
a = b2+c?—=2ccos A, wmm  cos A = —"2%6-1—

(cp. 1V, B, 10).

1) Bee HMMKRIPUBEeNHBIC QOPMYIBI TAIOTCS TOJLKO B OUHOM BapH-
anTe; M3 KaKkuoil GopMyJILl IOIYUAIOTCA elle ABe aHaJIOrM4HLIe ¢ MOMOo-
-HIbI0 COOTBETCTBYIOLIElT 3aMenet 6yxs. HanpumMep, U3 GopMyasl cos A =

_ b*+ct—a? : , _ @P+ci=b% _at4bi—c?
= 26 noJiyyaeM cos B = %40 ; coOsC = 2ab .
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2) M3 Hee BEIBOAATCA «(OPMYJIHI MOJOBUHHBIX YIJIOBH;

A lo=bp-0 . A _‘/p(p—a)
SNz =) =5 > G087 =) T
A _ 1/ (@=b)p—c) _
g3 = p(p—a)
_ 1 l/(p—a)(p—b)(p—-c)_ r
T p-a P T p-a’

M3 HUX noJiy4aeM:

g5
A B_p-c, 2 _p=b
tg'i'tg‘.z— p ', B p-a’
tg o
2
3) Teopema cuHycoB
¢ b __°__op

sin A ~ sinB sin C

W3 Hee BHBoAATCA caenylomue fBe GopMyJIHL.
4) Teopema TaHreHcoB (popMyaa PeruoMoHTaHa)

A+B c
m_tg 2 3 ctg-;z—
a-b [ A-B . A-B '
tg 3 tg )
5) ®opmyas MoasBeitae
cos =B sind =B
a+b _ 2 a=b _ 2
c cC ' ¢ * ¢
Sini COSE'
6) @opmyasl nuIoLWARK
. _ besin A | _brsin Asin €,
S=—=% S= b
, h2sin B
§=7Vp(p—a) (p-b) (p—c); § =2$;%sﬁ1_0’
S=r’ctg—gctggctg g;
A, B, C
§=pigsigigs;
A h3sin A JR——
S=plp-ates; S=sanpsmes S =Vrave

’
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7) Paguycel ONMMCaHHOrO, BNMCAHHOIO M BHEBIMCAHHOIO

KpYyroB
R —_a _abc L = be .
T 2sin A4S T A B C ~ 2hs’

4 cos €08 - €08 o

4R = ro+rp+re—r;

iy}

S A
r=5-(p-atgg=

sinEsin-C—
asingsitg
COSﬁ a
2
A B_. C
=4 puled = =
:Rsm2sm251n2,
1 1 1 1
TRt TR
S A
e =35"% =prtgg.

8) Buccenrpuca

ha
br=—F—¢-
2

§ 28. PenreHne KOCOYrolbHLIX TPEyroibHHKOB

Canywuaiti1. Tausl Tpu CTOPOHH a, b, c.
a) Ilpn monp3soBaHUM HATYpaJbHBLIMKU TAOJIMIAMH CHAYaJa

HaiiieM OflMH U3 YrJIOoB MO TeopeMe KOCHMHYCOB:
b2 +c2—a?

cos A = oI
Bropoii yroa (nampumep, B) HalimeTcAa no Teopeme CH-
HYCOB:
sinB=bsm A‘

a

Tperuit yroa naligerca no gopmyie
C = 180°— (A + B).

Ecau uy:;KHa 3HaYMTeJbHAA TOYHOCTHL (Xaxe Ho 10°), BH-
uuciieHue (0COOEHHO IEePBOro pesyJibTaTa) Ype3BHIYANHO YTO-

MHATEJBbHO.
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b) llpu noassoanuu Tabauuamu Jorapudmon yrast A, B, C
(mOCTAaTOMHO BLIYMCIMTB ABA U3 HUX) HAXOJATCA MO OJHOIl M:t
$opMyT moNOBUHHBIX yriaos (§ 22, m. 2).

3anuche BHIUMCJIEN M A
Haunpl: a = 74, b = 130, ¢ = 186.

2p = a+b+c =390, p =195 lgp = 22900,

p—a =121]1g (p—a) = 2,0828

p—b= 65|lg(p-0b) = 1,8129

p—c = 9'lg(p—ec) = 0,9542.
1) Beruncienne -1:

A_Ye-ho-o.
tg D p(p—a)y
lg (p=0b) =:1,8129
Ig(p—c) = 0,9542
o lg p = 3,7100

o Ig (p—a) = 3,9172
2,3943
lgtg & = 42,3043 = 11971
L =857, A =12750

2) Buiuucaenue B:

B -“",”?,('7:‘,-"'_?
'8 [ “p(p=1b)

AHAJOTIYHAST BLIKIQIKA JlaCT peayJanrar
B = 32°40°.

3) Buiumcaenne C (KOHTpoablor):

C _ 1/(p=a)(p=0)
By =V S50-9
Pesyaprar: C = 129°26°.
ITposepra: 1 = 1754’
B = 32°0’
C = 129°26’

A+B+C = 180°
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Cayuait 2. Jlauel ane cToponsl ¢, b 1 yroa mexay Humu C.
a) Ilpu nonp3oBaHUM HATYPAJBLHBIMI TAGIMIEAMM HAXOIUM
CHAYaJIa CTOPONY ¢ 10 TeOpeMe KOCUHYCORB:

e = a*+b*—2ab cos C;
3aTeM yroia A no reopemMe CUHYCOB:
asin C |

)

sin 4 =

OpHu 9TOM Yrod A, COOTBeTCTBYIOLMII HAKJeHHOMY cHHYCY,
Gynmer oCTpHIM, ecin — > cos C, n TymhM, ecimt - < cos C.

Tpernit yroa onpenesisierca antGo no gopmyie C = 180° —
—(A+ B), 1u6o rarx e, kak A (Oaa KouTpous). Bwiuucie-
HU1e CTOPOHSBI ¢ ¢ GOJIBINOA TOYHOCTHIO YTOMMTEIBHO.

b) Tlpu mone3oBanuu TabauuamMu JOorapudMoB CTOPOHA ¢
HAXOMUTCA IO TeopeMe CHHYCOB yiKe INoOCJe TOro, Kak ompe-
nenensl yran A, B. Ilocnennue e Haxopmsarcsi no dopmyie
Pernomonrana

ctgg
a+b P3
a=b ;‘m"
85—
" A-B
U3 KOTOpOit Mo jauunM a, b, C naxopum ~o-— W, TaK Ka,

A+B [
KpoMe TOro, M3BeCTHO -—5— (= 90° —5), Nnoj1y4aeM Jierko

ucamu A, B.
3anuch BLIYHNCIHEHHA.
Janni: @ = 289, b = 601, C = 100°19".
1) Boiuucienne EE—A :
B-A _b-a c
g - = j7a clgy
Ig (b—a) = 2,4942
Igctg S = 1,0214

nom. Ig (b+a) = 3,0506

g tg B2 = Ta662; B-4 _ 16718
2) Buiyucaenue B u A:
BrA _g0°-C = 39%50,;, B o601

crIanbBasg, uMeeM B = 56°8°. Buiwirrast, nostyqaem A = 23°32°.
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3) BrumucieHne CTOPOHHI c:

) sinC |

sin A ?

Iga = 2,4609

lgsin C = 1,9929

mpom. lg sin A = 0,3987
“Igc = 2,8525; ¢ = 712,0.

Canyuan 3. Jauol aBa mo6buix yria (Hanpumep, A, B)
u cTopoHa c. Kak npu noaesoBaHuu jorapudMaMu, TaKk M He
MOJBL3YACh MMM, BeleM BHIYMCIEHME B ClefylollieM INOpAAKe:
CHavaJla ompefeifeM TPeTHIt yroJl TpeyroJbHuKa 1o Gopmyie
180° — (A + B), 3areM cTOpOHb a, b Mo TeopeMe CHHYCOB.
Ilpu norapmdpmMuyeckoM BHIMUCIEHMM 3AMUCh TaKOBA.
Hausi: A = 55°20°, B = 44°41’, ¢ = 795.
1) Bruncnenue yraa C: C = 180°—(A+ B) = 79°59".
2) BrlunciieHMEe CTOPOHH a :
_ csinA
~ sinC °
g e = 2,9004
Igsin 4 = 1,9151
gom. 1g sin C = 0,0067
1ga = 2,8222; a = 664,0.

3) BoluMciieHve CTOpPOHBL b:

csin B
ITo ¢opmysne b = L3027 raKk ke, KAaK BHILE, HAXOLUM

sin C

b = 567,7.

Canydait 4 JlaHbl IBe CTOpOHH a, b u yroa B, mpo-
THBOJIEKAMA OTHON U3 HUX.

M ¢ nomompio JorapudmoB, u Ge3 HUX BefleM BbIYMCIIe-
HMe TaK: CHAyajla HAXOAUM yroa 4, MPOTHBOJeMAWMA ApY-

. in B

roi JaHHOW CTOPOHe IO Teopeme CHHYCOB: Sin A = “55— .

Ilpn aToM MOryT nNpefcTaBUTBCA CIeLyloliMe BO3MOMHOCTH:

a) a>b; asin B>b — 3amaua He HUMeeT pellleHNUH,;
b) a > b; asin B = b — ofHo peeuue; yrox A — npsamolt;
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c) a > b;asin B < b < a — 3ajgava IONyCKaeT ABa pelle-
HHUA: yroa A, COOTBETCTBYIOLHI BHIYMCIEHHOMY CHHYCY, MOHO
B3ATH JU60 OCTPHIM, K00 TYMbIM;

d) a=b — samaya [MOIIyCKaeT ORHO pelleHue: yrox A
GepercA oCTpHIA.

Onpepenus yroa A, saxoaum C no gopmyie C = 180° —
— (A+B). Eciu A MoMeT MMeTh ABa 3HAYEeHHA, TO HABA
3HayeHUA noayyawrcA M Ajasa C. HakoHel, TpeTbA CTOpOHA ¢

bsin C
HAXOAUTCA II0 TeopeMe CHHYCOB ¢ = sinB ° Ecan HalgeHo

ABa 3HaveHuA C, TO M JUIA ¢ MoJyyaeM ABA 3HA4YeHusd, u,
TakuM o0pa3oM, YCIOBHIO YHOBJIETBOPAIOT [IBA Pas3JIMYHHEIX
TpeyroJbHMKA.

danuch BHYUCITEHHH.

Haunl: a = 360,0; b = 309,0; B = 21°14".

NmeeM: a > b u asin B < b (o6HapyxuBaeTca B Xofe
Gumkaitmiedt Buikiagkn). CireoBaTelIbHO, HAJMMIO CIy4dai 4c).

1) Boiyucaenue yria A:

sin A = GS";B ;
Iga = 2,5563

Igsin B = 1,5589
mom. Ig b = 38,5100

lgsin A = 1,62521);

nepBoe peumenue A, = 24°57’; Bropoe peuenne A, = 180° —
—24°57" = 155°3".
2) Bruncienue yraa C = 180°—(A+ B):
nepBoe peieHne C; = 133°49’; BTOopoe pewenue C, = 3°43’".
3) BbluncileHne CTOPOHHI c:

_ bsinC |
~ sinB
TlepBOe pelileHue BTOpOE pelIeHue
lgb = 2,4900 lgb = 2,4900
Ig sin C; = 1,8583 lgsinC, = 2,8117
nom. 1g sin B, = 0,4411 nom. lg sin B, = 0,4411

1g ¢, = 2,7894; ¢, = 615,7;1g ¢, = 1,7428; ¢, = 55,31.

1) Ecau 6u! 66110 a sin B>b, To XapaKTepucTHKa Jorapudma Ouiiia 6ol
NOJIOKMUTENLHON M 3aftaya He uMesa Obl pelleHun.
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§ 24. O6paTHLie TPpUroHOMeTpHIeckue (KpyroBnie)
PyHKRUMH

CooTHolleHNe z = Sin y N03BOJAET ¢ MNOMOWBIO TAGIML
AT KaK x MO JaHHOi BeJuyuHe Yy, TaK M y IO HaHHOI
BeJMYMHe x (He NpeBHILIAOMeH 1 Mo abGCOMOTHON BeJIUYMHE).
TakuMm 00pa3oM, MOKHO CUMTATL He TOJBKO CHHYC QyHKuUMel
yria, HO M yron Qynkumedk cunyca. 9ToT (aKT HaXOAUT
BHeIllHee BHIPAKEHUe B 3amMCU y = arc sin z (arc sin unraerca

«apkcnnyc»). Hanmpumep, Bmec'ro% = sin 30° MOMHO Hammu-

carb 30° = arc sin —;— OO0bIYHO MPH BTOH BTOPOIL 3aMUCH YIoJ
BBIPA’KAETCsL B PANUaHHOM, a He B rpajycHOlt Mepe, TaK 4TO

numyri = arc sin—. XoTs 3Ta 3amuch npénc'rannﬂe'r JUIUb
1
(«repecKas» aarmch = sin — 6 , HO y4allUMCA OHA Ha TMepBHX
nopax focraBjiser 3aTpyAgHeHuda. Memxpy TeM yuvammitca He
BUIUT TPYAHOCTH, KOTAA HApAAY C COOTHOIIeHHMeM 23 = 8 mu-
4 !

mer 2= Y8 . D10 mOTOMY, TO W3BJEYeHMe KODHA COBep-
11aeTCA MO OfHUM NpaBMJIaM, a BO3BeeHUe B CTelleHb 1o Jpy-
TMM, ¥ -yYalluicH INpPUBBIKAET BUJETH 3/ieCh [BA DPA3JIMYHBIX
deticmeusn. Haxoxpmenue e CHHyca II0 Yyriy U yria 1o CUuycy
COBepLIAETCH 110 OHMM M TeM e Tabiuiam, B KOTOPHX K TOMY
e BLIAeNleHO Ha3BaHMe (CHHYC», & «ApPKCMHYC» He YIOMM-
Haerca. Iloatomy nukakoro ocoboro deiicmeus, pesyJIbTaTOM
KOTOpPOro ObuI OBl ApPKCUHYC, y4alluiics He yCMaTpUBAaeT; M
BOOOIe B TpeflellaXx 2JIeMEHTApHO MaTeMAaTUKU BBeJAeHHE
DTOr0 NMOHATHMA IO CYLIeCTBY He ompaBpbiBaeTcA. B BeICIei
e MaTeMaTHKe apKCHHYC yacTo IOSBJIAETCA Kak HeoOxomu-
MBbIif Pe3yJbTAT HEKOTOpPOro Oeiicmeus (MHTErpUPOBAHUA),
MMEHHO 3[ech BO3HUKJIO YOHSITHE apKCHiiyca M ero o6osHa-
4yeHMe.

OnpegeneHune. arc sin x ecTb yroj, CHHYC KOTOpOro
paBeH x. AHaJIOTM4YHO OMNpENeJAIOTCA arc cosx, arctgz,
arc ctg z, arcsec z, arccscz. @ynkumum arcsinx, arccosz
U T. I. oOpaTHBI (CM VI, 3) ¢pyHruuaAM sinz, cosz u T. A.

(nomobuo Tomy kak Qymkuus Yx obpartma Qynsuum  x2).
ITooToMy oHM HA3LIBAIOTCA 06pamHuLMU MpPULOHOMEMPULe-
ckumu  Pynkyusmu (MHaYe kKpyeogumu). Bce oOpaTHble
TpUroHoMeTpuyeckue (QYHKIIUM MHOTO3HAYHEI, T. e. HJIA Ka-
KOO M3 HUX cNpaBeJJIMBO CJefyiollee: OJHOMY 3HAYEHHI0 X
fOoTReTCTBYET (GecunciienHoe) MHOMKECTBO 3HaUeHuit pyHKIMK
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(rak Kak GecuMClleHHOe MHOKECTBO YIJIOB, HANpUMep «,
180° —«a, 360° + «, MMeeT OfMH U TOT e CUHYC).
Taaenvim 3navenuem arcsin x Ha3HIBAETCA TO €ro 3Haye-

HHe, KOTOpOe 3aKIIYeH0 Meway — —;i (—90°)u + %(+90°).

Tak, riaBHoe 3HaveHMe arcsin L?— ecTh -~

5 1 > TJaBHOE 3Hade-

HHe arc sin (——V—:—) ectb — = .

Taasnbim  3Hauenuem arc cos x HasblBaeTCA TO ero 3Ha-
YeHMe, KOTOpoe 3aKiloyaerca Mexpy 0 u = (+180°). Tak,
rjaBHOE 3HAYEHMe arc COSK:— ecTh T"; rjaBHOe 3Ha4YeHue

arc cos (—!g—) ecThb +% T,

T'naBubie 3HaueHuA arc cig x U arc sec x (Kak M arc cos z)
cofiepmarca Memay 0 um x. I'maBHele 3HaueHMA arcigz u
arc csc r (Tak e KaKk M A arc Sin x) HaXOMATCA MeKay

Ed £
——2—-11 +Tz-.

M pumeps. Dnasubie snavenus arctg (—1) = -

arcetg V3 = +%, arcsec (-2) = +5 .
Ecau yepes Arc sin z, Arc cos ¢ u T. A. 06c3HauuTs di06oe
M3 3HAYEHUH COOTBETCTBYIOILMX OOPATHBIX TPUrOHOMET-
puyeckuX OQYHKUMA, a IJA IJIaBHBIX 3HAYEHUH COXPAHUTH
o0o3HayeHUA arcsinx, arccosSz M T. A., TO CBA3L MEMAY
3HaYeHWAMHM 0OOpaTHON TpHUroHoMeTpUYecKoit QGyHKUUM U ee
rJIaBHBIM BHAYCHMEM I1PEJCTABUTCA CIedyloIuMu GopMyTamu:

Arcsin x = kn+ (—1)* arc sin z, (1)
Arc cosx = 2kn + arc cos z, (2)
Arctgz = kn+arctgz, (3)
Arc ctg x = kn+arc ctg x, (4)

rge k — moGoe Lejgoe 4UCIO (ITOJOMKUTENEHOE, OTPULATElil-
HOE WJIM HYJIb).
Ipaguru oOGpaTHHIX TpUrOHOMETpUYECKNX (YHKLMA M.

y O.
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Hpnmepi Arcsm— = kn+(—-1)*arcsin 3 L ckn+
+ (—1)* —6—.
Tipu k = 0 umeem 0+ (—1)° < = = (wam 30° — ruasioe
3HaveHue);
mpu k=1 » 1-n+(-1) —g— =n- —:— = —g-n(mm 150°);
» k=2 » 2ab(-1pE =2t T =21x
(nmm 390°);
». k= —1 umeem:
(1)1 T = —ae = b (e - 2100);
’ 6 T8 6 ’
npu k = —2 uMeeM:
=24 (—1)7P g = = 2adf = — 1w (mam — 330°)
u T A
Mpumep 2. Arccos — = 2kniarccos%=2kni%.
Mpu k=0 umeeM% (nm1 60° — rIaBHOE BHAYEHME) M —%

(wmn —60°); npu k = 1 nmeem 2n+% = 2% a (umm 420°) u

2n—%=1§~n(mm 300°) M T. A

§ 25. OcHOBHEBI® COOTHOIICHUSA IS 00 PATHBIX
TPHTOHOMETPUYeCKHX PynKumii 1)

sin Arcsina = a; Arcsin (sin «) = ka4 (—1)kq;
cos Arccos d = a; Arc cos (cos o) = 2knta;

tg Arctg a = a; Arctg(tg2) = hata;
ctg Arcetg a = a; Arc ctg (ctg «) = ka+a;

arcsin @ = arc cos Y1 —a? = arctg -

Vl —a?
arccos a = arcsin Y1 —az = arcctg — npu
1 —q2 a > 0,
1 .
arc tg a = arcctg — = arcsin ——— = arc c0s ———
a Vi+a Vi+a?
arcsin a+arccosa = % ;

g
arctga+tarcctga= —2- ;arcsecatarcesca= .
2
1) KopHu, BXoJimMe Bo Bce GopMyJiLl 9Toro naparpada, --— n040mcu-=
meabitdble YMCIa,
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Arc sin a+Arcsinb = Arcsin (a YT=b2 +b V1T —a2),

Arcsin a—Arcsinb = Arcsin (a VT —b2—b V1 =a3),
Arc cos a+ Arccos b = Arc cos (ab— Y1 —a? V1 —b?),

_Arccos a—Arccos b = Arccos (ab+ Vi —a2 V1 -09),
Arc tg a+ Arctgb = Arctg -—%ﬁ)—.

Arctga—Arctgb = Arctg 1a+ abb

arcsin (a ¥1—b2 +b ¥1—a?) (ccau a2+ b2 <1,
arc sin a + a TaKie ecau a®+b? >1, Ho ab<0),
+arcsin b +{n—arcsin (a VT=02 +b V1 —a?)]

(ecnut a2+ 02 >1 u ab >0);

arcsin (a V1 =b2—b VT —a?) (ecam a2 +b2 <1,
arc sin « — a TaKKe ecau a?+b? >1, 1o ab >0),
—aresinb =) Lrx—arcsin(a VT=bi—b VT —a2)

(ecau az+b2>1, Ho ab<0).

B o6enx nacaenuux (popMyJiax nepej Kaoil KBagpaTHoil CKOGKOI
HYKHO B3ATH +, GCJIM a IOJOIKUTENhHO, U —, €ClIM a OTPHUIATENbHO,

§ 26. 0 cocrapiaeHuH TAGAUI] TPUTOHOMETPHYECKHX

yHrumit
SN ——
IOyra oxpysknoctu (MAM,, puc. 230) Bcerza AiMHHee
MAM
crAruBawouieit ee xopasl (MPM,), tak "TOWM:> 1.0x1Hako,

YeM MeHbllle HeHTpadbHblt yroa MOM,, TeM MeHbllle OTHOLIe-

\_/

MAM,
nne- i o OTIMYAeTCH 0T eMHMUBL, T. e. M
TeM MeHbIIYI0 omubKy MBI COBEPHIMM, CUM- s

TafA AYry u ee XopAay paBHbiMu. Tak, mpu w W2 A4

IeHTpasibHOM yriae 10° pgyra MM, co-
crapiser 0,174533 r(r— paguyc oKpy#HHO-
ctH), a ee xopaa 0,174312 r
0,174533 r . Puc. 230.
(5:rrester = 1:001);3

NpMHAB XOPAY PaBHOIt fyre, Mbl clejnaeM omubky B 0,0002 r,
YTO COCTABUT BCEr'0 OKOJIO OfHOM HeCATO! MpoLieHTa.

IIpu yrie B 2° oTHocuTenbHad ownbka Oymer yse npu-
MepHo B 10 pa3 Menbllle, UMeHHo, ayra pasHa 0,034907 r;

xopaa paBHa 0,034904 r. Oriowenue ux%—izgz—: ~ 1,0001.
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Ipunss ayry paBHoit XopAe, MBI fleiaeM oWUGKY 0KOJIO COTOM
NPOLEHTA.

SN—
C npyroit cTopoHsl, oTHouteHue xyru M AM, k xopue MPM,
B TOYHOCTM PaBHO OTHOLIEHMIO paguaHHoif Mepul yria MOA
(cocraBnslomero nonosmHy yriaa MOM,) kero cunycy. B camom

S — — —
nese, MAM, : MPM,=2 MA:2MP=MA:MP="2: 22 1o

—}%4— ecTh pajguMaHHas Mepa yraa MOA (§ 3), a L LAY

R

CHHYC TOTO e yrJa.

3Ha4yuT, IPUHAB 3a SiN o BeJIUYNHY CaMOro yria « (B pa-
AMaHHOM Mepe), MBI cpenaeM HeGoubinyo oumbKy, eciu
yrodl « HeBeJIMK. B3fAB gocTaTOuHO MAJIBI yrod, MoKHO HalTH
CHHYC 3TOr0 YIJa ¢ HY*Hoif cTenensio Tounocru. Ilocie aToro
MOKHO COCTABHUTH ! BCIO TAa0JMIly TPUrOHOMETPUYECKUX PyHK-
uuit. Iycrs Mbl Haun, Hanpumep, sin 30°. Torga no dopmye

cos 30’ = Y1 —sin® 30° MM HalgeM M KOCHHYC DTOrO YIJa;
3areM Haitayrea tg 30°, ctg 30° u T. A. no gopmyaaM ctp. 354.
Haxee, ¢popmyist sin 20=2 sin a cos & 1 cos 2¢ = cos’x —sin? o
M03BOJIAT HalTu sin (2x30°) = sin 1° u cos 1°. Ilotom mo
dopmynam cioskenus (§ 17) BorumcauM sin (1°+ 30°) = sin 1°30
n cos (1°+30’) = cos 1°30°. Tenepb, BHasA CHHYC H KOCHHYC
yraioB 1°30° u 30°, Hatigem sin 2°, cos 2° u T. A.

Tak MOMHO COCTaBHTh TabaIMILI TPUIOHOMETPUYECKUX
$yHKIMIt (MONB3yACh dTHM CHOCOGOM, HYKHO CHavaja HalTh
C JOCTATOYHON TOYHOCTBIO YMCIO 7 — MHHAYe He Halijem pa-
AuaHHYIo Mepy yraa). Ho Buikimagkmn OymyT upesBbl4yaifHO rpo-
moankumu. [Jo 18 Bera cocraBurtenn Tabauy (V, 2) moibzo-
BAJIMCh MOYTH CTOJNb Ke CJIOKHBIMU pacdyetamu. B nacrodAlee
BpeMA CyIeCTBYIOT ropasgo Ooniee ObicTpLie NpHeMBI; OHHU
OCHOBAaHHl HA MeTOJAX BhICHIeH MaTeMaTHKH.

§ 27. TpuronomeTpnueckne ypaBHeHHs

VYpaBHeHNe, cofepKalliee HeM3BECTHYIO BeJIMUKHY MOJ 3HA-
KOM TpUrOHOMeTpMYecKo# (YHKUMM '), HA3LIBAETCA Mpu2oio-
MEMPUNECKUM.

1) HexoTopuie aBTOpHl MOHMMAOT TEPMHUH «TPUTOHOMCTpPHUUECKOE
ypaBHeHHe» B 6oJiee y3KOM cMbiciae, Tpebys, YTOOL Heu3BeCTHAA BeJIMYNHA
coflepKaach MoAbko TMOJ 3HAKAMU TpUTrOHOMeTpHYecKkMX (yHKIMIl.
B TaxkoM cily4yae ypaBHeHde npuMepa 3 He OyMeT TPHrOHOMETPUYECKUM.
OnHaKO, KaK Obl HA MOHMMATH TEPMUH ¢TPUTOHOMETPHYECKOE ypaBHenues,
PACCMOTpP¢HME YPaBHEHMIt, Tle HEeM3BCCTHAfA BeJIHYMHA COMEpIKUTCH
He TOJIbKO MOJ 3HaKAMM TPUToHoMeTpHuuYecKux (GyukiMii, 110 U B JIPYIUX
COYeTanunAx, noJjie3Ho BO MHOTMX OTHOLIEHMAX.
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ITpumep1. Ypapdenuesiny = ;— TPUTOHOMETPUYECKOE.
Ero wopum: y = 30°, y = 180°—30° = 150°, y = 2-180°+
+30° = 390° y = 3-180°—30° = 510° u T. ;., a TaKkKe
y= —180°-30° = —210°% y = —2-180°+30° = —330° u
T. .

OGmee peuleHue (T. e. COBOKYIHOCTb écex KOpHel) MoHO
sanucath Tak [cp. V, 24, fopmyaa (1)]:

y = k-180°+(—1)%- 30°,
rie k — mo6oe 1es0e YUCIIO0 (MO0 KUTeJNbHOE, OTPULIATENIbHOE
NI HYJb).

Paccmorpum omHo u3 pewennit, Hanpumep y = 30°. Ero
MOHO 3anMcaTe Takme y = 1800°, mau y = 108 000", uan

y = %— ~ 0,5236 (mogpasymMeBas liauMEHOBAaHME «PaJUAHOBY),
TaruM 00pa3oMm, B ypaBHeHHH Sin y = % HEU3BECTHOE ¥y eCTb
BeJIMYMHA Y2aa, & lie ero 4ucioBoit mepsl. Unciosasa ke Mepa
-3aBUCHT OT BHOOPA eIMHMIB U3BMEPEHNUA. YT JIOB
(rpamyc, MMHyTa, pagMad M T. IL.).

Mo#HO NpuHUMATh 32 HEN3BECTHYIO Be-
JIMYMHY TaKe M YUCIOBYIO Mepy yTJia; TOrAa
Heo6XO0AMMO YKa3aTh, B KAKUX eJUHULAX H3Me-
PAIOTCA YIJIH (CM. Ipumep 2).

ITpumep2. Xoppa AK (puc. 231) paBxa
panuycy okpyHoctu R = OA. Croabko rpa-
JIyCOB COJEP’KUT UeHTpasbHult yrom AOK?
31ech MCKOMOI BeJIMYMHON ABJIAETCA %UCAO;
obosuaunM ero GykBo#l x; Torga BeauuyuHa yriaa AOK
ectb 2° (/AOK = z°). Ilocrpous Guccexrpucy OD yraa AOK,

umeeM LAOD = (%)o Tak kak AK =2AD=20A sin ZAOD=

Puc. 231.

= 2R sin (i)o, a no ycaosuio AK = R, T0o nojyyaeMm ypas-

2
Henue 2R sin (%—)o =R, T e
e -+

OpHo M3 peluenuit 9Toro ypaBHeHUsa ectb & = 60.

B mKoabHEIX 3aHATHAX OOHIYHO pellaoT Takue 3afaun, rae
oba cnocoba cocTaBlleHUA TPUIOHOMETPMYECKOro ypPaBHEHHA
ONMHAKOBO NPUTOHEI, M NIPEANOYTATEIbHO NOJNL3YIOTCA MEPBHM
cnocoOoM, OffHaKO HA TPAKTMKe YacTO BCTPEYalOTCA 3ajayM,
TAe NepBHit cmoco6 nenpurofen (cM. mpumep 3).
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Ipumep3. llyra AK okpysHoctu (puc. 231) npeBocxo-
AUT CTATNBAIOLIYIO €e XOpAy B % ~ 1,0472 pasza. Haiitu neur-
paabHbiit yroax AOK.

ITpumenum BTOpOit ciocod. OGo3HAYNM Yepe3 x TpafyCHy0
Mepy MCKOMOro yria (T. e.  eCTh HEKOTOpOe uumo).

HKak B npumepe 2, naxogum AK = 2R sin ( ) I'panyc-
Ha#g Mepa nym K Tome paBus x, T. e. JIMHA AYTrH AK co-
CTaBJACT — = 360 OT JUIMHBI OKpYykHocTH 2R, 3navur,

x mRx
IK—T}%—O-’zﬂR 180 .

ITo ycmoBuio AK:AK = —3-. ITonyyaem ypasuenune

Ty emsin ()= 5.
T. €
T sm(2) = 120. (1)

IT0 ypanmenne uMeeT (ejiicTBeliHoe) pelnenune x = 60,
T. €. UICKOMBIIt yeoa AOK papen 60°.

Ecan 6wl 3a HeusBecTHoe x MBI npuHAdM Mepy yriaa AOK
6 Munymaz, Mbl IOJY4YNan Ob ypaBHeHue

:sin (-;—) = 7200 (2)

(kopenb ero ectb z = 3600, T. e. LAOK = 3600°).

TakuM o6pa3oM, MPUHAB MHYI0 eMHUIlY M3MepeHus yraa,
MBI MOJIy4aeM CYIeCTBCHHO HHOe ypaBHeHHe. Brixouut, uTto
IJIA paccMaTpUBAaeMoii 3a1aYM HeJb3sI COCTABUTL TAKOr'0 ypan-
HeHusA, TAe 6ol OykBa x ofo3nauajla BeJUYHHY caMoro yria,
a He ero YMCJIOBOIt Mephl.

3dameuanune. Ecan uepes z o6o3nayuth pajiuaHuyIo
Mepy yraa AOQK, Mbl monyynM ypaBHenile

a::sin-%—=1:z (3)

3
3
ITo BHemHeMy BHAYy DTOro ypaBHENMA MOKHO TNOAYMATh,
yro GykBoOlf x oOo3HauaeTcA caM uckoMmbli .yron AOK, a He

ero yuciaosasd Mepa. Ha camoM fesle 3mech x e€CTh UHCIO —
pagnanHasa Mepa yriaa AOK, ubo ypaBueHue (3) ecTh Jullb

b4
(KOpeHb €ero ecTb 17=—-—').

2
COKpallleHHAA 3aMUCh YPABHEHHUA 2 : Sin ( )p:u =5 @ Tlo-
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noOHLIM #c 06pasoM MoxiHO OblI0 GHI BMecTO ypaBueHus (1)
YCIIOBHO HAIMCATh:

x:sin%— = 120.

§ 28. Ipuembr penrenust
TPMrOHOMeTpHYeCKHX ypaBHeHMiH

IIpu peileHUN TPUTOHOMETPUYECKUX YPABHEHUI CTApalOTCA
HallTu 3HAYeHUA KaKo#-1ubo TpUroHoMeTpHuecKoi ¢yHKUM
Heu3BeCTHOH Bemmumuunl, OTciofa ¢ noMombio TalJul MOKIO
HalTH 3HAYEHMA CAMOIi 1IeN3BECTHON BeJMYMHEL (B o6uieM CiIy-
yae npubmmxennsie). Jlaa sanucy obuiero pemcHusi Ciysxar
dopmyast § 24.

OnHO M TO Ke ypaBHeHMe MOMKHO peulaTh pPasinyibIMu
npuemMamu. IIpn 9TOM MOryT 0Ka3aTbCH IOJNEBHBIMU (POPMyYIIbI
§ 19 1 B ocobenHocTy §§ 17 1 18.

ITomBeprass TPMrOHOMETPMYCCKOE YpaBHEHMEe TOMY MU
MHOMY npeoGpasoBaHmio, HY*HO 3a60THThCH, YT0GLI peolpa-
30BaHHOE ypaBleHne OblJI0 PaBIIOCHIILHO MCXOHHOMY. Bripoyen,
MHOrAa Lejecoo0pasHo coBepliaTh M Takue npeoOpasoBaHus,
TIPM KOTOPHIX PaBHOCHJILHOCTD HeJlb3fA 3apaHee rapaHTHPOBaTh.
Ho Torma B ciiyyae BO3MOKHOCTH IOABIIEHUA JULIHUX KOpHei
(nanpuMmep, mpu Bo3Befelnun 00enX yacTeil ypaBHeHUsS B Kpa-
ApaT; cM. npuMepbl 5 ¥ 6) nHeoO6XoxMMO nposepumv Bce HAli-
AeHHble pellleHMA. B ciyuae BO3MOMKHOCTM TOTEpH KopHeii
HYKHO YCTaHOBUTb, KaKie MMEIHO KOPHM MOI'YT IpPONAacTb M
ZiefiCTBUTEJILHO JI OHM TIPONAZAIoT.

BrnpoueM, onmacHOCTH HOTEPATL KOPIM YACTO Jerko Hsle-
sarthb. Ilokamem ato Ha npumepe. Ilycrs jlaHo ypasienue

q sin o .
tg x = 2sin 2. Bammmenm ero B Buie - = 2sin 2. Ecun
pasHeNuTh 06e uaCTM HAa Sinx, MLl NOJY4YMM YpaBHeHue
coss = 2» Hle PaBHOCHIIbHOE KaiioMy: GyjLyT HOTEpAILL KOPHIt

ypaBHeHusa sinz = 0. Ho BMECTO YTOro MOKHO TOCTYIMTH
caenylomum obpasoM. IlepeireceMm 2 sinx BiIeBO 1 BbIHECEM
8a CcKOOKy sinx. MBI HoOJNyyMM paBHOCUILHOE YDaBHEHUE

sin :c(coi?c -—2) = 0. OHO yQOBIeTBOPAETCA JHUIb B JIBYX CJy-

. 1 1
Yaax: 1) ecant sin x =0, 2) eCaM -~ =2, T. . COST = 5~
2kn + 5-. Mst 1o

B nepBoM ciuyuae x = kn; BO BTOPOM &
JYYHUIM BCE KOPHH,
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3aMmevyuaHue. [IpupasuuBasa HyT0 ONUH U3 COMHOMUTe-
Jelt, Hy¥HO yGefUTbCA, YTO NpH DTOM APYTOi COMHOMKUTEb
Hne obpawaemcs ¢ Oeckoweunocmd. B Hawem npuMepe Tak
u ectb. Ilpu sin z = 0 umeem cos x = £ 1, Tak ‘lTOm—x--~—-2

1 . Vs
pasio —1 uan —3. Ilpn cos z = - umeem sin z = + ——
Ecau e BTOpoit cOMHOKUTeNb o0paiaercd B 6eCKOHEYHOCTD,
TO peayJbTar, Kak npasuio, 6ynet HeBepeH. [lycTtb, Hanpumep,
JaHO ypaBHeHHUe Sin x = 0. Ero MoHo 3anucaTs B paBHOCHJIb-
HOM BuUfe cosz-tgx = 0, HO Hedb3sA MOJOMUTHL cOSxT = 0
(mpu cosx = 0 ypaBHeHue Sinz = 0 3aBelOMO He yJOBIle-
TBOpAeTcA). McTouHnK ommnbKM 3aKJII0YAETCA B TOM, 4YTO MNpH
cosz = 0 ¢yukuma tgax obpamaerca B GeCKOHEYHOCTb

+Vi-cos*x
(tg.z.= COS X )

Ipocretuuit mo uaee (Ho He Bcersa KpaTdaifiuuit) crnoco®
pellleHUA TPUTOHOMETPMYECKOr0 YPABHEHMA COCTOMT B TOM,
4YTO BCe TPUrOHOMeTpH4YecKHe (PyHKLMU, BXOAALIME B ypaB-
HeHUe, BHIPAKAIOTCA Yepe3 OfHY M Ty #e QYHKUUIO OJHOK M
TOM e BEJIMYMHBI, HAMPUMep Yepes Sin x, WK yepes tg x, uau

uepes tg—;- u 7. A (rabumna Ha crp. 354 M dopmyas muA
sin a, cos « u tg o § 21). YauHslit BEIGOp 3T0M PyHKIMM YacTO
COKpallaeT BHYNCIEHUA.

IMMpumep 1. 3+2 cosa = &sin? a.
3meck yno6HO BHPasUTh Sin? a yepes cos a. MmeeMm sin? o =
= 1—cos*a. ITomyuyaeM paBHOCHJIBHOE ypaBHeHHUe

3+2cosa = 4(1—cos’a) mam 4cos*a+2cosa—1 = 0.
OTO ypaBHEHUe — KBaJpaTHOe OTHOCHUTeNbHO cos a. Haxomum
ABa 3HAYEHMHA COS o

{cos &), = ‘—’j—’/i = 0,3090; (cos «), = “—’“ﬁ = —0,8090,
oTKy#Aaa = 360°k £ 72°00"ma = 360° k + 144°00".
3

Ilpumep 2. coes = StEx—2. .
3gech ymoOHO BLIPa3UTL coS*x ueped tgx. Umeem
1
2 =
CoS* T = - Ilonyuaem paBHOCHIBHOE ypaBHEHHE

3tgtx—8tgx+5 =0,
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S
Orciopa (tg z);, = 1; (tg z), = % . YpaBHeHue uMeeT peLIeHNnA:
z = 180° k+45° u £ = 180° k+59°02° (mepBasa ¢opmynda —
TOYHAsA, BTOpas — mpubGauKeHHad).
IMMpumep 3. sinz—-5sinzcosx—6cos’x = 0.
3neck npolye Bcero paspesauTh Ha cos® z. Ilomyqum:

tgtx—-5tgx—%6 = 0.

IIpn penenum Ha cos x Mbl He TepsieM Kopuelt. IleiicrBu-
TeJIbHO, NMOACTABUB CoSx = 0 B JaHHOe ypaBHeHMe, Halmem
sinz = 0, a paBeHCTBA COSx = 0 U sin x = 0 HECOBMECTHBI.

N3 ypaBHenusa tg*z—5tgx—6 = 0 Haxomum (tgz), = 6
u (tgz), = —1. HKopum Oyayr « = 80°32°+180°k wu
x = —45°+180° k.

IMIpumep 4 2 sin?z+14sinzcosz+ 50 cos®z = 26.

3necy Heledecoo0pa3Ho BLIpAMATh COS x 4epe3d Sin x MM
1ao6opoT, TaK Kak BO BTOPOM YJleHe NMOABUTCA MPPALMOHAIb-
HOCcTh. Ee MOKHO YHMYTOMKHUTD, YeLUHUB DTOT YJIeH U BO3BEJSI
ypaBHeHHMe B KBagpar. Ho 910 CiI03KHO; K TOMY e MOTryT mo-
AABUTBCA JIMILHMe pelteHns. ByeT ayuiue BLIPasuTh Sin z ¥ COS
yepe3 tg x. lmeem sinx = 8% | cosz = .

tVi+tex 1V 1+ tetx
B atux gopmynax suakn 6epyrca nubo o6a Bepxuue, 6o oba
HUKHME (TAK KaK Sin z :coS x MOJKHO paBHAThCA tg x, a He
—tg ). [lonyyaemM paBHOCUIIBHOE ypaBHEHHUE
2tg*x +14tgx +50 - 926
1+ tg?x e

OcBoGoguMcs OT 3HaMeHaTels. JIMIIHUX KOpHeil He MoJy-
YUTCA, TaK Kak 1+ tg? z'He MoxeT paBHATECA Hymwo. ITocie
HpUBefeHUA MOXOGHBIX YJIEHOB MOJIYYMJIM PABHOCHJIBHOE yPaB-
HeHue ')

24 tg*x—14tgx—24 = 0.

Orcrona (tg z), =+ (g 2)y = —-1-

Pewenus 6yayT: x = 53°07°+180° k; x = —36°52°+180° k.
MMTpumep 5.
sinz+7cosx = 5. (1)

Buipasum sin z yepes cos z. Iloayuum:
+Y1—cos?z +7cosz = 5 (2)

1) 9TO ypaBHeHME MOKHO KOpOuC MOJYYUTL CIIeAyoUMM MCKyCCT-
BeHHLIM TPUEMOM: TaK KakK sin? x+cos2 x = 1, TO 1IpaByl0 4acCTh AAHHOrO
YDPaBHEHHs MOMKHO 3alUCaTh B BHAE 26 (sin? x+C0s? x), 3aTeM NepPeHOCUM
BCE YIEHL! BJIEBO U J(eJIUM Ha COS? X,



378 o V. TPUTOHOMETPUA
I
‘+Y1—=cos*z = 5—7 cos z.

Ecau Obl Gbliv M3BECTHH BHAUEHMA COS z, TO Mbl BHAJIM
6bl, KaKOM BHAK B3ATH Nepef PajiuKaloM (III0C, eclu NpaBasd
YaCTh MOJIOKUTENIbHA, MUHYC — ecaM oTpuiareibHa). He 3Han
Kopueil ypasnenus (1), Mbl BHIHY3KJICHLI COXPaHMTh 00a 3HaKa.
Tloaromy ypaBHeHue (2) He paBHocuibHO (1). M BBeJM
aumnune kopHu. BoaBoasa oGe uacTu (2) B KBajipaT M NPUBOAA
110/{00HLIe YJIeHbl, T0J[yYaeM ypaBHeHUe

50 cos?z—70 cos z+ 24 = 0, (3)
paBHOCHIbHOE ypaBliennio (2), 1o e ypasuenuwo (1)

Haxouum (cos z), = 0,8; (cos x), = 0,6.

Orciofa z = =+ 36°52°+360°k u « = + 53°07'+360° k.

ITposepum noayuennsie xopuu. llogcrasasisi cos z = 0,8
B (1), noayyaem sinz = 5—7 cosz = 5—5,6 = —0,6. Snauur,
KOpHM z = -+36°52"4360° k — JuMmHMe, TaK KAK CUHYC 9TUX
yrioB (oMM NpHMHAJJIeKAT IepBoi dyeTBepTH) paBeH +0,6.
Kopuu e —36°52"+ 360° k npunamJieskaT M ypaBHeHuwo (1),
ubo cuHyc 9TMX yriaoB pased —0,6.

TloncraBum Tenepb B ypaBHeuMe (1) sHauenue cos x = 0,6,
oxyuyum sin z = 0,8. OTcloga 3aKJIIOYaeM, YTO KOpHM T =
= +53°07"+360° k npuHagyexar M ypasHeHmio (1) (cumyc
9THMX yrios paseH 0,8), a Kopun z = —53°07°4360° k — amui-
HMe (CHHYC 9THX YIJioB paBen —0,8).

Pewennn ypassenus (1) 6yayT?)

z = —36°52"4+360° k 1 x = 53°07"4360° k.

ITpumep 6. Ypaeueune, paccMOTpeHIioe B mpumepe 5,
€CTb YaCTHLI BUJ ypaBHeHHUA a sin x+b cos z = ¢. Bce ypas-
HEHUA dTOro OGLIEro BHJA MOMKHO peIlaTh YKasaHHBIM CIIO-
coGom. Tlokaskem eme jBa cnoco0a Ha TOM e mpumepe

sinz+7cosz = 5. (1)

IIepBHit cmocoG. Bo3BoguM B KBampar [npu aTOM
BBOJATCA JumHMe Kopuu 2)]. Ilomyuaem:

sin? x+ 14 sin x cos x+ 49 cos?x = 25.

IlpuMeHMB ofuH M3 NpueMoOB, YKa3aHHBIX B mpuMepe 4,
1nosyyuM  ypasHenue 24 {g*xr—14tgx—24 = 0; aro e

1) VpaBHenue (1) MOKHO 3amiicath B PAaBHOCHJIBHOM BUIe sin x=
= 5—7 cos x. Bo3aBoxa B KBaJpaT, llojJy4yaeM sin? x = (5—7 cos x)2;
HO 3TO ypaBHEeHMe He DAaBHOCHIIBHO (1), TaK KaK OHO HOJNYuYMIIOCh OBl M
u3 YypaBHeHNMA — sinx = 5—7 cosx. 3aMeHMB sin2x yepe3d 1— cos?x,
TOJYYMM CHOBA (3), M RaubHelillle¢c pelleHle COBHNAJAET ¢ MBJI0KEHHHIM
B TEKCTe.

2) CM. NpPeauLAYIYIo CHOCKY,
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ypam—xe}me Mbl NoJdyuYuau B mnpumepe 4. CHoBa uaitgem

(tg z), = T’ (tgz), = — - Omnaxo Temepb W3 KopHeit
z = 53°07"+180° ku :r: = —36°52"+180° k HyKHO yCTPaHUTD
sumnue. Ecan tg z = — , To umeem ambo sin x=0,8; cosz=0,6,
ambo sinzx = —0,8;, cosz = —0,6. Ilogcranoskoit B (1)

yOexpaemMca, 4To TrOZUTCA TOJNbKO HepBasg Napa 3HadYeHwmir,
T. €. Yyrodl x NPUHAJIEHKUT NepBoil yeTBepPTH. 3HAYMT, CpPeLu
KopHel x = 53°07°4-180° &k romATCA TOJBLKO Te, KOTOpbiE
noJiyyaTcs Npu veTHuX sHaueHusx k. Ilomaras k = 2k,
noayyaem x = 53°07°+ 360° k’. Tax #e naitgeMm, 4To U3 KopHeit

z = —36°52"4180° k rojsATcs TONLKO Te, IJIA KOTOPBIX
I — yeTHoe yucIoO, T. €.
T = —36°62"+360° k",

Bropoit cmoco6. Beipasum sinz u cos x uepes tg%
(opmynmr § 21). Tlocﬂe ynpomeum“{ noJly4aeM DPAaBHOCUJIbHOE

ypaBHenue 12 tg- - —2 tg 5 —2 =0, oTkyaa
X 1. x\ 1
(‘g 7). =i (eg),= -+
IIdXO,lJ/lM o & 26°34"+180°k u t« ~ —18°26”+180° k. Kopun

Oynyr z= = 53°08 +360°k u z ~ —36°5274-360° k. Ilpe-
MMYLIECTBO 9TOro cmocofa B TOM, YTO OH He BBOAMT JMIUHUX
KopHeii.

3amevuaunue. Bropoit cioco6 obnamaer Goabuoit o6iu-
HocThlo. Horia TpuroHoMeTpuueckoe ypaBHeHMe NPUBOXUTCA
K TAKOMY BUAY, YTO B Hero BXOAAT TOIBKO TPUrOHOMETpPHU-
yecKkue (QYHKUMM OIHOrO M TOro e yraa, TO BCe 3TH
QyHKLUN MoHO ¢ mnomowmpblo ¢opmya § 21 BHpa3UTh
uepe3 TaHrel¢ MOJOBHUHIIOIO Yria. BbYMCIEHUA HpH ITOM
crnocofe OKA3HLIBAIOTCA YacTO OoJlee TPYAOEMKUMU, YeM IpH
JAPYTUX, HO 3aTO MBI M36ABIAEMCS OT MOUCKOB MCKYCCTBEHHBIX
TIpMEMOB U BO MHOTI'MX cjay4asx naleraeM IMOSIBIEHUA JHMUIHUX
KopHeit,
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§ 1. IlocTosiHHbIC M MepeMeHHble BETHYHHBI

IlpuMenenve MaTeMaTMKM K U3YyYeHUI0 3aKOHOB NPUPOJLI
M K MCNONB30BAHUIO MX B TeXHUKEe 3aCTABUJIO BBECTH B MaTe-
MaTHUKY NOHAITHE N6PEMEHHON BeJIMYUHBI M, B MPOTUBOMOIIOK-
HOCTb eif, TNOHATHMEe IOCTOAHHON BeduuMHH. Ilepemennas
geaunura — dTO TaKad BEINYNHA, KOTOPas B YCIOBUAX TAHHOTO
BONPOCA MOMET NPUHMMATh pa3iuyHble 3Hadenud. Ilocmoan-
HaA eeaununa — ODTO TaKafA, KOTOpasg B YCJOBUAX JAHHOrO
BONIPOCA COXpaHAeT HenmaMeHHoe 3HayeHue. OpgHaA M Ta He
BeJIMYMHA B OJIHOM BOIIPOCE MOKET ObITh NOCTOAHHOI, B JIpy-
TOM — MNEpEeMeHHOM BEeJINYMHON.

Ilpumep. Temmeparypa T KumeHua BOAH B 0oJib-
WIMHCTBe (QM3NYECKUX BONPOCOB €CTh BeJMYMHA IOCTOAHHAA
(T = 100° C). OgHako B TeX BONPOCAX, Ifie HYHHO CUNTATLCSA
¢ M3MeHeHuMeM artMocepHoro gamienus, 7 ecThb BeJHuyMHA
nepeMeHHas.

Paznuyenne nOCTOAHHBLIX M HNepeMeHHBIX BeJUYUIl OCO-
0eHHO YaCTO NMpUMEHHEeTCA B BBICLIet MaTeMaTHKe; B dileMell-
TapHO# MaTeMaTHKe OCHOBHYI0 DOJb MrpaeT pasjejieHue
BeJMYUH Ha H3BecTHhle M HeusBecTHble. IlocienHee coxpa-
HAETCA U B BhICIle/i MaTeMaTHKe, HO He MIpaeT TaM OCHOBHOIA
poau. .

Yaie Bcero mepeMeHHble BeAM4MHB 0003HAYATCA IO-
caeguumyu GyKBaMu JaTmHCKoro aadasura z, y, 2, ..., a MO-
CTOSIHHBIE — NepBhHIMM a, b, ¢, . ..

§ 2. OyHKUNMOHATLHAA 3ABHCHMOCTL MEXKAY
ABYMA NepeMeHHBIMH

T'oBopsiT, 4To [Be INepeMeuHble BEJIMYMHBI Z, y CBA3AHBI
PynKEYuorarbHoll 3asucumMocmblo, €CIM KaXKILOMY 3HAYEHMIO,
KOTOpPOe MO’KeT IPUHATH OJHA M3 HMX, COOTBETCTBYET ORHO
WM HECKOJILKO Omnpefc/leHHBIX 3HAYeHUt ApyTroi.
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IIpumep 1. Temneparypa T KuneHusa Bopgkl U aTMocdep-
1Hoe HNaBJeHHe p CBA3AHB (QYHKUUMOHAJILHON 3aBUCHMOCTBHIO,
n00 KamgzoMy 3Hadenuio 1' COOTBETCTBYeT OJHO ONpeHelIeHHOe
snavenne p u obparHo. Tak, eciim 7' = 100° C, To p Hempe-
MEeHHO paBHO 760 wmm f'ry'ruoro cronba; ecam T = 70°C,
To p = 234 mm u T. #A. Hamporus, armocdeproe maBieHue p
M OTHOCHTENIbHAA BJIAMKHOCTH BO3AYXa z (paccMaTpuBaeMEble
KaK NepeMeHHble BeJUYMHBI) He CBA3AHB (QYHKUMOHAIbLHOMN
3aBUCMMOCTBIO: €CIIM M3BECTHO, 4To £ = 909, TO 0 BeJUYNHe
p HEJIb3A ellle CKa3aTh HUYEro ONpefeseHHOTo.

MMpumep 2. [ldomage paBHOCTOPOHHEr0 TPeyroJbHUKA
S ¥ ero nepmuMeTp p cBA3AHB OYHKUMOHAIBHONK 3aBUCMMOCTHIO.
Dopmyna S = (V3 :36) p* mnpeacTaBiIAeT 3Ty 3aBUCHMOCTD.

Ecau »enaTelbHO NOAYEPKHYTH, YTO B JAHHOM BOIpOCe
3HaYeHUS MepeMeHHOIT y JOJIMHIbl OTBICKMBATBCH 1O 3a{aHHBIM
3HAYEHUAM MepeMeNnHoi x, TO MOCHeAHss (x) HA3BIBAETCA
Heaagucumoll nepemennoii WU apzymenmon, a neppas (y) —
3agucumoli nepemeroli UM Pynryuel.

IMpumep 3. Ecan 1mo Beauyuuc IepuMeTpa p PaBHO-
CTOPOHHEro TPeyroJIbHHKA MBI XOTMM CYRUTH O IJIOLIAJU €ro
S (cM. mpumep 2), To p eCTb apryMeHT (1ie3aBUCUMAsA mepe-
MenHad), a § — QYHKUUA (3aBUCUMAsL IlepeMeHHas).

Yauie Bcero He3aBUCHMAA NMepeMeHHAA 06osHayaeTcsa OyK-
BOIf x.

Ecau kamjomy 3HayeHWI0 apryMeHTa & COOTBETCTBYeT
TOJILKO OAHO 3HaueHMe QYHKUMU y, TO QYHKIUA HA3HIBAETCA
00Ho3HauHol, ecau QBA uiIu Oojlee — mrozoznaunoli (EBY-
3Ha4HOH, TpexX3HayHoif ! T.-1.).

IIpumep 4 Teno Gpourenno KBepxy; s — BHICOTA €ro
HAJ 3emJieit, ¢ — BpeMA, HpOTeKilee OT MOMeHTA OpocaHMA.
BeauunHa s ecTb OZHOBHAYHAA QYHKUMA OT ¢, TaK Kak
B KaKIblif JAHHLIT MOMEHT BEICOTA Tella — BIIOJIHE OIpee-
Jenuasa Beauuuna. BennuwHa ¢ — ABy3HayHad QYHKOMA OT S,
TaK KaK TeJl0 HAXOAMTCA HA JAaHHOW BLICOTE § OBAMKALL —
ONMH pa3 NpM TMolleTe BBEPX, Jpyroit pas npu nagenun
BHU3.

! N
Dopmysa s = vl — -y gL, CHAIRANILAS NepeMetiHble s, !

(lla‘laﬂbllaﬂ CKROPOCTDH vy U YCKOPCHIIC 3éMHOT0 TArOTEHUsT § —
B JAaHHOM cliyuae MOCTOAIINLIe Benwmum), MOKa3bIiBAET, 4TO
npyA JaHHOM ¢t MMeeM OMHO0 3HAUEHUe S, & MpU JAHHOM s — JABa
3HaueHus (, onpefeideMble U3 KBAJApATHOrO YpPaBHEAWS

tol-—

gt — vpt4-s = 0.
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§ 3. OGpaTnaa PyHrnuA

Jina xapakTepucTUKM QYHKIMU COBEpLIEHHO He Cylect-
BEeHHO, Kako#i OykBoit o0osHauaercs cama yHKIMA U ee ap-
I'YMEHT; TaK, eCllM MMeeM ¥y = z* U u = v* TO Yy eCTh TaKad
e QYHKUUA OT z, KaK w OT v, MHAYC rOBOPA, x? U vV — BTO
oflHa ¥ Ta e QYHKIUUA, XOTA apryMeHT ee o003HaYeH HEOXH-
HAHKOBO.

Ecau B paHHoit $yHKUMOHAJILHONK 3aBUCUMOCTH APTYMEHT
1 QYHKUHMIO MOMEHATDH POJNAMU, ML HOJYy4aeM HOBYIO QyHKIMIO,
Ha3bIBaeMyI0 06pamHot 10 OTHOLIEHUIO K MCXOXHOM.

ITpumep 1. Ilycrb uMeem QyHKIHMIO u OT apryMeHTa v

u = v
Ecau noMeHATh POJAMH apryMcHT M QyHKUMIO, BEINYMHA U
Gyner QyHmumedr oT u M npencraBuTcA Popmydok v = Vu.
Ecau aprymeHt B oGoux ciyyaAx 0003HA4YMTL OXHOI M TOl
e OyKBoit z, TO Mcxoguasa GyHKIUA ecTh x%, a o6paTHasA el

Va.

Dpumep 2. ®ynkuueit, obpatHoit sinxz, sABIAercA
arc sin x. JleificTBUTeNbHO, eclli y = Sinz, TO = = arcsiny
(V, 24).

O rpa¢uxe obparHoit ynxuum cM. § 8, m. 7.

§ 4. NzoGpaxenne pynxunu $opmyoit
H Tadauueii

Muorue GyHKIMONAIBHbIE 3aBUCUMOCTH MOTYT OBITH (TOUHO
uau npubiniKeHHO) NpeACTaBIeHB NPOCTHIMU (opMyaaMu.
Hanpumep, 3aBUCHMOCTh M€Ky IUIOMIAlbI0 Kpyra S M paguy-
COM r npejicTaBiaAeTcA QopMyJIoit S = 7r?; 3aBUCUMOCTD MKy
BBICOTO}f s OpOLIEHNOro Teja M BpeMeHeM (!, MPOTEKIIMM OT

Havamna Opocanns, —QopMyIoh s = vt — - gt*; NOCIENHAA 110

cymecTBy — mpubiinxenHas Gopmyla, Tak KaKk OHA He YUUTH-
BaeT HU CONPOTUBJIEHMA BO3NYXa, HU OCHAOIEHUA CHIIBI
3€MHOTO NPUTHAHEHNA C YBEINYEHUEM BBICOTHI.

Yacto QyHKUMOHAIBHYIO 3aBMCHUMOCTH He y[aeTCA MNpen-
cTaBuUTh B Bupge GopMyusl mam, ecau ymaercd, gopmynia oka-
3LIBaeTCA HeyRoOHO! MJIA BHYKCIeHUI. B BTHX CIyyaAax MoJb-
3YIOTCA MHBIMM crmoco0aMmu, uvalle BCero mabauuHblm U
2paguneckum (cM. VI, 7). -

Il p n M e p. PyHKIMOHANBHY IO 3ABUCUMOCTDb MeH/Y aBiie-
HUeM p U TeMnepaTypoit kunennd sogbl T (cp. VI, 2, npumep 1)
He yJaeTCA npelcTaBUTh OfHON (opMyJoif, KOoTOpas C HYMH-
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HOt CTemeHBIO TOYHOCTM OXBATHIBAJNa Ol BCe IIPAKTUYECKU
BaKHBIe CIy4Yal. OTa 3aBUCHMOCTh NpeficTaBisaeTcA Tabmueit,
BBIIEP/KKA N3 KOTOPOIf MMeeT BUJ:

D MM 300| 350 | 400 | 450 | 500 | 550 | 600 | 650 700

T°C |75,8|79,6|83,0|858)88,5,91,2(93,5|95,7|97,6

st ymobeTBa BHMMCIIEHUit 3HAUEHHUS O[HON IepeMenHoi
Goublelt yacThblo OepyTcA vepe3 paBHBIE IPOMeEKYTKH; 3Ta
repeMeHHAs HA3BIBAETCHA apaymernom TaOIULEL.

Bcex 3HavyeHnit apryMeHTa HUKaKasa Tabauua, KOHEYHO, He
MO?KET COlePHATh, HO MPAKTUYECKU IPUTONHAA TA0INLA KOJIHK-
HA COMlep?KATh CTOJBKO 3HAYEHU apryMeHTa, YT0OHI [IIIA 0CTAJb-
HBIX 3HAYeHMe QYHKIMU MOKHO OBLIO MOJYYMTH C HYMKHOMK
CTeNeHbI0 TOYHOCTH NpPM MoMowy uHTepnodamun (cM. II, 50).

§ 5. OGo3HayeHHe PyHKIUH

IlycTh M3BeCTHO, YTO NMepeMeHHaA y ecTh HeKoTopad PyHK-
1usa nepemenHolt . Hak 3agana sta gyHkuua — ¢opmyJioit,
TabnuLel I Kak-mubo uHave, — 0e3pas3in4HO; 3TA QPYyHKIMUA
MoseT GHITB [lake BOBCe He M3BECTHOMN, HKOMkeH OHITH ycTa-
NOBJIeH JUIB caMblif -QaKT QYHKIMOHAIBLHON 3aBMCHMOCTH
(VI, 2). 9toT daKT oTMevaeTcd 3anuch0 y = f(z).

Byksa f (nauaabnas GykBa JaTmHcKoro cioBa functio —
¢yHKIMA), padymMeeTcs, He 0003HaYaeT KAKOK-IM00 BeJINYMHEI,
TaK e Kak Oykswl Ig, tg u T. A, B Banucax 1g x, tg £ u T. X.
Samuc y = 1gx;y =tgx U T. 4. NpEACTaBAAT BIOJHe
onpefesieHHble QYHKINOHAJbHbIE BABICUMOCTH ¥ OT z; 3aNKMCh
y = f (x) npencraBusier molylo QYHKIMOHANLHYI0 3aBUCHU-
MOCTb.

Ecnm xoTAT mopyepKHYTh, YTO QyHKIMOHAIBHAA 3aBUCH-
MOCTB 2z OT ¢ OTIAMYHA OT (YHKIMOHANLHOK 3aBUCHMMOCTH
y OT z, TO ee oGosHavaloT MHOI GyKBoif, Hanpumep F, u mn-
myt: z = F(t); y = f(z).

Ecxn ke XOTAT BHIPa3UTh, YT0 QYHKLMOHANBHAA 3aBUCH-
MOCTH z OT t Ta ke, YTO (QYHKIUMOHAJBLHAA BABUCHMOCTE ¥
OT z, TO ee 0003HAYAOT ToOif e camoit Gykpoit f, T. e. mu-
wyt: z = f(t); y = f(=).
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Ecau nHaiifileHo uaM [aHO BhIpakenue y yepes z, TO 3TO
BbIpaMeHue COefMHAIT C f () 3HAKOM paBeHCTBA.

IMpumepsn. 1) Ecin ussecrio, 4t0 y = 22, TO MUWYT
f(z) =z ‘

2) Ecau uaBecTHo, 4TO y = Sinx, TO MOM€M HamucaTb
f (z) = sin z.

3) Ecan f (x) = lg z, To cumBox [ (y) osnavaer 1g y.

4) Ecm f(z) = V1+2® u F (x) = 3z, TO MoMeM Hanu-

o VTiE. FW) _ 3y
catb F (z) f(z) = 3z V1 +4%; = Y

§ 6. KoopauHaTsl

JBe B3auMHO NepneHAMKyJApHble npAmeie XX u YY’
(puc. 232) o6pasyioT npamoyeoabrylo cucmemy Koopduram.
Ilpamele XX* u YY’ HasbIBalOTCA ocAmu Koopdunam, ORHA
u3 Hux X X’ (06b14HO M300parkaeMan

4 TOpU3OHTAJbHO) HA3BIBAETCA 0CbIO
abeyucc; ipyraa YY’ — ocvio opdu-
ram; To4ka O MX nepeceyeHMA —

& 1-1 <M— navatom koopdunam. Ha kampoit

x ,‘-/,f--- 1 U3 oceit BHIOMpaeTcs MO NMPOM3BOJY
i) MacmTab.

tfi 1 BasB npoussodsuylo Touky M na

M) MJIOCKOCTH, B KOTOPO! pacnoJioe-

T W HBI ocH, HaiiaeM ee npoekuuu P un Q

[l na KoopaunatHule ocu. Orpesok OP

Y Ha ocu alcuuce, a TakiKe 4YMCIO x,

Prc. 239, u3Mepsiollee ero B u30paHHOM Mac-

wrabe, HasbIBaeTCsl abeyuccoii TOY-

ki M; otpesok OQ Ha OCH ODAMHAT, & TaKKe U3Mepsioliiee ero
4MCIO0 y — opdunamoii Toukn M. Benuuunsiz = OPuy = OQ
Ha3HIBAIOTCA npamoyzoabiblsu Koopduramamu (MIM TPOCTO
xoopdunamami) Toukrn M. OHU CUMTAIOTCA MOJOMKUTETBHEIMU
MJIM OTPULATENbHBIMM B COOTBETCTBMM C 3apaHee YCTaHaB-
NUBAEMLIMI HaNpaBJIeHMAMU MOJOMKHTEJNbHBX OTPE3KOB HA
Kasgolt m3 oceft (06huHO Ha ocu abcuucc MOJIOAUTENbHbLIE
OTPe3KM OTKJIARLIBAIOTCA BNPABO, & HA OCH OPAMHAT BBEpX).
Ha pue. 232 (rme Maciutabnl Ha 00enx ocAX OAMHAKOBH)
Touka M umeer alcuucey x = 3 M OpAMHATY y = 2; TOYKA
M, — abcmuccy z, = —2 u opauHary y, = 1. CoxpaieHdo
oTo 3anuceBaerca tak: M (3; 2); M, (—2; 1). Touno TaK e
M, (-1,5; --3). ‘
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Kaspmolt Touke NIIOCKOCTH COOTBETCTBYET OAHA Napa yucel
x, y. Kamyoil mape (meliCTBMTeJNbHEIX) uYMCed x, Yy COOTBET-
crByer ofHa Touka M. IlpAMoyrojbHas cucTeMa KOOPAMHAT
4acTo Ha3HBAeTCA JIeKapTOBOK 1Mo MMeHu QpaHiy3ckoro ¢u-
nocoda u maremarnka llekapTa, IIMPOKO NPHMEHMBLIETO KO-
OPAMHATH K UCCIIEAOBAHMIO MHOTMX reOMeTPHYECKUX BOMPOCOB.
JT0 Ha3BaHUe, OXHAKO, HEMPABUILHO !).

§ 7. I'pagpuueckoe uzoGpaxkenne yHrumii

UYroGhl rpaduyecku u300pasuTh 3agaHnyw GyHKIMOHAIL-
HYI0 3aBMCHMOCTb, Ha ocu alcuucc oTMeuaeM PpAN 3Ha4YeHM

T, ¥y, X3, ... ORNON N3 INepeMeHHHX z (0GBHIYHO apryMeH-
TA4) M CTPOUM OPAMHATHL Y, Y,

Y3, ..., NPEACTaBIAIOLINE CO- £

OTBETCTBYIOIME 3HAYEHUA ApY- 215

roit nepemeHHolt y (PyHK- ™~

uMH); MojlyyaeM pAX ToYeK  prp

M, (ry, ), M, (x,, y,), ’ SR

M, (x5, y;3), ... Coemmnaa ux 245 t

1la a3 NJABHOH KpHUBO#K Ju- t

Hiueit, noxyyaem rpa@ukK aaH- 24 K

1noit QyUKUMONANLHON 3ABUCH-  gor : -
»il)ocm. Ilpcumymwecrsom rpa- /’1 )
¢uyeckoro uzodpareHusas B -
CpaBHeHMM ¢ TAOJIMYHBIM AB- o950 w10 20 250 ¢
JAKNTCA ero HAarIARHOCTL M PHec. 233.

Jerkas 0603pUMOCTb; HEXOCTAT-
KOM — MaJlafl cTeleHb TOYHOCTH. BoJIbllloe MpaKTHYeCKoe 3Ha-
YeHHe uMeeT yHauHbIA BIGOp MaciiTabos.

Ha puc. 233 rpaduuecku nsoOpakeHa PyHKIMOHAIbHAA
32BMCHMOCTb MeKAY MoAyJeM ynpyroctd E KOBAHOro ejesa
(B m/cm?) m TemmepaTypoit keidesa t. Macwrabm aGcumce (1)
u opanHat (F) mokasaHnl uMcioBeiMM moMeTkamu. (Hauwadso
KOOpPAMHAT M ochb abcuyMcc Ha yepTedke He MOKA3aHBI, YTOOHL
He yBeJMuuBaTh 0e3 HY:KJbl pasMepa rpafukxa.)

1) IekapT noiib30BAJICA He ABYMA OCAMM, a OXHOI1, HA KOTOPOM OTKJa-
IBIBaJINCh a6CIMCCL; OPAMHATHI ONMpENENANNCh KaK PACCTOAHUA ‘TOYEK
MIOCKOCTH OT ocH abcumcc; 3TM PACCTOAHMA JleKapT OTCYMTHIBAI MO
Jno6omy 3apaHee BHIGPAaHHOMY HAaNpasiieHNO, a He 00A3aTeJIbHO MO mep-
neHIUKYJIAPY. Kak aGcuuccsl, Tak M opAMHaTH ¥ J{ekapTa GHIJIM BCerjga
BEJIMYMHAMU I1OJI0KUTENLHLIMA HE3aBUCHMO OT HaNpaBjleHUA COOTBET-
CTBYIOIIMX OTPE3KOB. B 60JbLIMHCTBEe Y4eOHMKOB pasiIMYeHHE Hamnpan-
JIEeHMIl Ha OCAX 3HaKaMM + M — oOMMOOYHO MpHMchiBaeTca JlekapTty,
TOTJIa KaK OHO GBLIIO BBEJIEHO JIMILD €ro YHeHuKaMHU,
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Tpaguk puc. 233 cocraBieH Ha ocHOBANNU ClefYIoleR
TabIIMILL:

°C 0 50 100 150 200 250

Em/cm? 21,5 21,4 21,2 20,9 20,5 19,9

ITo rpaguky MoxxkHO HaliTn (npmOGIU3NTENbHO) 3HAYEHUe
QYHKUMM U JJIA TeX 3HAYEHMI apryMenTa, KoTopuie b radiniue
He noMelensl. Hanpumep, nyctb Tpebyerca naiitn snauenue E
npu ¢t = 170°. OTi0:xMB HA ocu abcuuce (Mau Ha mpAMoit At,
eit napanyenbHoit) abcuucey t = AP = 170 u BoccTaBUB Nep-
nenpukynap PM, npourem opaunary E = PM = 20,75. Ure-
HUe upe3BbIvaifiio obieryaerca, ecan rpadui naHecen na rpag-
Jenylo (Hanpumep, MuiiuMmerpoBylo) Oymary. Haxompenne
TPOMeKYTOYHBIX 3HaYeHUt GyHKIMHM N0 ee rpaduKy HaswIBaCT-
cA epaguveckoii unmepnoasyuei.

Ha npaktuke BcAKMit rpadMK CTPOMTCA «II0 TOYKaM», T. e.
OT PYKHM NIPOBOJMTCSA IVIaBHAA JMHUA, COeMHAIIIAA PAJL OT-
JdelbHbIX Touek M,, M,, ... Ilpu 5ToM TeopeTMyeCKH HUKOTA
He HCKJI0YaeTCA BO3MOKHOCTb, YTO IIPOMEKYTOUHBIE TOYKH,
ellle He HaHeCeHHbIe HA rpaduk, JekaT o4yeHb AAJEKO OT Mpo-
BeJleHHOM MIaBHO KpuBoK. BBUAY 5TOr0 TeOopeTHYECKH CIIeNyeT
OnpefiesIUTh TpaQuK Kak zeomempuueckoe mecmo (1V, B, 14)
movex M (z, y), koopOuwamvr Komopwlx ceszarsl Oanioii
PYNEYUOHAABHOU 3A8UCUMOCBIO.

§ 8. Mpocreitume dyHkmuN 1 NX rpaduru

1. IIponmopumonaibHble BeanmyuHbl, Eciu repemenHbie
BeJMYUHH y U x (MpAMo) nponopuuoHaabust (11, 49), To PyHK-
L{MOHAJIbHAA 3aBMCHMOCTb Me: ]y HUMM BbIpaKaeTcA ypaBHe-
HUEM

y = maz, {1

rJe m ecTb HEKOTOPAA MOCTOSHHAA BeJMunHa (Koaghuyuenm
nponopyuonaavrocmu). I'padpui nmpaMoit nponopunoHanLHO-
CcTH !) ecTb NMpAMas JHMHUA, MPOXOAALIAA Yepe3 HAYAIAO KOOp-
AMHAT M ob6pasylolas ¢ ocblo aGCUMCce Yroa o, TAHTEHC KOTO-
poro paBeH nocrosinHoit m; tg o = m. Iloaromy koadduiuent
NPONOPUMOHAJIEHOCTH m HAasbIBAETCA TAKIKE yenogblm Koddfi-

1) 3xech M B jlafibliefinieM npejiiojaraercs, 4To mMacuitabbl Ha o6enx
OCAIX 0JIMHAKOBHI.
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(puyuenmom. Ha puc. 234 noxasannt rpadunn pynxnnuy = maz
upu m = 5, m = 1, m=2 m= —,:

Sameuanue. Jlud ompejeleHua yraa a Mempy OChIO
abcuuce m rpadurom Ha-
npaBJlieHHe Ha ocu abcumce
OepeTcA MOJIOKNTEILHOE; AY
Ha rpaguke e OepercA

|
- |
mo6oe HanpasiieHue (Be AN Vf#d pyram
b AN

auynHa tga or BuIGopa

HANpaBIeHUA He 3aBUCUT).
2. JIuneiinags @yHk-

A, Ecaun nepemeHHble >

BeIMYMHH z, Yy CBA3AHBI —-—,;"! N

YpaBHEeHMeM TiepBoit cTe- Y

IeHu

Az+ By =C (2)

(mo kpaitHelt Mepe OfHO
u3 yncex A, B He paBHO Puc. 234.
Hyo), To rpaduk QyHK-
IIMOHAJIbHOM 33aBUCHMMOCTHU
ecth npaAMas aunusA. Hor- \4
aa C = 0, oHA NPOXORMUT ")
Yyepe3 HAYaJ0 KOOPAUHAT y A
(cp. m. 1), B NmpOTUBHOM
ciyyae — He TNPOXOMHUT.
Mycts nu A, nu B ue 114
PaBHBI HY JII0;TOTAA rpaguk
nepecexaer o0e ocu Koop-
JMHAT, OTCeKas Ha ocH Wf L) = !
1
1
|

A

'S
A

Y

s,

aBcunce oTpe3ok a = —ﬁ— , YR I e i
a Ha OCM OpAMHAT OTpe- A
[
0K b = 5. I [
1T p umep o I'paduk
ypaBHeHua 2z+4 5y = 10 Puc. 235.
ectb IpAMan A B (puc.235);
a= -12—0 =5 b= 1—,‘0 = 2. I'padur ypaBHenusa 2y-—3z =9
ectb npamaa A,B); saecs aq; = -—93— = -3; b = % = 4,5.
PagpemnB ypaBHeHHe (2) OTHOCHTENBHO y, TIOJNYYHUM:

y = mx+b, (3)
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rae
A C
mo= = b= 95

DyHKUMA y = ma+b HasbIBaeTCA auneiinol ynryuel.
Ee rpa¢uk -- npaMas aunus.

Il pumep. YpaBHenne 2y — 3z = 9, pasdpeilleHHOe OTHO-
CUTENILHO Yy, TNpHUMeT BHJ y = —2—x+—2—(m = —-%'- = —g—;
b= -g—). I'papur dpyuruum y = %x+% ecTh mpsAMas JH-
uua A,B, (puc. 235).

Ilpaman, cay:xamasa rpagurkoM PyHKuuu y = mzx+b, o0-
pasyer ¢ (ITOJIOKUTENBHO HANPABIEHHOM) oCchbio alciuce yrod,
TAHTeHC KOTOpPOro paBeH m, M OTCEKAaeT HA OCH OPUMHAT
orpe3ok b. IlocToAHHAsA BedMYMHA m HA3BIBAETCA Y2.108bLAt
KoapPuyuenmon.

Mpumep. Ouna npaMok A,B,, cnymamen rpadmuom
OYHKUNM y =2+ - 7> Mmeem tg / XNB, =+ ; OL =

Vpanueune y = mx (npAMas l'lpOl'[Opl.lMOHaJIbHO("l‘b, cm.
n. 1) ecTh YacCTHHIH BUA ypaBHeHUA y = mx-+b (b = 0).

VYpaBHenne y = b ecTs TOKe YACTHHIA BUA YpaBHeHUA
y = mz+b(m = 0). B oToM ciyyae BeJMYHHA y NMOCTOAHHA
M, 3HAYMT, OT x He 3aBUCUT. TeM He MeHee ee MOIKHO CUMTATDH
QyHKIMel IepeMeHHO! BeANYMHH x. Belb KaKIOMY 3HAYEHHIO
Z COOTBETCTBYET ONpefelleHHOe 3HaYeHue y; TOJbKO Temepb 3T0
3HAYeHHe — OJHO M TO iKe AJIA BcexX 3HavyeHuit z. OcoGeHHOCTD
¢yaxuMu y = b (y = 0-x+b) cocTouT B TOM, YTO Temepb
He ABaAAeTcHA OQyHKnueir or y (nbo 3HAYEeHMAM Yy, He
PaBHEIM b, He COOTBETCTBYyeT HMKaKoe 3HauyeHue z). I'padux
GyHkuMu y = b ecTh NpAMas JMHMA, NapaiielbHasa ocu abc-
nuec.

Ha puc. 236 aunansa PQ ects rpadpux ypasHenusa y = 6,
a P,Q, — rpa¢puk ypaBHeHusa y = —4.

VpaBlenne y = b momydaeTcA u3 ypaBHemMa (2), Korpa

A= O(b = %) Ecau ke B = 0, To ypaBHeHUe (2) MOMHO

A
BequunHa. Ee MomHO cuntarh QyHKUMNeH mepeMeHHON BeJH-
YHHH y (Ho y He OGymeT yHkuueirt or a; cM. BHIE).
Tpaduk ypaBHenus x = a ecTp NpAMan JNHUA, NAPAILIEIb-
Haf ocu opnuHar. Ha puc. 237 npaAmaa nnHus RS ecms rpa-
Quk ypaBHeHMA x = + 4, a R,S; — rpadmk ypapHeHns = — 2.

NpefCcTaBiUTL B BUJE x = a(a = —C—), T. €. * — TIOCTOAHHAA
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Ocb abcuuce ecth rpaduk ypaBHeHMA y = 0; 0Cb OpHM-
nar — rpaduk ypasHenus z = 0.

4 4

Puc. 236. Puc. 237.

3. OOpaTHas INPOHOPUMOHAABHOCTL. Kcin BeJNMYUHH

x n y obparHo mpomopuuonadsHst (11, 49), To PyHKUKOHATE-
Hasd 3ABHCUMOCTb MeKIy

HMMU BBIPAKAETCA ypaB-
Cc
HeHHMeM y = —, T/le ¢ €CTb

HEKOTOPaA NOCTOAHHAA Be-
JimyuHa. I'paduk oGparHoit

"\

NPONOPLMOHATEHOCTH €CTh A&

KpMBaA JIMHHUA, COCTOA- 7 -'&%}@‘

mWAaA M3 [BYX «BeTBeil; ) ST 2

Hanpumep, QyHKIUA y = 7 = ¥
Q A

= - msoOpaskaercst (puc. 2R 2l 5

238) KPHMBOMN, BETBU KOTO- SN

poit cytb AB n A'B’. i

Ha puc. 238 n3o6parkeHbl [

eme rpaduKku  QyHKIUM
Yy = %, ¢ =1 (NyHKTH-
poOM) M ¢ = —1. OTH KpH- Puc. 238.

BLIe HA3bLIBAIOTCH pasno-

cmoponnumu  eunepboaamu (UX MOKHO IOJIYYUThH, Iepece
Kasg KOHYC C TpPAMBIM YIJIOM IpU BepllMHe IJIOCKOCTAMH
napanieasHbiMu och; IV, B, 9).
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4. Ksapparnuynaa Qysxumsg. Oynkous
y = ar®+br+c

(a, b, ¢ — mocroAHHBIE BEINYUHE;, a » 0) HasbIBaeTCcA Keadpa-
muuroii. B nmpocreitiiem cay4yae y = ax? (b = ¢ = 0) rpadpuk
€CTh KpPMBAA JMHUA, NPOXOAALIAA 4Yepe3 HAYAJI0 KOOPAMHAT.

Ha puc. 239 usoOpaeHnsl rpaguinm QyHKUMM y = az*:

AOB(a = ); COD (a = 1); EOF (a = 2); KOL(a = ——).
y
(ALK AT 5T
N\ -
Vit
y N / :
X
R(//AN
\
/ \ X
/ y 7]
\ N y
/
BE \ i
Puc. 239. Puc. 240.

Hpuban, caymaman rpapuroM GyHkuuu y = ax®, eCTb napa-
6oaa (1V, B, 9). Kamxnan napa6osa uMeer ock cummerpun (OY
Ha puc. 239), HasbIBaeMylo ocvio napaboas. Touka O mepece-
4eHUA NMapaboJbl C ee OChI0 HA3BLIBAETCHA 6epuLUHOLL napaboasl.
I'papur Pyuxuun y = az®+br+c umeer Ty ke ¢opmy,
4To ¥ rpaduK QyHKIMK y = ax® (IPU TOM e BHAYEHHH a), T. e.
Takme ecThb mapabosa. Ock 3roit HmapaloJibl MO-MpeE:KHEMY
BepPTUKAJIbHA, HO Bepzlmua JeKNT He B Hayalle KOODAMHAT,
b 2
aB 'ro'u(e(—%, c ——471—) .

II pumep. I'padur pyuruun

Yy = %x“—fwﬂ—ﬁ

1 , ' -
(a =53 b= -4 ¢c= 6) aisercs (puc. 240) uapabodoii

A’0’B’, umelomeit Takyio e opmy, uTo u napadoaa y =%z‘*
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(-10B Ha p;ac. 239). Bepmmna xemut B Touke O (4; —2)
b A 2

b 16
—_——— = = 4 —_—— = — = —
( s A T 2)'
2 )

5. Cremennas ¢ynkuma. Dyuxkuua y = ax" (a, n —
NOCTOAHHBIE BeJIMYMHBI) HA3BIBAeTCA cmenennoti. DPyHKIMU
y=oazr, y=az’ y=--(cm. m 1, 3, &) — yacTHe BHIH
creneHHoi PyHkuuu (n = 1, n = 2, n = —1).

Tanx Kak HyJeBas CTeneHb BCAKOrO YMCJA, He PaBHOLO
HYJIIO, €CTh elMHULA, TO Mpu n = 0 cremeHHad QYHKUUA cTa-
HOBUTCA  MOCTOAHHOI
BeIIMUUHOK !): y = a. y 043 2 ¥ 7
B atoMm cayuyac rpadur 2
ecTb TNpAMasA JHMHUA,
napa’iiiesibHas ocu abe-
nuce (cm. m. 2).

OcrajbHble CIyyau
MO?KHO pa30uTh Ha JBe
rpynnu: a) n — mo-
JIOMUTENbHOE  YUCJIO;
6) n — oTpuuaTelbHOE
4KCJI0.

a) Ha puc. 241 u3o-
Gpancenst rpaduku
ynkuun y = a® npu

1
n = 0,1; 5

% R 9
2 3.
T 1;7; 2; 3; 4; 10.
Bce oHu mpoxopmAar ve- Puc. 241.

pe3 HauaJl0 KOOPAMHAT

u uepes TouKy (1; 1). Ilpu n = 1 umeem npsimMy0 — OuUCCEKTpH-
cy yraa XOY. Ilpu n > 1 rpaduk upger cHayama (Memmy
x =0 u 2 =1) HuKe 3Tolf npAMoit, a sareM (npu z > 1)
Bblle ee; Npu n < 1 — Haobopor.

MBI OrpaHMYNITMCh CIyYaeM a = 1, Tak KaK MpoYyue clyyau
MoJIy4aloTcA NPOCTHIM M3MeHeHMeM Macmitaba. OTpunaTeis-
Hble 3HAYEHUs x He B3ATH, Tak KaK NpuM x < 0 HEKOTOpHE
cTeneHuble QyHKIMM ¢ APOOHBIMU TOKA3aTEIAMM, HANpPUMEp
y =a* =¥z, tepaior cMpica. Ilpu uedbIx moKazaTeNAX
cTeneHble PyHKUNM UMEIOT CMBICA U npu z < 0, HO rpadukm

1) BripasxeHue 00 HeolpejieJieHHO; B JJaHHOM cllydyae, Korga GyHKuua
Yy = ax® Ui BCEX 3laveHHil x, KpOMe HYJIA, paBHa a, MBI YCJIOBJIR-
BaeMcA, YTo H ApH x = 0 BEJUUUIIA Yy paBHA a.
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NX HMEIOT pPa3JIMYHBI{ BWJ B 3aBUCHMOCTH OT TOlrO, YETHO N
HJIM HEYeTHO.

B kavecTBe THNMUHBLIX NPUMEpOB HA pHc. 242 msodpa-
)KeHBl rpaduku GyHkumit y = x> u y = 2% llpu verHom n
rpaduk cummerpuden (IV, B, 17) oTHOoCcUTeNBbHO OCH OPAMHAT,
1IPM HEYETHOM — OTHOCHTEJIbHO HAYalla KOOPAMHAT.

Ilo amanorum c¢ rpaduwom QyHKUMH y = ax® rpaduku
BCEX CTeMeHHBIX QYHKUMHA y = az® NpH I10JOIKNTEJBHOM n
Ha3BIBAT napaboaamu n-20 nopadka (MIM n-ii cTeneHu).
Tak, rpaguk ynxuuu y = ax® (puc. 242) nassiBaeTcA napa-
GoJtoit 3-ro MOpHAAKA WM KyOudeckol.

14
3
4 /);T; )
T 5 'y
VT K
W nt /7
Y N/l
ral
X
X g
0 -
-~ - .
- 7\1 L A 4] -
$II AN |
! B N

Puc. 242. Pue. 243,

dameyaHue Ecaun ects gpodnoe uieio ”7’ C YeTHLIM
spHaMeHaTesleM ¢ M HeYeTHBHIM YMCJIUTENEM p, TO BeTUUHHA

a_ a__

2" = Vx® MoneT uMeTh IBA 3HAKA (i}/x") u y rpaduka

NOABJIAETCA ellie Ofllla 4acCTb CHU3Y OT ocu alclucc, cuMMer-

puuHasa ¢ BepxHelt nonmosunoit. Ha puc. 243 nan rpaguk nBy-
1

3HAYHOI QyHkuuUM y = + 2z® , T.e.x . y?* (napaboia ¢ ro-

4

PHBOHTAJIBHOI oCbI0); Ha puc. 244 — rpaduk JABY3HAUHOIL
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3

Pynkuun y = ;t—;—x 2 (noayryouneckas napabosa uIM

napaboaa Heiian). v

6) Ha puc. 245 usoGpaniennt

rpapukn QyHKuUMt y = 2" upu R
1 1 ; — —

S S - (b""” >

—3, —10. Bce 9t™m rpaduku \\//
Sy’
/

N

IIPOXOUAT uepe3 To4Kky (1; 1).
B cnyyae n = —1 nmeem rumep-
Goay (m. 3). Ilpnu n < —1 rpa-
$uK creneHHONW QYHKLUMH pac- g N
noJjaraeTcA cHayajJa  (Memupy N
x=0 M x =1) Bole rumep- N
Goutbl, a 3aTeM (Npu x > 1) HHIKe A\
ce; npu n > —1 naoGopor. OT- B N
HOCHTENbHO OTPULATENBHBIX 3HA-
vYeHuit £ ¥ JIPOOHBIX BHAYEHUH n
MOHO IOBTOPUTb CKa3aHHOe Puc. 244
B NMYHKTe Q).

Bce rpaguku puc. 245 neorpaHmvenno upuOIHIMKIAIOTCH
Kak K ocu abcuucc, Tak M K OCH OpJMHAT, He JIOCTUrasd HH

‘Z ~Wth—1 —2-3-10

Puce. 245.

Toif, MM Apyroii. BcieactBue cxopctBa ¢ rinep6oioil oTH
rpagMKN HA3BIBAIOT 2unepbosamu n-20 nopadka.
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JorapudmMuyeckan PyHKUMH,

OysKuuMA y = a®, rhe a — NOCTOAHHOE 110JI0KNTeJNbHOE YK CIIO
y )

HA3BIBAEGTCA nokazameabnoil.

Y
a=l J

]
/
/

/

/
e=} § %

il

\ -\‘ N

|1

"
P~

y7e |

Puc. 246.

Yucno a GepercA moJoKUTEIDb-
IIBIM TIOTOMY, YTO TpH ¢ < 0 Be-
1 3 4
a?= Va, at = }/a“
M T. I1. He Oblan Gbl JedcTBITEND-
HBIMU. APryMeHT = MOKCT NpH-
HUMATh J00ble NEeACTBUTEIbHBIE
snavenun (I1I, 61). 3unavenun
PynkuMu y = a* GepyTc:t TOIbKO
noJjioxurenabusle. Tak, 11 PyHK-

M y = 16" npn = = - Geper-
CA TOJIbKO 3HayYeHue y == 2, 3Ha-
ueHue me —2 (u Tem Gnce MHM-
Mble 3HA4YeHUA 20 M - '{) He pac-
CMaTpHBACTCH.

Ha puc. 246 wusoGpakenst
rpapukn nokasarelbHOK (yHK-

MY TP @ = ! 2, 3, 10.

23
Bce omm mpoxomAaT  uepes

JIMYUHBI

Touky (0; 1). (Ilpu a = 1 umeem npsamyl auHuo, napai-
JlenbHYI0 ocu_aGcuuce; QYHKUMA a® CTAHOBUTCA MOCTOSHHON

BeanunHoit.) Ilpu a > 1 rpa-

QMK npu NBMKeHU!I BIPABO Y a

NOAHUMAETCA, NpU a < 1-— 2

onyckaercA. Bce rpadukun \ =

HeorpaHMyeHHo mnpubamsa- —— N

10TCA K ocu abcuuce, 1o He Jo- “ 1 0

cruraot ee. 'padpuru PyHk- - X

1)z °
wi oy =2 wy-=(z), 9 ~ o
\

a Takme y = 3y = (%)z / :\ Vil
6 = a = i’ [ i = 74

1 BoOOIle ¥y a ny o y_[ogaz

CHMMETPHUHBI APYT APYTY OT-
HOCHTEJIbHO OCH  OPHHMHAT.

Puc. 247.

Oyukuud y = log,x, rie & — HOCTOAHHOE MOJIOMHUTEJIbHOC

uucio (He pasHoe 1; cm. 111,
BaeTcs aozapugdmureckoli.

63, cHocka ®) Ha cTp. 233), nHasnl-

Jlorapudpmuueckaa ¢QyHkuMA oOpaTHA IIOKA3aTENbHOM.
I'padur ee (puc. 247) nomyuaercA n3 rpa@ura norasaTeabHolf
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QyHKUHM (pM TOM 3Ke oCHOBaHMM) mepernboM yepTerxa Io
OncceKTpHuce TepBOro KoopiauHarHoro yriaa. Tak ke moay-
yaercAa rpaduk BcAKolt oO6paTHON QyHKIMMU.

I'paduk kammoit JorapuPMuyeckolr GyHKLUUM NodydaeTca
u3 rpadMKa Kamaoi ApYyroifl mponopLnoOHaJIbHHIM U3MEeHeHneM
OPAMHATH (Jorapu@Mul yKcel NpPU Pa3HEIX OCHOBAHMAX NPO-
nopuuoHalbHe, cp. 111, 64).

7. Tpuronomerpugeckne ¢@yuxmuu. IlepuognuHoeTsb.
Onpenenenue TPUrOHOMeTpUYeCKUX PyHKUMA fano BV, 51 V,15.

Hna mocrpoenua rpaduxa Kakoi-in0Go TpuroHomerpuye-
CKoit PyHKLUM (HATpUMep, CUHYCA) MepPeMEHHOT0 yaaa HY HHO
Ha ocum abcuucc 3amaTh
OTpesoK, u3o0paskaouumit Y
KaKoit-1u6o onpeneeH HBLI p |
yroa (Hampumep, 90°), aHa { ! 5 \ ;“
OCH ODIMHAT — OTPE3OK, 7 -
n3o0pakaoiliui KaKoe-Ju- f 3 I’t\ !
60 umcio (Hampumep, 1). “Ny=sinz ] I
OO0 omMHAKOBOCTH Mac-
wraboB Ha o06emx ocax Puc. 248.
peyb MOKeT WATH JHIIb
TOJBKO IOCJIe TOr0, KAK YCTAHOBJIEHO, KaKoli YroJl mpuHUMaeT-
A 33 eIMHALY u3MepeHuA. JIMWb Torxa YnCao z, UsMepsAiLee
Yroll, M 4YMCIO y, Jalolllee ero CHHYC, MOHO H300pasuTh

OTpe3KaMM, IpPONOpPLHO-
HalIbHBIMH OTHM 4HCJaM
\4 (cp. V, 27).
| ITpu moctpoennn rpa-

L
X
-

i

N QUKOB NPUHATO 33 eAMHHM-

N 42 v 7% LY MaMepeHus yria 6pars

0 g'\ ! //gflt < paguan. Toraa ¢yukmua

[ =/ y=cosz I y = sing (nom x mompa-
3yMeBaeTCA HaUMEHOBaHMe

Puc. 249. «paguaHoB») mnaobpaskaer-

cA rpaduxkoM puc. 248
(macwTabel Ha ocAX omuHakoBhl). Eciu 3a emununy usmepe-
HMA yIJa DPUHATH MOJPaAUaHa, To, COXPAHAA Te e MaclTa-
Gbl, MpUAETCA TrpaduK IOABEPrHYTh PACTAMKEHUIO BIOJbL OCH
aGcuuce B oTHOLIeHUN 2 : 1.
Jlunun, nBuawmanca rpadukoM GYHKIUM y = Sin x, 1asbl-
BAETCA cuHycoudol.
I'padpur PyHrumum y = cosx musoOpasken Ha pHc. 249.
JTO — TOM<e CMHYCOHIA; OHA MOJIyyaeTcA U3 rpaduKa y = sin &

T
cmenienneM Bosb OX BJIEBO HA OTPE3OK —-.
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Ilpu cMeiennn rpaguka cMHyca MJIM KOCHHYCa Ha oTpe-
30K 27 (BpaBO MJIM BIIeBO) OH COBMeIlaeTcA caM c co0oif.
Ecan rpajuk He-
Y KoTopoit yHKIMHU y =
= f(z) npM cMeleHMH
ero Ha HeKOTOPHHY OT-
pe3oKk BEodb ocu abc-
nuce COBMeIaeTCsA
caM ¢ cofoit, ToO
QYHKIMA Ha3bIBaeTCA
nepuoduueckoli,  4YMUC-
J0 p, u3MepAlUee
OTOT OTpe3oK, Hasbl-
BaeTcA nepuodom
¢yuxuuu  f(z). 9ro
CJI0BECHOe  Ompefede-
HHMe KPaTKO BbIpa»kaeT-
cA Ppopmyroir

fle+p) = f(z).

Eoin p ecrb nepuop
¢yuruuu f(z), To 2p,
3P: —2pr —3P u
T. A. — TOMe NepUONHL.
Bce Tpuronomerpu-
yeckue QYHKIUM MMe-
10T Iepuof 2m.
Oyuxuun y = tga
H y =ctgxr wumemwr,
CBEpX TOro, Nepuox 7
(rak Kak
tg (z £ kn) = tg ).
I'paduk y = tg z mgaH
ua puc. 250, rpadux
Puc. 251. = cigr — mHa puc.
251 I'paguk Tanrenca
HeOrpaHMYeHHO NPUOIUIKAETCA K IPAMBIM, napa.n.ue.nbuum ocn

OpPAMHAT M OTCTOAIIMM OT Hee HA PaCCTOAHMM + 2, -_i-3

g
55 TR (HO He [OCTHMraeT BTUX NPAMBIX). Auaronw{-
HY poJib OJA rpaguka KOTAHreHCa MrpaloT MpAble, OTCTO-
saumue ot ocu OY Ha £ n, + 2n, + 3aun 1. A., u caMa ock OY.

8. OGpaTHbie TpHUrOHOMeTpUIECKHe QYHKLIHM. Onpe-
ReleHuAa oOpaTHHX TpUrOHOMeTpMYeckuX @yr:uuit  Ouimm

P ——

byet—t—+—1

N

I )
N\
q
F—+—+— 13

Puc. 250.

L1 =

AU

N

y=ctgr \
\

I

/)
e e e

R T i s s =
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nausl BV, 24 (cp. VI, 3). 3pech jtansl rpaguku  PyHK-

it y = Arcsina (pue. 252),
y = Arccosx (puc. 253),
y= Arctgxz (puc. 254), y =

= Arcctgx (puc. 255). Onm
nosyyalorca u3 rpaduroB GyHk-
it y = sinaz M T. K. neperu-
60M yepTeka 0KOJIO OUCCEKTPHUCH
nepBoro KOOPAMHATHOTO Yria
(cp. § 8, m. 5). I'paduru pynKumit
y = Arcsinz M y = Arccoscz
HEeJNNMKOM TIOMELAITCA BHYTPHU
BEPTUKAJBLHOR IOJOCHI, OrPaHM-
YeHHOK TNpAMBIMU z = +1 ¥
x= —1 (a3™m ¢QyHKUMM @pH
| ] > 1 He MMelOT melCTBUTETD-
HBIX 3HaueHmit). Kakmaa Bep-
TUKAQJIbHAA NpPAMadA, JeKalad
BHYTPH YNOMAHYTOM MOJIOCH, I1e-
pecexaer rpaduk GecumcieHHoe
MHOkecTBo pad. To ke pauA

T
|
1
t
|
|
.

b e — -4 =4

’%La
¥
' AAN AN

NN
0

a
N7
y=Arcsinz y-Arccosr
Pue. 252. Puc. 253.

iy
-z — X
Pa
- N
= =Arctgz - ™~
——T_ Pl Jeoieter || lysfreder] o
2
Puc. 254. Prc. 255.
rpagukoB y = Arctgx M y = Arcctgxr — TONBKO BepTH-

KaJIbHY0 NPAMYIO MOXHO B3ATHh I'Ae YrOAHO.
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B aroM crasHBaercsi MHOTO3HAYHOCTL OGPATHHIX TPHIOHO-
Merpuyeckux Qynkumit (V, 24). Te yactu rpadukos, KoTope
COOTBETCTBYIOT IVIABHBIM 3HAUEHHAM, BHIIeJIeHH HA pHC. 252 —
255 KUPHOH JuHUei.

§ 9. I'paduueckoe peuieHne ypasHeHni

I'paguuecroe usoGpaskenne PyHKIMI JaeT BOBMOKHOCTD
JIETKO OTHICKMBATh NpuGIMkeHHoe pellleHne J060ro ypasHe-
HMA ¢ OTHUM HeU3BECTHBIM M CHCTEMBI JiBYX yPaBHEHUI C ABYMSA
HEeN3BECTHBIMH.

Ymobr nalimu. pewenue cucmemsl Jeyx ypasHenuii ¢ dey-
MR HeussecmHuMU Z, Yy, MBI KajKJIoe M3 ypaBHeHMii paccMma-
y TPUBaeM Kak QYHKUMOHAIb-
2 HYI0 3aBHCHUMOCTb MEXAY ITe-

PEMEHHHIMU z, y M CTPOMM
IJIS 9TUX ABYX 3aBUCHMOCTEM
nBa rpadpuxa. Hoopmunarn
01 TOYeK, 00IMUX IBYyM rpadukam,

JAIOT MCKOMble 3HAYEHNA He-

U3BECTHHIX z, ¥ (KOpHH HaH-
A Holt cucTeMH ypaBHeHWMi).
W 0, ITpumep1. Pemnts cn-

| N\ »| cTeMy ypaBHeHHi

Puc. 256. —~3z+ 8y ;

T'paduk KaKAOro M3 ITNX

y YPaBHEHMH — NpAMadA JINHUA.
OrpeskH, oTceKaeMble rpadu-

L L 5—— KOM IIepBOT0 YpaBHEHUA Ha
Ly KOODAMHATHHIX OCAX, CYTh

A
7f, X (VI, 8, n. 2). ITo atum oTpes-
7 KaM cTpouM mpsamyw AB
T (puc. 256). Tak e HaiimeM
XA rpaguka BTOPOro ypas-
Puc. 257. HeHMA a = —4; b=15 u
nocrpouM npaAmyio CD?).
Koopaunarst Toukn K mnepecevyenns rpadukoB magyT mc-
KOMHe 3HAa4YeHUA z, y. SHAYEHWA KOOPIMHAT NPOYHTHIBAEM

1) BMeCTO HaXOKIEHUA OTPE3KOB a, b MOMKHO HAHECTH Ha YepTek
moOkwle Be TOYKM MNPAMOIL, IJIA 4Yero BeJM4YHMHe x AanuM JoGhie NBa
3HAYeHUA ¥ BLIYNCITUM COOTBETCTBYIOINME 3HAYEHUA Y.
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na raas: z (= OP) = 3,1, y (== PK) == 2,7. TouHble 3Ha4eHUA

p
KOPHeit OLIM Gl & = 375y = 2.

1, 1
Illpumep 2. Pemurs ypasuenue -5 z* - x—2 = 0.
Ero MoHO rpaduyeckM pemuTh KAK ypaBHEHHE C OLHUM
HEM3BCCTHBIM (CM. HM e NpHMep 4), 110 Npolle BaMEHUTb CH-
CTeMOil ypaBHEHHit

1 1
y=T‘r2) y="§‘3"+2

u rpaduyecku pelInTh 3Ty CUCTEMY.

IlepBoe ypaBHeHue rpaduyecknm usobpasurca (puc. 257)
napa6onoit AOB (VI, 8, n. 4), KOTOpyI0 MOCTPOUM MO TOYKAM.
I'paduk BTOpOro ypaBHenua — npAmad auHusa CD, orcekaio-
HIaA Ha OCH OPAMHAT oTpe3ok b (= OE) = 2; yriaosoit koad-

¢uuuent ee m ( = tg / DCX) = —;—(VI, 8, n. 2). B nepeceue-
num npamoit CD ¢ napabonoit AOB Haxonum ase Toukn K n I,
abcuucchl KOTOPLIX (MPOYUTAHHBIE HA MIa3) &; = —1,6 U z, =

= 2,6 maoT npnlauiKeHIible 3HAYEHUA KOpHeN MaHHOrO ypaB-
neuusa. Tounble 3HaueHUA KopHel

Onun OBt Y
=4 %
= 1t21177; 2y = __1+2V17. gl .
1 . ol 1
pumep 3. Peumurs ypan- [~£#
neuue 27 = 4z. DT0 ypaBHeHue wy. |
e TNpPHBORMTCA K ajrebGpanye- W
ckoMmy. OOMH KopeHb (z = 4) Jer- (—ff A
Ko mofo6partb. UTOGH OTHICKATHL o W
JApyrue KODHHM (eciM OHM €cTh), —1 Y,
Jyuile Bcero Hayath ¢ rpaduue- P
CKOTro pelllenuna. 3aMeHsAeM TaHHOe ¢
ypaBHenue  cucTeMolt y = 2%, |—4
y = 4z. Crpoum (puc. 258) rpa- |U X

¢ur  mnoxasatenbHoM  PyHKIUM

y = 2% (mo ToukaM, JlaBad apry- 10123405

MeHTy 3Hauyenua z = —1, 0, 1, Prc. 258,

2,3 urT m)u Gynkunn y = hx

(npamaa nuuus). OpAMHATE PAcTyT 37ech ropasgo OwicTpee

abcuuce; MoaToMy nyumie BeiOpaTh Ha ocu OX Macwtab

Menblnii, yeM Ha OY (Ha puc. 258 OH BueTBepO MeHbLIe).
B nepecedennu HaxomuM iuse touku A u B. U3 nocrpoe-

HUA BUAHO, 4TO JAPYrux oOmuX Toyek rpadukm ne MMeIOT.
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AGcumcca Touru A ecth x = 4; alicnuccy TOUKH B NpounThi-
BaeM na riaasz x ~ 0,3.

Haitnennoe penrenne Mo#HO yTOUIIUTE BuiuncaenueM. oup-
syack rtabmunmamu JorapudMoB, HaifleM 3HaveHue 27 npm
z = 0,3. ITonyuum 1,231. D10 uUMCIO HeCKOJNbKO (OJIbliie YeM
4z = 1,200 (1Ha 0,031). 3naunur (cM. rpaduk), uucio 0,3 MCHBLIE
abcuuccel Toukn B. McmbitaeM snavenue x = 0,35. THoayuum
2% = 1,275; 4z = 1,400. Tenepb 2% Menbilie, yeM 4x (Ha 0,125).
3Hauur, yucio 0,35 Goabuie abcumecnl Touku B, Tak uro Hce-
THHHOE 3HAYeHHe z JeMT Memuy 0,30 u 0,35 npumepno
B 4 pasa Onue K nMepBOMY 3HAYEHMIO, YeM KO BTOPOMY (TaK
kak 0,031 B 4 pasa Meubue, yem 0,125). Ilovromy x =: 0,31.
[Tposepka pmaer 2° = 1,240, 4z = 1,240. Bnpouem, z —= 0,31
He eCTb TOUYHBI KopeHb. Ecim B3saTH Tabauubl jgoranudmosn
¢ GOMBIINM YMCIIOM 3HAKOB, TO MeXJy 27 U 4z o0HApY KUTCH
pasnnuue B nAToN 3Havauelt udpe. TeM ke criocoHoM MoHHO
Gyner HaliTh Gostee Tounoe 3HAUEHHE KOPHS.

YUmoGul nalimu pewenue ypasmenus ¢ o0nuM 1eussecn-
1blmM, MOMKHO, MepeHecA Bce YJEHH B JIeBYl0 4acTh, npej-
cTaBUTh ero B Buie f(z) = 0. Ctpoum rpadux dyurmuu

y = f(x). AOcuuccs ToYek
4 nepeceyeHMs 3TOr0 rpafuua
/"/ 2’,, ¢ ocbio abemmce OyayT Kop-
K ] + HAMHU JaHHOIO0 YyPABHEHHA.
Ilpumep 4. Pemnurs
1, 1
ypaBHeHHe —- x* = -5~ x+2.
X Tlepenocum Bce uienn B Je-
1, 1
Bylo HacTh: 5o* — 5z —2=0.
II Crpoum rpadur  PyHruumn
1.

y=-ga*—gax-2 (no Tou-
Pic. 259. kam). IHoayunm (puc. 259)

napaGoany A'O’B’; ¢gopma

ee Ta e, YTO B NpebIAYILEM NpuUMepe; BepIHINUA JCHKUT B

ToYKe 0’(%; —2L)(CM. VI, 8, n. 4). B nepeceuyenun

8
rpaduka ¢ ocolo aGeuuec HaxoAuMm JiBe Touku. llpouutriBas
Ha raa3 umx abcumcce, HaxoguM 2, = —1,6; =, = 2,6.

§ 10. I'paduueckoe pemieHie HePaBeHETB
I'paguuyeckoe peleHue HepaBeHCTB (KAK ¥ YpaBHeHMIH)
obaamaer He 0co6enHo 6oJabloi ToyHOCThI0. HO HAMIAKHOCTD
u Jerkaa o0ospumoctb, cBoilicTBeHHasA rpaduyecKoMy Me-
TORY, NpW peWweHNH HEPABEHCTB (M 0COOEHHO MX CUCTeM)
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1eHHb elle Godblile, yeM npu peurenun ypasHenuii. CnocoOul
pellenmns — Te e, YTO JJI7 ypaBHenuii (§ 9); TonbKo pemeHus
1300parkaloTCA OTpeskaMu, a He TOYKAMI.

[Tpumep 1. Penrs nepasencrso

1, 1
'?12—?1—2 < 0.

CrpouM (puc. 260) rpaduk pyHKuun y = ;— xz——;—x—2

(cp. § 9, npumep 4). Tlo ycaosmio foikHbl MMeTh y < 0; 3HA-
YMT, TOYKM, COOTBETCTBYIOLMe peIieHUI0, MOJKHBI IJIeaTh
noj, ocelo abcuuce. I'paduk mokaseiBaeT, 4To reoMeTpuyecKoe
MecTo 9TUX Tovuek ecTb ayra KO’L mapaGoast A°0°B” (KoHUBI
oroit pyrn K u L uckmovawres: pian uux y = 0). 3Have-
HMAM x, YJIOBJETBOPAIOLINM IAHHOMY HepaBEHCTBY, OTBEYAIOT
BHyTpeHHMe Toukmu oTpeska KL ocu aOcumcc. Ilo rpaduxy
npouuTeiBaeM — 1,6 <z < 2,6.
Ecau xenatenbHO UMeThL TOYHOE Y
pelwueHue, HysxHO Haittu aGcuuc- [ ], b'.,_
cul Touek K m L BhluMcieHueM, A I
T. ¢. PEIIUTH KBAJpaTHOe ypaBie-
1, 1 . m
ne 5 ¥ — 5 r—2 = 0. Torpa \ 7
S 1-2}/17 - < |+2V1, Loy X
I pumep 2. Pemurb Hepa: KN\,
BEHCTBO A% xt— 1?1—2 > 0. A

Crpoutca ToT #e rpaduk, 4To l
B npumepe 1. Tenepb moJibl Puc. 260.
uMeTb y > 0, T. €. TOYKU TOJHHBI
llewaTh Haj ochbio abcuucc. eomerpuyeciioe MecTo 3TUX TO-
uer ectTb Juuuu KA’ n LB’, neorpaHuyeHHO NpPoOROJIHKaAEMble
nBepx (Hauasa ux K u L wuckiouvalorca). CooTercTBylomue
Touk ocu abcuuce 3anonudaiT ayun KX m LX (touxkn K
n L uckawualrca). [JaHHoe HepaBeHCTBO CIpaBeIMBO: 1) pH
x < -—-1,6, 2) npu.z > 2,6; Toynoe pelienue:
1-¥i7 1+V17

2 2

1) z < ; 2) x>

IMpunsep 3. Peuiutb HepaBeHCTBO
1

o 1
5T = —2'$+2.

O9TO0 HepaBeHCTBO PAaBHOCHJIBbHO HEPaBEHCTBY -i? x%— ’7 r—

—~2 < 0, peitennioMy-B npuMepe 1, HO B JJAHHOM BHJE ero
Jlerue penmTh.
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Crpoum (cp. § 9, npumep 2) rpaduxu pynuuuik y = %x”
(napaGosa AOB, puc. 261) U y = »%x-{-Z (npamas CD).
Yepra Hap OykBoit y mocraBiiena JJiA TOro, YToOBI OTIUYMTD
OPQIMHATY NMPAMON OT opAMHATH MapaGosbl npu ToM ke ale-
mucce. o ycnoBHIO MOMMKHBI UMeTh y < y, T. €. TOUKM mapa-
GOJIBI TOJIMKHEL JIeHATh HUME TOYeK HpAMOIA ¢ Toi e abcuuc-
coit. 'paduk mokaspiBaer, 4To COOTBETCTBYOUIME KYCKM JIMHUI
AOB u CD (nyra KOL w otpesok KI) nemar Hajl (AUpHbIM)
orpeaxom K,I, ocu abcumce (koHub K, M L, UCKIIOYAIOTCA).
IlpounTeiBas abenucce Touek K u L, naxoauM (npubiamsxenHoe)
peuienne — 1,6 <2 < 2,6.

Ilpumep 4 Pewnre HepaBencrno —1— xt < -3,

14 14
__/']- 15___ —~A'L IB.__

3y

A\
-
S
.
N
S

e

Puc. 261. Puc. 262.

CrpouM (puc. 262) rpaduru yHKUME y = %zz (mapaGoma

AOB) uy = z—3 (npamas CD). Jlomxuo 6biTh y < y. Mexmy
Tem napaboia AOB uenuxoM Jekut Hag npAmoi CD. Jlannoe
HepaBeHCTBO He MMeeT peluennii.

1,
Hpumep 5 Pemur, HepaBeHCTBO — a* > x—3. ITo-

CTPOEHME TO 3Ke, YTO B npembiAymeM npumepe. Ho Temnepn
HOJI3KHO GBITH y > y; MOITOMY RAHHOE HEPABEHCTBO — TOMHie-
CTBEHHOE.
Npumep 6. Pemure cucremy HepaBeHCTR:
1,3 1

T+h <zxl<6-a; 2 >—2——-7‘~~ .
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BMmecTo IBYX NepBHIX HEpaBeHCTR MOXKHO HANUCATh paB-
1 o g | -
NOCUIIbHBIE o 2+ 2 < - a* = 3~ a. Crponm  (puc. 263)

rpafukn pyHknuit y = »: x? (1a-

Y
L1
paGoma AOB);y" = & x+ 2 (npn- U;"Z"‘I 1]

maa CD); y" = 3—%@ (npAmMasa v
UV)y = 5tz (npavan EF).  [E\p
IlepBbie nmBa HepaBeHCTBA Tpe- -~ A
GytoT, uToOHI yra napa6oJsl npo- [
xofuia phime npamol CD u nu- (YA QALOL (7
we npamoit UV nam umena o6-
uiMe TOYKM C 3TUMHU INPAMBIMH.
9tiM Ha napaboje BHensercs N
nyra RP (BKmioyamowas KOHIBI

R, P), a Ha ocu abcuuce — oOT- Puc. 263.

pesok R, P,. Tperbe HepaBeHCTBO

Tpebyer, 4yToOBl fMyra mnapaGodbl NMPOXOAWJIA TaK:Ke BHILIE
npamoit EF. 9tum u3 nyru RP seigensercs pyra QP (BKio-
vasa KoHell P M MCKioyaa KoHel Q), a Ha ocu abenucce - orpe-
30k P,Q,. [IpoyuteiBaa abcuucesl Toyek Q, P, HMeeM:— 3=
szx< -2

x4 x—6
xt—x—4

IMpumep 7. Pewnts HepaBeHCTBO < 0.

9TO HEpaBEHCTBO MMeeT MeCTO B IBYX CIYyYaAX:

1) korga z*+x—6 <0 um BMecTe ¢ TeM z:—x—4 > 0,

2) worpa z*+2x—6 >0 u BMecTe ¢ TeM zi—x—4 < O.

B mnepBoM cayyae uMeeM z+4 < x® < 6—a. Pemenne
9TOl cUCTeMHl (CM. mpuMep 6) rpadyuecKy NpefCTaBIAETCA OT-
peskom P R, (konus! P; u R, uckioyaorcA). Bo BTopom ciy-
yae uMeeM z+4 > z? > 6 —x. Pemasa aTy cHcTeMy Tak ke,
KaK mpejBIAyIylo, HaxoauMm Ayry P’R’ mapaGosst AOB u co-
OTBeTCTByIOIMI eif orpesok P{R; ocu abcumcc (KOHLB Pj n
R{ ncrkmwuatorcs). IlpounteiBaa abeuucest Touexk P, R, P’, R,
HAXOMM, YTO JAHHOE HEPaBeHCTBO YHOBJETBOpAeTCA 1) mpu
-3 <x< —1,6; 2) npu 2 <z < 2,6.

Il pumep 8. Pernts HepaBeHCTBO 2° < 4.

Crpoum rpaduku yuxnuu y = 2% (kpusaa UV Ha puc. 258,
ctp. 399) u Pynkuuu y = 4z (upamas AB). Ilo ycaosuwo
HOMKHO OBITH ¥y < y, T. €. TOUKM Ha KpuBoit UV ROMKHE
Jle:KaTh HUKe Touek Ha mpaAMoit A B. IlpounTriBag abGenuccst
Touek A u B, HaxonuMm peurenue: 0,3 < x < 4.
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§ 11. IlonAaTHe 0 MpegMeTe AHATHTHIECKON reoMeTpPHH

B asneMeHTapHOlf reoMeTpuM pelleHHe KaxA0l OTAENbHOIT
sagaun tpebyer Gosibuieil MM MenbUIel M300peTaTEILHOCTH,
M 4aCTo 3aja4H, BecbMa CXOMHe ApYT ¢ ApPYroM, Tpelyior co-
BEpLIEHHO PAa3JIMYHHX NPUEMOB pelleHHsA, KOTOpble Hellerko
yragatb. BosbMeM, HanpuMep, 3afaqy: HalTH reoMeTpuuecKoe
MECTO TAKMX Touek M, pacCTOAHMA KOTOpHX MA N0 maHHOMK
ToYKH A paBHH paccToAHMAM M B mo mauxoit Touku B. Ucko-
MO€e reoMeTpHuyYecKoe MeCTO €CTh, KaK U3BECTHO, NPAMaA JIMHUA
(nepneHpnKyaAp yepes cepenuny AB). Ho cnoco0, koTopsM B
aJIeMeHTapHOMt reoMeTpuyu OOBIYHO peIIAETCA 3Ta 3ajada, He
rOQMTCA AJIA CleAylollelt 3a8a4n: HAKTH reoMeTpUYECKOEe MECTO
Touek M, paccroaHne KoTophix M A mo Toukn A BaBoe Goublie
paccrosiina M B po Touku B.

AHaNMTHYECKAs] TeOMEeTpPHMA, CO3JAHHAA OXHOBPEMEHHO
AByMA QpaHIy3cKuMu yuyeHniMu — Jlekaprom (1596 —1650) u
®epMa (1601 —1655), maeT edurnoobpasmbie npuemvt peuteHus
2comempureckux 3adav ¥ CBOJMT pellleHMe IIMPOKOro Kpyra 3a-
daY K HeMHOrMM MeTOJMYECKH NpHMMeHAeMbiM crnocobam. [ua
JOCTHKEHHUA ITON Uesn Bce JaHHbIe M MCKOMbIE TOYKU U JINHUK
omHocam K Hekomopoi cucmeme koopOuram (NPUHIMIIMATBHO
Ge3pasiM4HO, KAK ee BHIOpATh, HO yAauHHIA BRIGOD ynpoinaer
peulense 3agaun). BHIGpaB cucTeMy KOODHMHAT, MBI MOMeM
KaMAYI0 TOYKY OXAPAKTEPU30BATL €e KOOPAMHATAMM, & KarkK-
Ay JMHUI — ypaBHeHHeM, rpagMKOM KOTOPOro 5Ta JIMHMA
ABJIAeTCA. DTUM JAHHAA reoMeTpHYECKaA 3afaya CBOXUTCA K

aareGpaundeckolt, a Ay peienus anrebpau-

4 YeCKHX 3afay MBI pAaclojlaraeM XOopoLIo

paspaboTaHHEIMU OOLIMMHM MeTONAMM.

JInA moACHEeHMA BHIIECKA3aHHOTO pac-

CMOTDHUM clleflyiolliie IpUMEpHI.

X Ilpumep 1. OxpyHocTh paguyca r

OTHeceHa K cucremMe koopauHar XOY
/i 0 F

(puc. 264), B Koropoit meHTp ee C mMMeer
Pue. 264, abciuccy OQ = a m opauHary QC = b.
CoCTaBUTh ypaBHEHHe ITOW OKpYHHOCTH.

Ilycte M (x, y) ecTb NMpOUBBOJIBHAH TOYKA OKPYH{HOCTH
(x = OP; y = PM). ITo onpenelleHUIO OKPY *HOCTH, JIMHA OT-
peaka MC Bcerma paBHAETCA UOCTOAHHOW BesnuuHe r. Boipa-
3uM MC dYepe3 MOCTOAHHbIE KOOpAMHATH a, b nentrpa C n
nepeMeHHble KOOPAMHATH z, y To4ku M. U3 puc. 264 nmeem:

M = YCR*+RM® = Y(OP-0Q): + (PM-QC): =
V{z—a)®+(y-0)%

I
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CnefoBaTelIbHO,
Via—al+ (y b = r
W
(=a)*+(y—b)* = = (1)

JTO0 ypaBHeHHe NPeACTaBlIAeT OKPYHHOCTb; MHBIMU CJIOBAMM,
rpa@uKOM YpaBHeHHA (1) CIYKHUT OKPYIKHOCTb.

I1 p 1 M e p 2. Haittn reomerpuyeckoe Mecro Toyek M, nis
Kotophix MA = 2MB (A n B — pBe 3aiaHHbe TOYKH; PACCTO-
siHMe Meay HuMM 0003HauYuM yepes 21).

BoabMeM Hadado KoopAuHAT B cepenuHe O orpeaxa AB un
HanpaBuM ofiHy u3 oceit (OX Ha puc. 265) Broap A B. Uto6ut
sanucate yciaosne M A = 2M B B BuJle yPaBHEHUA MEMHAY Ko-
opauHaTamu Toukn M (z, y), BeipasuM M A u M B 4epes Koop-
juHate. V3 Tpeyromsuuka M BP nmeem:

MB = YPB*+ PM? = Y (OB-OP)*+PM: =
= VTaF Ty
Touyno Tak e U3 TpeyroabHuka AMP Halpem MA =
=VY{x+l)®+y?, u yciosue MA = 2MB npumer Bug
Vet lirgt = 2of I=a)+ . Y ou
Ilocne ynpoueHuit moxyuum:

10 . A i
2?——=lzt+y*+ I = 0. (2) P X

2!
HckoMoe reomerpmieckoe MeCTo eCTb
rpaduk BTOr0 ypaBHEHMA, M MeTONHI Puc. 265.
AHAJIMTHYECKOl reOMeTPMU IO3BOJAIT
cpasy CKasaTb, YTO 9TOT rpadUK ecTh okpyxcHocmb. B aTom
JIerKo yGeRuTbCA, COMOCTABMB ypaBHeHMe (2) ¢ ypaBHeHueM (1).
Ilpunas ypasnenuio (2) gopmy

=34 (0

Mbl BHAMM, YTO OHO €CTh YaCTHBIY ciyval ypaBHeHHA (1)

5
IpH a = -~

[ "
3 L b=0;, r= -3‘—1. 3HaunT, Halle reoMeTpHye-

J 5
CKO€ MECTO CCThb OKPYMHOCTL ¢ HEHTPOM B Touke C (-3—1, O)

4
u ¢ pamuycom r = - [,
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§ 12, Ilpegen

IlocToaHHAaA BenMYMHA a HA3BLIBAETCA npedesom MepeMeH-
HOIf BeJMYMHBI x, €CJM 3Ta IlepeMeHHAaA NpHU CBOeM H3MeHe-
HUM HeOTrpaHUWYeHHO mpubimxaercd K a ).

CymecTBeHHO MMeTb B BMAY, YTO NP DACCMOTPEHMM ca-
Mol no cebe 63amoil nepemennoll eeaurundt He. MOKeT OBLITH
peyH o pasHiCKaHuu ee mpefeia. Ecam e paccMarpuBaloTCA
ABe NepeMeHHble BeJIUYUHBI M OfHA eCTb QYHKIMA APYroi, To
AJIA OfHOK U3 HMX (APTYMEHTA) MOMKHO 3 a A aTh Npefet, &
IJIA ApYroft — M C K a T b ero (eciM OH CyHIECTBYeT).

IIpumep 1. IlepemenHbie x, y CBA3AHL 3aBUCUMOCTBHIO

2
y= ’;—__;‘; HalfTH npefedl y, KOTAA £ MMeeT NMpefeioM 4ncJo 6.

ByneM HeorpaHm4eHHO HPHUOJIMKATL IEPEMEHHYI0 X K YM-
¢y 6 kakuM-auGo cnocoGoM; HanpuMep, 6yaeM JlaBaTh x 3Ha-
yenus 6,1; 6,01; 6,001 u T. &.; MBI HaliAeM 1JiA y 3HAYeHuA 8,1,
8,01; 8,001 u T. &.; 3TN 3HAYEHMA HeOrpaHMYEHHO mpubiusKa-
1oTcA K uuciay 8. To ke oKameTcA, eCIM £ HeOrPAHMYEHHO
npubaMKaTh K YuCIy 6 a06bm dpyeum cnocobom, Hanpumep
noyarath x = 5,9; 6,01; 5,999; 6,0001 u 1. 5. IloaTomy, Korga
Z uMeeT npefesioM 6, y UMeeT npefesoM 8. 3amuch:

2
limy = 8 numn lim%: 8.
x—> 6 x—> 6
Bykssl lim npepcraBifioT cokpalleHue PpaHIy3CKOro CcJ0oBa
limite (aumur), o3navawiero «npepesm. IloayyenHnit pesyn-
TaT B JAHHOM Ciyyae MEL MOIiM Obl HAWTH, MOJCTABUB & = 6

2
B BHIpAKEHUE Yy = 3;_2[‘ . B cuemyiomem npumepe 3TOT cHoO-

c06 He MPUBOOUT K yCHEXY.

Ilpumep 2. Jano y = ;—Z__Qi Haittu lim y. IogcraBus
x—>2

x?
x = 2 B BBHIpajKeHUe Té’ HafeM HeonpejieJeHHOe BbIpa-

meﬂne% (II,'23). Mesxay TeM BBHIYUCIEHHA, NOROOHBIE IpO-
x2—4
x-2

AeJlaHHHIM B mpuMepe 1, moKamkyT, yro lim
x—>2

1) [IpHBORMMOE oTIpesieliciMe He BIloJlle CTPOro, Tak Kak BhpasKeHue
«HEOTPAaHHYEHHO NPHUO/IUHATCA» HYIKIAETCH B JIOTUYECKOM YTOYHEHUU.
YTOYHUTH ero HajJeKaluumM 06pa3oM KOPOTKO I BMeCTe € TCM HCHO BPAJ
¥ BO3MO:HO. Ha HUIKEIIPUBOJIMMBbIX NPUMEDPAX €r0 CMbICI BLIACHAETCH
B 1Ol cTemenH, KOTopasa HeoOXONMMA JUIA IIOHUMAHUA CYTH Jiena. IIpuso-
J4UMEIe B 3JIeMEHTapHLIX Yy4YeOHMKAX ompejfelleHUA MO Heo6XOAMMOCTH
BCErfa CTPafaloT TaKOol e HEemoNHOTOM, XO0TA 3aYacCTy Ha BUJL MOTYT
NoK33aTHCA Gojiee TOUHBIMH, ’

= 4. 9TOT
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pesyJbTaT MOHO Obllo OH MHONYYMTb ellle TaK: UMeeM

02— C—
—:—_zi = %2—) . Korga z »# 2, MOHO COKPATATH MOCTIe)-
HI0I0 Apo0b Ha 2 —2 (mpM = 2 COKpallieHne HempaBoOMepHo!).
Monyyaem y = z+2 (mpu x = 2). BymeM HeorpaHuMueHHO
npubIMKaTh = K 2, He Jasan eMy 3HAYeHUA 2; TOrga y, ocra-
BafACh PaBHBIM z-+2, HeorpaHumyeHHo npubimkaercA K 4.
PaccmoTpeHHy0 HamMu 3amayy unornaztbopmynnpym'r TaK:

X’
«HafTH MCTMHHOE 3HAYEeHUEe BHIpAKEHMA x—2 npuzr = 2» MaN

xt—4
¢PaCKpLITh HEONPENeNeHHOCTh ——o-MnpH  z = 2. TouHnit
. xt—
CMBICJI 3TUX Bupamelmﬂ COCTOMUT B TOM, 4TO MLIETCA lim =2
x—>2 7
B paccMoTpeHHOM npuMepe «paCKpHITHe HeONpeAeJeHHOCTH»
x—
JIOCTUraeTcA CoKpaulenneM Apobu ——- Ha x—2 ¢ mocie-

nyfoweit mopcraHoBKoit x = 2. Ho M 3TOT mpueM JRajleKo He
BCErja BejleT K Len.

§ 13. BeckoHeuno Manas U GecKOHeYHO GoabIIAR
BOINIHHbBI

IlepeMeHHanA BeJMYUHA, IPEeT KOTOPOH PaBeH HYJIIO, HA3bl-
BAETCA OeCKOHEYHO Manoll.

Tpumep 1. Ilepemennan Bemmumna Yz+3 -2 ecTs
GecKoHeulo Malad, ecau  cmpemumca K 1, u6o

lim(Yz+3-2) = o.
x—>1

IlepemenHad BennuMIia, HEOrPAHUYEHHO BO3PAcTAIOLIAA MO
a0CoIIOTHOMY 3HAYEHHIO, HABBIBAETCA GecKoHeuHo 60abutoi.
X _ ecth Gecko-

Ilpumep 2. Ilepemennaa BeaMuyuHa 5

1e4Ho OoJblasA BeNIMYUHA, ecal & CMPEeMUmcs K 5.

BeckoneuHo Gosbuiasg BeauuumHa e umeem npedesa. Of-
11aK0 TMPUHATO TOBOPUTh, YTO GeCKOHEUHO GoJbliaA BeJIUYMHA
«cTpeMnTcA K GecKoHeuHoMy mpefeay». CooOpasHo ¢ aTuM
OHIYT:

lim ‘\-}—:'5‘ = oo, (1)

RSt

3HaK - (0eCKOHeYHOCTb) He 03HAYaeT Kakoro-aubo yuciaa, u
paBeHcTBO (1), HOCALlEe YCJIOBHHI XapaKTep, BhIpaaeT
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JIMIUB TO, YTO NPM HeorpaHudenHoM npubiammkedun z K 5
abconoTHas BelM4YMHA Apolu sz HEOTPAaHM4YEeHHO PpacTerT.
ITpn srom apoGe x?f-s MOKeT NMPUHUMATbL KaK IOJIOMHUTeNb-

Hble BHAYEHUA (KOTMA x > 5), TaK M OTpUIATeNbHble (KOI/A
T < 5).

3amevyaHnue B unbx ciaydanx OeckoHeuno GoJbiias
BEJIMYMHA MOMeT NMPUHHMMATh TOJLKO MOJOMKUTeNbHbIE (WJIN
TOJILKO OTpuLaTeJbHble) suauenna. Tax, npu Oecroueuno

MaJioM x Be.Tll/l‘llllHaF OecKoneyio BeJIMKA; HO U 1pU T > 0

1 v
u npu x < 0 DeJuuMHA — MOJIOMKUTENbHA, ITO BBIPAMKAIOT

. 1 1
sanucplo  lim —- = + »  Hanporus, Bemnununa - -
x>0 X

Bcerga orpuuareabHa. Ilosromy nuuwyr lim (-—‘—): - o,
x—=>0

x!
B COOTBETCTBUY C OTUM Pe3yJbTAaT NpUMepa 2 3amnChiBaCTCH
. x
TaKe cilefylomum obpasom: lim ——— = + «.
x—».‘)i“
IIpuwmep 3. 3anucs lim 3‘-— = 1 03HAYaeT, yTo, KOIia
x>

6eCKOHEeYHO BeJuKO T. e. KOrga x HeOrpaHUueHHO pacrteT 10

x—1
aGCoMIOTHON BeJIUYMHE), BeJIUYMHA l;— CTPEMHMTCA K Tpe-

geny 1. CHMBON z — o YHMTAIOT: «r CTPEMHUTCA K OecKoHeuy-
HOCTH».

ITpuwmep 4 Boipamenue «iIomafb Kpyra ecTb npeuedt
MJIOLIARM MPABMJIBHOTO BIIMCAHHOIO MHOTOYroJbHUKA IpH Gec-
KOHEYHO 0O0JILLIOM YMCIIe CTOPOH» O3HAYAET, YTO MPU HEOTPAHM-
4YeHHOM BO3PACTAHHU YMCIIA CTOPOH YMOMAHYTOI'O MHOTOYT0JIb-
HHMKa IJIOWA/b ero HeorpaHMMeHHo NpuOIHKaeTCA' K MIIOLLALH
Kpyra.
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Hynb 57, 81
neﬁc'rnml c HyjeM 11

HyMepamm «apabcKan» (MHJMIi-
CcKanA) 63—64

— BaBWJIOHCKadA 60

— HDpeBHeapMAHCKAaH, JApeBHErpy-
3uHCKaA 60

— pHUMCKadA 62

— CJIaBAHCKaA 63

Heotomon H. 246

HploTona 6uHoM cM. Luiom Hbio-
TOHA

O06pasylomnias KoHuyeckoit nopepx-
HocTh 310

— UMJIMHAPHYECKOi 110BEPXHOCTH
308

O6paTHble  TPUTOHOMETpHUYECKHe
dyHruuy 368

— — —, TpadnKu 395—398

— (yHKInMK 382

O6wee  HaMMeHbIUEC
(0. H.K.) 73

O6umit  HanboJbLIMIA  NleJIMTENH
(o.H.1.) 73

O0beMbt Ten (Gopmyan) 328—330

— — nomo6HBIX 328

Onno3HayHaa GpyHKuuA 381

OIHOCTOPOHHME Yrasl 277

OIHOYJIeH; MOAO0HLIE ONHOUJICHDI
136—137

OKpyxHOCThL 281

-—, IJIMHA 284

—, IOCTPOeHMe BNMCAHHOI M Oll-
CaHHOIf OKPYHKHOCTH 259

—, — 110 2 TOUKaM ¥ pajuycy 256

—, — 10 3 TOYKaM 256

KpaTHoOC



ATRDGABUTHEIN VHASATEND

Orraaup 322

ONNCAHHBIA MHOTOYFOJBLHUK 292

— yrona 283, 288

OnpejesieHne reOMeTpUIECKUX 110~
HATHA 267

OnpeaenunTeNib 2-1o 1nopsajka 162

-—3-ro MOPARKA 164

OpnuHata 384

~— KOMINIEKCHOro 4ucia 185

OproneHTp 272, 274

(ceBaf cuMMmeTpuda 325

Ocu KoopnuHAT 384

(cHoBaHMe KOHYca 310

— Jgorapudma 229

— napaJjJgeneuuneja 306

— napadjJejaorpamma 277

— nupamuant 307

— — Yyce4yeHHOilt 307

— npu3Msl 305

— paBHOGEPEHHOr0 TPeyroJbHu-
Ka 2

— cremneHu 67

— Tpameuuu 279

—~ TPeyroJibHuKa 272

-— UUIMHApPA 308

Ocrarok 67

Ocb abcuucc, opauHar 384

— Ny4YKa MI0CKocTel 299

—— pafiMKajibHasA 290

— cuMMeTpRHE 325

OTHOCUTEJIbHAA MOr'PEeHOCTh 95

OTHomenue 118

— OKPYMKHOCTH K AMaMeTpy 284

— mofobua 279

OTpe3ok 267

IIapaGona 311

TMMapamnenenunex 306

Ilapasenorpamm 277

—, mIomanb 295

—, nocrpoenne 260

11apaiIeNnbHOCThL
npaMoii 300

IMapannenbHbie ILTOCKOCTH 300

— npAMeie 276, 299

— —, MOCTpOEeHNe NPAMOJi, mapaj-

JiesIbHOM JaHHOoIt 253

1lacKadA TpPeyroJbHHUK 249

IlcpemMeHHas BeJM4YUMHA 380

ITepecraHoBKa 245

-— ¢ TOBTOPAIOUMMUCA 3JIEMeH-
Tamu 247

1lepumeTtp 269

llc%l;gn; nepHojiieckue GyHKImu

TUIOCKOCTH M

lleplCHAMKYJIADHOE CeYeHne (Ipu3-
Mbl) 305

HepneHAUKYJIAPHOCTE
mirockocTa 301

NpAMOIT M

413
lIepngunukynnpm‘m ITOCKOCTH
30
--- psiMble 268
— -—, IIOCTpOeHUEe Heprnensin-

KyJisipa 254
1 (OTHOLIEHHE OKPYM(HOCTH Ik
ouaMeTpy) 284
IInpamupaa 306, 310
— yceyeHHaA 307
1Indaropa Teopema 275
1a1ockocrn 299
— cuMMeTpuM 323
IInowann (dopmysnl) 295--298
— nonobnuix ¢puryp 281
Ilnggéanb TpeyrojibHuKa 296,
(bopmyitni)

IIoBepXxHOCTH  Tex
328—330
IToBepxHocTb 263
— KOHMuecKada 310
— chepudeckasa 312
— UMJIMHApHYEeCKasa 308
ITorpewtHoCTh  a6comoTHAR 94
— OTHOCUTeJIbHAA 95

— npeaeabHaa 95

— npousseaenna 100, 101

— CYMMbLI ¥ Pa3HOCTH 98

— yacrHoro 106—107
TloakopeHHOE YuCio 67

ITopo6ue NIIOCKUX puryp 279—281
— Ted 327—328

ITo3MuMOHHAA HyMepauuda 60
Hog;\aal‘enb CTeleHn, KOpHA

— — JApoGHbI 224

— — HyJIeBoOit 224

— — OTpMIUATeJbHbIH 223

ﬂo.lill;ge KBajpaTHOe YypaBHeHHe

T10JI0OCTH KOHMYECKOl MmoBepXHOC-
™ 310

ITocToAHHAA BeJnM4YMHa 380

IToAc wapoBoit 317

IIpaBuabHaA Apo6b 74

— nupamunga 307

— — yceyeHHana 307

— npusMma 305

TIpaBUJIbHBIA MHOTOTPaHHHK 322

— MHOT'OYTOJILHUK 293

IIpemen 406

IIpenenbHana aGCoOIOTHAA MOrpeln-
HOCTh 95

——QOE;I'HOCMTeJ'lLHaH MOTrpelIHOCTL

ITpu6aMKeHHble BHIYACIEHUA 92

— 4mcina; cnocob 3anmcu 92, 93

ITpuBeneHne papoGeit ¥ obieMy
3HAMeHaTeNlo 76

— MOXOOHEIX YJIeHOB 137

IIpn3ama 305
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ITpU3HAKY IeIUMOCTH 69—70

— MOXOOUA TPEYTroAbHUKOB 280
ITporpeccusa apudmernieckas 221
— BO3pacraouasa 222

— reoMetrpuyeckan 221

— — GecrkoHevHadA 222

— yO6biBaloman 222

l‘lpggguuﬁ (npsaMoyroanuaa) 274,

IIpon3sesenne 66
IIpouaBonHbie nponopuun 148
Hp(ﬂ);lgpuuonwlbuocu oGpaTtHan

— —, ee rpaduk 389

— npsamasn 120

— —, ee rpadukx 386—389

IIpouopuust 118, 147

-— HenpepbiBHast 119

IIponent 90

—, 3aJla4yM Ha NPOUEHTH 90—91

IIpamana auHNA 267

— npu3ma 305

HpamMoii uuannap 309

IIpAmMoyroanLHas cHUCTEMa
IMHAT 384

TIpAMOYTroJILHUK 278

—, IMaroHalb, BhIpaKeHHE ee ue-
pe3 CTOPOHLE 278

—, nocTpoeHue 260

II'moaemeti 332

IIToeMest Teopema 293

Koop-

PaBHOGeNPEHHLIA TPEYTOJILHMI 271

PaBHOCHIIbHBIE HepaBeHcTBA 215

— ypaBHeHHA 153

Pagl;(;cmpormuﬁ TPeyrojibHuK

PanuaH 334

PanuanHasa Mepa yria 334

PagukaibHafg och 290

PaguKaabHbIA LeHTp 291

Panauyc okpy:xHOCTH 281

— gggmnbﬂoro MHOTOYTFOJBHUKA

— mapa 31%

Pa3jioenne Ha MHOMKUTEIM MHO-
rouneHon 144, 181--182

— — — yuceya 72

Pasmenenun 246

Pa3HocTs 65

Pacumpenne apobu 75

Peb6po mByrpansoro yriaa 301

~— MHOrorpaHiuxa 304

— MHOI'OT'PaHHOro yria 304

Pezuomonman 304

PerstoMoHTaHa GOpMYJIbi 362

Pemuxyc 334

PemreHne érr})eyrom.mmon 331, 343,

)

AJIGABUTHBIN VKA3ATEID

Pumckune nuppnr 6263
Pomo6 278

—, IJomanb 278, 295
Pydhghunu 129

CerMeHT Kpyra 282

— —, mIowans 285, 297

— 11apa, ero 06’seM u I10BEPXHOCTD
316-317

CerxaHc 338, 354

CeKrop, Xpyra 283

— —, aouwann, 285, 297

— mlg]pa, 06beM M MOBEPXHOCTH
3

CeKyHIa 268

Cexyniaa 282

CeyeHMsI KoHyca 311

— nuaunapa 309

CummeTpusa 323

— BpaieHusa 325

— 3epKaJbHAA 323

-— 3epKaJIbHO-0ceBasa 326

— oceBad 325

— LEeHTpaJIbHaA 324

CuHyc 338, 353

CuHnycoB TeopeMa 362
Cucremarnyeckue npobu 83
CKoOKu 68

--—, BhIHECceHue 32 ckobuu 137, 145
CKpeuuBawuecsa npaMoie 299
_ gggcronﬂue MEeMIY HUMK

CJyiaBsAHCKaA Hymepauuda 59

Caaraemebie 65

CanoskeHHe (onpenenenue) 65

— npoGeit anre6pandeckux 146

— — JECSAITAYHHX 85

-— — NPOCTRX-TT

-— Yyucel OTPpENATENBHBIX 134

— — NpUGIMHEeHHBIX 96—97

CJroit wraposoii (chepuuecknit) 317

CMeHbIe YIrabl 268

Coenudenun 245

Cokpamenue apobeii 76

COMHOKUTEIN 66

COOTBeTCTBEHIible YIIbI 276

ConpsMeHHbIe KOMIIJEKCHbIC YHC-

na 187
(CovyeraHms 246
Cpendee apu@MeTHucCKOe M reo-
Merpnuyeckoe 115

— —, COKpalIcHHOe BBIYHCICHUE
cpg;ulero apudMmeTHuecKoro
i1

— —, TOYHOCTb CpEeNHEero

MeTHYecKoro 117
— KBAaJ[paTHMYHOE OTHIOHeHue 117
Cpenxne BeJIAYMHLI 115

apud-



AJIGABUTHBIN YKABATEJDL

C'penHAA JIMHUA Tpameluu 279

-—— — TpeyrojlbHuKa 279

CraTucTnyeckue cpejuue 116

Cmeeun 89

(TeneHb MHOro4IeHa 141

— TOYKHM 288

— ypaBHeHMs 155

—— yucia 67

— — npo6Hasa 224—225

— — HyJleBas 224

— — OoTpMuaTelbHad 223—224

— —, MpaBUJIa JeicTBUii co cTe-
neHAMH 168

Crepeomerpus 298

CrepeopanuaH 321

CTOpOHA MHOTOYTOJIBHUKA 269

— — NPpaBMWILHOro 294

— yria 267

Crpesika gyru 283

CyMMa yIJI0B MHOTOYTOJILHUKA 270

— — TpeyrojbHuKa 271

— YHCce 65

Cdepuyeckan noBepxuHocTb 312

Chepnueckue MHOrOYTOJbHNKH
313

Cipepnyeckuit  (mapomoit)  cloii

(3ona) 317

TanreHc 338, 354
Tapmaava 127, 128
TenecHblit yroyx 320
Teopema 266
-— De3y 142
— KOCMHYCOB 361
— IIndaropa 275
—- IITosiemen 293
— CHHYCOB 362
— TaHTEeHCOB 362
Teopusa yucea 53
Terpaaap 322
Tounecrso 151
Toukxa 263
TpaHCUeHAEHTHOC Yucio 174
Tpaneuust 279
— paBHOGOYHaAA 279
TpeyroibHuk 270
—, BHELIHMIt yroa 271
— ITackana 249
—, IJIolagp 271, 296
--—, PEIIEHUA KOCOYTOJILHBIX Tpe-
YTOJILHUKOB 363
-, — — — 110 ABYM CTOPOHAM M
Y1y Me:AY HUMM 365
-—,—= ~— — [10 JBYM CTODOHAM I
YIy, NPOTHBOJIEN(A-
HIEMY OQHO1 13 HUX 366
~-—,—— —— — 110 JBYM YFJIaM ¥ CTO-
poHe 366
~—,-— — — [10 TpeM CTOpOHaM 363

415

TpeyrolhHHK,pelleHnsA TPeyroJb-
HUKOB IIPAMOYTOJIbHbIX  Ge3
nmoMoinu Jorapudmon 343

-—, = -— — C MOMOMbIO Jorapu-

MOB 349

--—, COOTHOLIEHNEe MesKay djeMeH-
TaMu 361—363

TpeyroabHuku moxoGHbIe 280

Tpnronomemmecxne JMHUN
353—354

— ¢yHKnuM 332, 338, 352, 395

— — moboro yria 353—35

-— — o0parHble 368, 396—398

e ——, gggauue WX 3HaYeHH A

-- — -—, COOTHOIIEHNA MEHNY HI-
mu 369
— --—, COOTHOILEHNA MeKIy HUMH
352

Tpuronomerpus 331
— npAMoiuHelinad 331
— chepudecran 331
TpunnauoH 65

¥raoBoit KodhdunueHt 388

Vribl BepTHKAJIbHLIE 269

— BNUCAHHBblE 283, 287

— MEKAY XOPAaMM M KacaTeJb-
HbIMK 287—288

—— HaKpecCT-Jie:xawme 277

-—- OTHOCTOPOHHME 277

—- onMcaHHbIe 283, 288

— OCTphie, IpAMbIE, Tynble 268

-— € NapajuIesIbHBIMA U TepIeH/IK -
KYJIAPDHHIMH CTOpoHamMH 277

— CMe:KHbIe 268

~— COOTBEeTCTBEHHbIE 276

— lleHTpaJibHbIE 283

VroJ (onpenesienne) 267

—, J;ggeﬂue MOMNOJIaM, Ha TPH YaCTH

-—, 3HAKM YIJIOB 268
— ngueﬁnuﬁ IBYFPAHHOTO YrJia
3

— MeMAY INIOCKOCTAMU (JIBYTpaH-
Hblit) 301

— — NIPAMON ¥ MJI0CKOCThIO 301

-— — CKpeUMBAIOIMMUCA  Npf-

MuIMU 300

—, Mepa yria rpagycHasa 267

—,— — pajMaHHaA 334

— MHOTrOrpaHHBI, ero nJocKue
yrast 304

-—, MOCTPOeHHe yria,
IXaHHOMY 254

—,— — 30°, 45°, 60> 255

— TeJIeCHH 320

Vmenbmaemoe 65

VMHOKeHHEe fpobeit
nue) 78

paBioro

(onpenene-
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VMHoOkeHne npoGeit anreGpauue-
CKUX 147

— — IEeCATHYHLIX 85

~— — MNPOCTHIX 80

— KopHeit 170

— MHOr'04JIeHOB COKpauieHroe 139

— ONHO4YJIeHOB 137

— creneHeit 168

— CYMM M MHOro4YJieHoB 138—139

— YyCeJ OTPMIATENbHbBX135—136

— — npn6iauKeHHbIX 100—106

neabix ( onpeneneuue) 66

VpasHeuue 149, 1561—154

—, OCHOBHBIE TIpHMeMbl pelleHHsA
153—154

—, cocrapjenue 150—151

— 4yuciaoBoe M OykBenHoe 152

VpaBHeHnsi anrebpavueckue 154

— OuUKBanpaTHbie 182

— BTngﬁ cTeneHn (KBaapaTHble)

— — —, cBoilcTBa KOpHeii 180
— — —, cucrema 182—185
—_—— tibggmynu peweHual 77—

— BbICLINX cTenewHeil 207—208
—, yggqm-lecuoe peleHue 398—
't

— MepBoil cTeneHy (IMHeltHbIe)155
— — — ¢ JBYMA HeM3BECTHbIMU

157—163

— — — C_ONHMM HEM3BECTHBLIM
155—157

— — — C TpeMsl HEHU3BeCTHLIMH
163

— paBHOCMILHbIE 153
— TPUTOHOMeTpHYecKne 372
— —, 1ip¥eMbl pewenusn 375

daKrTopuan 245

depma 265, 404

Deppapu 127

(Dyg{g{smouam.uan 3aBUCHMOCTDL

-— —, uaobpasicenine rpaduyecKoe
385

—- —, — rabauieii 1 (Hopmyloit
382

MdyHEUMA 381

—, ee 0003HavYeHua 381

Xagal(’repnc'ml:a (nmorapudma)
3

Xopnaa 282

1Leqtoe 4ncyo 53

— —, HaXO0K/IeHMe 1O 4acTH 82
I[eHTp OKpY:RkHOCTH 281

— UDABHILIONO MHOTOYPOJILHIKR

AJIGABUTHBLII YKABATEJDb

IlenTp paguMkKagbubiil 291

— cHMMeTpuu 324, 326

— TAMECTH TPEeYyroJbHuKa 273

LlenTpalbHLlil yroa 283

Hununap 308

~— BNUCaWHBIA ¥ OMUCAHHBI 320

— NPAMOIf, HAKJIOHHBI, KPYTFOBOIT,
Kpyranit 309

uugatsnnpuqecxaa TOBEPXHOCTI>

Iudpa 57

IIudpul sanmacHuie 97
— 3Havamme 93

— DHMMCKHUe 62

YacrHoe 66
YacTb; HAXO0KAeHUE MO 11eJIOMY
82

Ye6oiwes I1. JI. 214, 285

YeThpexyrojibHUK, ero Imjiomab
295—296

Iucna anre6pandeckue 173

— BellecTBeHHbIe  (neiicTBUTE)IL-
Hble) 176, 184

— B3aMMHO npocrhie 73

— npoGHble cM. Ipo6h

— UppalnuoHaibHele 57, 173

— KOMIIJIEKCHbIe 57, 176, 180

— MHUMBIE 176

— HaTypaibHble 53

— HeyeTHbIE 69

— oTpuuaTebHble 57, 131 134

--— NOJIOKUTEJIbHbIE 13|

-— HPUGIHHeHHbIE 1 'rquue 92

---- IPOCThIE (nepBonaqaubnme) A

— panuoHanbHble 132,173

— cMemaHHbIE 75

-— cor;pnmeuﬂble KOMMNJIecHbie
18

— cocTaBuble 71

— TpaHcueHAenTible 174

— YeTHbIE 69

Uncaurenb 74

Ilap, wapoBad noBepxHocTh 312

IllapoBoii (chepuueckuii) cer-
MEHT 316

-— ——, 00bem 317

- -—, MOBEPXHOCTH 316

— ceKTop 317

— cJoit 317

1llecTUIECATEPUYHANL  HYMepaluA
60

Diep 129, 265, 334
dnaunc 302, 311
Dpsmum 174
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