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IF'maBa 1

KOOPJAIHUHATbHI HA NPAMOH,
HA TIJIOCKOCTH, B MPOCTPAHCTBE

1.1. KoopauHaTbl Ha npsaMoii

Ha npsamoit 3adukcupyem oaHO M3 AByX OnpelessieMbix €l0 HanpasJieHHil
H Ha30BEM ero IOJOXHTEIbHhIM, Jpyroe — oTpuuarebHbiM. [IpsMylo, Ha KoTopoii
YKa3aHo MOJIOXKHTEJIbHOe HanpasJeHHe, Ha3blBAIOT OCbIO.

OTpe3oK, orpaHHueHHuli ToykamMu A ¥ B, Ha3biBalOT HaNpaBleHHbIM OTPE3KOM
HJIH BEKTOPOM, €CJIM yKa3aHQ, Kakas H3 AaHHbIX TOYeK $IBJSIeTCS HauyajoM, Kakas —
KoHLoM. HanpaBieHHbll oTpe3oK ¢ HayajloM B Touke A W KOHUOM B TOuKe B
o6osHayaor AB.

BennunHoit HanpasienHoro orpe3ka AB HeKOTOpOH ocH Ha3bIBAOT €ro AJIHHY,
B3fITYyI0 CO 3HAKOM ILIIOC, KOrja HanpaBJ/eHHe 3TOr0 OTpe3Ka CcoBnajaer ¢ INoJjo-
JKHTEIbHBIM HaNpaBjeHHeM AaHHOH OCH, H CO 3HAKOM MHHYC, Korja OHO CoBmajaer
C OTpHLATENbHBIM HampabjeHHeM ocH. Bennunny HanpasJsieHHoro orpe3ka AB o6o-
3HauawT AB.

KoopannaTHoH ocblo Ha3bpIBAIOT NpPsIMYIO, Ha KOTOPOH 3adUKCHPOBaHbl HayaJjo
oTcyeTa, MOJIOXHTEJNbHOE HanpaB/ieHHe H Bbi6paH Macwtab AAs H3MepeHHst AJHH.

KoopanHaToii TOYKH M KOOpAHHATHOH ocH (puc. |.1) HasbBaioT Beanuuny OM
Hanpas/eHHoro orpeska OM, rae O — HavaJo kKoopauHaT. Eciu 0603HaunTb Koop-
JNHHATy TOUKH M uepe3 x, To no onpepesneHHio x=O0M.

3anuch M (x) o3Hauaer, YTO Touka M uMeeT KOOpAMHATY X.

Ecan nanel aBe Toukn M;(x;) U Ma(x2), TO BeJHuUMHA HalpaBJEHHOrO OTpe3Ka
M M; Boluucasiercss no opmyae

MMy=xy—x,, (1.1)
a paccTosiHie MeXay HHMH — 1o dopMyJe
p (M, M) = MiMs| = |x9-—xi. (1.2)

IIpocTbiM oTHOLIEHHEM Tpex pasJiHUHbIX Touek M, My, M, nexaimiux Ha OAHOMH
NpPSIMOH M B3ATBHIX B YKa3aHHOM MNOPSJAKe, Ha3bIBAIOT 4HUCJIO

. MM (1.3)
MM’ ’
rie MM 1 MM, — BeuuKHE HanpaBsjieHHbIX oTpe3koB MM u MM..
Ecan Touka M npuHamjaexur orpesky M;M,, npocToe OTHOLIEHHE NONOKHTENbHO
(l > 0), Tak KaK yHCIHTeNb W 3HaMeHaTelb B nocieiHeil ¢opmyse oJHOro 3Haka.
B 3TOoM ciyuae roBopAT, 4To TouKa M neauT orpe3ok M M: BHYTpeHHHM 00pa3oM.
Ecnn Touka M nexur BHe orpeska MM, To /<C0 (uHc/AHTeNb M 3HaMeHaTelb
B (popMyJie HMEIOT NPOTHBOMNOJOXKHbIe 3HAKH); Touka M aenut otpe3ok MM, BHelIHHM
ob6pasoM. Ecau Touku M, u M coBnaaaiot, To [==0.

0 E M x
Puc. 1.1




Tlyctb Mi(x1), M2(x2), M(x) — TouKH KoopauHaTHOH ocu Ox, Toraa

_ MlM _ X—X)
= MM, = teex (1.4)
OTKyAa
_ xatlx
x—]—_'_l——. (1.5)

dra ¢opmysaa onpenensieT KOOPAHHATY TOUKH M, gensiillefi HanpaBJ/eHHBIA
orpe3ok M;M; B 1aHHOM OTHOWIEHHH [.

Ecniu Touka M coBnanaer ¢ cepeauHo#t orpesaka MM, To /=1, nostomy ee
KOOpAHHATa onpejensieTci ¢Hopmyso

X1+ X2
— . 1.6
. (L6)
MMpumep 1.1. Hauuw aBe Touku M,(4), M2:(—3). Halith BeuunnHy Hampas-
JIeHHOro orpeaka M|M; H paccTosiHHe MeXAy TOYKaMH.

B naHHOM cayvae x;=4, x;=—3; no ¢opmyaam (l.1) u (1.2) Haxomum
MiMy= —3—4=—T, p(Mi, M) =| —3—4|=7.

1.2. KoopauHaThl Ha NJAOCKOCTH

TIpAMOYroabHEIMH JeKAPTOBBIMH KOOPAMHATAMH TOYKH M Ha3blBalOT uHucaa, '
onpenensieMele hopMynramu

x=0M,, y=0M,,

rre OM, — Beanunna ortpeska OM. ocu Ox, OM, — BelndHHa HanpasjeHHOI'O
orpeska OM, ocu Oy (puc. 1.2). ’

[MonsipHas cucteMa KOOpPAMHAT Ha IJIOCKOCTH onpejeasiercss Toukoit O. (noaioc),
HCXOASIIUHM H3 Hee JydoM OP (nonsipHas oCb), MacIITa6HbIM OTPE3KOM € M Ha-
npas/ieHHeM oTcyeTa yrjaos (puc. 1.3).

[TonsipHEIMH KoOpAMHATaMH TOMKH M, He coBmajamouiedl c MOJCOM, Ha3bIBAIOT
paccrosiude p=|OM| (noaspHuill paguyc) oT Touku M no nojioca O U BEJIHUHHY
yria ¢ (MOJAPHRIA yros) MexAay noasipHoit ocblo OP u ayyom OM. [ns nouaioca
cuurtaior p=0 (¢ He onpesnesneH). [ToasipHb#l yros HMeeT GeCKOHEYHOE MHOMECTBO
3HayeHHH, rMaBHbHIM 3HauYeHHeM ero Ha3blBalOT 3HaueHWe, yJOBJETBOPsAOLLee YCJIOBHIO
I<o<2n.

Ipu cooTBercTByIOLEM BbIGOpPe NPAMOYrOJbHON 1€KapTOBOH H MONSPHOH CHCTEM
KOoOpAHHAT (puc. 1.4) cBA3b MeXAY [AeKapTOBbLIMH KOODAHHATaMH X M Yy TO4kH M
H ee NOJSPHBHIMH KOODAHHAaTaMH p M @ Bhipaxkaercsi Gopmynaamu

X=p cos @, y=p sin ¢; (1.7)
y
Myp——————— M
I
y —e ]
Myp——————— aM M P :
| ; ;
i
! @ ¥ lx
0 Pl 50 My P
Puc. 1.2 Puc. 1.3 Puc. 1.4



x . y
p= Vg% cos g= ———, sin p= —Z—. (1.8)
VY NEE

[Tpumep 1.2. HaiiTh npaMoyroibHele 1eKapToBbl KOOPAHHATBI TOHeK
A(2, n/4), B(4,n/4) B cHcTeMe, AN KOTOPOH MOJIOC COBMNajaeT C HayaloM KOOp-
JHHAT, MOJAPHAS OCb — C MONOXKHTEJNBHOH Mosayocsio Ox.

Ipumensia dopmyant (1.7), HaXOAMM KOOPAHHATH TO4KH A:

x—2cos%—2v_ V2, y= 2sm—=2‘/_ V2, A(V2.2).

AHANOrHYHO HAXOAHM KOODAHHATH TOUKH B: x=2-/2, y=2-/2.

1.3. Paccrosiiue MeXay ABYMSi TOYKAMH
Ha MJIOCKOCTH

B npsaMoyrosibHO# ReKapTOBOH CHCTeMe KOOPAHHAT pAacCTOSAHHE MeXAy
asyms Toukamd M (x1, y1), Ma(xz, y2) onpenensiercs dhopmyJoi

p(Mi, M2) = \J(xa—x1) 2+ (y2—y1)* . (1.9)

B uyacTHoM cayuae, Korja oaHa M3 TOueK, HanpHMep M,, coBnajaer ¢ HaianoM
KoopauHat, dopmyaa (1.9) npuHHMaer BuA

p (0, Ma) = \x3+1j . (1.10)

MMTpumep 1.3. Boiuncauts paccrosinne mexay Toukamu M, (6, —3), M2 (9, —7)
i paccTosHHe OT TOYKH M; RO Hayana KOOpAMHAT.
[To dopmynam (1.9) u (1.10) nonyuaem

p(Mi, M2) = (9—6)T+ ((—T7) — (=3))? =5, p(0, M2) = /974 (—7)7 = +/130.
Mpumep 1.4. BuuuciuTs nepuMeTp TpeyroibHHKa C BepIIMHAMH B TOHKaX
A(—1, =3), B(2, —=3), C(2, 1).
ITo dopmyne (1.9) naxonum
=0(B, 0) = Y@=2"+ (1—=(—3))°=4,
b=p(A,C)=V2—(—1))*+ (1= (=3))*=5,
c=p(A, B)=V(2—(~1))’+(—3—(-3))"=3.
CaenoBartenbho, P=a+b-+c=12.

1.4. JleneHde oTpe3ka B AaHHOM OTHOLUEHHH

OTHoluenHeM, B KOTOPOM Touka M, Jexawias Ha NpAMOH, Npoxolslue
yepes ToukH M, u M,, peautr otpesok M;M,, HasbiBaloT uHcao [, onpegensieMoe
tdopmyaoit (1.3).

Ecin panbt Touku M (x1, 41), Ma(xs, y2), TO KoopauHaThl ToukH M(x, y),
fensiulei orpesok M{M: B oTHoweHnun [, onpelensiorcsi popmyaaMi

X1+ Ix2 - Y1+ lys

= 51

Korna Touka M sBasiercs cepenuHoil oTpeska MM, To ee KOOpAHHATHI
BBLIYUCIAIOT N0 PopMynam

(1.11)

x=(x1+x2) /2, y= (y1+y2) /2. (1.12)

MMpumep 1.5 Maun ase touku M,(—1, —2), M:(3, 4). Ha npamoit MM,
HaliTH TOUKy M, KoTopas B Tpu pa3a OJHXe K Ml, ueM K M, W HaxoAuTcsi BHe
oTpeska M M,. Haiitu cepennHy storo oTpeska.

6



Hckomas Touka M aeant orpe3ok MM, B otHowenun /= —1/3. Ilo dopmyaam

(1.11), cuutasn B HUX x,= —1, y1= —2, x2=23, y»=4, HaxoANM
—14+(—1/3)3 —2+(—1/3)4
= =3, y=——— " = b5, —3, —5).
RISV Y= TTR=3) 9 M5, =)

C nomouupio popmya (1.12) naxoaum touky N (1, 1) — cepeanny orpeska M, M,.

a )

Puc. 1.5

MMpumep 1.6. HaiiTh KoopAMHATH TOUKHM NepeceueHHsi MeAuaH TpeyroJbHHKa
¢ BeplIHHaMH B Toukax A (xi, y1), B(xs, yo), C(x3, y3).

ITyete S(x, y) — Touka nepeceuennst meanan AK, BL, CM tpeyrosvuuka ABC
(puc. 1.5, a). Tak kak Touka L — cepeauna orpeska AC, TO OHa MMeeT KOOPAHHATbI
xi=(x14x3)/2, yi=(y1+ys)/2. Orpesok BL Toukoii S [eJHTCA B OTHOLUEHHH
{=2/1=2. Cuxras Touky B nepBoii, Touky L BTopoil, no ¢opmyaam (1.11) nHaxoaum
_ xt2x+a)/2 _ xitredrs  pe42004)/2 _ yityetys

142 3 ’ 142 3

CnenoBatesbHO, KOOPAHHATHl TOYKH' MepeceyeHHs] MeldHaH TpeyrojbHHKa 1o
KOOPJHHATaM ero BeplUMH onpeiensiiotcsi GopMyaaMu

x=(X1+x2+x3) /3, y= (Y1 +y2+y3) /3. (1.13)

1.5. LLeHTp TAMXECTH CHCTeMbl MacC

Jlaua cucreMa Macc mi, my, ..., My, NOMEULEHHBIX COOTBETCTBEHHU B TOYKAX
Mi(x1, y1), Ma(x2, y2), ... , Mn(Xs, Yya) HekoTOpO# miIocKOCTH. POPMYAH, Bhipaxkalouiue
KOOPAHHATbl UEHTPAa TSXKECTH 3TOH CHCTEeMbl MAcCC, HMEIOT BHA

= Ximy 4 Xxoma 4« o« 4 x,m, . Yim + Yoo~ - - -+ Yalia
' mit+mot-eotm,

mi+ma+----+m,
n n
Z Xty Z Yritiy

e =L (1.14)

HJIH

n

k=1 k=1

rie 3HakKoM Z o6o3HaueHa CyMMa OAHOTHNHBIX CJlaraeMblX.



IMTpumep 1.7. B Bepmunax A(xy, y1), B(x2, y2), C{x3, ys) TpeyroabHuka ABC
cocpeoToYeHkl paBHble Macchl m. HailTH LeHTp TsKecTH 3TOH MaTepHaAbHOH CHCTEMBI.
Gopmyant (1.14) npu n=3 npuHHMAIOT BUA

ximi+xaome+xsms yimi+yame+ysms

my+ma-+ms ’ mi+mo+ma

Hcnonbaysn ycioBue m=me=my=m, noJydaeMm

_ ximdxamtxsm _ m(ntxetxs) _ xidXxatxs

m+m+m 3m - 3 ’
_ ymAyemtysm  myi+yatys) _ yityetys
Y m+m+m 3m 3 ’

3ameuanue U3 nocrennero npumepa. u dopmyn (1.13) caeayer, uto UeHTp
TSAXECTH JAHHOH CHCTeMbl HAaXOAHTCSl B TOYKe MepeceyeHHs MedHaH TPeyroJbHHKaA.

1.6. Maomanb TpeyroabHHKa

KaxkoBel 6b1 HH 6blTH TPH TOuKH A (X1, Y1), B(x2, y2), C(x3, y3), maowanp S
Tpeyroibiuka ABC Bhluncasercs no ¢opmyse

5= 5 [(a—m) (=) — (5= ) (12— . (1.15)

INpaBas uyactb popmyanl paBHa +S B ToM cayuae, Koria KpatyadlliHit NOBOPOT
orpe3ka AB k ortpesky AC noaoxurened (puc. 1.5, a), u —S, Korjga ykasaHHHIH
HOBOPOT OTpHLAaTeseH (puc. 1.5, 6).

B ¢opmyse (1.15) Gepyr 3Hak maioc, KOria Bhipa:KeHHe B KBaAPaTHBIX CKOGKax
INOJIOXKHTEJNbHO, H MHHYC, KOrila OHQ OTPHLATeJbHQ.

ITpumep 1.8 Hauu ase Touku A (3, 5), B(6, —2). Ha ocu Oy Hafiti Takywo
Touky C, 4To6bl MJolaAb TpeyroibHHKa ABC paBHanach 15 KBaapaTHRIM €AHHHLAM.

IMycts C(0, y) — uckomas Touka (x=0, Tak KaK Touka JeXHT Ha ocu Oy).
B c¢opmyny (1.15) nomcraBuM 3HaueHus S=15, x;=3, y =5, x9==6, y.=—2,
x3=0, y3=y K HaugeMm y:

£ 15= — [(6—3) (1—5) — (0—3) (—2—5)| = -~ 3y—5) —21],

i15=% (3y—36), +£30=3y—36, y1=2, yo=22.

Hrak, ycrioBHIo 3ajaun yRoOBAETBOPSAIOT KoopiuHaThl Todek C1(0, 2), C2(0, 22).

1.7. ¥YpaBHeHHe JUHHH B JEKAPTOBbIX KOOPAHHATAX

YpaBHeHHEeM JIHHHH OTHOCHTENbHQ (HKCHPOBAHHQHA CHCTeMbl KOODIAHHAT
Ha3bIBAIOT TaKoe ypaBHEHHe C ABYMsi NiepeMEHHBLIMH, KOTOPOMY YIOBJIETBOPAIOT KOOp-
DHHATHl JHIOGOH TOUKH 3TOH JIHHHH M He YJAOBJAETBOPSIIOT KOOPAHHATBl HH OHHOH
TOYKH, HE JieXalled Ha AaHHQH JIHHHH.

YpaBHeHHe JHHHH B AEeKapTOBHIX KOOpAHHATax B ofLieM BHIe 3amUChiBaeTcs
TaK:
F(x,y)=0,

rae F(x,y) — OYHKIHS NepeMeHHKIX X H Y.

Mpumep 1.9. CocraButh ypaBHeHHe MHQXKeCTBA TOYEK, PaBHOYJaJ€HHRIX OT
JIBYX AaHHBIX Toyek M,(—4,3) u M2(2,5).

Ilyete M(x, y) — npousBosibHAsi TOYKa NaHHQro reomeTpuueckoro Mmecra. [lo
yenosuio |[M M| =|M:M]|. Tlo dopmyne (1.9) nonyuyaem

8



IMIM| = VE+FDTF (y—23)% IMoM|= /(x—2)2+ (y—5)°.

IMoacrapasis 3TH BuIpaKeHust B paBeHCTBO |M M| =|M,M|, Hawcxur v[aBHeHHe
JlaHHQro MHQXXeCTBa TOYeK:

VE+H T+ (y=3)2 = (x—2)7+ (v —-5)°.

Ynpoctim 370 ypaBHeHue. BosBedem B KBagpaT ofe uaCTH ypaBHeHHs! W -packpoeM
CKOGKH B NMOAKOPEHHKIX BbIpAXEHHAX:

K 8x+ 164 y? —6y +9=x— dx 4 45— 10y +25.

IMpounsseas npeo6pasoBanusi, noiayuum 3x—+y—1=0. IT0 ypaBHeHHe NPsIMOil JIHHHH.

IMMpumep 1.10. CocraBuTb ypaBHeHHe OKPYXKHOQCTH pajHyca R C LEHTPOM
B Touke C(a, b). *

IMycts M(x, y) — npousBoJLHAs TO4YKa HaHHOH OKpyxHocTH. Ilo onpeaeineHdio
OKPYXHOCTH (KaK MHQ)XXeCTBA TOWEK, PABHQYJaleHHKIX OT NaHHOH TOUKH) s J1060H
ee ToukH HMMeeM |MC|=R. Bulpaxas paccrosHHe Mexay Toukamu M u C no
dopmyae |MC|= +/(x—a)’+ (y—b)® u NOACTaBAAS ero B JEBYIO 4acTh NAHHOTO
PaBEHCTBA, MONYYHM YypaBHEHHe (x—a) +(y—b7§=R. KOTOpO€ MOXHO 3ann-

CaTh Tak:
(x—a)?+ (y—b)2=R" (1.16)

YpapHenne (1.16) sBasieTcst ypaBHEHHEM OKPYXXHOCTH pajauyca R € LeHTpPOM
B Touke C(a, b).
Eciyn Touka C coBnajaer ¢ HauajoM KoopauHaT, To ypaBHeHue (1.16) npuHH-

Maetr BHI
2+ y*=R" (1.17)

3ameuanne EcauTouka N(x,y) NexHuT BHYTPH Kpyra paauyca R ¢ LeHTPOM
B HauaJle KOODIAMHAT, TO ee KOODAHUHATH YAOBJETBOPAIOT HepaBeHCTBY x4y’ <<R?;
ec/M BHe yKa3aHHQro Kpyra, to HepaBeHCTBY x°+y’> RZ.

Mpumep I.11. Touxa M paBuxercs TaK, uto B JIOGOH MOMEHT BpeMeHH
ee paccrosiige Ao Toukn A(4,0) BaBoe Gosblue paccTosiHus Ao Toukd B(1,0).
Haiitu ypaBHeHHe TDaeKTCPHH ABHMKEHHS TOUKH M.

Tekyune KOOPAHHATH TOUKH M B MPSAMOYroJbLHOH A€KapToOBOH cHCTeMe KOOPAHHAT
o6o3HauuM 4vepes x, y. [lo yciaoBuio |[MA|=2|MB|. BbipasuM INUHBI OTPE3KOB
MA u MB uepe3 KoopAuHaThi COOTBETCTBYIOIHX TOYEK ¢ NoMmoubio Gpopmyas (1.9):

IMA|= [ (x—4)7F 5, IMBl=~(x—1)+4*.

[oacrasiss 3TH BbipaXKeHHA B paBeHCTBO |MA|=2|MB|, nonyd4aeM ypaBHeHHe
TPaeKTOpHH ABHiKeHusi Toukd M: /(x —4)Z+y? =2+/(x— 1)+ y. YnpocTum 3TO
ypaBHeHHe, [J/1sl Yero Bo3BeJleM B KBajpaT oGe yacTH H NpHBeLeM NOAOOGHBIE UJeHh
(x—4) + g =4((r— 1)’ +47), X’ —8x+ 164y’ =4 (x* —2x+ 1 +4°), 12=3x"4+3/7,
4 yP=4.

Hrax, Tpaekropueli ABHMEHHS TOUKH M sIBJsIeTCHA OKPYXKHOCTb paguyca K =2
C LLEHTPOM B Hauyaljle KOOPAHHAT.

1.8. lepecederne JuHHMA

Koop.\WHaTBl TOYEK mNepeceueHHs ABYX JIHHHI, 3aJaHHbIX ypaBHEHHSIMH
F(x,y) =0, (x, y) =0, HaXOAAT U3 CHCTEMBl 3THX ypaBHEHHH .

F(x,y)=0, ®(x,y)=0. (1.18)

Yueao JeACTBUTENBHEIX PELIeHHH PaBHQ YHCAY ToUeK fepeceueHys. Ecau cucrema
(1.18) He umeer NeACTBHTEJNbHHIX pelleHHH, TO /aHHble JHHMU He MepeceKaloTCs.
Illpumep 1.12. Hahith Toukn nepeceuenus aunmit x’+y’=10, x+y—4=0.
W3 nocnegHero ypaBHeHHsi BhlpaxaeM y= —x-+4 H MOACTaB/]sieM B INepBoe
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ypaBHenne: x2+4 (—x+44)2=10, 2x*—8x+6=0, x*—4x+3=0, orkyra x;=lI,
x2=3. TlogcTaBuM 3TH 3HaAueHHs B ypaBHeHHe y= —x-+4 H HaiileM y;=3, ys=1.
CnenoBaTenbHO, NoOJyueHbl ABe Touku nepecedenus M(1, 3), N(3,1).

MMpumep 1.13. Haiitn. Toukn nepeceyeHust ABYX OKPYXHOCTeH, 3alaHHbIX
ypaBHeHHaMH (x—5)24 (y—6)2=25, (x+2)?+ (y—6)2=32.

PackpbiBast CKOGKH M NMPUBOAS NMOAOGHblE W/eHbl, MoJy4aeM CHCTeMY ypaBHEHHH

4y —10x— 12y + 36 =0,
4y 4 4x— 12y 4 8=0.

BbiunTasi BTOpoe ypaBHeHHe W3 NepBoro, nojiyyaem — l4x+428=0, orkyaa x=2.
Bropoe ypaBHeHHe cHCTeMbl NMpH xX=2 CBOAMTCS K KBaJAPaTHOMY OTHOQCHTEIbHO y:
y?-—12y+20=0. Pewns ero, HaiileM y =2, y»=10. CuenoBareibHo, AaHHbie
OKPYXXHOCTH NepecekaloTcst B Toukax M, (2, 2), M1(2, 10).

1.9. ¥YpaBHeHHe JHHUH B NMOJAPHBIX KOOPAHHATAX

YpaBHeHue JIHHHH Ha MJOCKOCTH B MOJAPHBIX KOOpAHHATax B oflieM BHIE

MOXKHO 3anucartb Tak:
F(p, ¢) =0,

rae F(p, ¢) — QyHKUHA nepeMeHHbx p U @ (p, ¢ — nNonspHble KoopiauHathl). Ecau
3TO ypaBHeHHe pa3peliUMO OTHOCHTEIbHO P, TO €ero MOXHO NpeACTaBHTb B BHAE
p=p(¢).

[Tpumep 1.14. CocTaBuTb ypaBHeHHe NMpPAMOM, NMepHeHAHKYASPHOH TOJSAPHOH
OCH M OTCeKalollleH OT Hee OTPe30K, AJHHA KOTOpOro paBHa a.

O603HauuM 6ykBo#it A TOUKY nepeceueHHsl LaHHOH MPAMOIL ¢ noasipHoii ocbio OP
(puc. 1.6). Ilycte M (p, 9) — npousBonbHasA Touka AaHHOH npsamofi. M3 npsamoyronb-
Horo TpeyronbHika OAM Haxonum, uto p cos ¢=a. [loayueHHoe ypaBHeHHe sB/IsieTCS
MCKOMbIM; €My YIOBJETBOPAIOT KOOPAHHATHI JIIO6OH TOUKM [aHHOH NPAMOA H He
YILOBJIETBOPSIIOT KOOPAMHATbl HU ONHON TOYKH, He NpUHaa/nexaueld 3TOR nNpAMO.

Mpumep 1.15. CocraBuTb ypaBHeHHe OKDYXXHOCTH pajiHyca a, KacaioueHcs
MOJISIPHON OCH B TOJIOCE, LEHTP KOTOPOi pacrosioxeH Bbille NONSAPHOHR ocH (puc. 1.7).

A

Puc. 1.6 Puc. 1.7

[Tycte M (p, ) — npousBoJbHAsE TOYKa OKpYyKHOCTH, OA — nHaMeTp OKpYyX-
HocTd, paBHblit 2a. Tak kak B TpeyrosbHHke OAM yron npu BeplusHe M npsiMoi,
yron npu BepiinHe O paBeH n/2—¢@, To 2acos (n/2— ¢)=p, HIM p=2a sin ¢.
ITO HCKOMOE ypaBHeHHEe JaHHOH OKDYXHOCTH.
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1.10. MapameTpuyeckue ypaBHeHUs] JHHHH

YpaBHeHHs BuLa
x=f(t), y=9o(1) (1.19)

Ha3blBAlOT NMapaMeTPHUECKHMH YDaBHEHHSIMH JIHHHM, e€C/lH NMPH H3MeHEeHHH ! B He-
KoTopoM npoMmexyTtke ¢opmyan (1.19) npaiotr xoopauHaTH J10060# TOUKH NaHHOH
JHHHH H TOJBKO TaKHX TOYeK.

Ecin nuena 3anaHa ypaBHeHHWeM p==p(¢) B NOJSAPHRIX KOOpPAHHATax, TO ee
rnapaMeTpHYecKHe yPaBHEHHS MOXHQ 3amucaTh Tak:

x=p(p)cos ¢, y=p(p)sin ¢. (1.20)

B ypaBnennsix (1.20) poab napaMerpa urpaer noJasipHbIi yroa ¢.

Tipumep 1.16. CocraButb napaMeTpuyecKue ypaBHEHHs OKPYXKHQCTH paiuyca
R © neHTpoM B Hauajle KOOPIHMHAT. '

[Mycrs M (x, y) — npou3BoAbHAsA TOYKA AAHHQH OKPYXKHOCTH, { — BeJNHYHHA yria,
o6pa3yemoro orpesakoM OM u ocbio abeuuce, P 1 Q — OCHOBaHHs1 Nepné&HAHKYASPOB,
OMyleHHHX H3 Toukd M Ha koopAuHaTHble ocH (puc. 1.8). Tak kak mo onpeseneHHio
x=0P, y=0Q u OP=R cost, OQ=Rsint, To x=R cos ¢, y=R sin (.

CanenoBaTesbHQ, NapaMeTpHueCKHe yPaBHEHHS] NaHHQH OKPYXHOCTH HMEOT BHJ
x=Rcost, y=R sin ¢, rne 0t << 2m.

Hckniouns u3 3THX ypaBHeHHHl napaMerp ! (AR uero Bo3BeleM B KBajapaT
oClSaI;aBeHc,TBa H TIOWJIEHHQ C/IOKHMM) , MONYYHM ypaBHeHHe x>+ y?=R? (cM. ypaBHeHue
(1.17)).

ITpumep 1.17. CocraBuTh napaMeTpHuYecKHe ypaBHeHMsi UuKIouabl. Llukion-
JO# Ha3bIBAIOT JIHHHIO, ABJSAIOLLYIOCS TpaeKTopHell GHKCHPOBAHHOM TOUKH OKPYXKHOCTH
paauyca R, Katauwefica mo npsMoi.

Yka3aHHyl0 npsAMylo npHMex 3a ocb Ox 1eKapTOBOH NpPAMOYTONbHOH CHCTEMbl
koopauHat (puc. 1.9). IlpeanosokuM, uTo (HUKCHPOBAHHAsi TOUKA NMPH HauyaJbHOM

y
Q M
y
t
0 P X x
Gt
N
0| P K x
Puc. 1.8 Puc. 1.9

MOJIOXKEHHH OKPYXXHQCTH H3XOAWJNACh B Hauasle KOOPAHHAT, a OC/Ie TOro Kak OKpyX-
HQCTb MOBEpHyJacb Ha yroa {, 3aHsna nosioxenue M.

IMockonbky x=OP=0K—PK, y=MP=CK—CN u OK=MK=Rt, PK=
=MN=Rsint, CK=R, CN=Rcost, To x=Rt—Rsint, y=R—Rcos ¢, uiu

x=R(t—sint), y=R (1 —cos 1). (1.21)

Ypauenna (1.21) nasbiBaOTC MapaMeTPHUECKHMHM YPABHEHHSIMH LHKJIOMABL.



1.11. IpeoGpa3oBaHus AeKaPTOBBIX NMPAMOYTrOJdbHBIX
KOOPAMHAT HA NJOCKOCTH

OnHa M Ta e TOYKa HMeeT pa3jHyHhie KOODAHHATHl B Pa3HBIX CHCTeMax
ZdekapToBbix KoopauHaT. CyllecTByeT CBSI3b MeXAYy KOOPAHHATaMH TOYKH B Pa3HBIX
CHCTeMaX KOOpIHHAT. .

IMapannenshnii neperoc. [1ycTh naHBl ABe CHCTEMbl REKapTOBBIX MPAMOYTOJBHRIX
KOOpPAHHAT ¢ O6GIHM MacwiTabHuIM oTpe3koM: Oxy (crapas) v O XY (HoBas),
COOTBETCTBYIOIIHE OCH KOTOPHIX mapaJjJedsHnl (puc. 1.10). IonoxkuteabHsle nmomyock

Yy Y
My ¢~ e - M
y My ‘T
|
1
|
I
B 01 IMX
T
" X
a A 1
0 My X
Puc. 1.10 Puc. 1.11

HMeIOT OJIHHAKOBble HanpaBJleHHs1, HauaJo HOBOH CHCTeMbl HaxoauTcs B Touke O (a, b),
CcTapble KOOPAHHAThl KOTOPOH x=ga, y=4 (HoBble KOOPAHMHATbl €e paBHLI HYJIO).
OTHOCHTE/IBHO TaKHX CHCTEM TOBOPAT, YTO OfHA MOJyyeHa W3 APYrod myreM mapad-
JIeJIbHOTO MepeHoca.

Crapble KOOPAHHATH X, Y TOYKM M uepes ee HoBble KoopauHaTth X, Y u craphlie
KOOpAHHATHI @, b HoBOro Hayana O; BolpaxalTcs GOpPMyJaaMH

x=X+a, y=Y+5b, (1.22)
OTKyAa .
X=x—a, Y=y—»b. (1.23)

TMoBopor koopaunarHbix ocedi. HoBas cucrema Ox’y’ moaydeHa nmyTeMm MOBOpOTa
cTapoi Ha yroa a BOKpyr Toukd O (puc. 1.11). Craprie 1eKapTOBH NPAMOYrOJbHbIE
KOOPJHHATHI X, § TOUKH M yepe3 ee HOBbI€ KOOPAMHATH! X/, y’ BhIpaXKalwoTca GpopMynamMu

x=x'-cos a—y’ sin a,
TR sy (1.24)
Yy=x’"sin a4y’ cos .
Yro6ul Bbipa3uth x’, y' uepe3 x, y,
X Heo6X0AMMO pa3pewuTb cuctemy (1.24)
oTHocHTenbHO X/, y’. MoxHo caesatb
npoue: cydTath cucremy Ox’y’ crapoi,
Toraa nepexoi K HoBoH cucreme Ouxy
CoBepLIaeTCsi MOBOPOTOM Ha yroa (—a),
nostoMy B ¢opmyaax (1.24) aocrartouHo
MIOMEHATbL MeCTaMu X H X/, Yy H y’, 3anucath
(—a) BMecTO o.
B ofwem cayuae, koria JaHb OBe
0 X cuctembl Oxy u O’x’y’ (puc. 1.12), BBoas
npomexyTouHyio cucteMy O'x"y” u mpu-
MeHsifl nocJ/e1oBaTeNbHO Gpopmynnl (1.22)
u (1.24), nonyuaem

Puc. 1.12



x=x" cos o.—y’ sin a+a,
(1.25)
y=x"sina+y’ cos a+b.

3ameuanne Cucrema koopausat Oxy, B KOTOPOH KpartyaiuiMd MOBOPOT
NONIOXKHUTENbHOR mosyocH Ox L0 CoBhajeHHsl C MONOXKHTENbHOH moayocbio Oy coBep-
maeTcA NPOTHB 4acoBOH CTPEJIKH, HA3HIBAETCS NpPaBOH; eClM YKa3aHHEA NOBOPOT
coBeplIaeTCs MO YacoBOH CTPeJKe, CHCTeMa HasniBaercsi Jesoil. ®@opmyan (1.25)
0CTaOTCA MPEeXHUMH, eciM 06e CHCTEMbl KOOPAHHAT SIBJSIOTCH JeBbiMH. Ecau oaHa
cHcTeMa mpaBasi, Apyras Jesas, To B ¢opmynax (1.25) n3Menutcs 3Hak nepen y’',
Tak Kak B cjyyae NpocTreiiuero npeo6pa3oBaHHs KOOPAHHAT Pa3HOHMEHHBIX CHCTEM
¢dopmyabl umeoT BUL x=x', y=—y’.

1.12. MpamMoyroabHbie AeKaPTOBbH KOOPAMHATHI
B MPOCTPAHCTBE

[IpsimoyronibHasi JekapToBa CHUCTeMa KOOPAMHAT B NPOCTPAHCTBE oONpeie-
JifieTcsl 3ajaHueM Macuitaba (oTpe3ka AJA M3MCPEHHS JJIHH) H TPex nepeceKaroiuxcs
B O/IHOH TOYKe B3aHMHO MepMeHIHKYJAPHbIX OCeHl, 3aHYMepOBaHHLIX B ONpefeJeHHOM
nopsaKe.

TouKa MepeceyeHHs oceil Ha3bIBAeTCs HAYaJoM KOOPIHMHAT, CAMH OCH — KOODH-
HaTHBIMH OCSIMH, ePBasi H3 HUX — OCbI0 aGCLHCC, BTOPasi — OCbI0 OPAHMHAT, TPETbA —
ocbio anmiukaT. O603HauHM HauaJo KoopauHat GYKBoH O; KOOPAHHATHLIE OCH 6yu,eM
0603HauaTh cooTBercTBeHHO 4epe3d Ox, Oy, Oz (puc. 1. 13)

ITyctb M — npousBoJibHasi TOYKa MPOCTPAHCTBA; NpOBeleM 4Hepe3 Hee TpPH
TUVIOCKOCTH, NepleHAHKYJ/IAPHbIe KOODJAHHATHBIM OCSIM, H TOY4KHM TepecedeHHsi C OCSMH

M;

M
bt Li.

\Q

Puc. 1.13

OUU3HAYHUM COOTBETCTBEHHO uepes M,, M,, M. [IpsaMoyrosbHbIMH [eKapTOBbIMH
KOOpJHHAaTaMH TOYKH M HasbiBalOTCs 4Hc/a, onpeaensieMble GopMyJiaMu

x=0M,, y=0M,, z=0M,,

rae OM,, OM,, OM, — BennuuHb HanpaBjeHHbIX oTpeskoB OM. OM,, OM. coor-
BETCTBYIOLMX KOOPAHHATHBIX oceil. Uncao x na3nipaercs nepBon KOODAHHATOH HWJIH
abcuuccoli, 4ucIo y——BTOPOH KOOPAMHATOH WM OPAHHATOM, UHMCIO 2 — TpeTbel
KOODAMHATOH MJH anNIHKaToi Touku M

Koopannarubie miaockoct Oxy, Oxz, Oyz penar Bce TOUKM TNPOCTPAHCTBA,
He TpHHAAJeXallHe 3THM TUIOCKOCTSIM, Ha BOCeMb yacTed, Ha3bIBAeMbIX OKTAHTaMH.
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Ta6awua 1.1

Oxkranr
Koopannata
1 3 30 v \ \A Vil VI
x + | - -+ ]+ =-1-1H+
y + |+ | = -]+ |+ =]~
z + 1+ 1+ 1+ =1 =11 -

Haunnast ¢ | okranTa, B KOTOPOM BCe KOODAHHATHI MOJIOXKHTENbHBI, MPOHyMepyeM
oktrantsl I, 11, 111, 1V Bepxnero nonynpoctpanctBa (z>> 0) NpOTHB 4acoBOH CTPEJKH
(ana nabJalopateiss CO CTOPOHBI NOJOXHTedbHOH ocH Oz). B HuxHeM mnoaynpo-
crpaHcTBe (2<C0) npoBeneM cooOTBeTCTBYyIOULYI0 HyMepauHio okrantros V, VI, VII, VIII
Tak, 4ytrobm V Haxomwica noa I, VI —mon II, VII — noa III, VIII — noa IV.
3HaKH KOOPAHHAT TOUeK B Pa3JiMuHbLIX OKTAHTaX MpuBefeHb B Tabu. 1.1.

OueBHHO, 3HAKH KOODAHHAT OJHO3HAYHO ONpEAENAIOT OKTAHT MNPOCTPAHCTBA.

1.13. Paccrosnne mexnay AByMsl TOUKaMH
B MPOCTPAHCTBE

Ecan M (xi, yr, 21), Mz(xo, Y2, 22) — ABe Jo6ble TOYKM NPOCTPAHCTBA,
TO PacCTOfHHe MeXJy HUMH omnpexensiercss GopMyJoi :

p(Mi, M2) = \J(x2—x0) 2+ (Y2—y1) 2+ (z22—21) . (1.26)

B yacTHoM ciiyuae, Koria Touka M, coBnanaer ¢ HauaJloM KOOPAHHAT (x| =y; =2z, =0),
To ¢popmyna (1.26) npuHuMaer BHA

p(0, Mo) = i+ 13 +72}. (1.27)

MMpumep 1.18. Bouxcautb paccrosHde Mexay Toukamd M,(l, —2,2)
u M2(3, —1, 4), a Takxe paccTosiHHe OT TOMYKH M: N0 Hauyaaa KOOpIHHAT.
ITo popmynam (1.26) u (1.27) cooTBeTCTBEHHO MoOJyuaeM

o P, M) = VE—DH (=1 (=2 + (4=2)" =3,
(0. M) = VB (—1)7+4" = V26 .

3ameuanue Popmyan (1.26) u (1.27) ynpowmaiorcsi, Koraa Touku My u M,
JieXaT B MJOCKOCTH, NapaiJeJbHOH OJHON H3 KOOPAKHATHLIX MJIOCKOCTEH, WIH B cCaMo#
3Toll naockoctH. B 3TOM cayuae monyuaeM dopmyant (1.9) u (1.10).

1.14. Unuaunapuyeckne u chepnyeckne KOOpAHHATHI

B naockoctu IT ¢ukcupyem Touky O H Hcxoasiutni U3 Hee Jayu OP
(puc. 1.14). UYepes Touky O npoBeleM MNpsiMylo, NeprneHAHKyAspHyio niaockoctd I,
H yKaXkeM Ha Heli MONOXHTeNbHOE HampaBsJieHHe; MOJyueHHYI0 OCh 0603HauuM Oz.
Bui6epeM Macwita6 pisi u3mepeHuss MiHH. [lycte M — mpoussoibHasg Todka 1po-
crpaHcTBa, N — ee npoekuusi Ha naockoctb I, M, — npoekuuns Ha ocb Oz. O603HauuM
yepes p U @ NOASIPHbIE KOOPAMHATH ToukH N B miaockoctd 11 uTHOCHTebHO Honioca O
H noJasipHo# ocy OP. LIuIHHAPHUECKHMH KOOPAHHATAMH TOUKH M Ha3niBalOTCA YHCNA
0, 9, 2, TAe p, ¢ — NOJNsAPHbE KOOPAHHATH ToukH N (p=0,0<{¢<2n), z=0M. —
BeJIHUMHA HanpasieHHoro orpeska OM. ocu Oz. 3anuch M(p. . z) o6o3Hauaer,
4To Touka M uMeeT LUMJIHHAPHUECKHE KOOPAHHATH p, ¢, 2. HauMeHoBaHHE «MHIMHIAPH-
4ecKHe KOODAHHATH» OODBACHSAETCA TeM, YTO KOOpAHHATHAR TMOBCPXHOCTHL p==const
(T. €. MHOXECTBO TOYEK, HMEIOIHX ORHY H Ty JKe MePBYI0 KOOPAHHATY p) HBAHETCH
UHAREAPOM (Ha puc. 1.14 oH M306pakeH LITPHXAMHU).
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Ecan Bol6paTh CHCTeMy NpPSIMOYrOJbHBIX JIeKapTOBbIX KOOPAMHAT TaK, KaK NMOKA-
3aHo Ha puc. 1.14, TO neKapTOBbl KOOPAHHATH X, Y, z TOYKH M GyAyT cBsi3aHml C ee
LHIHHAPHUECKHMH KOODAHHATaMH p, ¢, 2 HopMyaamu

X=pcos ¢, y=psing, z=2. (1.28)

Coepuueckne KOOpAHHATH BBOASNT CAELYIOWUM o6pa3om. Brifepem Macuitab
IUIsi M3MEPEHHs JUIKH OTpe3KoB, GPHKCcHpyeM miockocTh [T ¢ Toukoit O u moayocbio Ox,

z
//‘ ‘‘‘‘ ‘\\\
; z4
/ M \
4 ~
| 1 =T~
N 7 P / \ SO
[N P 7 / v, M\
I | /s N\
~—_—— -~ M !
: | / / \
| ' / J__d- /b \
: . P A | e
| 1 < | =~
| ! ) L -~
: ! 1\ ! ("] l/’ /‘ y
| \ ! 4 -1
! ! A \p ————— I ///
‘I P___‘( \ S~ ) NJ,// /
\ H y N\ AT 7
\ \ / /
N \ / s
\ / -
SeN -~
X ~2 -7
Puc. 1.15
ocb Oz, mepneHaHkyasiprylo miockocTH Il (puc. 1.15). Tlyete M -- npounssoabHas

TOuKa npoctpaHctBa (oTauyHas ot O), N — npoekuus ee Ha mjaockocts I, r —
paccTosinde TO4KH M [0 Hauaja KoopauHaT, 6 — yros, o6pasyemhlit orpeskom OM
¢ ocbio Oz, ¢ — yroa, Ha KOTOpPBIi HYXHO NOBepHYTb ocb Ox TNPOTHB 4acoBOi
CTpeKH (ecJH CMOTPeTb CO CTOPOHB NMOJIOXHTENbHOFO HanpasjieHHs ocH Oz), uTo6bl
OHa coBnana c Jyuom ON; 6 Ha3biBaercsi WHPOTOMH, ¢ — NOJTOTOH.

CdeprueckHMH KOOPAHHATaMH TOYKH M Ha3nBaloTcsi TpH ukcaa r, 0, ¢, onpene-
JenHble Bhille. Ecin Touka M uMeerT cdepHueckHe KOOpAHHATH! r, B, ¢, TO NHWYT
M(r, 0, ¢).

HaumeHnoBanue «cdepryeckHe KOOPAHHATHI» CBSA3AHO C TeM, YTO KOOPAHHATHAas
NOBEPXHOCTb r=const (T. e. MHOXeCTBO TOYeK, HMeIOLIHX OAHY H Ty Xe Koop-
AuHaTy r) sBasiercs cdepoit (Ha puc. 1.15 omHa u3 Takux cdep u3ob6paxkeHa
WITPHXAaMH) ; (DHKCHDOBAB Apyroe 3HaueHHe r, NOJYYHM Apyryio chepy.

Jasi Toro 4To6bi COOTBETCTBHE MEXAY TOYKAMH MNPOCTPAHCTBA W TPOHKaMH
cpepHUECKHX KOOpAHHAT r, 0, ¢ GbIO B3aHMHO OJHO3HAUYHBIM, O6GLIYHO CYHTAIOT, YTO
r, 0, ¢ H3MEHSIOTCA B CJeAyBIUHX rpaHHuax: 0<{r<< + oo, 0O, O<<p<<2n.
Ecau Bbi6paTb OCH NPSIMOYro/ibHOH A€KapTOBOH CHCTEMbI KOOPAMHAT TaK, KaK yKasaHo
Ha pHc. 1.15, To AeKapTOBbLI KOOPRHHATH X, Y, Z TOUKH M cBsiaHbl ¢ ee chepHUECKHMH
KOOpAHHaTaMHu r, 0, ¢ dopmysamu

x==rsin 0 cos ¢, y=r sin O sin ¢, 2=r cos O. (1.29)



F'masa 2

JIMHHH HA MJOCKOCTH

Anre6paunueckoii JuHuedl (KPHBOH) n-r0 TOpsiiKa Ha3blBAOT JIHHHIO,
onpefeJsieMylo ajfire6paHyecKHM ypaBHeHHeM rn-il CTeleHH OTHOCHTEIbHO JeKapTOBHIX
KoOpAHMHAT. JIMHHM mnepBoro nopsigka onpejensiorcss ypaBHeHueM Ax—+By+C=0
(A®4-B%5£0), a JnHHHM BTOpOro nopsaka — ypasHeuueMm Ax’>+ Bxy-+ Cy’+Dx+
+Ey+F=0 (A4 B*+C*+0).

Jluuuu nepBoro mnopsiaka — npsiMbie. K JHHHSAM BTOpPOro nopsaKa OTHOCATCSH
OKPYKHOCTb, 3JUIHIC, rHnep6oJa, napabona.

2.1. lpamas HA NJAOCKOCTH

[IpsaMyio JHHHIO HA NJIOCKOCTH OTHOCHTEJBHO CHUCTEMBI AEKAPTOBHIX MPSIMO-
YroJbHKIX KOOPAMHAT MOXHO 3alaTb pa3/jHuYHBIMH cnocoGamu. [IpsiMast 0AHO3H3uHO
onpenenasiercsi yrjoM, o6GpadyeMbiM el ¢ ocbio Ox, H BeJHYHHOH Hanpas/leHHOro
oTpe3Ka, oTcekaeMoro Ha oc# Oy, KOOpAHHATaMH ABYX TOUYeK H T. .

Pasanunnie BHAL ypaBHeHus npsiModi Ha naocKoct. [Ipsimas, napanienbHas
ocH Oy npsAMOYroJibHOH NeKapTOBOH CHCTeMbl KoopAnHaT (puc. 2.1), nepecekawouias
ocb Ox B Touke A (a, 0), uMeeT ypaBHeHuUe

x=a. 2.1)

YraoBbiM KO3((HUHEHTOM NMpPSIMOl HA3bBAIOT TAHIEHC yrja o HAKJIOHA ee K MOo-
JIOXKHTeNbHOH nodyocH Ox npsMOYroJibHOM AeKapTOBO# CHCTeMbl KOOPAHHAT

k=tga (0<a<<n).

YrioBo# Ko3bQUUHEHT MPSIMOH 4Yepe3 KOOPAHHATH €€ ABYX pa3/iHuYHbIX TOYEK
M (x1, y1), M2(xz2, y2) onpeneinsiercs dopmy.oi

y y
B
8
o
A -
0 X
0 X /
Puc. 2.1 Puc. 2.2



p= L9 (2.2)-

Xo—xy
YpaBHeHHe NPSAMO# C yrioBbIM KO3 HILHEHTOM HMeeT BHI
y=krx+b, (2.3)

rae k — yraoBoii kosdpduuuent, b= 0B — BesuuuHa HanpabJeHHoro otpeska OB,
orcekaeMoro Ha ocu Oy (puc. 2.2).

YpaBHenne npsaMo#, uUMelowled yriaoBoil Ko3®@HULHEHT k U NpoxXoAasiied uepes
HLaHHyo To4ky Mo (xo, Yo), 3anHChIBaeTCA TakK:

Y—Yyo=k(x—xo). (2.4)

YpaBHeHue npsMoii, Npoxoasiiell yepe3 ABe AaHHkIe TouKH M (xi, y1), Ma(x2, y2):

Yy—y xX—Xx

Yo—th Xa— X

(x5 x1, Ya%41). (2.5)

[TapamerpHueckne ypaBHeHHs NPsMOH, MpoxoAsllleil yepe3 3TH TOYKH:

x=x1+ (x2—x1)t, y=y1 + (Y2—y1) ¢, (2.6)

rae ¢ NpHHHMAaET BCe NeHCTBHTeNbHbIE 3HAYEHHA.
ypaBHeHHeM l'lpﬂMOl':l B OTpe3KaX Ha3blBalOT ypaBHeHHe

x/a+y/b=1, 2.7)

rie a=O0A, b=O0OB — BeJluuyHHH HanpaBJieHHHX OTPE3KOB, OTCEKAEMBbIX COOT-
BeTCTBeHHO Ha ocn Ox u ocu Oy.
O6uiHM ypaBHeHHeM NpPSAMOH Ha3bIBAIOT ypaBHeHde

Ax+By+C=0, (2.8)

B kotopom A u B ofHOBpeMeHHO B HyJb He obpamaiorcs, T. e. A2+ B%s£0.
[Tpumep 2.1. CocraBuTh NapameTpuuecKHe ypaBHeHHsI CTOPOH TpeyroJbHHKa,
BepIUHHBI KOTOPOro Haxoasrtcs B Toukax A(2,3), B(4,7), C(6,9).
CocTaBHM CHayajia ypaBHEeHHs MNpPAMBEIX, Ha KOTOpHIX Jexar cropoHsl AB, BC
u AC coorsercTBenHo. Mcnonb3ays ypasuenne (2.5), nmonysaem
y—3 x—2 y-—3 x—2 y—3  x—=2

7—-3  4—-2" 4 T 2 ' 2 1

7 x—4 y—=7 x—4 .
7%= g g Y=k

y—
9—

y—3 x—2 y—3 x—2 y—3  x—2

9-3 6—2' 6 4 ' 3 2

0O603HauuM GyKBOii ! paBHbIe OTHOLLUEHHs], MOJYYHM MapaMeTpHYecKHe ypaBHEHHS
3THX npaMbix: x=2-+4¢ y=3-+42¢ (AB); x=4+41t, y=7+4¢(BC);, x=2+424,
y=343¢ (AC).

BBens orpaHuueHuss Ha H3MeHeHHe napamerpa {, NOJYy4HM ypaBHEHHS COOT-
BETCTBYIOILHX CTOPOH TpeyronbHuka AB, BC, AC: x=2+4t, y=342{ (0 1);
x=441 y=7+1 (0<I<<); x=242¢, y=343t (0t ]).

[Tpumep 22 HaliTu BeaHYMHBI OTPE3KOB, OTCEKAeMbIX Ha OCAX KOOPAMHAT
NpsIMOH, 3aRaHHON ypaBHeHueM 7x—3y—21=0.

Pasnenns 310 ypaBHeHHe nouseHHo Ha 21, moayyum

x/3—y/7T—1=0, nau x/3+y/(—7)=1.

CpaBHKBas NoJyuyeHHOe ypaBHeHHe ¢ ypaBHeHHeM (2.7), 3akijioyaeM, uTo a=3,
b=—17.
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Yroa Mexay AByMst NPAMbHIMH. YCJIOBHS NapajieJbHOCTH H MEpPNneHAHKYAsnp-
HOCTH ABYX NpsiMbiX. TaHreHc yria Mexay AByMs npsiMbiMH (puc. 2.3)

y=kix+b\, y=kox+b; (2.9)
BhIYHCAsiETCH Mo dopmyae
ke h
tg ¢= EETN T (2.10)

Heo6xonumMoe M A0OCTAaTOYHOE YCJAOBHE MNapaJsiyleibHOCTH MPSsiMblX, 3aJaHHbLIX ypas-
HeHUsIMH Buaa (2.9), Bblpa)kaeTcsi paBeHCTBOM Kk =Ry, a YC/IOBHE€ HX ME€PNEeHIH-
KyJSIPHOCTH — PaBeHCTBOM

1

b= — - (2.11)
Ecau npsiMue 3ajiaHpt 0GILHMH ypaBHEHHSIMH
Ax+Biy+C =0, (2.12)
Asx+ Boy+ C2=0, (2.13)
TO TaHTEHC yrja MeXAy HHMH onpefensercs popmynon
tg o= %. (2-14)

Heo6xoaumMoe u [0CTaToOYHOe YCJOBHE MNapaiielbHOCTH MNPAMBIX, 3alaHHbIX
ypaBHeHusimu (2.12) un (2.13), BbipaxaeTcs paBeHCTBOM

Ai/Ay=B,/Bs, (2.15)
HITH
Ay =1A,, B =IBs, (2.16)

a ycJIOBHE HX IEPpneHAHKYNAAPHOCTH -— PABEHCTBOM
-—A|/B|=BQ/A2, HJIHA A|A2+B|B2=0. (217)

OtmeruM, uTo npsampe Ax+By+C=0, Bx—Ay+ C=0 nepnenauKyJsipHbl
B cuy ychosus (2.17).

[Tpumep 23. Halith yron Mexay nNpAMbIMH, 3aRaHHBIMH YPaBHEHHAMH
5x+3y+15=0, x+4y—7=0.

[TpumetineM dopmyay (2.14). Tak kak B AaHHOM cayuae A, =5, B =3, A,=1,
Bz=—_4, TO

5:-4—1.3

lge= 5733 — L e=%"

3ameuanue [Ilpu apyroit Hymepaunu
npsamux (A,=1, Bi=4, Ay=5, B,=3) noay-
yaeMm tg ¢’ = — 1, ¢’ =135°. OueBupno, ¢+ ¢'=
=180°.
[Mpumep 2.4. CocTaBuTb ypaBHeHHe Nps-
o Moil, npoxoasieii yepe3 Touky M(4, —5) u na-
pasjenbHoit npamoil 3x+44y-+ 12=0.
Hckomoe ypaBHeHue umeer Bua 3x+4y-+
oy xy +C=0, rae C noka ne onpeneseno. Bun ypas-

X (cuuTaem cooTBeTCTBYIOLLHE KO3 HUUEHTH paB-
HbiMH). UTto6bl HaiiTH 3HavyeHne C, HeOoGXOAHMO
Puc. 2.3 HOACTAaBUTL KOOPAMHATH TO4KH M B uckomoe

7 / / HeHust caeayeT u3 ycaosua (2.16) npu (=1
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ypaBHeHHe (TouKa M JIeXuT Ha mpsiMofi, NO3TOMY ee KOOPAHHATH HNOMXKHBHI YIOBJIeT-
BOPATb ypaBHeHHIO 9Toil npamoii). [ToacTaBass koopaAuHaTH x=4, y= —5 B ypaBHeHue
3x+4y+4 C=0, noayuaem 3-4+4.(—5)+C=0, otkyna C=8. Takum obpa3om,
ypaBHeHHe NPsAMOH HMeeT BHA 3x 44y 8=0.

MMpumep 25 Cocrasarb ypaBueHwe npsiMoi, npoxofsimeil depes TOUKY
M(—3, 2) u nepnenpukyasipuoit npsimofi 4x+5y—7=0.

Hckomoe ypaBHenne umeer BHA S5x—4y+ C=0. [eficTBHTelbHO, IS NPAMBIX
BHiNO/IHeHO ycaoBHe (2.17): 4-5+4-5-(—4) =0. Touka M (—3, 2) nexuT Ha npsiMoil
5x — 4y + C=0, nosToMy ee KOOpPAHHATH AOJKHbl YAOBJETBOPSTb 3TOMY ypaBHEHHIO:
5(—3) —4-2+4C=0. Orciona Haxoaum, uro C=23. Hrak, ypasHeHue mnpsMoil
NpUHHMaeT BHA Ox—4y+23=0. -

MMpumep 26. BepwHHW TpeyroibHHKa Haxoastcsi B Toukax A(3,4),
B(—2,1), C(—3, —5). CocraBuTb ypaBHeHHEe MPAMOM, Ha KOTOPOH JIEKHT BHICOTA,
onylleHHas W3 BepwHHKW B Ha cropony AC.

Hafinem cHayanaa yrioBot Ko3p¢uuUHEHT NpsiMOil, rNpoxodsilei uyepe3 TOYKH
A u C. Cuutasi Touky A nepBoii, Touky C BTOpPoR, T. €. nolaras x =3, Yy =4,
x9=—3, ys=—95, no ¢opmyse (2.2) nonyuaem k,=(—5—4)/(—3—3)=3/2.
Ipsimasi, Ba KOTOPOH JeXHT BHCOTa, ONylleHHas M3 Todkdk B Ha cropony AC,
6yleT nepneHAHKYJAsipHA NpsMO#, npoxoasiueil yepe3 toukn A u C. YraoBoit Ko3(-
¢HLHEHT 3TOA NpAMOA 0603HauUHM Yepe3 ky. Mcnonb3yn ycioBHe mepneHHKYJAsPHOCTH

JABYX NpsIMHIX, 3afanHoe ¢opmynod (2.11), HaxoauM ko= —1/ki, ko= —2/3.
CocTaBuM ypaBHeHHe NPAMOMH, npoxoAsuledl uyepes ToukKy B(—2,1) # HMelouled
3allaHHblft yry10Bof K03 PHUHEHT ko. [ToacraBass 3HaueHus Xo= —2, yo=1, k=—2/3

B ypaBHehHe (2.4), moayuyaem y—1=(—2/3) (x—(—2)), 3(y—1)+2(x+2)=0,
2x+3y+1=0. )

Paccrositie OT TOYKH KO MPAMOA. YpaBHeHHS GHCCEKTPHC YrioB MEXAY ABYMsA
npambiMu. Paccrosinne ot Toukn Mo (xo, Yo) A0 npamoit Ax+ By+ C=0 Bbuucasior
no gopmyse

|Axo+4 Byo+Cl|
VAT¥B?

YpaBHeHust GHCCEKTPHC YIJ0B MeXAY NpAMHMH A x+Biy+C,=0, Axx+ Boy -
+ C2=0 umeior BHL

d= (2.18)

Aix+Biy+C, —k Ax+Boy+C»

VAT+B] VA + B,

I[Tpumep 2.7. Haiith paccrosiiie oT Toukn Mo(—7, 4) Ao npsiMoil, 3afaHHQ#
ypaBHeHHeM 4x —3y—15=0.

Bocnonbayemcs popmynoit (2.18). Tak Kak B AaHHOM Ciiydae xo= —7, yo=4,
A=4, B=—-3, C=—1510

(2.19)

_ 14:(=7)—3-4—15|
Ny

I[Tpumep 28. Ilau rpeyronbHuk ¢ Bepwunamu P(2, —1), Q(6, —4), R(10, 3).
Hafity panuy BbICOTHI, ONyuleHHOM U3 TOYKH R.

3anaua CBOAMTCH K BLIYHCJEHHIO DPacCTOSiHMSI OT TOYKH R 1o npsmoi PQ.
3anuwem ypaBHeHne 3Toii npsMoii. Ha ocHoBanun ypaBHenus (2.5) umeem

1 —2
—_y—;:_—l = %j unH 3x+4y—2=0. Paccrosiune touku R (10,3) nmo stoit npsa-
MOH BBIUHCIHM N0 dopmyse (2.18)

[3-104-4-3—2]
V347
CJIe}IOBaTEJIbHO, JAJHHA BBICOTHI paBHa 8.

3ameuanue 3Ty 3alauy MOXKHO PelluTb H APYTHMK cnoco6amu. Hanpumep,
ILJIHHY HCKOMOH BbICOTBI MOXKHO BBIYMCJMTb, 3Had MJOUlaAb TpeyrojbHHKa PQR

d =11.

d= =8.
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H JJIHHY OCHOBaHHsi PQ. DTa Xe JJ¥Ha paBHA PacCTOSTHHIO MeXAy ABYMS TOUKAaMu
R 1 M (M — ocHoBaHHe BBICOTHI, ONylIeHHON M3 TouKH R Ha PQ). B cBoio ouepenn
KOOPJLHHATbl TOUKH M HaxoAsiTCA B pe3ysbTaTe PEIIEHHsSI CHCTEeMbl YPaBHeHHil CTOPOHBI
PQ wu BoicOTHI RM.

[Tpumep 29. CocraBuTb ypaBHeHHsi GHCCEKTPHC YIJIOB, 06pa3OBaHHBIX Npf-
MbIMH 3x—4y—7=0, 8x+6y—1=0.

B cooreercrBun ¢ dopmydoit (2.19) nonyuaem

3x—4y—7 8x+6y—1
VI (—4) V& +6”
[MpeoGpasys 3Tu ypaBHEHHs, HaXOLUM
Sr—dy—T L 8OVl g ay—7) = & (Bxt6y—1).

5 10

Orciona mosnyuaem ypaBHeHHsi GHccektpHe 2x+414y+413=0, 14x—2y—15=0.

3apauu, orHocsiHecs K npAMbiM. PaccMOTpHM npHMepbl pelueHHs 3ajnau, B
YC/IOBHSIX KOTOPbIX [aHbl YDABHEHHS MpPSIMBIX.

[Tpumep 2.10. [LaHbl ypaBHeHHS NBYX CTOPOH napaJuenorpamma x4 2y +2=0
U x+y—4=0 u ypaBHeHHe onHOH u3 auaronaneii x—2=0. Haiith koopauHarbl
BepIUHH NapaJjuiesorpamma.

Pewas cucremy ypaBHewu#i x+42y+2=0, x+y—4=0, HaxXomHM TOYKY
A(10, —6) — onHy ©3 BepuWIHH mapaJJsesnorpamma. [[Be gpyrue BepuIHHbI HalgeM
KaK TOYKH FfepeceyeHHss [NaHHOH JHaroHajH CO CTOPOHAMH, T.e. ONpeaeNHM HX
KOOpJAHHATHl H3 cHcTeM ypaBHeHHH x+2y+2=0, x—2=0; x+y—4=0, x—2=0.
3rto 6ynyr Toukd B(2, 2) u D(2, —2). CepeavHa pauaroHann BD mnaxogurtcs
B Touke S(2, 0). Tak kak AHaroHaau mnapajjenrorpaMMa B TOUKE TepeceyeHHsi
NeJAITCsl momoJiaM, TO uerBeprast BepuinHa C(x, y) MoxeT GhLITb HalileHa KaK KOHell
orpe3ka AC no H3BecTHOMY KOHLY A i cepenune S: (x+10)/2=2, (y+ (—6))/2=0.
Orciona nonysaem x= —6, y=6, 1.e. Touky C(—6, 6) — yerBepTyl0O BepuUIHHY
napasajejsorpamma ABCD.

[Tpumep 2.11. CocraBHTb ypaBHEHHe JIHHHH, pPaCCTOSIHHE Ka)KIOH TOUKH
Koropoit 10 ToukH A (2, 0) OTHOCHTCH K €e PacCTORHHIO 10 npsiMoit Sx+ 8=10 kak 5:4.

IMycts M(x, y) — npou3BoAbHAs TOYKA NAHHOH JIHHHH, N — OCHOBaHHE NeprneH-
IHKYJsipa, npoBeleHHOro uepes TOukKy M k npsmo#i Sx+48=0, wan x= —8/5.
Paccrosnuss Touku M go Touku A 4 go npsimoii x= —8/5 onpenensioTcst cooTBeT-

crBenno dopmynamu |MA| = (x—2)>+y%, IMN| =|x— (—8/5)| =|x+8/5| (no-
cneqHee paBeHCTBO chaeayer Takxke H3 cdopmyant (2.18)). [lo ycnoswio 3apaun

V(x—2)2 4% |x+8/51 =5:4, orkyaa 4 (x—2)°4y>=5|x+8/5}. [TpeoGpasyem
3TO ypaBHEHHE:

16(x2—4x+4+1?) =25(x2+ (16/5)x+64/25),
16x2— 64x 464+ 16y% = 25x> + 80x +64, 9x?— 1642+ 144x=0.
BbIIIEJlHM [MOJIHbI€ KBaApaThl B JIeBOil yacTH MOJYYE€HHOrO0 ypaBHEHHS:
9(x24 16x+64) —16y>—9.64=0, 9(x—+8)2—16y>=9-64.

[Mocnennee ypasHenue npumer Bua 9X°—16Y*=9.64, unu X?/64 — Y?/36=1, ecau
nepeiTH K HOBBIM KOOpAHHaTaM X=x-+48, Y=y.

[MonyuenHoe ypaBHeHHe ompenensier runep6ojy c noayocsiMu a=38, b=6 (cm.
ypaBHeHue (2.25)).

2.2. OxpyxHOCTD

KaHoHHueckdM ypaBHeHHeM OKPYXHOCTH paguyca R ¢ LEHTPOM B TOYKe
C(a, b) Ha3bBAOT ypaBHeHHe

(x—a)’+ (y—b)’ =R (2.20)
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Koraa UeHTp OKDYXHOCTH HAXONHTCS B Hauale KOOP/JHMHAT, ypaBHEHHe NPHHH-
maer sun x24y?=R"%

Ecan ypaBHenHe BTOPOH CTeNeHH, He CONEPXKALlee WIeHd ¢ UPOH3BELEHHEM
KOODAHHAT H HMelolllee paBHble Kosdouunents: npu x° H y°, T.e. ypaBHeHHe
Ax? 4+ Ay*+ Dx+Ey+ F=0, onpenensieT HEKOTOPYI JHHHIO, TO 3Ta JHHHA —
OKPYHOCTb.

Mpumep 2.12. HaliTh KOOpAMHATHl LEHTPA W PaLHyC OKPYKHOCTH, Ompe-
pensiemolt ypasHenneM 4x” 4 4y* —8x+ 12y —3=0. i

Pasjeans o6e yacTH ypaBHeHHS Ha 4 M BbiAeJHB MOJHble KBAApaThl, MOJYYHM

3 9
2 . 2 -l - — — = —_— =
(x*—2x+1)4+ y+2-—-2 y+ i 1 7 3 0,

win (x—1)24 (y+4-3/2)2=4.

CpaBHHBasi MOJy4eHHOE ypaBHeHHe c ypaBHeHHem (2.20), 3axkmouaeM, 4TO
a=1, b=—-3/2, R=2.

MMpumep 213. Kaxkoe MHOXECTBO TOUEK MJOCKOCTH ONpeje/ser ypaBHEHHE
24 yP—dx+ 10y +29=0? \ \

Tak kak 3TO ypaBHeHHe CBOAWTCH K ypaBHeHHw (x—2)°+ (y+5)°=0, xoro-
POMY YAOBJIETBOPSIOT JIMIIb KOOPAHHATH X=2, y= —235, TO OHO ONpeneasieT eNHH-

cTBeHHyl0 Touky C(2, —5).

2.3. Aaaunc

SJNHIICOM Ha3biBaloT r€OMEeTPHYECKOE€ MECTO TOYEK MJOCKOCTH, AJA KarKIOH

H3 KOTOPbIX CyMMa PacCTOSIHHH [0 ABYX NaHHbIX Touek (¢OKYCOB) TOi e IJIOCKOCTH
€CTb MOCTOSIHHAS BE&JHYMHA.
KanonHyeckoe ypaBHeHHe 3Jjuunca

xa + ¥/ =1, (2.21)
rie a=0A — Gonbinas, b= 0B — manas noayocu (puc. 2.4).
Koopaunatsl ¢okycoB 3jaunca, onpejeinsieMoro ypasHenueM (2.21): x;= —c,
Y1=0; x2=c, Yya=0, T. €. F](—C, 0), FQ(C, 0), rae
c=a*—p? (2.22)

OKCLUEHTPHCHTETOM 3JJIHNCA & HAa3bIBAIOT OTHOLIEHHE (POKYCHOTO paccTOSHHS
2¢ K A/dHe 6OJblUOH OcH 2a:

e=c/a, e=+1—(b/a). (2.23)

DoKaNbHBIMH pajHycaMH TOYKH M 3jiHnca HasbiBaiOTC OTPE3KH MNPSMBIX,
COEUHAUIMX 3Ty TOouKy ¢ dokycamu Fi u Fo. UX QJIMHBL r| ¥ 7> MOXKXHO BBIYHCJHTD
no ¢opmynam

ry=a-zex, ro=—a—ex. (2.24)

HupexrpucamMu sanunca (2.21) HaswBawoT
npsiMble, onpejiesisieMble yPABHEHHSIMH X = —a /¢, y
x=afe.

Tpumep 2.14. Kakyio JuHHIO onpenensier 8
ypaBHeHHe 3x%4 4y =127

Paspeanm 310 ypaBHeHHe NousieHHo Ha 12: ©
x*/4+4y*/3=1. CpaBHuBas noJyd4eHHoe ypas- £ ks
HeHHe ¢ ypaBHeHueM (2.21), 3aK/0uaeM, 4TO OHO ! 2 _\A
onpesesieT IUIC C NOJIYOCIMH a=2, b= ~/3. 0 a X

Haiinem dokycsl aToro annunca. M3 popmyint
(2.22) caenyer, uto ¢?=a’—b% nockonbKy B
LaHHOM cayyae a’=4, b'=3, ?’=4—-3=I,
c=1. CiaenoBareibHo, (POKYCHl 3JJIHICA HAXO-
asTca B Toukax Fi(—1,0), Fa(1,0). Puc. 2.4
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[Tpumep 2.15. B npamMoyro/bHo# -1eKapTOBOH CHCTEME KOOPLHHAT MOCTPOHTD
JIHHHIO, ONpeleNsieMyio ypaBHeHHeM y= ( —2/3)/9 — 7.
IMpeo6pasyem 3TO ypaBHeHHe, BO3BOAS B KBaJApaT oGe €ro YacTH:
2 2 2 2
y2=_i_(9_x2) ¥y _ 98— X4+ Y
9 T4 9 ' 9 4
[TocnenHee ypasHeHde ompeiensieT 3Jaunc ¢ noayocamu a==3, b=2. Ecau pewurp
3TO ypaBHEHHE OTHOCHTEJIBHO Y, MOJYYHM
e 2

2
= = 9= - = N
Yy 3\ x5,y 3 9 —x°.

B ycnoBus 3ajaun gaHo BTOpoe #3 3THX ypaBHeHui. OHO onpenensier He Bechb
3JUIMIC, a TOJMBKO Ty €ro 4acTh, AJs TOYeK KOTOpo# y<{0, T.e. MOJIOBHHY 3JIHMCA,

pacnoJioXeHHy1o HHxe ocu Ox.
ITpumep 2.16. 3anucarb KaHOHHYECKOe ypaBHEHHe 3JIHIICA, NMPOXOASILEro

yepea Toukn M (3, 2), N(3+/3/2, /2).
KaHonHuecKoe ypaBHenHe 3jannca umeer Bui x’/a’+4y?/b?=1. Tak Kak TOUKH
M u N nexar Ha 3jiMNCe, TO HX KOODAMHATHI YHOBJETBOPAIOT YPABHEHHIO 3JUIMMICA:

g 2 (V3/2) | (2)*

FreE=h Tty =k
9 4
— +

a0t

27 2
=1, =2 4+ = 1.
2(1"’-+~ b?

Pewas nofyuennyi CHCTEMY ypaBHeHHil, HaxoauM, uto a’=18, b?=8.
Takum 06pa3oM, NOJY4EHO KAHOHHYECKOE ypaBHenHe saiunca x’/18-4-y?/8=1.

2.4. 'mnepGona

. I'nnepGonoi HasbiBaeTcsi reoMeTPHYECKOE MECTO TOYEK ILIOCKOCTH, MIA
KaXKIoOH M3 KOTUPHIX MOAYJb Pa3HOCTH PacCTusiHHi A0 ABYX AaHHbLIX TOYEK ((HhOKYyCOB)
TOH K€ MJOCKOCTH €CcTh B&JIHYHHA TMOCTOSIHHASA,

Kauonnyeckoe ypaBHeHHe rHnep6obl

x*fa’ —y?/b* =1, (2.25)
rae a=0A — pefictBurenbHas, b= 0B — muumasi noayocu (puc. 2.5).
Koopauuare ¢okyco runepbosinl (2.25): x1=—c, y1=0, x2=c, yo=0, T.e.

Fi(—c¢, 0), Fa(c, 0), rae

c=q/a"+b". (2.26)

DKCLeHTpUCHTeTOM runep6oJbl (2.25) Hasbl-
BaeTCsl OTHOWeHHe (OKYCHOTO paccTosiHus 2c
K MJIHHe JeHCTBHTeJNbHON ocH 2a:

e=c/a. (2.27)

AcuMnToTamu runep6osibl Ha3bIBAIOT npsaMble,
onpeie/isieMble ypaBHEHHAMH

b
y=-—7*% y=——nx (2.28)

JlnpeKTpucamMu runep6oibl Ha3bBaIOTCH Nps-
Mble, onpejeJisieMbie ypaBHEHHAMH

Puc. 2.5 = —afe, x=a/e. (2.29)
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I'unep6ona ¢ pasHbIMH nosyocsimu (b=a) HasbiBaercst paBHOCTOPOHHEH, ee
KaHOHMYECKOe yPaBHEHHE MMeeT BH],

P—y’=d. (2.30)
doxkasbHble paanycbl TOUKH NPaBoOH BeTBH FHNep6obl BHIYUHCAAIOTCS N0 hopMyiam
ry=gx+4a, rp=¢x—a, (2.31)

¢oKaNbHble paJHycH TOYKH JIeBOM BeTBH — MO ¢ opMyJam
ri=—ex—a, ry=—e¢ex-+a. (2.32)

Mpumep 2.17. Kakyio nuuuio onpenensier ypasHenne 9x>— 4y’>=36?

Paspgenns obe yactH ypasHerus Ha 36, noayuum x°/4 —y°/9=1. Cpasnusas
3TO ypaBHeHHe ¢ ypaBHeHHeM (2.25), 3aK/ioyaeMm, YTO OHO ONpEeNeJAeT rHnep6oay c
LeHCTBHTEIbHOR MONYOChl0 a=2 H MHHMOH noayocbio b =3. :

MMpumep 2.18. Haiitn MoayocH, KOOpAHHATHI (POKYCOB H 3KCUEHTPHCHTET
runepbosibl, 3asaHHON ypaBHenkeMm 5x —4y?=20. BelyHCANTD NJHHB (POKANBHBIX
paanycos Toukn M(—4, /15).

PasgennB o6e uacTi ypaBuenus na 20, noayumm x°/4—y’/5=1. Cpasuupas
3TO ypaBHeHse c ypasHenneMm (2.25), sakaiouaem, uto a’=4, b?=5, 1.e. a=2,

=+/5. U3 dopmyasl (2.26) caenyer, uto c¢’=a’+b% ¢*=9, c=3, Fi(—3, 0),
F3(3, 0). TTo ¢opmyne (2.27) uaxomum e=c/a=3/2. [TockonbKy Touka M Jexur
Ha JIeBOH BETBH runepGoJibl, TO NPH BLIUHCJIEHHH fi M r HEOGXOLMMO MOJb30BATHCH
dbopmynamu (2.32) r.=(—3/2)(—4)—2 4, ro=(—3/2)(—4) +2=8. Ormerum,
yro ry—ri=8—4=4=2a.

ﬂpnmep 2.19. 3anucatb ypaBHEHHSI aCHMATOT H JHPEKTPHUC THNEPOOJbI
4x% — 9y’ =36.

I'lpmsonn ypaBHeHHe runep6oJbl K KaHOHHYeckoMy BHAY (2.25), 3axaiouaem,
uro a’=9, b’=4, 1.e. a=3, b=2. B coorerctBuu c (2.28) 3anHchiBaeM ypaBHeHHs
acumntor y=(2/3)x, y= —(2/3)x. Mo ¢opmyae (2.26) naxoaum c¢=+9+4=
=13, a no popmyne (2.27) — skcuentpucurer e =-/13/3. Cornacuo (2.29), no-
JiyyaeM YPaBHEHHsl RHPeKTpHC x= —9/ 13, x=Y/vyI3.

2.5. Mapa6ona

[TapaGonoit Ha3biBaeTcss reoMeTpHYECKOE MECTO TOYeK MJIOCKOCTH, PaBHO-
yAaJeHHbIX OT JaHHOR TO4YKH ((OKyca) H AaHHOH NMPAMOH (AHPEKTPHCHI), JeXKAalUHX
B 10# e MJIOCKOCTH.

YpaBneHue napa6oJibl, CHMMETPHYHOM OTHOCHTENbHO ocH Ox H npoxonsiei
yepe3 Hayaso KoopauHat (puc. 2.6), vMmeer BHI

y*=2px, (2.33)
ypaBHEHHe ee QHPEeKTPHUCHI
x=—p/2. (2.34)

[Tapa6ona, onpenensiemast ypasuenneM (2.33), umeer dokyc F(p/2, 0), ¢o-
KaJbHbIH pagnyc ee ToukH M(x, y) Bbluucasiercss no dopmymae

ITapa6ona, cuMMeTpHuHasi OTHOCHTENbHO ocd Oy M Tpoxonsulas uyepe3 Hawajo
KoopaHHaT (puc. 2.7), onpenessiercsi ypaBHEHHeM

¥=2qy. (2.36)
¢dokyc 3Tofl napaGoabl - HaxoauTcAd B Touke F (0, ¢g/2), ypaBHenHe ee AUPEKTPHCHI
umeer BHA y= —q/2. Pokanbublii paguyc ee Toukn M(x, y) sbipakaercsi popmyJioi
r=y-+q/2.
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3ameuanne Kaxpmoe u3 ypaBHenuit y?= —2px, x’= —2¢gy onpenensier
napaéo.ny
[Z)H mep 2.20. Haiitw koopauHaThl (OKyca W ypaBHEHHE LHPEKTPHCHI Mnapa-
Gonbl y*==8x. Boruucautsb paccrosiiie TOUKH M(2, 4) no dokyca.
CpaBHuBasi ypaBHeHue y>=8x c ypaBHeHHeM (2.33), HaxoauM, uro 2p =S8,
otkyna p=4, p/2=2. B coorserctBun c ¢opmyaoit (2.34) nonsyuaeM ypaBHeHHe

y
y
0 x
0 X
Puc. 2.6 Puc. 2.7
x= —2 jupeKTpuch napaboJbl, ¢okKyc mnapaGonbl HaxoauTcsi B Touke F (2, 0).

Touka M(2, 4) JIOKHT Ha mnapabose, Tak Kak ee KOODAHHAThl YAOBJETBOPSIOT
)ﬁaaueﬂnm y*=8x. Tlo ¢opmyne (2.35) Haxonum (OKaJIbHHA pAZHYC TOUKH
r_2—+— =4.
gn mep 2.21. Haiitu Koopannatol ¢OKyca H ypaBHEeHHe LHPEKTPHCHI mapa-
Gonbl x°=4y. Beluucautb paccrosinde Toukd M(6, 9) ao dokyca.

CpaBuuBasi ypasHeHHe x’=4y c ypaBHenuem (2.36), monyyaem 2¢=4, oTkyaa
g=2, q/2=1. CnepoBarenbHo, ¢okyc napa6osbl Haxoaurcs B Touke F (0, 1),
ypaBHEeHHe IHMPEKTpHCHl HMeeT BHI y= —1, a ¢doKaabHBIH paguyc ToukH M:r=
=9+4+1=10.

IMMpumep 2.22. CocTaBHTb ypaBHeHHe napa6osibl, CHMMETPHYHONX OTHOCHTEJIBHO
ocu Ox ¥ npoxoxsiueil yepes Toukn M (5, 4), N(15, —6).

Tak kak napaGona CHMMeTDHUHA OTHOCHTeNbHO ocH Ox, TO B ee ypaBHeHHe
Y, BXOLHT TOJBKO BO BTOPOH CTeNeHH. YpaBHeHHe 3TOH napabojbl HMeeT BHI
y?=2px-+c, Toe p M ¢ — HEKOTOpble NOCTOsIHHble. HaifineM p H ¢, HCNONb3OBaB
ycioBusl 3afnayH. [lockonbky touku M u N Jaexar Ha napa6oue, TO HX KOODAHHATHi
AOMKHBEl  YIOBNETBOPSATh €€ ypaBHEHHIO 4°=2p.54c¢c, (—6)2=2p-15+c. Hs
ypaBHenu#t 16=10p +c, 36 =30p+ ¢ nHaxomum p=1, c=6.

TakuM o6pas3om, JaHHas napaGoja onpenensieTc ypaBHeHHeM y°=2x+6.

2.6. MoasipHoe ypaBHeHHE 3JMICA,
runep6obl, napa6obi

Ilycrb y — ayra snnunca, runep6osbl HAH napaGoanl (pac. 2.8). [IpoBenem
uepes ¢(okyc F mpsAMylo, MepHneHAMKYJNSPHYIO AHPeKTpHce A, TOUKY HX MepeceyeHHs
0603HauuM yepes A, npoekuxio ToukH M Ha 3Ty npsimyio — 6yksoii N. B rtouke F
npoBejeM MeprneHAHKyasip K npsamo#i AN (ocH JuHHH y), 0603HaudM G6ykBoH P
TOYKY ee NepeceueHHsi ¢ Ayroil y, a AAHHY orpeska FP — GykBo#t p, T.e. |FP| =
1 Ha3oBeM ee (OKaJbHLIM MapaMeTPOM JHHHH Y.

IMycre p W @ — noasipHble KOOpAMHATHl TOYKH M B CHcTeme KOOpPAHHAT ¢
NoJIOCOM B TOYKe F M moasipHo#i ocbio FN, Torpa
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_ p
P= T ccos g (2:37)

YpaBuenue (2.37) HasbiBaercss MOJSAPHBIM YPaBHEHHEM 3JUIHIICA, runepGosl,
napa6osibl (3T0 ypaBHeHHe ONpejessieT OQHY H3 ABYX BeTBedl runep6oabi).

OTMmerdM, 4TO A4s1 napafoabl ¢GoOKajibHBIA MapaMerp coBnajgaer ¢ MapaMeTpoM
p, BXOAAUIMM B ypaBHeHue (2.33), ana 3aiMnca H runep-
6o/ibl, 3aJ@HHLIX COOTBETCTBEHHO YpaBHeHHAMu (2.21) u
(2.25), on BhIpaxaercs dopMy.oit

p=b*a. (2.38)
MMpumep 2.23. Kakyo nHHHIO oNpelensier ypaBHeHuwe B
1 :

= ——————— B NOJSPHbBIX KOOpAUHATAX?
P= 5 "3 cos (o) P PA
Pa3pgenum Ha 5 uucautenb M 3HaMeHarelb NpaBoil 4acTH
YPaBHEHHSA:
_ 16/5
P 1—(3/5) cos ¢ *

CpaBHHBasi NOJY4eHHOE ypaBHEHHE C ypaBHeHHeM (2.37)
M yuutbiBas ¢opmyay (2.38), nomyuaem p=b?/a=16/5,
e=c/a=23/5, orkyaa a=>5, b=4, ¢=3. Ilockonbky 0<<
<{e<{l, TO 1aHHOe ypaBHeHHe ONpEAENsieT SIHNC ¢ MOJy-
ocaMH a=5, b=4.

ITp uxgep 2.24. Kakyo JHHHIO ONpefeJsieT ypaBHEHHe

Puc. 2.8

= —————— B [OJNAPHBIX KOOPJHMHATAX?
4—5cos ¢ p pA

Pa3nenHB uuCJHTeNb H 3HaMeHaTe/lb MPaABOH YacTH Ha 4, NpUBeLEM 3TO ypaBHe-
HHe K BHAY (2.37):

_ 9/4
P T (5/4)cos g

CrnenoBarenbHo, p=>b*/a=9/4, e=c/a=5/4>> 1. Jlannoe ypaBHeHue omnpeaejser
runep6osy ¢ noJayociMu a=4, b=3.

2.7. Hekoropble apyrue BHAbl YpaBHEHHil
JHUHHH BTOpPOro nopsiaka

YpaBseHHe y=ax +bx+c npuBoauTes K BURY X*=2gY u onpegensier
napa6oJyiy ¢ ochlo, napan.ne.nbﬂou ocu OY.
Ypasuenne x= Ay’ +By+C npuBoAMTCA K BHRY Y2=2pX u ompenensier napa-
Goay ¢ ocblo, mapajnenbHolt ocH O\X.
PaBHocTopoHHAIs runep6osia umeer ypaBHenue (2.30), a B cucTemMe KOOpAHMHAT,
OCSIMH KOTOPO#H fBJIAIOTCS €€ aCHMINTOTHI, ONpeAe/siercl ypaBHEHHEM

XY=C(C+0). (2.39)

YpaBHeHHe
a;c—|-b
cx4d

(ad —bc=+0, c+£0)
NpUBOAUTCA K BHAY (2.39) W ompegenser runepdo.n
[Mapamerpuyeckde ypaBHeHus aanunca x’/a’ —+—y2/b2—1 MMEIOT BHI
» x=acost, y=bsint.
IMapamerpuueckie ypaBHenus runep6oan x2/a?—y?/b*=1:
x=a(t+(1/48)), y=0b(t—(1/4))
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a Takxe
x=acht, y=bsht,

rae ch ¢, sh{— runep6onnyeckne dyHKuHH aprymenta ¢ (cM. m. 13.11).
IMapamerpuueckve ypaBHeHHs napabonbl x°=2qy MOXKHO 3aNHCAThb TaK:

x=t, y=t*/2q.
YpaBHnenue
P =2x+ (2—1)x? (2.40)

onpeneasier sanunc mpn 0<<e<<1, runep6ony npu e> 1, mapaGoay npu e=1.
B cayuae 0<<e<C1 310 ypaBHeHHe NPHHHMAET BHL

Y =2px—qx’,

rae p=>b’/a, g=06%/a’ a B cayuae e> | y*=2px+4qx% rie p U g UMEIOT Te xe
BbIpaXKEHHSA.

YpaBuenne (2.40) HasbBalOT YpaBHEHHEM 3JIHNca, runepboanl, napaboibl,
OTHECEHHBIX. K BeplLIHHe;, Hayaj0 [EeKapTOBOH MNPSAMOYroJbHOH CHCTEMbl KOOpIHHAT
HaXOJHTCHA B BEPIIHHE JIHHHH — TOUKE ee nepeceyeH sl ¢ KOOpAHHATHOH ocbio (pHc. 2.9).

Aaaunc, ranep6ony, napaGosy HasbiBalOT KOHHYECKHMH ceyeHHAMH. B ceueuun
KOHyCa MJIOCKOCTbHIO, He npoxoisitiell yepe3 ero sepwHHy (puc. 2.10), noayuatorcs
3TH JIMHHH, @ HMEHHO JUIHIC (CeYeHHe ONHOi MOJIOCTH KOHYCa MJIOCKOCThIO, He MeprneH-
IHKYJSDHOH €ro OCH H He napasjenbHol ofpasywoiefl), mapaGona (ceyeHue mioc-
KOCTbIO, TapaJjJieJbHOH ero obpasyiolleli), runepbona (ceyeHHe MJIOCKOCTbIO OGeHX
noJjocTefi KOHyca).

Mpumep 225 TlocTPOHTb JNHMHHIO, ONpeAENsieMylO ypaBHEeHHeM 3y ==x*’—
—6x+15.

lpeo6pasys 310 ypaBHeuue, mnoayyaem y=(1/3)((x*—6x+9)+6), y=
=(1/3) (x—38)°+2, y—2=(1/3) (x—3)".

IMepefinem k HOBbIM KOOpAuHATaM No ¢opmyaam X=x—3, Y=y—2. B HOBbIX
KOODAHHATAX ypaBHeHHe npuHuMaer Bua Y= (1/3)X% unu X?=3Y; oo onpenensier
napa6ony. CTpoHM cHcTeMbl KOOpAHHAT Oxy u O XY, mociegHiolo ¢ Hayamiom B
touke O, (3, 2), u camy napa6ony — B HOBOH CHCTEMe KOODAHHAT NO ee KAHOHHUECKOMY
ypaBHeHH!o (puc. 2.11).
2x+12

ITpumep 2.26. [TocTpoHTb JIHHHIO, OMpejesieMYi0 yYpaBHEHHEM Y= ~F3
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TpeoGpa3yem nauuoe ypasHenue: y(x+3) —2x—12=0, y(x+3) —2x—6—6=
=0, y(x+3)—2(x+3)—6=0, (x+3)(y—2)=6.

Tepexoasi K HOBbIM KoopanHaTaM no ¢opmyram X =x+3, Y=y —2, noayyaem
ypasuenue XY =~6, onpenenstouiee runep6oay. CTPOHM JIMHHIO B CHC12M€ KOOpAHHAT
O XY (puc. 2.12), Hayano KoTtopol Haxoaurcst B Touke O\ (—3, 2).

y Y
Y Yy

5 0, k

\ 1 X

3

1 o X UR

0 3 X

Puc. 2.11 Puc. 2.12

Mpumep 227. Kakyio AuHWIO Onpeneisier ypaBHenue xy-+x—2y—14=0?

[Tpeo6pasyem 310 ypaBHeHHe: (xy—+x)— (2y+2)—12=0, x(y+1)—2(y+
+1)—12=0, (y+1)(x—2)—12=0, (x—2)(y+1)=12. :

[lepexoast Kk HOBbBIM KoopaHHaTaM mo ¢popmyiam X=x—2, Y=y 1, nonyuaem
ypaBHeHne XY =12, koropoe onpegmensier runep6oay.

2.8. ¥npouleHne ypaBHeHHsl BTOPOH CTENEHH,
He COAEpIKALLEero YjeHa ¢ NPOH3BEAEHHEM KOODIMHAT

PaccmorpHM YpaBHeHHe BTOpOﬁ CTE€MEHH OTHOCHTENbHO MNPSAMOYTOJbHbBIX
AE€KapTOBbIX KOOPAHHAT, HE coAepiKaliee 4ieHa C NPpOU3BEAECHHEM XY:

A4+ Cy*+ Dx+ Ey+ F=0. (2.41)

[Tepeiinem k HoBO# cucreme koopaHHaT O XY, mosyyeHHOH H3 HCXOLHOH MyTeM
napaagaeiabHoro nepeHoca (cM. puc. 1.10) Hayana B Touky O, (a,bd), npH KoTOpPOM
cTapble KOOpAHHaThl (x,Yy) Todykd M BbIpa)kaiorcsi uyepe3 ee HOBble KOOPAHHAThI
(X.Y) dopmynamn (1.22).

YpasHenue (2.41) nyrem BulJeneHHsl MOJHBIX KBAajpaTOB MOXeT OblTb MpHBe-
JleHO K OJHOMY H3 CJelYIOLHX KAHOHHYECKHX YPaBHEHHi:

X+ Vb7 =1, (2.42)
X2/a*+ Y /b*=0, (2.43)
Xja® 4+ Yb*= —1 (2.44)
B cayyae AC> 0 (MHHAHM NJHITHYECKOrO THNA),

X ja®?—Ybi =1, —X/a* 4V /b =1, (2.45)
X3/a®—Y?/b?=0 (2.46)

8 cayyae AC <0 (nuHHH runep6ONHUECKOrO THAA);
Y?=2pX, (2.47)
Y?=5? (2.48)
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Y?=0, (2.49)
Y?= — b2 (2.50)

B cnyuae AC=0, A=0 (aMHHH napaGoONHYECKOTO THMa).
Ecan C=0, A0, 1o ypaBHenue (2.41) npuBoaurcst Kk Buay X?=2qY, ecin
E=0, n kK onHoMy u3 ypaBHenuit X’=q’, X?’= —a® X?=0, korna E=0.
Ypasuenue (2.42) onpepensier sanunc, ypasuenust (2.45) — runep6osbl (c
nedictBuTenbHOH ocblo O\X unu O,Y), ypaBuenue (2.47) — mapaboay (¢ oceio O;X),

Yv Y
N ///
e S Yy oy
~ re
S Ve 3
\\ // "
3 Ul X
//’ 51 R -4 2 4
0 X
0 2
_// X
-3 I
Puc. 2.13 Puc. 2.14

ypaBHeHHs (2.46) — napy nepecekalowuxcs npamux bX —a¥ =0, bX4aY =0, ypap-
Hende (2.48) — mapy napaanenbHbIX NpsiMbIx Y=b6, Y= —b, ypaBHenne (2.49) —
napy copnapmux npambix Y=0, Y=0, ypaBuenuio (2.43) ynoBneTBOPSIOT KOOPAH-
HaTbl eJHHCTBeHHO#t ToukH X =0, Y =0, ypaBHenusim (2.44) n (2.50) He ynoBaerso-
PAIOT KOOPAHHATHl HH OJHOH TOYKH.

Mpumep 2.28. IlocTpouTb MHHHIO, OnMpenensieMylo ypaBHenuem 9x?—16y>—
—36x — 32y —124=0.

[Mpeo6paayem 3to ypasHenue: 9(x® —4x+4) —16(y>+2y+1) —36+16—124=
=0, 9(x—2)*—16(y+1)*—144=0, (x—2)%/16 —(y+1)%/9=1.

Iepeiinst k HOBbIM koopaHHaTaM no ¢opmynamMm X=x—2, Y=y-+1, nonyyum

ypasuenue X?/16—Y?/9=1, onpenensiowee rumep6ony c nonyocamu a=4, b=3
(puc. 2.13). Lentp runep6oabl HaxoguTCcsl B Touke, Aasi Koropoh X=0, Y=0,
otkyna x=2, y= — 1. [lonyuesa touka O,(2, —1), B KOTOPOH HAXOXHTCH HaA4ajo

HOBOH CHCTEMbI KOOpJHHaT.

Mpumep 2.29. TocrpouTsb JMuHHIO, onpeiensieMyio ypaBHenuem 9x° 4 16y
+ 36x — 64y — 44 =0.
Brigessisi nosHble KBaApaThl B JeBOH 4acTH ypaBHEHHs, MosnyyaeMm

9(x®+4x+4)+16(y>—4y+4) —36—64—44=0,
9(x+2)2416(y—2)2 =144, (x+2)%/164 (y—2)?/9=1.

Ilepexoas x HOBbIM KoOpaHHATaM no ¢opmyiam X =x-+42, Y=y—2, nocieaHemy
ypaBHenuio npumagum BAL X2/16+Y?/9=1. D10 ypasHeHHe ONpenenfeT IJUIHIC
¢ nonyocsiMu @ =4, b =3 (puc. 2.14). Llentp 37nunca HaxOAHTCH B TOUKe, A5 KOTOPOH
X=0, Y=0, nan x+2=0,y—2=0, orkyaa x= —2, y=2, 1. e. B Touke O, (—2, 2).
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2.9. ¥npouleHue o6l1ero ypaBHeHHA
BTOPOil CTeneHH

OGuiee ypaBHeHHe BTOPOH CTEMeHH OTHOCHTEJNbHO MPSIMOYTOJBHBIX JeKap-
TOBBLIX KOODAHMHAT X H Y

Ax®>+42Bxy 4 Cy*+ Dx+ Ey+ F=0 (2.51)
NnpH NOBOPOTE KOOPAHHATHBIX oceil Ha yrona «, AJsi KOTOpPOro
ctg 20= (A—C) /2B, (2.52)

npeo6pasyerci B ypaBHenne Ax*+Cyy'?4Dix'+Ey 4 F=0, ssasoweecs
ypaBHeHHeM BHaa (2.41).
®opMmyJibl Ipeo6pa3oBaHusi KOODAHHAT UMEIOT BHJ

x=x'cosa—y sine, y=xsina-+4y cosa, (2.53)
npuyem
sina= 4/ (1—cos 2a)/2. cos z==-/(I 4 cos 2a)/2, (2.54)
cos 2a— — 2% (2.55)
++/1+clg?2a

rae ctg 2a onpeneasiercss ¢opmyaoit (2.52).

YpaBHenue (2.51) onpeneisieT MM MYCTOE MHOMECTBO, WJIH TOUKY, HJIH napy
npsMbIX  (MepeceKkaloulnXcs, NapaulebHbIX, COBNABLWIHX), HJAH OAHY H3 JIHHHH
(Opr)KHOCTb 3JJI4NC, runep6ony, napa6oay). [lapy npsiMbix Ha3bIBaIOT pacrnaaarooule-
cfl JIMHHEH BTOPOro MOPsAJKa.

Mpumep 2.30. Iloctponts nuHHMIO, ompeneisieMylo ypaBHenHem 5x”—6xy-+

+5y° —24x +8y +24 =0.

Ato uacTHbli cayual ypaBHeHus (2.51), mas Koroporo A=5, 2B= —6, C=5,
D= —24, E=8, F=24. Ilo ¢opmyne (2.52) umeem ctg2a=(5—5)/(—6)=0.
BosbMeM 2a=m/2, T.e. a=mn/4, Toraa sin a=cos o =+/2/2. Popmyab (2.53)
NPHHUMAIOT BHA

x=(2/2) (¢ —y),  y=(2/2)(x'+Y). (H
I'[onc-raa.nﬂﬂ 3TH Bblpa)KeHHﬂ B HCXOJHO€ ypaBHEHHEe, nojydyaem
(5/2) (X' —y') = (6/2) (¥ —y') (¥ +y') + (5/2) (¥ +¢')* —
—12V2(¥' —y') + 4V2(x' +y') +24=0,
(5/2) (x* =2x'y' +y*) =3 (x> —y*) + (5/2) (x*+2x'y +y"*) —
—1292(x' —y') +4V2(¥ +y') +24=0,
2% 4-8y"2 —8+/2x' + 16+/2y’ 424 =0,
X244yt — 4-2x" 482y + 12=0.
[Ipeo6pasyeM JieByl0 uyacTb MNOCJAEIHETO YpaBHEHHs, BBbUAEIMB B Hel MOJHblE

KBagpathi: (x°—4/2x 48) +4(y*+22 +2) —8—84+12=0, (¥ —2+2)2+
4y +12) =4

[Tepexonst K HOBBIM KoOpaHHaraM 1o ¢opmysnam

=x'—2+2, Y=y 42, (11)
noc/ieJHee ypaBHEHHE 3alHCblBA€M TaK:
X244Y?=4, uau X¥4+Y¥1=1. (111)
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Kanonunueckoe ypapuenne (III) onpeneaser aaaunc ¢ nosyocsimu a=2, b=I.
[TocTpOHM 3TOT 3JJIMNC OTHOCHTENBHO HOBOH CHCTEMBI AEKAPTOBBIX MPSMOYrOJbHBIX
koopadHar O XY. ¥Yron naknona och O X Kk ocn Ox yxe Hu3pecteH (a=45°),
OCTajloch ONpeneNHTb cTapule KoopaunaTth ToukH Oj. B cucreme O,XY 3ra Touka
(uentp saamunca) umeer koopaHHatH X =0, Y=O0. [lo c¢opmyaam (II) Hmeem

X —2+2=0, ¥ +2=0, orkyna ¥ =2+/2, y'=—+2. C nomomsio ¢opmya (I)
y

o

XN

Puc. 2.15

HaxoIHM KOODAHHaTH ToukH O, B crapod cHcremMe KoopauHar Oxy: x=
= (v/2/2)(2V2— (—V2)) =3, y=(v2/2) 2V2—~2) =1, O: (3, ).

CtposM HOBYIO cHcremy koopauHat O XY M CaM 3JJHIC MO €ro KaHOHHYECKOMY
ypasHenuto (III) (puc. 2.15). ’

Mpumep 2.31. [Mocrpouts nuHuIO, OnpenensieMyio ypaBHeHHeM 3x” - 4xy—
—4x—8y=0. )

B nanHoM cayuae A=3, 2B=4, C=0. 1o popmyne (2.52) Haxoaum ctg 2a=
=(3—0)/4=3/4. B dopmyant (2.53) BxoasT sina H cos a. HalineM Hx 3HaueHust
¢ nomouwpio dopmya (2.54) u (2.55), B KOTOpPHX 3HAK MOXHO BbIGpaTb NO CBOEMY
ycMoTpeHH1o. Bui6paB Be3jie 3HAK M1I0C, NONYYHM

c052a=3/—4=—3—- sin @ = ﬂi:—]—
Virear s TN TR TR
cosa=—2:. tga=L.
V5 2
Qopmynn (2.53) npHHHMAIOT BHA
x=(1/B) (2 —y),  y=(1/5) (x'+2y). (1)

IMoacTaBHM 3TH BHpaXKeHHS B HCXOJHOe ypaBHEHHe H MpeoGpasyeMm ero:

5 4
(26 —4) 4 = (2 —y) (¢ +2) — —= (26 —5) — ~= (' +24") =0,

B v G
_3_ (4x/2_4x/y/+y/2)+_4__ (2X’2+4X/y, 2y12)_ 16 ‘.,/__E_ /__0'
5 5 f5 5
4X’2 /2__19_":/_& 120'
V5 5
o A 4,12 36 16 36
4 x V%X+T, (V'+ —=v+35) — = = =0
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2 2
4{x’—i) —(y’-i-i’ =—4

V5 V5
Iepeiinem x HOBLIM KOOpAMHATaM no ¢Gopmysam
=x'—2/\5, Y=y +6/~5. (V)
ﬂoe.neu.ﬂee YPaBHEHHE B HOBbIX KOODAHHATAX NPHMET BHJ
4X2—Y'=—~4, umn —X*/14Y4=1.

3TO KaHOHHYECKOe ypaBHeHHe ofnpejeiser rHnep6oay c mojyocsamu a=1, b=2,
npHyem JeAcTBHTeNbHOM ocblo 6yner ocb O;Y. IToctpoum runep6osy B HOBOH cHcTeme
koopauHat O;1XY. Halinem cHauana craphie koopauHatel TodkH O), B KOTOpOH Haxo-
AHTcs HeHTp runepGoasl. Ilas stoft Touku X =0, Y=0. [To ¢popmynam (V) nonyuaem

x’=2/{ Yy ——6/\/5. C nomowbio ¢opmyn (IV) naxomum x=
1 t 2 12
= — —+— =2, y= —( =—2, 0,(2, —2). Yepes TOuYKY
( AR V5 VB N
0, nponomm ocb O X, masi Koropoii tga=1/2, n ocb O;Y, nepneHaUKy/IsPHYIO
ocu OX. B cucreme koopauHatr OhXY cTpoHM renepGojy Mo ee KaHOHHYECKOMY
ypaBHeHHIO (puc. 2.16).
Jpumep 232 TlocTpouThb JHMHHIO, ONPELEASEMYIO YPaBHEHHEM X 7 2xy+
+y*+4x—8y+7=0.
IMockoabky A=1, 2B=—2, C=1, to no o¢opmyae (2.52) cig2a=(1—
—1)/(—2)=0, 2a=nr/2, a=na/4. Gopmyan (2.53) npHHUMAIOT BHUI
x=N2YD (=), y=(2/2) (' +). (V1)
[MoxcTaBuM 3TH BIpaXKeHHS B HCXOJHOe ypaBHeHHe H npeobGpasyeM ero:
(1/2) (¢ —y' ) — (¢ —y') (X +4) + (1/2) (¥ +y) + 220 —y') —
—4\2(x'4y') 4+ 7=0.
22 — 220 —620 +7=0, (v —3+/2/2)>—2(x' 4+ 1/~/2) =0.

[TepefineM K HOBbLIM KoOpAHHaTaM mo ¢Qopmysnam

X=x'4+1/72, Y=y —3-/2/2. (VII)

/ -Z-No1 X

Puc. 2.17
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B HOBbBIX KOOpAHHATax nocjeaHee YpaBHeHHe NMPpHHHMAaET BUI
Y2—2X=0, um Y?=+2X.

dto ypasHenHe ompejeasier mnapa6oay. Bepwuna napaGonbl HaxXOAHMTCA B TOUuke,
aas koropoii X =0, Y=0. Halizem crapble koopaHHaThl 310l ToukH. [To dopmynam

(VII) Haxoamm x'= —1/~/2, y’ =3/~/2. C nomowsio dopmyn (VI) nosyuaem

V2 ( 1 3
= — + ) =1, Oi(—21).
’ e TR h
CrpouM cucremy koopauHar O XY u napabosy no ee KaHOHHYECKOMY YPaBHEHHUIO
(pHuc. 2.17).

2.10. Hexkoropblie ajare6paHyecKkHe JHHHH
BbICLIHX MOPSIAKOB _
JlekapToB JHCT — JIMHHS, ONpejeisieMas B NPAMOYTONbHOH A€KapTOBOH
cHcTeMe KOOpAHHAT anreﬁpauqecxum YpaBHEHHEM
X+ y*—3axy=0 (a=const=£0).
B nonspHbIX KOODAHHATAX ypaBHEHHE MPHHMMaeT BHA
3a cos ¢ sin ¢
cos’p4-sin’p
ﬂeKapTOB JIUCT MOXKHO 3ajJaTb H napaMmMerpHUeCKHMH ypaBHEHHSAMH
x=3at/(14+¢*), y=3al*/(1+1).

JIunus 3Ta H3o6paxeHa Ha puc. 2.18.

Ilncconna. Paccmorpum okpykHOcTb ¢ auamerpoM OA=2a W KacaTeJlbHYIO
K Heit B Touke A (puc. 2.19). M3 Touku O nposenem nyuy OB, Touky ero nepeceueHus
C OKPYHOCTbIO 0Go3HauuM GykBod C. Ha 3TOM Jsyue OT/IOXKHMM oOTpe3sok |OM|=
=|BC|. Tlposenss Apyroii Jyu H BBHINOJHHB AHAJOTHYHOE NOCTPOEHHE, MOJIYYHM
Touky M. Takum cnoco60M MOXKHO NOCTPOHTb CKOJBKO YFOAHO TOYeK. MHOMXKeECTBO
Touek M, M, .. HasbiBawT uuccounoi. [ToCTPOMB AOCTATOYHOE UYHCAO YKA3aHHBIX
TOYEK H COEJHHHB HX MJABHOH JNHHMel, monyunM mHccoupy (cm. puc. 2.19).

YpaBHeHHE UMCCOHAB B [€KAaPTOBbIX NPSIMOYTOJAbHbIX KOOPHHHATAX HMeeT BHA

y'=x/(2a—x),

Puc. 2.18 Puc. 2.19
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B MOJAPHBIX KOODAHHATAX
0 =2a sin’p/cos .
TlapameTpHuecKHe ypaBHEHHsI LHCCOHIBI

2a - 2a
7+1 ' YT ierny

xX=
HJIH
x=2asin’p, y=2asin’g/cos @,

rie (¢ — NOMSIPHLIA. yroJa.

Crpodoupna. PaccMoTpum Touky A H mpsimyio A, He MPOXOASALIYIO yepe3 NaHHYIO
touky (puc. 2.20). O6GosHauum G6ykBoii C TOUKY mnepeceyeHHsi NEpneHAHKyasipa K
npsMoii A, nposegenHoii B Touke A, a aauny orpeska AC—a, T.e. |AC|=a.
Bokpyr Toukm A Bpawmaercs Jy4, Ha KOTOPOM OTK/IaibiBalOTCSi OTpe3kH BM, u
BM; or Toukn B nepeceyeHHs ¢ aaHHoH npsimoil Tak, wro |BM,| =[BMy| =|BC|.
KaxaoMy noJIOXEHHIO Jiyda COOTBEeTCTBYeT mapa Touek M;, Ms, mOCTpOeHHHIX yKa-
3aHHBIM crnoco6oM. MHoxecTBo nap Touek M;, M. Ha3biBalor crpodounoi. Touku
M, u M, npx 3TOM Ha3sbIBalT cONMpsixeHHbBIMH. [TOCTPOHB N OCTAaTOUHOE YHCJIO TOYEK
M COEJMHHB HX IJIAaBHOH JHHHeHd, moayyum crpodouny (cm. pee. 2.20). Haspanue
«CTpodOoHIa» MPOHCXOAHT OT TPEYECKOro CJIOBa GTPOQPY — MOBOPOT.

YpaBHeHHe CTPOGOHAB B MOJNAPHBLIX KOOPAHHATAX

p=a(l £sin ¢)/cos ¢,

B N€KapTOBBLIX KOOpAHHATax

, (x—a)’x B _ /[ x
y_—Qa—-x , WIH y=4 (x—a) Sa—x%

IMapamerpuueckHe ypaBHeHHsI CTPOGOHIbI
x=a(l £sin ¢), y=a(lxsin @) sin ¢/cos ¢.

Bepcbepa. PaccmoTpuM oxpyxkHocth ¢ auamerpom |OC|=a # orpesok BM,
nocTpoeHHbI Tak, uro |OB|:{BD|=|0C|:|BM| (puc. 2.21). MHOXeCTBO TOYeK
M uasbiBalor Bepcbepoii.

B npsMOYrosbHHX ReKapTOBbIX KOOpPIHHATAaX YpaBHEHHe BepCcbephl HMeeT BHI

y=a’/(x¥*+a®).
[TapameTpuyecKHe ypaBHeHHs Bepchepbl
x=t,  y=ad*/(+a%,

rae posib NapaMerpa Mrpaer nepBasl KOOpAHHATA.

o |
(=]

A 0 X
Puc. 2.20 Puc. 2.21
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PaccmaTpuBaemyio JIMHHIO HAa3bIBAIOT TaKXKe «JOKOHOM AHbe3H» B UeCTb NepBOi
B EBpone >XeHUWHHEl, NMOJYy4YHBILEeH H3BeCTHOCTb Gjarogaps 3aciyram Ha MNONMpHULe
MaTeMaTHKH.

Jlemuuckara BepHyain — MHOXKECTBO BCeX TOY€K IJIOCKOCTH, IS KaXAOH M3
KOTOpBIX NMPOHM3BeJEHHE PAcCTOSHHH N0 ABYX HAHHBIX TOYEK TOH XK€ MAOCKOCTH €CThb

Y

Puc. 2.22

NOCTOSIHHAA BEJHYHHA, paBHas KBAaApaTy MONOBHHHI PACCTOSIHHA MEXAY AAHHBIMH
TOYKaMH. _

B nekapToBBIX NPSIMOYroJbHBIX KOOpAHHATax JeMmHucKara Bepuysan (puc. 2.22)
HMEeeT ypaBHeHHe

(¥ +y%) =2a"(x"—y°),
B [OJSIPHBIX
p?=2a’ cos 2¢.

[lpu apyrom BbiGOpe cHCTeMbl KoopauHar (puc. 2.23) 3Ta JHHHA onpejessiercs
COOTBETCTBEHHO YPaBHEHHAMH

(*+y’) =4a’xy,  p’=2a%sin 2¢.

HaspaHHe JIHHHH NPOHCXOAHT OT IPEUYECKOro CJOBA ANuviox0§ — MOBSI3Ka, GaHT.
JIMHMSA Ha3BaHA MO HMEHH YUEHOTO, OTKDbIBLIEro ee. YpaBHEHHe JIeMHHCKAThi BIepBbie
Bcrpeuaercs B cratbe 1. Bepuyasu, ony6ankoBanHo# B 1694 r. B xypHame «Acta
erudirorums («Tpyabl yueHbIX»).

Osan KaccHHM — MHOXECTBO BCeX TOYEK IIOCKOCTH, VIl KaX(AOH H3 KOTOPhIX
NpOH3BeJleHHe PACCTOSTHHA N0 JABYX AAHHBIX TOYEK TOH e MJIOCKOCTH €CTb MOCTOSH-
Hasi BeJHYHHA. )

YpaBueHnus oBana KaccHMHH B 1€KapTOBRIX KOOpAMHATaX

(x2+y2)_2a2(x2_y2) =b4_a4’

y
/
/
/
7/
/
/
of
// X
7
s
s
7
/
Ve

Puc. 2.23 Puc. 2.24
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B NOJSIPHBIX

/
p=aV cos 29 4=-/cos22¢ ((b4/a*) —1) .
Bun oBasa KaccHHH 3aBHCHT OT COOTHOWIEHHS] MEXAY MNOCTOSIHHBIMH a H b.
B cayuae b> a oBan umeer $HOPMY 3aMKHYTOH JIMHHAM, CHMMETPHYHOH OTHOCHTENbLHO

oceil koopaunat (puc. 2.24). Ilpn b=a nonyuaem nemuuckary BepHynin. B cayuae
b < a oBasn COCTOMT H3 ABYX 3aMKHYTBIX JIHHHH.

a J

M

y
_/’E—WSLL —
— Z —

o P x

0

Puc. 2.25

OBanbl KaccHHM Ha3BaHbl B UecTb (PaHLY3CKOTO Y4YEHOro, BIEPBbi€ PacCMOT-
peButero ux. YXau JJomuuuxk Kaccund (1625—1712) OTKpBIT 3TH JHHHHU MDH NOMBITKE
onpefeNuTb OpOHTY 3eMJH.

Konxonpa. B naockoctH ¢ukcupyem npsamyo LL, u touky O, OTCTOAILYIO OT
Iroi mpsiMoi Ha paccrosiidn |OE|=a (puc. 2.25, a). TlpoBenem ayu OK, nepece-
kalouuii npsimyio LL, B Touke K. Ha syue or Toukn K, mo o6e CTOpPOHBI OT Hee,
omyioXeHhb 18a orpeska KM u KM, takux, uto | KM|=|KM,| =/, rae [ — 3anauHoe
uhcno. Bpauwasa ayu Bokpyr touk O (ot O po 180°) u mpoBoas aHaNOTHYHBIE
MOCTPOeHHMSI (TIPH OJHOM H TOM K€ 3HaueHHH [), MOJYHUHM JIMHHIO, OMNHCHIBaeMyIO
ToukaMd M u M,, koropylo HasbiBaloT Kouxoupo#. Touky O npH 3TOM HasbiBaloT
MOJIIOCOM KOHXOHAbl, a mnpsiMylo LL; — ee 6a3ucoM. JIHHHA 3Ta COCTOMT H3 ABYX
BETBEH: OJHY BeTBb OMHCHIBaeT Touka M, apyryio — touka M.

YpaBHeHHe KOHXOHAbI B MOJSPHBIX KOOPAMHATaX

o= (a/sin @) £/,

3HaK MJ0C — AJsi BepXHeH BeTBH, MHHYC — AJ51 HHXHeH. PopMa KOHXOHMAB!I 3aBHCHT
OT COOTHOIEHHs] Mexay napamerpamu [ u a. Tlpu [=a u [> a AuHHS HMeeT BHL,
H306paKeHHbI COOTBETCTBEHHO Ha pHc. 2.25, 6, 6.

B npsiMOyrosibHbIX 0€KapTOBLIX KOOPAUHATAX KOHXOHAA MMEET ypaBHEHHe

(£ 4y (y—a)’— Py =0.

JIuHHIO 3TV Ha3biBalOT KOHXOMNOH HuKomena, no HMeHH JApeBHErpeyeckoro
reomMeTpa, BliepBble OTKDBIBLIETO ee.

Yaurka Mackana. PaccMoTpuM OKPYXHOCTH pajuyca r ¢ LUEHTPOM B Touke C
(puc. 2.26). Bribepem Ha panHOH okpyxHocTH Touky O. Ilpeacrasum ceGe, uto
BOKpyr Toukd O Bpamaerca Jyd OM. B KaxIOM €ro noJIOXeHHH OT TOukH N
MepeceueHusl Jyua M OKPYXHOCTH OTKaaigbiBaeM orpe3ok | NM| =/, rge [ — 3anan-
Hoe nosoXHTeabHoe uucao. [Ipu noeopore ayua or 0 no 180° moJyuHM MHOXeCTBO
Toyek M. Ilpn nanbHeitwem nosopore Jayda or 180 no 360°, oTkJaabiBasi OTpe3oK
JVIHHBL [ 1O HampaB/eHHIO Jyya, Mbl (aKkTHYeckH GylaeM OTK/JaAbiBaTh €ro B CTOPOHY,
NPOTHBOMONOXKHYIO NpexHeH, T.e. |[NM,| =/ u noayuum Toukn M, MHoxecTBo
Touek M u M, Ha3mBaloT yaurkoit [Tackans.

Vpasuenus yaurku [lackans:

p=2rcos ¢/, (P 4y —2rx)2— P (x*+4°) =0.
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®opma yautku [lackansi 3aBHCMT OT COOTHOLUEHHS MexXAy napamerpamu r u [
1<<2r (puc. 2.26), [=2r (puc. 2.27), {> 2r (puc. 2.28). )

Jluuusi Ha3BaHa B yecTb IDTbeHa [lackansi — PppaHLY3CKOro MaTeMaTHKa-Jio-
6utensi, orua 3Hamenuroro Biesa [Nackans.

Kapanona — /iuus, ONUCbIBaeMast TOUKOH M OKpYXKHOCTH paasyca r, kaTauleics

Puc. 2.26 Puc. 2.27 Puc. 2.28

N0 OKPYXXHOCTH C TakHM ke paavycom (puc. 2.29). [lapamerpHueckHe ypaBHeHHS
KapAHOAbI

x=2r cos { —r cos 2¢, y=2r sin {—r sin 2¢,
B MOJISIPHBIX KOOpPAHHATAX
p=2r(1—cos @),
B A€KapTOBbIX KOOpAHHATax
(4’ + 2r0) =41 (" +-47).

Ypasuenune p=2r(l4-cos ¢) Takxe onpeiensieT KapAHOAY B NONAPHOH CHCcTeMe
KOODJAHHAT C MOJIOCOM B TOH € TOUKE W MPOTHBOMOJIOXHO HANpaBJeHHOH MOJSPHOH
0CbIO.

Kanna — siuuunA, npeacrasasionlasi co60fi MHOXKECTBO TOYEK KacaHUsl Kacarelb-
HbIX, NPOBEAEHHBIX H3 NAaHHOH TOYUKH K OKDPYKHOCTH 3aJlaHHOrO pajMyca, LeHTP
KOTOpOH mnepemelnaerca Mo (HHKCHPOBAHHOH NMPSAMOH, NpPOXOAsiLIEH yepe3 3TY TOUKY
(puc. 2.30).

JIuHHA 3Ta HaNOMHHaeT rpeueckylo O6YKBY x (Kamnna), OTKyLa H MPOHCXOLHT
ee Ha3BaHHe.

Ny
N

Puc. 2.29 Puc. 2.30

oY
SN\\X
.0
4
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[MapameTpHuecKHe ypaBHeHHs Kanml
x=acos’p/sin ¢, y=acos g,
B NOASIPHBIX KOOPAHHATAX

p=actgey,

B N€KapTOBBIX KOOpAHHATAax
(X2 +y2) 2!/2202)(2.

Po3a — suHuA, 3ajaHHas NONSIPHBLIM YpaBHEHHEM p=a Sin kg HIH ypaBHeHHeM
p=acos kg, rie a ¥ Kk — NOJOXHTe/NbHBlEe YHcJa. Po3a LENHKOM pacnojsoKeHa
B Kpyre paauyca a (p<Ca), Tak Kak |sin kel <{1. Po3a COCTOHT H3 KOHTPY3HTHBIX
JIENECTKOB, CHMMETPHUHbIX OTHOCHTEIbHO HaHGOIbUIMX PAAHYCOB, KaXAblH H3 KOTOPbIX
paBeH d. KoaH4ecTBO 3THX JIeNeCTKOB 3aBHCHT OT uucaa k. Ecau k& — penoe yucao,
TO pO3a COCTOMT H3 R JIEMEeCTKOB NPH HEUETHOM k£ # U3 2k j1enecTKOB NpH YeTHoM K
(puc. 2.31,a,6). Ecan k — paunonanbHoe uHc/10, npHuem k=m/n (n>1), 10
po3a COCTOMT H3 /M JIENeCTKOB B cjydyae, KOTAA M H N — HeyeTHbie YHcsAa, HIH H3 2m
JIENeCcTKOB, eCJH OAHO H3 uHces GyaeT uyerTHbIM. IIpH 3TOM B OTVIHUHE OT mpeablny-
Wero ciyyas KaK[Abli Caefylol Ui JemecToOK OyJer YacTHYHO MOKPbIBaTh Mpejbl-
aywsi (puc. 2.31, 8—e).

Ecan uncao k sBjsieTcs HppauLHOHANbHBLIM, TO P0O3a COCTOMT H3 GECKOHEYHOro
MHOXECTBa JIE[IeCTKOB, YaCTHUHO HaK/JaJAbiBAOIHXCH APYr Ha Apyra.

YerbipexJenecTkoBoH po3ofi (cM. puc. 2.31, 6) Ha3bIBAIOT JIHHHIO, ONpEAeIseMYI0
MOJSAPHbIM ypaBHEHHEM

p=a sin 2¢.
B nekapTOBBIX KOOpAHHATAX JIMHHF MMeeT ypaBHEHHe
(x2+y2)3—4a2x2y2=0.

YerbipexsienecTkoBasi po3a 06pasyercsi MHOXKECTBOM OCHOBAHHMH MeprneHaHKYJs-
pOB, ONYIIEeHHBIX H3 BeplwHHH O NPAMOro yria Ha OTPE30K MOCTOSHHOH AJHHBL,
KOHLbl KOTOPOrO CKOJB3fIT MO [BYM B3aHMHO IEpNeHAHKYASIPHbIM MPSAMHBIM, Mepe-
cekalomumca B Touke O.

K=3 K22 K=5/3

Kx4/3 K=1/2 K=1/3



Tpexaenecrkosoit posoit (cm. puc. 2.31, @) Ha3LIBAIOT JHHHIO, ONpejelsieMyio
ypaBHeHHeM

p=a sin 3¢.
B n1ekapTOBBIX KOOpAHHATAX JIHHHS HMEET ypaBHeHHe
(4 =a3x'y—y%).

Actponpa. TIpsAMOYrOJbHHK, ABe CTOPOHBI KOTOPOrO JIEXAaT Ha [BYX B3aHMHO
nepneHHKy/NApHbIX NPAMBIX, JdedopMmupyeTcss Tak, YTO ero AHaroHalb COXpaHser

y

0, £
t

t/4

Puc. 2.32

MOCTOSIHHYIO AJIMHY a. MHOXeCTBO TOUYeK — OCHOBAHHH MEpNeHAHKY/ISAPOB, ONyUeH-
HbIX M3 BEpIUMHBI NPAMOYroJbHHKA HA €ro AHaroHalb, Ha3blBalOT acTPOHAOH (pHc.
2.32, a).

Acrtponpa umeer napamerpHueckue ypaBHEHHUS

x=acos’t, y=asin®.

HckniounB H3 3THX YpaBHeHHH mapamerp !, NOJNy4HM YypaBHEHHE acTPOHIbI
B NPSIMOYTOJbHBIX KOODAHHATAX!

x2/3+y2/3=a2/3.
OcBo6oxAasich OT APOGHBIX MOKa3aTesnell, HaXoLUM
(*+y*—a?)3427x°y%a’=0.

AcTponay MOXHO paccMaTpHBaTb KaK TPAEKTOPHIO TOYKH OKDYXKHOCTH pajHyca
r (puc. 2.32, 6), Karsimledcs no BHYTPEHHeHl CTOpOHe APYrod OKPYXHOCTH, panHyc
R kotopoit B uerbipe pasa 6osbuie r (R=4r).

[TapameTrpuueckHe ypaBHeHHS acTPOHABI B 3TOM cjydae

3 ¢ | 3t
szRcosT+TRcosT,

8 R sin i l R si =
=— —— — —— Rsin .
=7 T 1 7
Funouuknonpa — miockas JHHHSA, ONHCaHHAsi (QUKCHUPOBAHHOH TOUKOH OKPYX-
HOCTH pajuyca r, KaTslledcs 6e3 CKONbXEHHS N[O [APYrof HeMmOZBHXHOH OKpYX-
HOCTH pajauyca R BHyTpu ee (puc. 2.33, rae M — BhlyepuuBawoulas Touka, A —
ee HCXOJHOE TOJOXKeHHe, [ — yroj moBopoTa OKpYXHOCTH, AM — gyra nadHHH).
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[TapaMeTpHYecKHe YpaBHEHHS THIOLHKIOHALI
x=(R—mR) cos mt+mR cos ({—mt),
Y= (R—mR) sin mt—mR sin ({—mt),

rie m=r/R. dopma KpHBOH 3aBHCHT OT 3HaueHHda m. Ecan m=p/q (p u ¢ —
B3aHMHO NMpPOCTHie YHcsa), Toraa M nocie g MOMHBIX OGOPOTOB OKPYMKHOCTH BO3Bpa-
WaeTcs1 B MCXONHOE MOJOMEHHE M THNOLHKIOHAA — 3aMKHYTAas JHHHS, COCTOALas
H3 ¢ BeTBel C ¢ TOUYKAMH BO3Bpara MNpH

m<<1/2 (puc. 2.34); npu m>1/2 Bmecro yi
g TOYEeK BO3BpaTa JIMHHS HMeeT ¢ APYTHX
Toyek (puc. 2.35). I[lpu m=1/2 auHHSA BbHI-
pOXJaercsi B AHaMeTP HENnoABHXHOH OKPYX-

HOCTH, npH m=1/4 sBAAeTcs acTPOHAOH N
(c™.. puc. 2.32). Ilpu wppauuoHaJdbHOM m 0, A

yHcao BerBell GecKOHeYHo, Touka M B

HCXONHOe TOJIOXKeHHe He BO3Bpallaercs. { M
O6Go6uieHHeM THNOUMKJIOHAL SIBJSIETCS TH- R

NOTPOXOHAA. ol'mt Al x

FAnoTpoxonaa — MiocKas JIHHMA — Tpa-
€KTOPHAl TOYKH, JKEeCTKO CBFI3aHHOH ¢
OKPYXKHOCTBIO pajHyca r, Karsuledica 6e3
CKOJIbXKEHHSI 110 APYTO HEMOABHKHOH OKPYX-
HOCTH pajHyca R BHYTpPH ee, NPHYEM BHI-
yepuHBawllas Touka M HaXOAHTCA Ha pac-
CTOSIHHH h OT LEHTpPa OKPYXXHOCTH pajiHyca
r. Tlpn h > r KpuBasi Ha3blBaeTCs YAJIH- Puc. 2.33
HeHHOH rHnouukaougoit (puc. 2.36, m=
=1/4), npu h<r — yKOpPOUeHHOH (pHC.

2.37, m=1/4). IlapameTpHueckHe ypaBHe-
HHSl THIOTPOXOUAbI

x=(R—mR)cos mt+h cos ({t—mt),

y= (R—mR)sin mt—h sin(t—mt),
rae m=r/R. [lpy R=2r nuHusi ABASETCH 3JJIHNCOM, NpH h=R+4r — posoil
(cM. puc. 2.31). )
NHUMKAOHAA — MJIOCKAs! JIHHUS — TPAeKTOpHs (GUKCHPOBAHHOH TOUKH OKPYX-
HOCTH pajHyca r, Katsimeiics 6e3 CKOJbKEHH N[O APYFrOH HEMOABHXKHOH OKPYX-
HOCTH paauyca R BHe ee (puc. 2.38, rxe M — BrluepuHBaoomas Touka, A — ee HCXOA-
HOE IOMO}KEHHe, | — Yrojl NoBOpPoTa OKPYXKHOCTH, AM — nyra KpHBO#).
[TapamerpHuecKHe ypaBHEHHS SMHIHKJIOUIbI

x=(R+mR)cos mt—mR cos ({4 mt),
y= (R+mR)sin m{—mR sin ({4 mt),

vy

Puc. 2.34 Puc. 2.35
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rme m=r/R. ®dopma KpHBO# 3aBucHT OT 3HadeHus m (puc. 2.39,a; m=1/3,
puc. 2.39, 6, m=2/3). Ecau m=p/q (p H g — B3aHMHO NpPOCTHE YHCNA), TOYKa
M nocie g noaHBHIX OGOPOTOB OKPYKHOCTH BO3BpalUAeTCsi B HCXOAHOE IOJOMXKEHHe
H 3MHUUAKIOMAA — 3aMKHYTasl JUHHUS, COCTOsIIasi H3 § BEeTBeHl C g TOUKaMH BO3BpaTa.
Ilpy m=1 kpuBasaA sBasiercsi Kapauoao# (cM. puc. 2.29). [Ipn HppauHOHANBbHOM
m 4HCI0 BeTBeil GECKOHEUHO, TOuka M B HCXOAHOE MNOJIO)KEeHHe He BO3Bpalllaercs.
OG6o61eHHeM 3NHLHKIOHAB SIBJAETCS SMHTPOXOHAA.

INHTPOXOHAA — MJIOCKAsl KPHBAsi — TPAEKTOPHA TOYKH, MECTKO CBS3aHHOH
C NpOH3BOASiLIEH OKPYXKHOCTBIO pajuyca f, KaTsulefics 6e3 CKOIbXKEHHs] MO APYroi

yi

Puc. 2.37 Puc. 2.38

Puc. 2.39

Puc. 2.40
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HEMOJBHXHOH OKDYXHOCTH paaHyca R BHe ee, NpH4YeM BHYepuMBawIuas Touka M
HAaXO[HTCA Ha PACCTOSIHHM h OT UeHTpa npou3soasuieii OKpyxHoctH. [lpu A > r
JIMHHSI Ha3blBAeTCA YMJIMHEHHOH 3MHUHKJIOHNON (puc. 2.40, a; m=1/4), npu h<<r —
YKOpOUeHHOH 3nuuukaAounoi (puc. 2.40, 6, m=1/4). [lapamerpuueckde ypaBHEHHS
ITMHTPOXOHABI

x=(R4+mR)cos mt—h cos (t+mt),
y={(R+mR)sin mt —h sin(t+mt),

rae m=r/R. Tlpn r=R nunnsa spasercs yautkoi IMackans (cM. puc. 2.27, 2.28),
npu h=R—+r — po3soii (cm. puc. 2.31).

2.11. Hexotopbie TPaHCUEHACHTHBIE JHHHH

TpaHCUeHAeHTHOA Ha3bBaeTcsi JHHHSA, YpaBHeHHe KOTOPOH B NPSMOYrOJib-
HBIX JEKapTOBBIX KOODJAHMHATaXx He ABAsiercA aiare6pandyeckuM. [IpocrefiunMu npHme-
pPaMHM TPaHCUEHAEHTHHX JIHHHH MOTYT CIYXHTb rpadukd ¢yHKuHi y=a*, y=Ig x,
Yy =Sin X H OPYTHX TPHrOHOMETPHYECKHX (YHKUHH.

)
M y
2as M -
2agw
- t
0 v
P \C
\
@ < VA
Puc. 2.41

Puc. 2.42

Cnupans Apxumena — TpaeKTOpHsl TOUKH M, paBHOMEPHO ABHXYIIEHCA MO npsi-
MO#i, KOTOpasi paBHOMEPHO Bpallaercss BOKPYT (GUKcHpoBaHHOH Toukn O (puc. 2.41).
YpaBHeHHe cnHpain ApxHMena B NOJSPHBIX KOOpAHHATAX

p=ay,

V¥t y*=a arctg (y/x).

Linknonna — tpaekTopus (PHKCHPOBAHHOH TOUKH OKPYXKHOCTH, KOTOpas 6e3
CKOJIbXKEHHS! KATHTCA Mo npsAMoi (cM. npumep 1.17, ypaBHenus (1.21)).

PaccMOTpHM TPaeKTOPHIO TOUKH, XECTKO CBA3aHHOH C OKPYXHOCTBIO, KaTsuleics
N0 MPSIMOH, HO HaXOASILUYIOCS HE HAa CaMOH OKPYXKHOCTH, @ Ha PACCTOSIHHH d OT ¢C LeH-

B N€KAPTOBBIX KOOpAHHATaX
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Puc. 2.43 Puc. 2.44
@
Puc. 2.45 Puc. 2.46

Puc. 2.47 Puc. 2.48

J

Puc. 249
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tpa. Ilpu d << R BhuepuHBaIOllasi TOYKA HAXONHTCH BHYTPU OKDYKHOCTH, €€ TpaeK-
TOPHIO Ha3bIBAIOT YKOPOUeHHOH IHKA0OMAOH (pHc. 2.42, a@). Ecnu d > R, To Bhiuepuu-
BAOIlasi TOUKA HAXOAHTCSI BHE OKPYKHOCTH; €e TPaeKTODHIO Ha3bIBAIOT YIJIHHEHHOH
IIMKJIOHA0H (pHC. 2.42, 6). DTH NHHUH ONPEAETAIOTCA NapaMeTPHYECKHMH Yp aBHEHHAMH

x=Rt—dsint, y=R—d cos t.

Aure6panueckas cnupajab — JHHHUSA, ONpenensieMasi ajJre6panyeckKHM ypaBHEHHEM
f(p, ) =0 oTHOCHTeNBbHO MOJSPHBIX KoopAaHHAaT. K anreGpanueckuM CHHpajisiM OTHO-

Puc. 2.50

CHTCSI cnHpasb ApXHMeNa, TaK Kak ee ypaBHEHHEe p==a¢ SIBJISIETCS aJre6paHdyeckum
ypaBHeHHEM IIepBOH CTeNeHH OTHOCHTeJNbHO p H ¢. JpyrHmu mpocrefimiumu anreGpa-
HYECKHMH CHHPAJISIMH ABJISIIOTCS JHHHH, ONpefessieMble YpaBHEHHSIMH:

p=a/¢ (runep6osiHyeckas cnupadb, puc. 2.43);
p={(a/¢)+1, rne { > 0 (koHxonpza rumepGoNHuecKoil cnHupasnu, puc. 2.44);
p=ag¢’ (cnupans Tanunes, puc. 2.45);

pl=a%p (cnupanb epma, puc. 2.46);

p=a-/p+!, rme [>0 (napaboangeckas cnupanb, pHuc. 2.47);

p=a/\p (xesn, puc. 2.48).

Jlorapndpmuueckass cnupanp (puc. 2.49) — JHHHS, onpefensieMasl ypaBHEHHEM
p=a®*(a>0, al).

Jlorapugmuyeckasi cnHpajsb NepeceKaeT NOJSPHbIE PAJHYChl BCEX CBOHX TOYEK
NOJ OJHHM H TeM xe yrioMm. Ha sToM cBoficTBe OCHOBaHO ee NpHMEHEHHE B TEXHHKE.
Tak, B pas3qHUHBIX PeXYIIHX HHCTPYMEHTAaX H MallHHAX BPalalOUIHECsi HOXH HMEIOT

2 \y

~aja

2
N
1S
™
/
oL o (S
~)

Puc. 2.51
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npo¢ b, ouepueHHbIH M0 Ayre JorapHpMHUecKOH cmHpalh. B cuay storo yron pesa-
HHSA OCTaeTcsl MOCTOSHHBIM. Jlorapugmuueckasi CnHpasb NPHMEHSIETCS B TEODHH MeXa-
HH3MOB NPH NMPOEKTHPOBAHHH 3y6UATBIX KOJEC C epeMeHHbIM MepejaTOYHBIM YHCJIOM
(T. e. OTHOLIEHHEM HX YIJIOBBIX cKopocTel). B npHpoae HekoTOpble paKOBHHbBI OU€pYEHbI

Y
A
M
0 T X N
Puc. 2.52 Puc. 2.53

no JorapH¢pmuueckoll crnupasu (pHc. 2.50, a). CeMe4KH MOACONHYXa DPacnoJOXeHbl
no ayram, 6/IH3KHM K IyraMm Jorapudmuuecko#t cnupann (puc. 2.50, 6).

Jlorapugmuueckasi cnHpanb BrnepBhHe ynoMHHaercst B nmucbMe Jlekapra k Mep-
ceHHY oT 12 centsi6psi 1638 r. (ony6sankoBaHo B 1657 r.). Hesasucumo or Iekapra
norapudMHYecKas ciHpasb 6blia OTKpbiTa TOPPHUEIIH, KOTOPhIH BHITIOJNHHJ €€ CNpsiM-
neHve M kBaaparypy. HasBanue «iorapudpmHyeckas cnHpajby M JAHHOH JIMHHH
npeasoXHa JIonurajb, aBTOp NMepBOro NMeyaTHoro ydeGHHKa mo aHddepeHuHaANIbHOMY
HCYHCJIEHHIO.

KBapparpuca. [lan orpe3ok AD piauHbl 2a, cepefgHHa KOTOPOro HaXxOLHUTCH
B Touke O (puc. 2.51, a). Orpesok OA paBHoMepHO Bpauwaercst BOKpyr Touku O ¢ yrJo-
Boil ckopocteio w=umn/2T, a npsamas KC, nepnenaukyisipias AD, oaHOBpeMeHHO
HauHHaeT PaBHOMEPHO IBHraTbca OT TOHYKH A K Touke D co ckopoctbio v =a/T, ocra-
Basicb MapaJJielbHOH HCXOJAHOMY HampasieHHio. Touka M nepeceueHuss BpalLaio-
LIerocsi OTpe3Ka H IBHXKYIUEHCS NpPSIMOH ONHCHIBAET JHHHIO, KOTOPYIO Ha3blBAalOT
KBaApaTPHCOM.

YpaBHeHHs KBaApaTpPHCH B J€KapTOBBIX KOOpJHHATax

y=xctg(nx/2a),
B NOJSIPHBIX KOODIHHATax
p=a(n—2¢)/mcos .

JIMHHA HMeeT GECKOHEUHOe MHOMECTBO TOYEK INePeceyeHHsl C OChbio OpJHHAT,
taK ctg(nx/2a) =0 npu x= +a, x=43a, x=+5a, ... KBagparpuca H3oGpaxeHa

>

Puc. 2.54 Puc. 2.55
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Ha pHuc. 2.51, 6, a Ha puc. 2.51, a ykasaHa Ta 4yacTb JIHHHH, KOTOpasi COOTBETCTBYeT
3HAYEHHAIM apryMeHTa x: —a<<x<Ca. Ha3paHue auHun nan JleiGuuw.

Ksanparpucy Bnepsble oTkpbin ['unnuii 3 daauabl (ApeBHerpeueckdil cogHCT,
XHBWIHH B V B. [0 H. 3.) B NOHCKax pelieHHs 3ajaud o Tpucekuun yraa. K 3anaue
O KBajgpaType Kpyra 3Ty JIMHHIO NpDHMEHHJ JpeBHerpeuyeckuit reomerp Idumocrpar
IV B. 10 H. 3. B ¢BSI3H ¢ 3THM JIMHHIO Ha3BIBAIOT KBajpaTpHcol [IHHOCTpaTa.

TpakTpsca — JIMHHA, Y KOTOPOH JJIHHA KacareJbHOH SIBJSETCH MOCTOSTHHOH
BeJHYHHOH. [lon mAMHOH KacaTeNbHOM NMOHMMAIOT IJMHHY orpe3ska MT, KacaTenbHOl
MeXJy TOUKOH KacaHHsi M H Touko# T nepecedenus ¢ ocblo Ox (puc. 2.52). Tpakrpuca
HMeeT napaMeTpHYeCKHe ypaBHEeHHS

x=alntg({/2) +acost, y=asint,

ece ypaBHeHne B anMoyI‘OJ'lele [LeKapTOBblx KOOpﬂ.HHaTaX
x=+ (aln((a+~a’—y?) /y) + Va®— ).

TpakrpHca npuMeHsiercsi B. OJHOH M3 uacTell MeXaHH3Ma KapyceJbHOIO TOKap-
Horo craHka (pHc.2.53). JIuHHA BepTHKaNbHOro npodu/Isi aHTHOPHUKLUHOHHOH NATHI
3TOr0 MexaHH3Ma o6/lafaer TeM CBOHCTBOM, UTO AJHHA €e KacaTedbHOH NOCTOfHHA.

TpakTpuca cbirpasa BHIAAOIIYIOCS pOJb B HCTOPHH MaTeMaTHKH B CBSI3H
c orkputieM H. M. .Jlo6aueBckiM HOBO# reoMeTpHu H MOCJAeLYyIOLIHM pa3BHTHEM
Yy4€HHSi O HeeBKJAWAOBbX TreomerpHsx. [eomerpus Jlo6aueBckoro peasusyercss Ha
nceprocgepe, NoJyieHHOH BpalleHHEM TPaKTPHCHI BOKDYr €e acHMOTOTHL.

Tpakrpuca 6bi1a otkpuita B XVII B. Ee HasBaHHe NMPOHCXOAHT OT JIaTHHCKOro
cioBa tracto — Tauly, BJeKy.

Llennan JauHHA — xpHBas, ¢oOpPMY KOTOPOH NPHHHMAaeT MNoL [eHCTBHEM CHJbI
TAXKECTH HHTb C 3aKpelJIeHHbIMH KoHuamu (puc.2.54). B npsiMoyronbHbIX Aekapro-
BbIX KOOpJHHATaX LENHasi JHHHA MMeeT ypaBHeHHe

y=1(a/2) (e*/*+e~*7).

JlnMHa AyrH UemHOH JIHHUH OT €€ BEePLUIHHBI 10 3afaHHOH TOUKH paBHA TPOEKUHH
OpIHHATBl 3TOH TOYKH Ha KacaTeJbHYIO, MPOBEAEHHYIO B 3TOH TOouke (pHc. 2.55,
s=MN). [1poekuHs OpAHHATH NPOH3BOILHON TOUKH LENHOH HHHH HA HOpPMAJb B TOH
TOYKe SABJSAETCH BEJIHYHHON NOCTOSIHHOM, DaBHOH napamerpy a uenHo juuuu (a=ML).

CpoiicTBa LeNHOM JHHHH IPUMEHSIOTCS B CTPOHUTEJIbCTBE H TexHHKe. OHH HCIONb-
3YIOTCA B pacyerax, CBA3aHHbIX C IPOBHCAHHEM HHUTEH-POBOJOB, TPOCOB H T. A. B cTpon-
TeJbHOH TEXHHKE NPHMEHSETCS TaKXe JIMHHA CBOJA, OnpeleisieMasi ypaBHEHHeM

y=c (e’ 4e= "),

Bonpoc o ¢opme nuHHuW npoBucaHusi BnepBhie paccmorpen [aauneir (1638).
Ou nmonarad, yTo JHMHHA [POBHCAHHS SIBJsIeTCA Mapabonod. [IPOTHB 3TOro Mmo3xe
Bospaxkan Toiirenc. OKOHYaTeJbHOE TEOPETHYECKOE pelleHHe BONpoca o ¢opme JH-
HWH npoBdcanus anu Jled6uuu, Ioitrenc, SI. Bepuyaan.



F'nasa 3

BEKTOPbDI

[MoHATHe BeKTOpa BO3HMKJIO Kak Maremarhyeckas abcTpakiuusi OGbeKTOB,
XapaKTepU3yIOLIUXCs BEUYMHON U HAPABJIEHHeM, HaMPHMep TAKHX, KaK NepeMelleHHe,
ckopocth # T. . TepMun «BexTop» BBen Y. ['aMuibToH (okoo 1845T1.), 0603HaueHHsA:

a— ). Apran (1806), AB— A. Mé6uyc, r — Kowmn (1853), a — O. Xesucaitn
(1891)

3.1. OcHoBHbIE MOHATHA

Bekropom HasbiBaeTcsi HanpaBieHHbI oTpe3oK. Ecinm Hauano Bekropa
HaXOLUTCH B TOUKe A, Konel — B Touke B, TO BekTOp OG03Hayaercs cumBooM AB

unn AB. Hagaso BeKTOpa Ha3blBAIOT TaKkKe TOUKOH ero mpHaoxenus. Bektop uuoraa
o6o3Hayaerca OAHOM CTPOYHOH GYKBOH XKHp-

[ D HOoro mpudTa a, b u T. 4., MK Takoit xe
> GyKkBOH cBeTJIOro wWpHdTa ¢ YepTOUYKOA Ha-

Bepxy a, b v T. &
K L N M Moaynem BekTOopa a HasbiBaercsi ero
> IJIMHa, OH o6o3Hauaercsi uyepe3 |al wiu
Puc. 3.1 npocto a. Moaynb BekTopa — cKajsipHast

HEOTpHI aTe/IbHAs BEJHUYHHA.

Hynb-BekTOpOM (HJIM Hy/NeBbIM BEKTOPOM) HA3blBAaeTCH BEKTOp, HayalO H KOHell
Koroporo coenajaior. Hynb-Bektrop o6o3nauaercs cumBojom 0. Ero moayap pasen
HYJIO, a HanpapJ/eHHe He onpeleseHo.

EXHHUYHBIM BEKTOPOM HAa3biBAeTCA BEKTODP, IJHHA KOTOPOTO paBHAa eAHHHLe.

Bekropbl, Jexailie Ha napajJieibHblX MPSMBIX MM Ha OLHOH NpsiMOi, Ha3biBa-
IoTcsi KosiMHeapubiMH (pHc. 3.1, Bektopet CD 1 MN, KL u MN, CD u KL).

KonsuHeapHble BEKTOPHI, HMeOLIHe OIHHAKOBbiE HalpaBJeHHd H paBHble IJIH-

Hbl, Ha3bIBaIOTCs paBHbIMK (pHc. 3.2, a, BC=AD). Tak Kak Bekropsl AB u CD  umeior

MPOTUBOMOJIOXK Hble HanpaBaenus, To AB =« CD, xorsi |AB| =|CD]|.

OTtMmerum, uto OM; = OM,, rae M, u Mg—ma_e pasyiHUHble TOYKH OKPYMKHOCTH
pannyca R ¢ uentpom B Touke O (puc. 3.2, 6), nockoabKy Bektopst OM; 1 OM;  umelor
pasHble HanpaBJIeHHS.

BeKTOpbI, NPOTHBONMONOKHO HaNMpaB/EHHBIE H HMEIOLLHE paBHble IJIHHBI, Ha3bl-
ONOATEIA BekTODY 3 000aHARRerCh seps’ D, "7 PHe: 32 @) Bewrop, mpotuso-

Bektopbl, JeXallke B MapalfenbHbIX MIOCKOCTHX (WM B ONHOH MNJIOCKOCTH),
Ha3blBAIOTCH KOMIJIAHAPHBIMH.

Bexktop, Touka npunoxenns KOTOPOro MOXeT OuTh BbLIGPAHA NPOH3BOJIBHO
HasbIBaeTcsi CBOGOAHDLIM. ’

a 5

8 c

Puc. 3.2
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3.2. JluHeliHble OnepauMu HAJ BEKTOPAMH

JIHHeilHBIMY ONepalHMAMH Hajl BeKTOPAMH Ha3nBAIOT CJOXEHHE, BbLIYUTA-

HHe, YMHOXEHHe BeKTOpa Ha uHCJIo.
Cymmoit BekTopoB a U b Ha3sbiBaercst TpeTHil BEKTOP €, HAuYaJ0 KOTOPOro COBMA-
ZlaeT ¢ HayaJioM BEKTOPa &, a KOHel — € KOHIOM BeKTopa b MpH yCJOBHH, YTO BEKTOP

a 8 s 8
a a ‘
Cc
Puc. 3.3

b OTJIOXEH M3 KOHLa Bekropa a. Bektop ¢ noayuaercs 1no npaBu/iy TPeyrobHHKa
(puc. 3.3, a) uau napannenorpamma (puc. 3.3, 6).
AnanoruuHo onpesensierci cymma Tpex W Gonee BekTOpoB. CYMMOR n BEeKTOpOB

ai; a, ..., a, Ha3HBAeTCsl BEKTOpP, Haualo KOTOPOro COBNAafaeT ¢ HauajoM MepBoro
BEKTOpa a;, KOHell — C KOHUOM MOC/eHero a, MpH YCJOBHH, YTO KaX[blH nocjenylo-
LU BEKTOP A4 OTJOXKEH W3 KOHLA Npeiblayliero a, (k=1,2, ..., n—1). Ykasan-

HbI#l CNOCO6 TMOCTPOEHHS CYMMBl HA3bIBAeTcsl NPABHIOM 3aMbIKAIOLLEH.
CyMMa BeKTOpOB o6/najfaer CBOHCTBOM MEPEMECTHTENbHOCTH (KOMMYTATHBHOCTH,

puc. 3.4):
a+b=b+4a
H CBOHCTBOM COY€TaTeNbHOCTH (aCCOLHATHBHOCTH)
(a+b)+c=a+ (b4c).
CyMMa TpeX HEKOMIIaHapHbIX BEKTOpPOB a, b, ¢ HapAAy C MPAaBHIIOM 3aMblKaloLLEH

nony4aercs ® NO NPaBHAY Napasfieienumeia: cymma a-+b-+c paBka Bektopy OD,
rae OD — nuaronaJb napaJjjesenunena, NocTpoeHHoro Ha Bekropax OA=a, OB =b,

OC =c, OTJIOXKEeHHbIX U3 OHOH ToukH (pHc. 3.5).
H3 onpepesnennss cymmbl ciaepyer, 4ro

a+40=a, a4 (—a)=0.

Pa3noctbio a—b AByX BeKTOpoB a W b HasmBaercs Takoil BekTop d, KOTODLIH
B cymme ¢ BekTopom b paer Bekrop a:

a—b=d, echu b+d=a.

Y106 NOJYYHTb Pa3sHOCTh a—b ABYX BeKTOpoB a M b, HEOGXONHMO OTJIOXKHTH
HX H3 OJIHOH TOUKH M COENHHHTDb KOHell BTOPOTO BEKTOPa C KOHLOM NepBoro (pHc. 3.6, a).
PassocTb a—b paBHa cyMMe AByX BeKTOpoB a u (—b), rae (—b) — BeKTOp,
NpOTHBONONOXKHLIH Bekropy b (puc. 3.6, 6), 1. e.
a—b=a4 (—b).

{a+8)+c
a+{8+c)
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Bekropn — nuarosann napannenorpamma OACB (puc. 3.6, 8), mocTpoeHHOro
Ha Bekropax OA =a, OB =b, sABAAIOTCA COOTBETCTBEHHO CYMMOH H Pa3HOCTBIO ITHX

BEKTOPOB.
IlponsBesenneM BeKTOPa a HA UMC/IO o HA3BIBACTCH BEKTOP

b=aa,

yaoBJaerBopsiiowluii ycaosusam: 1) |b| =|a| |al; 2) b ¥ a oauHakoBO HampaBJeHbl

npu a >0; 3) b 1 a uMelOT NPOTHBOMOJOXKHbIE HanpabjeHuss npH a<<0 (puc. 3.7).

a 5 -8
() a-6 A a-8
a+-8)
a 6
Puc. 3.6
[}
————T—-

25a

B -Ja
Puc. 3.7

QueBuano, b=0, eciy =0 nan a=0. i
[IpousBesenne BEKTOpa Ha YMCAO 06JafaeT CJEAYIOUWUMH CBOHCTBAMA:

o(pa)=(ap)a, a(a+b)=catab, (z+pla=ca+fa
a(ar4-as+4 - - - +a.) =aa +oads+ - - - ads
(1 +oe4 -+ t+a)a=oataa+t---+ada

Heo6xonumoe U gocraToyHoe YCJAOBHE KOJIVIHHEApHOCTH BEKTOpPOB a H b Bbipa-
2KaeTcsi paBeHCTBOM

b=aa. (3.1
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3.3. Mpoexkuus BeKkropa HA OCb

B npocrpancrtse 3agaubl Bekrop AB u ocb u (puc. 3.8). ITycte A) — npoek-
uust Toukn A Ha ock u, By — npoekuns TOYKH B, T. €. OCHOBaHHA NePreHAHKY.IsPOB,
ONYLIEHHbIX H3 JaHHBIX TOUEK Ha 3Ty OCh.

IpoexiHeli BeKTOpa Ha OCb 4 Ha3bIBAeTCS
BEJMYHHA HAaNpaBJeHHOro oTpe3ka (BEKTOpa) 8
A\Bi ocu u. Tlpoekuusi sekropa AB Ha och u
o6osHauaerc uepes mnp,AB, T.e. ABi=
=np.AB, Bblyncasierca no ¢opmyse

1

I

|

A !

- |

np.AB = |AB |cos ¢, (3.2) e ; I

7

— 1

rae @ — yroa Mexay BektopoM AB u ocbio u. ,’S/'P iAf 8,4
H3 pasesctBa (3.2) caenyer, 4TO ecaH u

a=b, To Puc. 3.8

np.a=np.b, (3.3)

T. e. paBHble BEKTOPbl HMEIOT PaBHble MPOEKUHH (Ha ONHY H Ty XKe OCb).
[Ipoexuus BekTopa Ha ocb 067dnaer ClefyOLHMH CBOACTBAMH:

np. (a+b) =np.a+np.b, (3.4)

np.{aa) =anp.a, (3.5)

np.(a; +az+ - - - +a.) =np.a; +np.az+ - - - +npuan. (3.6)

Ecan a;, ay, ..., a; — NPOH3BO/JbHAA KOHEYHas# CHCTEMa BEKTOPOB; i, G2, ..., On —

NpoOH3BOJbHAA CHCTEMA JeHCTBUTEJNbHBIX UHCEN, TO BEKTOp
a=qa +a2a2+ L) -{—a,.a,,

HaablBaercs JHHeHHON KOMOGHHaLHell BEKTOPOB 3TOR CHCTEMDbI.
U3 pasencrs (3.4)—(3.6) caeayer, yto

np. (@131 4 oedo+ -« + +tndn) =
=0 np.a; + aolpudz+ -+ + + CallPudn. (3.7)
3.4. JlekapToBbl NPSIMOYroJibHbie KOOPIHHATHI

BeKTOpa B npocrpancree. JlanHa Bextopa.
Hanpasasiommue KocHHych BeKTOpa

PaccMOTpHM B TpOCTpPaHCTBE NEKAPTOBY NPAMOYTOJBHYIO CHCTEMY KOOp-
AuHaT. PaguycoM-BeKTOpoM ToukH M HasbiBaercsi Bektop r=OM, Touka npuasoxe-
HUSl KOTOPOro COBMAafaerT ¢ HayaJoM KOOpAHHAT, a KOHel HaxOAHTC B Touke M
(puc. 3.9).
JlexapTOBHIMH MpPSAMOYTOJbHBIMH KOOpAHHAaTaMH X, Y, Z BeKropa F Ha3biBaloOTCsH
€ro NpPOeKLUHH Ha KOOPAHHATHblE OCH

X=np.r, Y=np,r, Z=np.r. (3.8)
Kaxpnas u3 sanucei
r=(X,Y,2), r(X,Y,2), r={X,Y, Z} (3.9)

O3HauaeT, YTO BEKTOP F HMeeT KoopauHatH X, Y, Z.
Ecau x, y, z — pekapToBbl NpsiMOYroJibHble KOODAHHATHI TOYKH M, TO

X=x, Y=y, Z=z,

T. €. KOOpAHHATH pajaHyca-ekTropa OM paBHB KOOpIHHaTam TOYKH M.
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BBegeM B paccMOTpeHHe eduHH4HBIE BEKTOPH i, j, K KOOpAHHATHBIX oOcelt (ux
Ha3bIBAIOT OPTaMH) H BEKTOPHI OA =Xi, OB=Yj, OC=2Zk, rne A4, B, C — BEpLIHHBI
NpAMOYrOJIbHOrO NapaJjJielenunena, ajs Koroporo OM spasiercst aunaronannio (A, B,
C — npoekuun Toukd M Ha koopauHatHble ocH; OA=X, OB=Y, OC=Z — npoek-

UHH BEKTOPA Ha KOOPAUHATHBIE ( ocu) ITo ompe-
z 4 JIeJIEHHIO CYMMbI OM=0A +0B +0C, MO3TOMY
c

r=Xi+ Yj+ Zk. (3.10)

\ ®opmyna (3.10) Bbipaxkaer pasjioxeHHe BeK-
Kk r Topa fr mo GasucHbiM BektopaM i, j, k. Bek-
3 TOpbl, CTOSIHE B npaBOd 4YacTH GOpPMYJHl
- (3.10), Ha3bLIBAKOTCH COCTABJAIOUIHMH HJIH KOM-
J Y noHeHTamH Bektopa .

Ha ocHoBaHuu TeopeMbl O KBagpaTe aHa-
FOHa/H NPSIMOYTOJbHOTO NapasJeendnesa no-
X A JydaeM (OpMyJy, BbIpaxkalollylo AJHHY BeK-
topa (3.9) nan (3.10) uepe3 ero KOOpAHHATHI:

Irl =VX*+ Y2} Z2. (3.11)

U3 pasencrsa (3.3) cienyer, uTo paBHble BEKTODhl MMEIOT pPaBHble KOODIHHATHI,
MO3TOMY KOOPJHHATHI BEeKTOpa He 3aBHCAT OT TOYKH ero npujoxenus. Koopannartamu
JMI060ro BEKTOpAa Ha3biBAIOTCHA €ro NPOeKLHH Ha KOOPAHHATHblE OCH.

Hanpasisiomums KOCHHYCaMH BEKTOPa Ha3bIBAIOTCS KOCHHYCHl YrJoB o, B, ¥,
o6pa3yeMblX UM C KOOPIHUHATHbIMH OCSIMH.

[Mpuunman Bo BHHUMaHHe ¢opMyay (3.2), ans Bekropa (3.9) monydaem

Puec. 3.9

X=]|r|cosa, Y=|r|cos B, Z=|r|cos y. (3.12)

H3 paBencts (3.11) u (3.12) caenyior popmy.bl Al HanpaBJSIOWHX KOCHHYCOB
BEKTOpa r:

“

X Y VA

= wrvrr T s VT werer
(3.13)

OTKYZAa
cos’a +cos’p 4+ cos?y=1.

H3 ¢opmyn (3.12) caepyer, uTo KOOpPAHHAThl €JAHHHYHOI'O BEKTOpA paBHbl €ro
HanpasJ/sIOILHM KOCHHYCaM; T. €.

e= (cos a, cos f, cos y).

ITpuwmep 3.1. Han Bekrop a= (2, —1, —2). HaHiTy ero MJIHHY W eIdHHHY-
HbIl BEKTOp ao HaNpaB/leHUs BEKTOpa a.

[lo ¢opmyne (3.11) naxomum panny mekropa |a| =~/ (—1)7 4 (—2)2=3,

a no ¢opmynam (3.13) — ero Hanpas/sIOLIME KOCHHYCHI COS o= —%— cos p =
1 2 2
=~ g cosp=— g m={ 5. — —*)
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3.5. Mepexon OT BEKTOPHBIX COOTHOIIEHHH
K KOOPIMHATHBIM

Ecan paubl BEKTODbI (’1“ €. U3BECTHbl HX KOOplIHHaTbI) H YKa3aHbl onpene-

JIEHHbBI€ COOTHOLUEHHSA MEeXAY HHMH, TO OHH PaBHOCHJbHbI aHaJIOTHYHBIM YHCJIOBBHIM
COOTHOLIEHHAM MEXXAY KOOpAHHATaMH.

Koopausarsl nponaBegeHHst BeKTopa Ha yucao. [1yctb nan Bekrop a= (X, Y, Z)
1 uncno az=0. Koopaunato Xy, Yo, Z; BekTOopa b=oaa:

Xo=oakX:, Yo=aY\, Zo=alZ. (3.14)

OtmetnM, uTo paBeHcTBa (3.14) BbHIpaXKalOT HEOGXOLHMOE H JOCTATOYHOE YCJIOBHE
KOJIIHHEAPHOCTH OBYX BekTopoB: a= (X, Y\, Z), b= (X, Y, Z2). Ecnn Hu ogHoO H3
uyucea X, Y1, Z| He paBHO HYJIO, TO 3TH PABEHCTBA MOXHO 3amHCaTh TaK:

X/ X1 =Yo/Yi=2y/Z\.

Bekropbl KoJIHHEapHb! TOT'A@ H TOJMBKO TOr'Aa, KOrla NponopUHOHaNbHbl HX OLHO-
MMeHHble KOODJIHHATHI.

Koopannarbi cymmbl (Pa3HOCTH) ABYX BEKTOPOB. I1ycTb JaHbl ABa BeKTOpa a=
= (X1, Y1, Z1), b= (X, Y2, Z), Torna X, Y, Z — koopanHaTbl BeKTOpa cymmbl a--b:

X=X+Xo, Y=Y 4V, Z=2,+4 25
X'=X|—X2, y/==Y1—Y2, Z’=ZI—ZQ,

rae X', Y, Z’ — koopauHarel pasHocTd a—b.

KoopauHarbl BekTopa, 3agaHHoro aApymsi Toukamu. Hauano sekropa MM, Haxo-
nuTes B Touke M, (X1, Y1, 21), KOHell — B Touke Ms(x2, Y2, 22). BHpakeHHs pas ero
koopauuar X, Y, Z uepe3 koopaunarbl Touek M; u My:

X——‘XQ—)C|, y=y2—y], Z=22—Z]. (315)

Koopaunaret JauHeAHOR KOMOGMHAUMH BeKTOpoB. 3ajaHbl 1 BEKTOPOB a)=
= (X1, Y1, 2Z)), as=(Xs, Y2, Z2), ..., an=(Xn, Yn,Zs) ¥ HX NuHeHHasi KOMGHHALHA

a=oa|+ asaz+ * -+ 4 onan.
Koopaunatel X, Y, Z Bekropa a onpejensiiorcsi GpopMyaamMu
X=a X\t aXe+ -+ +anXa,
Y=o 1Yi+oaYot -+ anln
Z=o,Z\+agZo+ -+ +anZn

JleneHue orpeska B JAHHOM OTHOIWIEHHH. [laHbl fABe TOYKH B MPOCTPAHCTBE
Ml\(x.,y,, 21), Mg(xa, Y2, 22). Koopaunarsl Touku M, pensiweit orpesok M;M; B oTHO-
[WeHHH [

_ X1+ {x2 _ Y1+ lys o 21412y
S pvey B i piy i Sany gy A z z M
B uacTHocTH, KOOPIHHATH CepeNHHbl OTpe3Ka
onpenestiorcss popmyaamu r ™
o) Y
o Mitxe Y= Y1ty 2= 2tz (3.16)
2 2 2
0 y

MpeobpasoBanue NEKAPTOBHX NPAMOYTOAbHHIX X /
KOOPAMHAT NPH mnapaineabHom mnepenoce. Pac-
CMOTDHM JB€ A€KaPTOBbI MPSAMOYTONbHbIE CHCTEMbI Puc. 3.10
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KOODAHHAT C OLHHM H TeM JKe MACIITAGHHIM OTPE3KOM H OJHHAKOBLIMH HalpaBJEeHHAMHA
OIHOMMEHHBIX KOOpAMHATHHIX oceit (puc. 3.10). Hauano HoBo# cucTeMbl HaXOAUTCH
B Touke O, (a, b, ¢). [1yctb M — npousBosbHasi TOUKA NPOCTPAHCTBA, X, Y, Z — €€ KOOp-
IHHAThl B cTapo# cucteme, X, Y, Z — B HOBO#, Torna

x=X+4a, y=Y+0b, 2=2Z+c,
HJIH
X=x—a, Y=y—b, Z=2—c. (3.17)

Mpumep 3.2 [aun ape toukn A(3, —4,7), B(5, —6,8). Haiiru xoopau-
HaTel BekTopa AB u koopaHHaThl Toukn E — cepeaunnl orpeska AB.
ITo popmynam (3.15) u (3.16) COOTBETCTBEHHO MONy4YaeM

X=5—-3=2Y=—6—(—4)=—-2, Z=8—-T7=1, AB=(2, —2,1);
x=(5+3)/2=4, y=(—6+(—4))/2=—5, 2=(8+7)/2=75, E(4;—5; 7.5).
[ITpumep 3.3. Ianu ueTnipe Touku A (5, 6, —8), B(8, 10, —3), C(1, —2, 4),
D(7,6, 14). KoaauxeapHbt sy Bektopsl AB u CD?
Tak kak AB=(8—5, 10—6, —3—(—8))=(3,4,5), CD=(7—1,6—(—2),
14—4) =(6,8,10) ¥ CD=2AB, 1. e. BonosHeno paeencrso (3.1), To Bekrops AB
n CD konjaHHeapHbI. ‘

3.6. CkanspHoe npoH3BeleHHE ABYX BEKTOPOB

CxanspHelM npoHsBefieHHeM IBYX BekTopoB a H b HasmiBaercs uucio, pas-
HOe MPOH3BEJEHHIO HX AJHH Ha KOCHHYC yria Mexay Humna. Ecan o6o3naunte ckassip-
Hoe NpoH3BejeHHe yepes ab, To

ab=a| |blcos ¢. (3.18)

Tak kak |blcos g=np,b u |ajcos g=npya (puc.
3.11), to paBeHcrBo (3.18) MOXHO npeacTaBHTb
B ABYX APYFHX BHAax:

ab=|a|np,b, ab=|b|nppa.

[ToHsiTHe cKaNSIPHOrO MPOHU3BENEHHS BO3HHKIO B
mexanuke. Ecu BekTOp a u3o6parkaer cuJIy, TOuKa
HOPHJIOKEHHSI KOTOPOH mNepemellaeTcsi H3 Hauaja B

Puc. 3.11 KOHel, BekTopa b, To pa6ora w yka3aHHOH CHJIbI
onpeneasiercsi paseHcrsom w=|al |b|cos ¢.
CkanapHbIM KBaJpaToM BEKTOpa a HA3blBAeTCS CKaisIPHOE NPOU3BEJEHHE BEKTOpa
a Ha cebs:

a’—=aa=/|al Jajcos 0=]al?

T. €. CKaJsIDHHIA KBaJApaT BEKTOPA paBeH KBAaApPAaTy ero AJHHBL
Bexropsl @ 4 b nepneHIHKY/ISIpHB TOTAa H TOJNBKO TOrAad, KOraa

ab=0, (3.19)
CkasnspHoe npousBefeHHe 06Jafaer CBOHCTBAMH:
1) mepemecTHTe/NbHOCTH (KOMMYTATHBHOCTH)

ab=ba,
2) coueTaTeJbHOCTH (aCCOLHATHBHOCTH) OTHOCHTENBHOrO YHCAOBOTO MHOXHTES
(aa)b=a(ab),
3) pacrnpenesuTesbHOCTH (IHCTPHOYTHBHOCTH) OTHOCHTEJIBHO CYMMbI BEKTOPOB
a(b+c)=ab+4ac.
CkaJisipHOe Npou3BelieHne NBYX BEKTOPOB
a= (X1, Y1, Z1), b= (X, Y>, Z») (3.20)
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sbipax<aerca GopmyJoii
ab=X1X2+ Y| YQ+VZ|ZZ, (321)

T. €. CKaJsipHOe NPOoH3Be/leHHe ABYX BEKTOPOB pPaBHO CyMMe MpOH3BefeHHH OJHOHMEeH-
HbIX KOODIHHAT. : 2
3ameuanune. Ecin b=a, to dopmyna (3.21) npuHumaer Bux aa=X|+

+Yi4 7} Tlockoabky aa=a?=al|? To |a| =~XT+ Yi+2Z2.
Kocunyc yrna mexay Bekropamu (3.20) onpenensiercs ¢opmyJsoit
XiXo+ Y'Y+ 2.2,

VXV X2 X+ VI + 28

Heo6xoauMoe M J0OCTaTOYHOE YCJIOBHe MEPNeHAHKYJISPHOCTH [EBYX BEKTOPOB
(3.20) BbIpaxkaercss paBeHCTBOM

X Xo+ Y\ Yo+ 2,Z,=0, (3.23)

oHQ caenyer u3 dopmya (3.19) u (3.21).
Ecan ocb u o6pa3dyer ¢ KOOPAHHATHLIMH OCSIMH YIibl a, f§, Y COOTBETCTBEHHQ, TO
npoekuus Bekropa s= (X, Y, Z) Ha 3Ty ocb onpeaensiercss paBeHCTBOM

cos p= (3.22)

npu,s=X cos a+ Y cos B+ Z cos y.

Mpumep 3.4. [lanw nBa Bexropa a= (8, —7, —2), b= (7, — 11, 8). Ha#itu
Yrosl MexAy HHMH.
ITo popmyne (3.22) nonyuaem

cos p= 87+ (=7)(=11)+(—2)-8 _
VEF (=N (=27 T+ (=1D7+8
117 2

= =Y —=45°,
117 42 2 ¢

IMpumep 3.5. dokasaTb, uro Bekropn a==(2, —4,6), b= (3,3, 1) nepnex-
JAHKYJASPHEL.

Ilo dpopmyane (3.21) Haxonum: ab=2-3+4 (—4)-3+46-1=0. Tak Kak BbINOJHEHQ
ycaoBHe (3.19), To BekTOopbl @ M b nepneHAHKYJAsSIPHEL

3.7. MpaBbie u JeBble TPOHKH BEKTOPOB.
ﬂpaBue H JIeBbI€ CHCTEMbIi KOODAHHAT
Tpyu HekomniaHapHbix BekTopa OA=a, OB=b, OC=c, B3ATHIX B yKa3aH-

HOM mopsitke (a — mepBbld BeKTOp, b — BTOpPO#H, ¢ — TpeTuii) U NPHJIOKEHHKIX B OLHOH
Touke (puc. 3.12, a, 6), Ha3biBalOT TPOHKOH BEKTOPOB a, b, c. ByneM cmoTpeThb ¢ KOHLLA

Puc. 3.12
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BEKTOpa ¢ HA TJIOCKOCTb, ONpefesieMyio BeKTopamu a i b. Ecau kparuaiiuui nosopot
OT BEKTOPa a K BeKTOpPy b coBepilaercss NpOTHB 4acoBOH CTPENKH, TO TPOHKa BeKTO-
poB a, b, ¢ HaswiBaercs npaBoit” (puc. 3.12, a), ecu yKa3aHHbI# MTOBOPOT COBEPLIAETCS
10 YacoBo# CTpeiike, Tpofika a, b, ¢ Ha3biBaercs seso#t (pHc. 3.12, 6).

[Be Tpoiiky, o6e npaBble WIH oGe JieBble, Ha3blBAIOTCSl TPOHKaMH OLHOH OpHeH-
TalWK; eC/iH OfHA TPOMKA sIBJISIeTCs NpaBoH, a Jpyrasi — JIeBOH, TO OHH Ha3blBAIOTCs
TPOHKaMH Pa3/HYHOH OpPHEHTAaLHH.

TIpu Kpyrosoii mepecTaHOBKe BEKTOPOB (MepBbifi 3aMeHseTCs BTODbIM, BTOPOH —
TpeTbHM, TpeTHH — nepBbiM, puc. 3.12,8) opHeHTalUuss TPOHKH He MeEHseTCH
(cMm. puc. 3.12, g, 6).

Eciu noMeHATb MecTaMH ABa BE€KTOpa, TO OpHEHTaUHus TpOﬁKl‘l MeHsAeTCsa, HanpH-
Mep ecau a, b, ¢ — npaBas Tpofika, To Tpo#ka b, a, ¢ (Tex )Ke BEKTOPOB, B3STHIX B NO-
psiake b, a, ¢) 6yaer JieBOH.

[psimoyrosibHasi AeKapToBa CHCTeMa KOODAMHAT Ha3blBaeTcsl NpaBo#f, eciH TPo#-
Ka Ga3uCHBIX BeKTOpOB i, j, k mpaBas; ecaH 3Ta Tpo#Ka JieBasi, TO CHCTeMa KOOpHHHAT
HasbiBaeTcs JeBOH.

3.8. BekTopHOe NMpou3BeleHHEe ABYX BEKTOPOB

BekTopHbIM NpOH3BEefeHHEM BeKTOpa a Ha BeKTOp b HasbiBaercsi TpeTHH
BeKTOp, 0603HayaeMblii cuMBoO/OM [a, b] M ylnoBJeTBOpSIOLIHK YCTOBHAM

1) |[a, b]l=/al |b] sin ¢, rae ¢ — yroq Mexay BekTopamu a H b;

2) Bektop {a, b] mepneHAHKy/asipeH KaXAOMY H3 BEKTOPOB a H b;

3) Tpoiika Bektopos a, b, [a, b] umeer Ty e opueHTanuio, uTo H i, j, k.

Jljisi BeKTOPHOro mnpou3BeleHHs NPHMEHSIOT W Apyrue o6GO3HayeHUsl, Hanpumep
axbh.
3ameuanune. Eciu nonb3oBaTbCsi TONBKO NPaBbIMH CHCTEMaMH KOOpAHHAT,
TO yCJOBHE 3) MOXHO 3aMeHHTb APYrHM — TpoHka a, b, [a, b] sBasercs npasoi.

IMonATHE BeKTOPHOro NpoH3BefeHHA BO3HHKJIO B MexaHuke. Eciu Bektop b u3o6pa-
}aeT CUJTy, NMPUIOKEHHYI0 B Touke M, a=OM, 1o [a, b] Bblpaxxaer MOMEHT CHJbI
b orHocuTenbHO Touku O. .

H3 ycioeusa 1) cienyer, uTo Mody/lb BeKTOPHOro mpou3BeeHusi [a, b] paseH
njomaad S nmapajjejorpamma, HOCTPOEHHOro Ha BeKTopax a u b (puc.3.13), 1. e.
A

[a,b] |{a, b] =S, (3.24)

HO3TOMY
[a, b] =Se,

! rAe € — eIHHHYHbI BEKTOpP HamnpaBieHHsl BEKTOpa

e [a, b].

] Pasencrso [a, b]=0 Buipaxaer HeoGxonnmoe

H AOCTATOYHOE YC/JIOBHE KOJIVIHHEAPHOCTH ABYX BEKTOPOB

a u b; B wactHocTH, 41 JI060rO BeKTOpa a [a, a] =0.

a 1) BekropHoe npoussesente ABYX BEKTOPOB ofnanaer
CBOACTBaMH:

1) aHTHNepeCTaHOBOUHOCTH MHOXMHTENEH

Puc. 3.13 (a,b] = — [b, a];
2) coYeTaTeNIbHOCTH OTHOCHTENBHO CKaAPHQIO MHOMKHTes
[(za), b} =a[a,b], [a, (Bb)] =B]a, b];
3) pacnpejieNHTENLHOCTH OTHOCHTEIBHO CIOXKeHHS!
Y B cayuae apaeofi Tpe#ike a, b, c BekTopnl a b, ¢ pacnosaralTes Tak, Kak

6O/IbILION, yKA3ATENbHBIH U CPelHHil MaJbLbl IPaBOH PYKH; ecy TPoiika a, b, ¢ ABaseTcs
JleBOH, TO BeKTopbl &, b, ¢ pacrmosnaraloTcsi Tak, KaK yKasaHHble NaJjblibl JEBOH PYKH.
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[(a+b),c]=[a, c]+[b,c], [a (b+c)}=[a b]+[ac].

BektopHoe npousBenenne [a, b] aByx BekTopoB

a= (X1, Y1, Z1), b=(Xy, Yy, Z2) (3.25)
Bhipaxaercs ¢popmyJsioH
Yi Z, ], X1 Z, |, X, Yy
[a,b] = l ||— X, zgi X Y l k. (3.26)

ATy ¢opMyJy MOXKHO NMPeACTaBHTb Yepe3 CHMBOJHYECKHH ONpeleluTe/lb TPEThero
nopsiKa
ijk
[a,b]= | X, ¥, Z,]. (3.27)
X Yo Z,

3ameuanne. CocraBHM MaTpPHLY H3 KOODAHMHAT BeKTOpPOB a u b
[ X, Y Zl]
X, Yo Zy]°

Koopaunatbl BeKTOpHOro npox3BefeHus [a, b] paBHH MHHOpaM BTOPOro Mopsiika
3TOH MaTpHUbl, NOJy4YeHHBIM NYTEeM I0OOYEPEJHOrO BbluepPKHBAHHSA NepPBOro, BTOPOro
H TpeTbero CToJ6LOB, MPHUYEM BTOPOH MHHOP HYXKHO B3AThb CO 3HAKOM MHHYC.

Iyowanp napajnaenorpamMma, MOCTPOEHHOTO Ha BekTopax (3.25), BbluHCAsieTCS
no gopmyJe

Yi Zi? X Zo|)? | |X P
—\/ Y2 Z, ‘XQ 22, Xz Yo (3.28)
kotopas caenyer u3 (3.11) u (3.24).
IMrowane Tpeyronbunka ABC onpepensiercss popmyaoi
S= —;— | [AB, AC] 1. (3.29)

®opmyaa (3.29) crenyer u3 (3.24), TaK Kak miouain tpeyroibhika ABC cocras-
JsieT MOJIOBHHY IJIOLLAaJH MapaJJerorpamma, NocTpoeHHoro Ha Bektopax AB u AC.

MMpumep 3.6. Nauol aBa Bektopa a= (5,3, —4), b= (6,7, —8). Haiitu
KOODIHHATHl BEKTODHOro mpoH3BedeHus [a, b].

ITo dopmyne (3.27) nosyuaem

)

[a,b] = =
6 7 |

_ 17” _‘; ls :8|j+|2 §|k=4i+165+17k,

[a, b] = (4, 16, 17).
[Tpumep 3.7. BepuuHnl TpeyronbHuka Haxoparca B Toukax A(l, 1, 3),
B(3, —1,6), C(5, 1, —3). Boluucautb ero naouitaib.
C nomoubio ¢opMys (3.15) HaxomuMm KoopanHatel BektopoB AB n AC:AB=

=(2, —2,3), AC= (4,0, —6). Tak kak
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9 3
wmse=(I5 -]
TO :
S= —— | [AB,AC}| = Lw/12’+242+87——V4’(32+67+2’ )=
1
= - tT=14

3.9. CmemaHHOe NpPOH3BeeHHE TPeX BEKTOPOB

IMycts nauel Tpu BeKkTOpa a, b, c. BeKTop. a yMHOXHM BEeKTOPHO Ha b,
BEKTOpHOE MNpou3BeleHHe [a, b] yMHOXHM CKaafipHO Ha ¢, B pe3y/bTare NoJyyaem
YHCJI0, KOTOpPOE Ha3biBAlOT BEKTOPHO-CKAaJSIDHBIM NPOH3BEAECHHEM HJH CMeIaHHBIM
npousBefeHHeM [a, b]c Tpex BexkTopoB a, b, c.

CMewmlanHoe npousBefeHHe [a,b]c  Tpex HeKOMI/aHADHHIX BEKTOPOB PaBHO
o0beMy napa/jiefeNunena, NOCTPOEHHOro Ha Bektopax OA=a, OB=b, OC=c
(puc. 3.14), B3sATOMY €O 3HaKoM mJIOC, ecld Tpoika (a, b, ¢) — npasas, co 3HakoM

MHHYC, KOTla 3Ta Tpoilka — JieBasi:

V=mod([a, b]c). (3.30)

Bekropbl a, b, ¢ kKoMmiaHapHbl TOrga H TONBKO
TOTAA, KOrja HX CMeLIaHHOE MNpOH3BEeAEHHe PaBHO
HYJIO, T. €.

[a, b]c=0. (3.31)

Pue 3.14 Cwmewankoe npoussenenre [a, bjc u afb, c] 0603-
o HayaloT uepes abc:

abc=[a,b]c=a|b, c].

Eciu noMeHATL MeCTaMu ABa BEeKTOPa, TO CMeIlaHHOe TNPOH3BEJEHHE H3MEHHUT
auwb 3Hak. Jlas Tpex Bektopos a, b, c:

abc =bca=cab= —bac= —cba= —acbh.

CMeliaHHoe NMpoU3BeieHHE TPEX BEKTOPOB

a= (X1, Y, Z)), b= (X2, Y3, Z5), c= (X3, Y3, Zs) (3.32)
onpenessiercsi GopMyJioi
X, Y, Z
abc= Xz Y2 ZQ . (333)
Xs Y3 Z3

W3 dopmya (3.30) u (3.33) caeayer, uto 0o6beM napaJiielenHnesa, MOCTPOeH-
Horo Ha Bektopax (3.32), BbiuHcisiercs no gopmyJe

Xy Vv Z,
V=m0d Xz Y2 22 . (334)
¢ Xs Yy Z,

O6beM TpeyroJbHOH NHpaMuibl C BepliMHaMH B Toukax M (xi, yi, 1),
Mz (x3, Yo, 22), Ma(xs, ys, 23), Mu(x4, Ys, 24) ompenensiercs QopmyJsoi

1 Xo—X1 Y2—Y 22—2
T mod X3— Xy Ys—lhh 23—z . (335)
Xe— X1 Ya—Y1 24—2

V=
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Heo6xonumoe u nocTaTouHoe ycnoBHE KOMIIAHaPHOCTH Tpex BekTopoB (3.32)
BbipaXKaeTcsl paBeHCTBOM

X, Y\ Z,
X2 Yy Zy|=0, (3.36)
Xs Y3 Zs

KoTopoe cieldyeT u3 paBeHcts (3.31), (3.33).

ITpumep 3.8. HaiitH o6bem napaanenennnena, NOCTPOEHHOro Ha BEKTOpax
a=(1,3,1),b=(2,1,3), c=(3,1,2).

[To ¢opmyae (3.34) mosnyuaem

1 3 1 1 0 0
V=mod|2 | 3|=mod{2 —5 1{=13.
3 1 2 3 —8 —1

Mpumep 39. Hokasate, uto Bektopw a=(l, —2,3), b=(4, —5,86),
c= (5, —7,9) KoMnaaHapHbI.
Tak kKak

I -2 3 I -2 3
4 —5 6|=|0 3 —6]=0,
5 =7 9 0 3 —6

T. €. BHNOJAHEHQ ycjoBHe (3.36), TO RaHHRIe BEKTOPbI KOMIIAHAPHHL.

MMpumep 3.10. BolyncAHTL 06bEM TPEyroabHOH MHUPAMH/LI, BeplUHHB KOTOPOH
HaxoaaTcA B Toukax M, (6, 1, 4), Mq(1, —3,7), Ms(7, 1,3), Ms(2, —2, —5).

B coorBerctBuH ¢ dpopmynoii (3.35) Haxoaum

1 l—6 —3—1 7—4
7—6 1—1 3—4
-5 —4 3
=mod~é— —4 —3 —9 =23—3.
1 0 —1

3.10. JluHeiliHasn 3aBHCHMOCTb BEKTOpPOB

Bexrtopn a1, as, ..., 8, Ha3bLIBAIOTCH JIHHEHHQ 3aBHCHMBIMM, €CJH Cylle-
CTBYIOT AEHCTBHTEJbHLIE YHCAA o), X2, ..., &s, H3 KOTOPHIX 1O MeHblUEH Mepe OIHO
OTJIMYHO OT HYyJsl, TaKHe, YTO

a1a|+azaz—+—...+a,.a,.=0. (337)

B nportuBHoM cayyae (T. e. KOrja TaKuxX 4YHCQJA He CYLUECTBYET) BEKTOPH Ha3bl-
BAlOTCSl JIHHEHHO He3aBHCHMbIMH; ADYTHMH CJIOBaMH, BEKTODbl JIHHEHHO HE3aBHCHMBI,
ecsH paBeHcTBO (3.37) BLINOJNHAETCA JHLIb NPH

o =gy=...=a,=0. (3.38)

Ecau oauH H3 BEeKTOpOB, HampuMep a,, SIBIsETC HYJEBLIM, TO CHCTeMa a,,
., a, OKaXKeTcsi JIMHeHHO 3aBHCHMOM, TaK Kak paBeHcTBo (3.37) Oynmer Bbl-
noJiHeHO NpH a1 =1, ae=a3=...=a,=0. Ecau yacrb BekTOpOB a, ay, ..., a; JH-
HeAHO 3aBHCHMA, TO M BCA CHCTeMa a,, ag, ..., a, JHHeHHQ 3aBHCHMA, MOCKOJBKY
H3 paBeHCTBA o+ a2a2+...+aza,=0 caeayer paseHctBo (3.37), B KOTOpOM
ak+l=ak+2=...=a,.=0.

Teopema 3.1. Bexkropst ai, a,, ..., a,(n>1) aunedno 3asucumet T020a

ag, ..
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.U TOAbKO To20a, Ko20a no menbuwell mepe OOUR U3 HUX ABARETCA AuHeldHOl KOMOuHa-
yueli OCTANbHBLX.

Teopema 3.2. [Hea sexTopa a u b auneiino 3asucumer Toeda u ToabK0 TO20A,
K020a OHU KOAAUHEapHbL.

Teopema 3.3. Ecau e, u e; — 08a HeKOAAuUHEAPHOIX BeKTOPA HEKOTOPOU
NAOCKOCTU, TO 210604 TPeTul 6eKTOP a TOU JHe NAOCKOCTU MONCHO eQuHCT8enHbiM 00pa-
30M PA3AOKUTS NO HUM, T. e. npedcTasuTe 8 sude a=xe,+ yes.

Teopema 3.4. Tpu eektopa a,b,c auneiino 3asucumer TO20a U TOALKO
T020a, K020Q OHU KOMNAQHAPHLL.

Teopema 35 Ecau sexropot e, €, €5 HEKOMNAAHAPHYL, TO 41060 8eKTOp a
MONCHO eOUHCTBEHNbIM 00DA30M PA3A0NCUTS NO HUM, T. e.

a=uxe, 1 ye;+ zes.

Teopema 3.6. Bcakue wuerbipe 8eKTOPA AUHELUHO 3AB8UCUMDbL.

Jlio6ast ynopsiioyeHHas cHCTeMa TpeX JIHHEHHO HEe3aBUCHMBbIX (T. €. HEKOMIia-
HapHLIX) BEKTOPOB a, b, ¢ Ha3niBaeTcs 6a3ucoM. CoryiacHQ TeopeMe 3.5, BCAKHI BEKTOP
d MOXHO pa3noxuTtb mo 6a3sucy, T. €. NIPeACTaBHTb B BHIE

d=xa+yb+ zc. (3.39)

Yucna x, y, z Ha3blBAlOT KOOpAHHATAMH BekTopa d B Gasuce a,b,c. .
[MTpumep 3.11. O6pasywr aH Gasuc Bektopl a= (8,2, 3), b=1(4,6, 10),

c= (3, —2,1)?
Tak Kak
8 2 3 —1 8 3
abc= |4 610 =] —2626 10| =
3 —2 1 0 0 1
—1 8| |7 8] _
=1 262 | = 026|182

T. €. CMeLllaHHOe NPoH3Be/leHHe BEKTOPOB OTJIHYHO OT HYJIsl, TO BEKTOPbl HEKOMIIJIaHAPHDI.
3HaUHUT, OHH JHHEeHHO HEe3aBHCHMBI U 06pa3yloT GasHc.

MMpumep 3.12. Jauw Bektopni a= (1,1, —1),b=(2, —1,3), c= (1, —2, 1),
d= (12, —9, 11). Joka3ats, uro BekTOpHl a, b, c 06pa3yioT 6asuc U HAHTH KOOPAH-
HaTtbl Bektopa d B 3ToM Gaslice.

IMockoabky
1 1 —1 0 U —1
abc=12 —1 3| =1|5 2 3|=
1 —2 1 2 —1 1
5 2
=" |2 —1 ‘ =90,

TO BeKTOpbl a, b, c JHHEHHO He3aBHUCHMBI (HEKOMMJaHapHbl) M o6pasyioT 6asHc.
Bektop d moxHO npeacraButh B BHIe d =xa—+yb+zc (cMm. dopmyay (3.39)). Irto
PaBEHCTBO PABHOCHJBHO CJEdYIOUHM paBeHCTBaM:

12=x42y+2, —9=x—y—2z, 1l=—x+3y+z2,

TaK KaK PaBHble BEeKTOPbl HMEIOT PaBHble KOODAMHATHl ¥ KOODPAHHATH! JHHEHHOH KOOp-
JAMHAlUMH BEKTOPOB pDaBHbI COOTBETCTBYIOLINM JIHHEHHBIM KOMOHHALHAM OAHOHMEHHbIX
KoopaHHAT (cm. M. 3.5). Pewus moJyueHHylo cucTeMy ypaBHeHHH, HaiileM x=2, y=
=3,2=4. Urax, d=2a+}3b-+44c, Bektop d B naHHoM Gasuce HMeeT KOOPAHHATHI
x=2, y=3, z=4.
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3.11. AdbdunHble KOOPAHHATHI

dukcnupyeM HekoTopylo Touky O 3aflaHHOM TJIOCKOCTH H BbiGepeM 1Ba
HeKOJIJIHHeapHBIX BEKTOpA €, €, Ha30BeM 3Ty TOUYKYy HayaJoM KOODIAMHAT, BEKTOPbI
e,, € — 6asucHbiMu. OT Touku O oraoxum Bektopnl OE,=e; H OE,=e;, npoBenem
npsiMele, KOTOpbIM NMputiagnexat BeKTopel OE, # OE;, ¢pukcrHpyeM Ha HHX MOJOKHTENb-
Hble HanpaBleHusi, coBnajaomiue ¢ HanpabneHusamd OE, u OEs cOOTBETCTBEHHO,
T0JIy4HM [Be KoopauHaTHble ocH Ox 1 Oy (puc. 3.15). Byaem roBoputs, UTo HOCTpOEHa
o6uiasi AeKkapToBa WM ad¢uHHAsm CHCTeMa KOOp-
nunar (O; e, e2). [Tyctb a — J11060# BeKTOp AAHHOH
MJIOCKOCTH, OTJAOXKHM H3 Touku O Bektop OA=a,
Torga no teopeme 3.3

a| = xe| + yes. (3.40)

Yucna x v y o¢opmyan (3.40) Ha3biBaOTCH
OGLIMMH 1€KapTOBBIMH HJIH apPHHHBIMH KOOPAHHA-
TaMH BekTopa a B cucteMe (O; e, €3), OHM Ha3sbIBa-
oTcA TakKe apOHHHBIMH KOOpAHHATAMH TOuYKH A Puc. 3.15
B ToOll Xe cHcTeMe, T. €. a= (x, y), A(x, y). :

Tak kak OA,=xe;,, OA;=ye;, TO x H y — BeJHYHHB HANPaBAEHHbIX OTPE3KOB
OA, u OA; koopauHaTHBIX oceit, |x| — nnMHa oTpeska OA,, H3MepeHHas C MOMOLIbIO
Macwtabuoro orpeska OE,, |y| — aausa otpeska OA,, M3MepeHHAs ¢ NOMOLIbIO
macmtabHoro orpeaka OFE,. JIpyruMu cnoBamH, ad(PHUHHRIMH KOOPZHHATAMH TOUKH
A (u BexTopa a=0A) Ha3bIBAIOTCH YHC/IA X H y, ONpeaeasieMsle hopMyaamMu

x=0A4,, y=0A4,,

rae OA(, OA; — BesHUHHEI HanpaBJeHHBIX OTPeskoB OA; u OA; KOODAHHATHBIX Oceit
(A1 — npoekuns Toukn A Ha ocb Ox, B3siTas napanjeabHo ocH Oy, A; — NpPOeKuHus
ToukH A Ha och Oy, B3siTast napajteabHo ocH Ox; AJHHE OTPE3KOB HA KammOH OCH
H3MepSIOTCS1 ¢ MOMOIbIO CBOEro MacliTabHOro orpeska).

Ananornyno BBOLMTCA adPHHHAS cHCTeMa KOOPAMHAT B NMpocTpaHcTBe. DUKCH-
pyeM Hayalo KOOpAMHAT — TouKy O, 6asHC — TPH HEKOMIJAHApHLIX BEKTOpa e,
€3, €3, OTVIONKHM H3 ToukH O Bektophl OE,=e,, OE;=e;, OE;=-¢€;, KOOpAHHATHLIE OCH
Ox, Oy, Oz. Ectn a — mo6oit BeKTOp, To, OTN0KUB U3 Toukn O Bektop OA=a, no
Teopeme 3.5 nmoayyum

=xe| 4 yeq+ zes. (3.41)

O6wuMy 1eKapTOBLIMH HAH adHHHBIME KOOPAMHATaMH BeKTopa a (M TOukH A)
HA3bIBAIOTCA YHCIA X, Y, 2 B pasjoxeHun (3.41).

[Tycts Ay — npoekuusi Toukn A Ha ock Ox, B3fiTasi Mapa/LiielbHO KOOPAHHATHOM
niockocth Oyz (onpenesnsieMoii BEKTOpaMH €, €3), T. €. TOUKa repeceuyeHusi ocH Ox
M IVIOCKOCTH, MPOXOAsilied uepe3 TOYKy A M napasneibHod miockoctd Oyz; Ay —
npoexuHust Touk A Ha ocb Oy, B3siTast mapajiesbHo MIOCKOCTH Oxz; Az — NpoeKIHs
Toukd A Ha och Oz, B3siTas mapaJilenbHo MiockoctH Oxy, Torna OA|=uxe;, OA;=
=Yyey, 0A3=Z€3.

CnenoBare/bHo, X, Y, 2 — NpPoeKUHH BekTopa OA Ha KOOPAHHATHHIE OCH, T. e.
BeJIHYHHbI HanpaBJeHHbIX oTpe3koB OA|, OA;, OAj, NJIHHBI OTPE3KOB Ha KaX/0# KOOp-
AHHATHOH OCH H3MEpAIOTCH C NMOMOILBI CBOEr0 MacluTaGHOro OTpe3ka (€, — Ha OCH
Ox, e; — Ha Oy, e3 — Ha 0z).

B uacTHOM ciyyae, KOTla BEKTODHI €, €2, €3 MONAPHO NepHeHAHKY/IAPHb H HMEIOT
paBHbe AJMUHBL €| =|ez| =|e;| =1, ux Ha3bBalOT OpTaMH M 0603HAyalOT Yepes
i, j, k, cHCTeMa KOOpAMHAT Ha3biBaeTCHA NPSIMOYTONBHOM.

Tepmun «opt» BBenn O. Xeucaiin (1892), o6o3HaueHus e, e,, €3 — I'. [paccman
(1844), i, j, k — ¥. F'amuasron (1853).



F'nasa 4

NOBEPXHOCTH W JIHHHH B NPOCTPAHCTBE

4.1. YpaBHeHHe TOBEPXHOCTH. YPaBHEHHS! JHHHH
B NPOCTPaHCTBE

YpaBHeHHeM MOBEPXHOCTH B HUKCHPOBAHHQI CHCTeMe KOODAMHAT Ha3biBaeTcs
Takoe ypaBHeHHe C TpeMsl MNepeMeHHhIMH, KOTOPOMY YAOBJIETBOPAIOT KOOPAHHATH
JMI060H TOYKH HaHHQH NMOBEPXHOCTH H TOJBKO OHH.

H3 sroro onpeneneHusi BhiTeKaeT crnoco6 pelieHHs caenyiouleii npocroii 3agauu:
BHISICHHTb, JIEXKHT JIM JaHHas TOYyKa Ha [OBEPXHQCTH, oOnpeje/sieMOH 3adaHHLIM
ypaBHeHHeM. [las1 pelleHHsl 3aaud HeO6XOAMMO NMOACTAaBHTbL €e KOOPAHHATH B JaHHOe
ypaBHeHHUe, eC/IH M0JyyaeTcsi YHCJIOBOEe PaBEHCTBO, TO TOUYKA JIEXHT Ha NMOBEPXHOCTH,
B NMPOTHBHOM CJlyyae TOYKAa NMOBEPXHQCTH He MPHHAANEXHT.

Bcsikoe ypaBHeHHe ¢ TpeMs HepeMeHHBIMH X, Y, 2 MOXHO 3alHCaTh TaK:

F(x, y,2) =0, 4.1)

rae F(x, y, 2) — OYHKUHA NepeMEeHHBIX X, Y, 2.

W3 onpeneneHnsi npsIMOYroJibHRIX A€KAPTOBHX KOOPAHHAT TOYKH B NPOCTPAHCTBE
(cMm. n. 1.12) caeayer, uto KoopauHaTHple miaockoctd Oyz, Oxz, Oxy onpepensiotcs
COOTBETCTBEHHO YypaBHeHHAMH: x=0, y=0, z=0 (x=0 — ypaBHeHHe IJOCKOCTH
Oyz n T.1.).

JIHHHIO B NpPOCTPAHCTBE MOXHO paccMaTpHBaTh KaK IepeceueHHe JABYX MOBepX-
HOCTeH, TMO3ITOMY OHa onpejeiasiercss AByMs ypaBHeHusMu. Ilycts [ — nuHus,
HO KOTOpO# MNepeceKaloTcsl MOBEPXHOCTH, onpejeasieMble ypaBHeHHAMH F(x, y,z) =0
H O(x, y,2)=0, T.e. MHOXECTBO OGLUHX TOYEK 3THX MOBEPXHOCTEeH, TOrAa KOOPAH-
HaThl JI000H TOYKH JIHHHH [ ONHQBPEMEHHO YAOBJETBOPSIOT OGOHM YDaBHEHHAM:

F(x,y,2)=0, ®(x,y, 2)=0. (4.2)

IIpumep 4.1. CocraBure ypaBHeHHe c¢epbl paguyca R ¢ UEHTPOM B TOuKe
C(a, b, c).

Hcxonsi u3 onpeneneHusi chepbl KaKk MHOMKECTBA TOUEK NPOCTPAHCTBA, PaBHO-
yRaJleHHHWX OT HaHHOH Touku (LeHTpa), /s NpPOM3BOJNbHOH ee ToukH M (x,y, 2)
nonyyaeM p(C, M) =R. Tak kak

p(C, M) =V (x—a)"+ (y—b)"+ (z—¢)?, 10 J(x—a)’+ (y—b)*+ (2—c)* =R,

HITH

(x—a)’+ (y—b)*+ (z—c)*=R". (4.3)

Jas toukn N, He Jnexauled Ha RaHHo#H cdepe, paseHcTBo p(C, N) =R ne Gyner
BBINOJIHEHO, MO3TOMY ee KOOPAMHATH He YNOBJETBOPHIOT ypaBHeHuio (4.3). Cnenmo-
BaTelbHO, ypaBHeHHe (4.3) sABasiercds ypaBHeHHeM cdepH paaHyca R ¢ LEHTpPOM
B Touke C(a, b, c).

B wyacTHOM cay4ae, Koraa ueHTp cdepbl HAXOAHTCS B Hauyaje: KOOPAHHAT
(a=b=c=0), ypaBHenue (4.3) nNpuHHUMaeT BHI

P4y’ 2P =R% (4.4)
YpaBHeHHe (4.4) Ha3biBaeTcsi KAHQHHYECKHM YDaBHEHHEM c(ephl.
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ITpumep 4.2. YpaBHe;u?m
4y 4 22=25, 2=0

Onpefe/IsIOT OKPYXHQCTb paauyca R =>5, nexawywo B miockocth Oxy. JelcTsH-
Te/NIbHO, MepBoe ypaBHeHHe onpefenser cdepy paguyca R=35 ¢ ueHTpoM B Hauane
KOOPAMHAT, BTOPOE ypaBHeHHe — KOOPAHHATHYIO MIocKOCTh Oxy.

[Tpumep 4.3. Ocb Ox NPAMOYro/LHOM AEKaPTOBOH CHCTEMBI KOODAHHAT B MPOCT-
paHCTBe onpefefisieTcsl ypaBHeHUsMH y =0, z2=0.

HefictBHTeIbHO, ypaBHeHHe y=0 -onpeaesseT KOOPAMHATHYIO ILIOCKOCTb Oxz,
a ypaBHeHHe z=0 — KOOPAMHATHYI0 MmIocKocTb Oxy. Ocb Ox sABAfETCA JHHHeH
nepeceyeHHs KoopauHaTtHbix miockocreii Oxz u Oxy (cM. puc. 1.13).

OtmetuM, uto ocb Oy HMeeT ypasHeHus x=0, z=0, a ocb Oz — ypaBHeHHs
x=0, y=0. ‘

[MoBepxHocThb, ompenessieMasi ajre6pauuyeckKHM ypaBHEHHEM n-H CTeMeHH OTHOCH-
TeJIbHO [eKapTOBBIX KOOPAHHAT, HA3bIBA€TCsl MOBEPXHQCTbIO n-ro nopsinka. Chepa —
MOBEPXHOCTb BTOPOro MOPsAKa, Tak Kak ee ypaBHeHHe (cM. (4.3) u (4.4)) sBasercs
ypaBHEHHEM BTOPOH CTENeHH OTHOCHTEJbHO AE€KAPTOBbIX KOOPAHHAT.

4.2. TapamerpuuecKve ypaBHEHMsi JHHHH
H NOBEPXHOCTH

[MapaMeTpHYeckMMH ypaBHEHUSIMH JIHHAM B [POCTPAHCTBE HA3BIBAIOTCS
ypaBHEHHs BHIA

x=‘]3|(t), y=(92(t)' 2=fP3(t)y (45)

rae @i(f), @2(¢), @3(f) — GyHKUMH HEKOTOPO#H TNepeMeHHOH ! (mapamerpa), eca
NPH KaXk/JIOM 3HAYeHHH { H3 KOHEUHQro HJIH GeCKOHeYHOro NMpoMeXyTKa OHH AaloT
KOOPJIHHATbl BCeX TOYeK AAHHOH NHUHHH 4 TOJbKO TAKHX TOYEK.
[MapaMeTpHyeckHe ypaBHEHHsI 4acTO NPHMEHSIOTCH B MeXaHHKe sl ONHCAHHSA
TPAeKTOPHH ABHXKYLUeHCs -TOYKH, POJib NMapaMeTpa ! B TaKHX CJy4yasXx Hrpaer BpeMs.
[TapameTpruecKHMH ypaBHeHHAMH MOBEPXHQCTH HA3bLIBAIOTCH ypPaBHEHHA BHAA

x=fi(u,v), y=f(u, v), z;fg(u, v), (4.6)

rae fi(u, v), fa(u, v), f3(4, v) — GVHKUUH ABYX NEPEMEHHBIX 4 U v (NapaMeTPoB), eclH
ApH JIOGbIX 3HAYEHHAX 4 H U (MEHSIOWHXCA B HEKOTOPOoH o06.nacTH) OHH AAloT
KOOPJAHHATEI BCEX TOYEK NAHHOH MOBEPXHOCTH H TOJBKO TaKHX TOUeK.

IIpaBble uacTH ypaBHeHHH (4.6) cozepxkaT ABa napaMerpa, a ypasHeHHa (4.5) —
TOJIbKO OJHMH mapamerp.

ITpumep 44. CocraBHTh napaMeTPHUECKHe YPaBHEHHS BHHTOBOH JIMHHH.

BuHTOBO# Ha3blBaeTcs JHHHA, ONHCHIBAEMasi TOUKOH, DPaBHOMEPHO HABHXKYILEHCSH
no o6pa3syiouieii KpyroBOro LUHJAMHAPA, KOTODHI NMPH 3TOM BpalllaeTcsi BOKPYT cBoei
OCH C NMOCTOSIHHOH YIJIOBO# CKOPOCTBIO.

Bei6epeM ochb BpallleHHs UHJIHHApPa B KauecTBe ocH Oz JeKapToBOH NpsiMo-
yroJdbHOM CHCTeMbl KOOpPAHHAT B mnpocTpaHcTBe (puc. 4.1). OG6Go3Hauum uepe3 v
NOCTOSIHHYIO CKOPOCTh MPSIMOHHEHHOro [BHXKeHHs TOYKH BAOJAb O6Gpasyloue,
@ — CKOPOCTb BPalIaTeNbHOro ABHXKeHHUss, R — pagnyc uuwiauapa. Ilycte B Hayadb-
Hblii MOMEHT TOYKa HaxoauwJachb Ha ocH Ox (coBnagaja ¢ TO4KoH A), a B MOMEHT
BpeMeHd ! — B mnoJjoxeHHu M. OGosHauum OykBoit N mnpoekuuio ToukH M Ha
niaockocts Oxy, 6ykBoit P — npoekuHio Toukh N Ha och Ox, 6yKBOH Q — NpOEKUHIO
ToukH N Ha ocb Oy. OGo3Hauasm uepes ¢ yrou mexiay OP u ON, nonyuaem
x=0P=R cos ¢, y=0Q =R sin ¢, z=NM=uvt. [lockosbky ¢ =0¢, TO

x=R cos f, y=R sin o, z=1t. (4.7)

YpaBHennss (4.7) ABJISIOTCA NapaMeTPHUECKUMH YPaBHEHHSIMH BHHTOBOH JIHHHH.
[Tpumep 4.5 CocraBuTb napaMerpHyeckHe ypaBHeHHsi cdepwl paaumyca R.
BBemeM B paccMOTpeHHE CHCTeMy [eKAPTOBBIX MPSAMOYTOJbHbIX KOOPAHHAT
C HavaJoM B LieHTpe chepbl H CHCTeMy cepHUeCKHX KOOPAHHAT C HauaJoM B TOH Xe
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touke (puc. 4.2). Ilyetb M — mpou3BoabHast Touka chepsl, N — ee NpoeKuus Ha
maockocTs Oxy. O6o3nauuM yroa, o6pasyembiii BekTopom OM c ocbio Oz, uepes u
(wupota); yrona, obpasyembii BekTopoM ON ¢ ockio Ox, uepes v (moarora).
[lpuiinMasi BO BHHMaHHe OMNpEdeJeHHe NeKAPTOBBIX KOOPAMHAT (WK CBSI3b MeXAIy
Z,

Puc. 4.1 Puc. 4.2

JleKapTOBBIMH H  cepHuecKHMH Koopauuatamu, cM. 1.13, dopmyam (1.29)),
noJyuyaeM NapaMeTpHUeCKHEe YpaBHEHHst C¢ephl

x=R sin u cos v, y=R sin u sin v, 2=R cos u, (4.8)

rie 0<<u<m, 0<<u<2m.
HcKTouHB H3 3THX ypaBHeHH# napaMeTpbl # M v (AJS1 4Yero HYXHO BO3BeCTH
B KBajJpaT 00e 4acTH KaXXJoro ypaBHeHUs U MOUJIEHHO CJIOXHTb), NMOJYYHM ypaBHEHHe

chepnr (4.4).

4.3. Pa3anyHbie BHAB ypaBHEHHS!
NJIOCKOCTH

[l1ockocTh B NpoOCTpaHCTBE MOXHO 3aJaTh pPa3JHYHBIMH  Cnoco6aMH
(TOuKO#i M BEKTOPOM, MepHeHJHKYJAsPOM IJIOCKOCTH, TpeMs TOYKaM¥ H T. 1),
B 3aBHCHMOCTH OT 3TOrO PAaCCMAaTPHBAIOT Pa3iHuHble BUILI ee yPaBHEHHS.

YpaBHeHHe MAOCKOCTH, NPOXoAsuledi 4Yepes NaHHYI0 TOUKY H nepnennuxynupnoﬁ
NaHHOMY BeKTOpy. HeHyJieBoil BEeKTOP N, NepneHAMKYJSIPHBIH IMJIOCKOCTH, Ha3blBalOT
ee HOpMaJbHHM BeKTOpoM. Ecan nana touka Mg(xo, Yo, 20) H HQpMaJIbelﬁ BEKTOp
n= (A, B, C) nnocKocTH, To ee ypaBHeHHe HMeeT BH]

A (x—x0) + B (y—Yo) + C(2—20) =0. (4.9)

B 3toM ypaBHeHuu KospduuueHTsr A, B, C ABJAAITCA KOOPAHHATAMH HOPMaJbHOrO
BeKTOpa.

PaBenctBo (4.9) Bbipaxaer Heo6XOQMMOe M AOCTATOYHOE YCJIOBHE MEepIEeHAH-
KyJsipHOCTH 1ByX BektopoB: n= (A, B, C), MM= (x—xo, y—yo, 2—20), TOe€
M(x, y, z) — mo6as Touka njockoctH (puc. 4.3).
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O6mee ypaBHeHHE MJAOCKOCTH. YpaBHeHHe népndﬁ CTeneHH- OTHOCHTENLHO AeKap-
TOBBIX KOOPAHHAT

Ax+By+ Cz+ D=0, (4.10)
rie A, B, C ofHOBpeMeHHQ B HyAb He 06paulaioTcs, T. €.
A?4 B2 02540, (4.11)

onpefessieT MJIOCKOCTb B MNpocTpaHcTBe. YpawsicHue (4.10) HasbiBaeTcss oOLHM
ypaBHeHHeM MJ1OCKOCTH. OTMeTHM HacCTHhle CJAYuaH 3TOr0 ypaBHEHHUS.
Ecau D=0, To ypaBHenue (4.10) npunamaer

BHJA
Ax+By+ Cz=0 n

M onpeje/sieT IJOCKOCTb, NPOXOASILYIO yepe3

Hayano KoopadHar (pHc. 4.4, a; KOOpAHHATHI M

x=y=2=0 ynoBaeTBOPSIOT AAHHOMY ypaBHe- My

HHIO) . / ,:=

Ecan C=0, o ypaBHenue (4.10) npuuumaer )/ Rt

BHJ ’ ot

Ax+By+D=0 / R

H ompefeisieT MJIOCKOCTb, MNapasJielbHYI0 OCH
Oz (puc. 4.4, 6); HOpMaJbHBIH BeKTOp N= 0
= (A, B, 0) nepnennukynsipes ocu 0Oz, H60

Ecan C=0, D=0, to ypaBHenHe (4.10) npuHuMaeT BHL
Ax+By=0

Puc. 4.3

H onpefeisieT IVIOCKOCTb, NPOXOAsAulyio dYepe3 ocb Oz (puc. 4.4, 8, IIOCKOCTb
napaajenbda ocH Oz H IPOXOJHT Yepe3 Ha4aJo KOOPAHHAT; B 3ToM ciyuae A4 B0
B cuay ycaosus (4.11)).

Ecan C=0, B=0, To ypaBHenHe (4.10) npuHuMaeT BHA

Ax+D=0, uwan x=a (a=—D/A)

M onpeleisieT IJIOCKOCTb, NapalilejbHYI0 MI0ockocTH Oyz HIH TepHeHAHKYJ/sSPHYIO
ock Ox (puc. 4.4,2; HopmaasHbiit Bektop n=(A,0,0) nepneHAHKYyJAApeH
miockoctu Oyz).

Ecnu C=0, B=0, D=0, 10 ypaBHeHue (4.10) mpuHHMaeT BHI

Ax=0, wim x=0 (taK kak A=0)

H onpeneasieT KOOpAHHATHYIO MJIOCKOCTh OyZ

Q

Puc. 4.4
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3ameuanue. Ecam B ypaBHednu (4.10) CBOGOAHKHIN 4jeH paBeH HYJIO
(D=0), TO MJIOCKOCTb MNPOXOLHT uYepe3 Ha4yaJO KOOPJHHAT, ecIH KO3PPHLUHEHT
NpH ONHOH H3 TeKyIUHX KOODAMHAT paBeH HYJMO, TO IVIOCKOCTb NapaieibHa
COOTBETCTBYIOLEH KOOPAHHATHOH ocH (HampHMep, eciu B=0, T0 MIOCKOCTb NapaJj-
JenbHa ocH Oy); ec/H B HyJb o6pallaloTcsi CBOGOAMKIH 4jleH H ORHH M3 KO3 dH-
HHEHTOB MpH TeKylle# KOOPAHHATE, TO MJOCKOCTb MPOXONHT 4Yepe3 COOTBETCTBYIOLLYIO
ochb (ecin D=0 u C=0, To njaockocTb NpPOXoAUT uepe3 ocb (z2); eCcJH paBHH
HyJI0 ABa KO3((HUHEHTa NPH TeKyLIMX KOODJHHATAX, TO INIOCKOCTb MapajielbHa
COOTBETCTBYIOUIEH KOOPAHHATHON miaockoctH (korka A =0, B=0, niockoctb napas-
JNenbHa mockocTH Oxy); ecH 06pallaloTcs B HY/b CBOGOAHBIH useH U ABa KO3 bHUH-
eHTa NPH TeKyLMX KOOPAHHATaX, TO IJOCKOCTh COBMajaeT C COOTBETCTBYIOLLEH
KOOpPAMHATHQH mnJjockocTbio (korga D=0, A=0, C=0, niockocTb coBmajaer
€ mjockoctbio Oxz). :

YpaBHenHe NJOCKOCTH B OTpe3Kax, OTCeKaeMulX Ha ocAXx KoopauHar. Ecan Bce
K03 puuHenTt ypaBHeHHs (4.10) H ero cBOGOAHHIHA WieH OTJIHYHRI OT HYJs, TO
ypaBHEHHEe MOXXHO NPHBECTH K BHLY

xfa+y/b+z/c=1, (4.12)

rae a=—D/A, b=—D/B, c=—D/C. Uucna g, b 4 ¢ 03HAYalOT BEJHYHHBI
HanpaBJieHHbIX OTPe3KOB, OTCEKaeMWX Ha OCSX KOOPAHHAT. ITHM OObsCHseTCs
Ha3BaHHe NAHHOrO BHAa ypaBHEHHs NJOCKOCTH.

HopmaJsibnoe ypaBHeHHe NJOCKOCTH. YpaBHeHHe

xcos a+ycosB4zcosy—p=0, (413)

rae a, f, y — yras, o6pa3oBaHHble HOPMAaJbHHLIM BEKTOPOM MJOCKOCTH C KOOPAH-
HaTHeIMH ocsiMH Ox, Oy, Oz COOTBETCTBEHHQ, p — NJIKHA MepHeHAHKY/AsIpa, ONylUeH-
HOTO H3 . Haya/lla KOODAHHAT Ha IJIOCKOCTb, Ha3nBaerci HOPMaJdbHBIM (HJH
HOPDMHPOBaHHHM) YypaBHeHHeM [JOcKocTH. UToObl npuBecTH o6liee YypaBHeHHe
MJIOCKOCTH K BHAY (4.13), HEO6XOAHMO YMHOXHTb €ro Ha HOPMHPYIOLUHH MHOXHTENb

1
Sy s

rie 3HaK BbIGHpaeTCsi NMPOTHBOMOJOXKHHM 3HaKy D. Ilocie yMHOXEHHMA YypaBHeHHS
(4.10) Ha uucaO0 p mMoJyyaeM HOPMHPOBaHHOE ypaBHEHHeE MJIOCKOCTH

Ax+By+Cz+D
++/A*+B°+C

YpaBHeHHe NJIOCKOCTH, NPOXOAAILEA 4epes TPH TOUKH. ECAHM AaHW TPH TOUKH
Mi(x1, Y1, 21), Ma(x2, Yo, 22), Ms(xs, Y3, 23), He Jexaliue Ha OAHOH NPAMOH, TO
ypaBHEHHE NJOCKOCTH, NPOXOASILIel Yepe3 3TH TOUKH, HMeeT BHI

X—X| y—uy 2—2
Xe—x1 Yo—t 29—z |=0. (4.14)
X3— X1 Ys—Y 23—2

PaBeHcTBo (4.14) Bbipaxaer HeoGXOAHMOE M AOCTaTOuHoe ycioBue (cM. (3.36))
KOMILIAHAPHOCTH TpeX BeKTOpoB M M= (x—x1,y—yi,2—2z1), MMo= (xo—x,,
Yo—yi, 22—21), MMa(xa—xi, Ys—u1, 23—21), rae M(x,y, z) — mobasi TO4Ka
JAHHOH TJIOCKOCTH (puc. 4

YpaBHeHHe NJOCKOCTH, TNpPOXOAsilied uyepe3 , ABE TOYKH H NapajeabHOR
AanHomy Bextopy. Ecam 3amaH Bektop a= (@i, as, az) H ABe ToukH M, (x1, Y1, z1),
Ms(x2, ya, 22), nTpHyeM BekTOpbl @ # M| Mo HeKoMHHeapHR (pHc. 4.6), To ypaBHeHHe
TVIOCKOCTH, MpOXOAflueH uepe3 3Ty TOYKY NapauielbHQ BeKTOPDY a, HMeeT BHA

X—X) y—u z2—2z
X2—X1 Ya—Y1 22—2 (4.15)
a; a as =0.



PasenctBo (4.15) Bhpaxaer Heo6xoiHMOe H ROCTATO4YHQE YCJOBHE KOMIJIaHap-
HQCTH TpeX BeKTOpoB MM = (x —x1, y—y1, 2— 21), MiMo= (Xx2— Xy, Y2 — 1, 22— 2)1),
a=(a,, as, a3), rae M(x, y, z) — n106asn TOUKa NaHHQA MJOCKOCTH.

YpaBHesHe NAOCKOCTH, Npoxoasiieli 4epe3 AaHHYI0 TOYKY H NapanaeabhHoft AByM
HEKOAAHHEApHHM BexTOpaM. EciaM JaaHW ABa HEKOJIJIHHeapHHX BeKropa (puc. 4.7)

=

Puc. 4.5 Puc. 4.6

a=(ai, az as), b=(by, b2, b3) u Touka M,(x), y1,21), TO ypaBHEHHe MJIOCKOCTH,
npoxoasiledi vepes AaHHYIO TOUKY NapajielbHQ BekTopamM a W b, HMmeer BHJA

X—x, Y—y z—2z
. a a a; |=0. (4.16)
by 23 b3

PasenctBo (4.16) Bhpaxkaer HeOGXOAHMOE H AOCTATOYHOE YCJOBHE KOMIJIAH3p-
HQCTH Tpex BeKTopos: a, b, M|M, rae M — npoH3BoJbHAs TOYKa AAHHOM MJIOCKOCTH.

Napamerpnueckne ypasHenns naockocTh. Eciv  laHN 1Ba HeKOLIHHEAPHHX
BeKTOpa a= (ay, @z, as), b= (b1, b2, b3) u Touka M;(x|, Y1, 2)), TO MapaMeTpHYECKHE
YPaBHEHHst IUVIOCKOCTH, TNpPOXOAsiied 4Yepe3 3Ty TOUKY NapajjiesibHQ AaHHHM
BEKTOPaM, HMEIOT BHI

x=x,4ua,+vb,, y=y 4 uaz+ vbs, z=2,+uas;+4 vb;. (4.17)

YpaBuenyst (4.17) caepyior u3 paBeHcrBa MM =ua-+tuvb, rae M(x, y, 2) —
mo6asi TOuKa IIOCKOCTH (paBencrso MM =ua- ub o3Hauaer, yro /N1060fi BexTOp
MM MOXHQ Pa3NoXHTb MO BeKTOpaM a H b).

lIpumep 4.6. 3anHcaTh ypaBHeHHe MJIOCKOCTH, NPOXOAsileAi uepe3 TOUKY
Mo (2, —3,4) n umeomed HopManbHHA BekTop n= (5,6, —7).

Tak KaK B JaHHOM ciayuae xo=2, yo= —3, 2o=4, A=5, B=6, C=—17, T0
ypaBHeHne (4.9) npHHHMaeT BHR

5(x—2)+6(y+3)—7(z—4) =0, uan 5x+6y—72+436=0.

Mpumep 4.7. CoctaBHTL ypaBHEHHE IUIOCKOCTH, NPOXOAsillei Yepe3 TOUKY
M, (1, —3, 2) napanaenbHo BextopaM a= (5, —4,8), b=(6, —1,7).

JlanHne BEeKTOpH HEKOJJIHHEeapHhl, TAK KaK HX KOOPAHHATH He NPONOPIHOHANIbLHH.
B cootBercTBHE ¢ ypaBHeHHeM (4.16) nosyuaem

x—1 y4+3 2z—2
5 —4 8 | =0.
6 —1 7

Paanarasi onpenennTeNb Mo 1eMEHTaM INepBo#
CTPOKH, HaXOAHM

— 58
«-n| 7} 3| -w+olg 2|+

—4
+(z—2) |2 . |=0,



—20(x—1) +13(y+3) +19(2—2) =0, 20x— 13y— 192 —2] =0,

Mpumep 4.8. Haiitu Benuun
8. Hhl OTPe3KOB, OTCEKAeMbiX H
MI0CKOCTbIO 3x —4y+52—60=0. P ' & oemx Kooplumar

PasnenuB o6Ge yactu ypasHeHus Ha 60 u npeo6pa3oBas ero, NONyuHM

XY Lz x Yy d

50 15 T2 =l oM g oty =t
_2CpaBHHBaH nocieiHee ypaBHeHHe C ypaBHeHHeM (4.12), 3awiiouaeMm, uyTO
a=20, b=—15 c¢==12. TakoBbl BeJHUHHBI OTPE3KOB, OTCEKAeMBbIX MJIOCKOCTbIO

COOTBETCTBEHHO Ha ocax Ox, Oy, O:z.

Mpumep 49. CocTaBuTh ypaBHeHHE MJOCKOCTH, N i
ToukH Mi(9, —11,5), Ma(7,4, —2), M3(—7, 13, —3). POXORRMLEE Hepes TpH
B coorserctBuM ¢ ypaBHeHnem (4.14) nojyyaem

x—9 y+11 z—5 x—9 y+11 z—5
7—9 4411 —2—5|=0, —2 15 -7 =
—7—9 13411 —3-5 —16 24 —8
x—9 y+11 z2—5 x—9 y+11 2—5
=8 [ —2 15 -7 | =0, —2 15 —7 | =0
—2 3 —1 —2 3 —1
15 —7 -2 7
(x-—-9)) l__ _ -2 15|
3 (y+11) 9 _y |TE=D _, 5 |=0

6(x—9) +12(y+11) +24(2—5) =0, (x—9) +2(y+11) +4(z2—5) =0,
x4 2y+42—T7=0.

4.4. Paaanynble BHAbl YPaBHEHHH NMPAMOW
B NpPOCTPaHCTBE

TpsaMylo B NPOCTPaHCTBE MOXHO 3aJaTh DA3JHMHBIMH  CIOCOGaMH

(TOuKOH M BeKTOpOM, NapajeJbHbiM eif; ABYMA TOUKaM# W T.M.), B CBA3H C ueM
paccMarpHBalOT pa3juuHble BHIb €e ypaBHEHHl.

BextopHo-napameTrpuueckoe ypaBHeHHe npsmoi. HanpasasiioliuM BeKTOPOM

npsiMoli Ha3klBaeTCst N1060i HeHy/eBOi BeKTOp, mapaifefbHuiit eff. Ecin fanp Touka

Mo(xo, Yo, 20) M HanpaBAsIOWIAN BeKTOp a= (4, ds, a3) npAMoR (puc. 4.8), ToO

r=ro+at, (4.18)

rie r=OM — paauyc-BeKTOp TOUKH M(x, y, z), ro=O0My — pafnyc-BEKTOp TOUKH
Mo (xo, Yo, 20), t — nepemenHasi BeiuunHa (napamerp). YpasHenue (4.18) Ha3biBa-
eTcsl BEKTOPHO-NapaMeTPHUECKUM ypaBHEHHeM mps-
Zy MOii, mpoxojsueit uepes Touky Mo M umemowedl
M Hanpasasiou il Bekrop a. Pasenctso (4.18) cienyer
H3 OIpeleseHHs] CyMMbl BEKTOPOB H HEOGXOAHMOro
H JOCTATOYHOrO YCJOBHS KOJUIHHEAPHOCTH JBYX
BEKTOPOB.

Mapamerpuueckue ypasHenus npsmoii. [lepexo-
A5 OT BEKTOPHOro cooTHoweHHs (4.18) K koopaH-

HATHBIM, NOJNy4YaeMm

x=xo+at, y=yo+asl, z=2zo+ast. (4.]9)

y ITH ypaBHEHHA HA3bIBAIOTCA NapaMeTpPHYeCKHMH
ypaBHeHHsIMH TPSIMOH, NPOXOAsILEA uyepe3 TO4KY
Mo(x0, Yo, 20) H HMelOlleH HANPaBAAIOWHA BeKTOp
a= (a., as, (13).
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Kanonuyeckne ypasHeuusa npsamofi. Boipaxkas mapamerp { H3 ypaBHeHHit (4.19)
H NpHpaBHHUBAs MOJYyYeHHble BbIPaXKEHHA, HaXOLHM, UTO

X— X9 _ Y—Yo _ Z2—2o
a as as

(4.20)

YpaBhenusi (4.20) Ha3WBalOTCA KaHOHHUECKHMH YDaBHEHHSIMH MPSAMOH, MpPOXO-
nAwed yepea Touky Mo (Xo, Yo, 20) H HMelOlLle!l HaNpaBJAIOILHA BeKTOp 2= (a,, a3, a3).
Ypasuenyss npamofi, npoxoasmedi vepe3 aBe TOYKH. EcaH JaHpl ABe TOUYKH
M (x1, Y1, 21), Ma2(x2, Y2, 22), TO B KauecTBe ee HaNpasJsIOLIEro BeKTOpPa MOXHOQ
B3ATb BeKTOp M\ Ma= (x2— Xy, y2— Y1, 22— 2), MO3TOMY YpaBHeHHs (4.20) NpUMYT BHA

X—X) - y—H — Z2—2) (42])

X2— X\ Y2— 22—2)

ITpumep 4.10. 3anucaTs nMapaMeTpHYecKHe W KaHOHWYECKHe YpaBHEHHs Nps-
MO#i, npoxoasiie®t uepes Touky Mo(7, —9, 8) napannensHo BekTopy a= (4,3, —2).

Tak Kak B AaHHQM cayuae xo=7, Yo=—9, z0=8, a =4, ay=3, az=—2,
napaMeTpHyeckue ypaBHeHHs (4.19) npuHHMAOT BHA

x=7+4, y=-—943t 2z2=8-—-2¢,
a KaHOHHYecKHe ypasHenus (4.20) 3anuumyTcs Tak:

x—7 _ y+9  z—8

4 3 —2

MMpumep 4.11. CocTaBuTb ypaBHeHHSI NPsAMOH, nNpoxoisileil uyepe3 TOYKH
M, (6, —5,4), M2(8, —7,9). TipuBecTH 3TH ypaBHeHHs K NapaMeTPHUYECKOMY BHAY.

ITockosbKy %, =6, y1= —5, 2,=4, x2=38, Yyo= —7, 29=9, T0 ypaBHeHus (4.21)
MPUMYT BHA
x—6  y+5 _ z2—4 - x—6 _ y+5  2—4
8—6 —745 9—4° 2 - -2 7 5

OG6o3nauasi paBHHe OTHQIUEHHs! GYKBOH {, MoJyyaem napaMeTpHYeCKHe ypaBHEHHS
JaHHOH NpAMOi:

x=6+2{, y=-—-5—2{, z=445¢

4-5. 3311&‘]", OTHOCSIMHECA K MJOCKOCTAM

B3aHMHOe pacnojioXxeHwe ABYX NJOCKOCTEH. ﬂal-lhl JABe IVIOCKOCTH
Ax+ B+ Ciz+ D, =0, (4.22)
Az)[—}— 32y+ Coz+Dy=0. (4.23)

Heo6xonuMoe H JocTaTo4yHOE YCJIOBHE mnapaJjJiesIbHOCTH 3THX nJockKocTe#
Bblpa)KaeTcfl paBeHCTBAMH

Az B G2 (4.24)

B L2 Do (4.25)

Jlpyrumd CciOBaMH, TJIOCKOCTH Napajjie/ibHpl TOraa M TOJbKO TOraa, Koraa
NponopuHoHaibHH HX KO(PQHUMEHTH MPH TeKyWMX KOOPAMHATax; HarpHMmep,
nnockocth  x+2y—3z—1=0, 3x+4+6y—9z+7=0 napamenpun. Ilaockocty
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COBMANAOT TOTAA H TOJLKO TOTAA, KOrAa MPONOPUHOHANAbHH KO3(dHUHEHTH NpH
TeKYUIHX KOODJAHHATaX H CBOGOAHHE YJIeHK; HaNpHMep, MIOCKOCTH 2x —3y+2z—4 =0,
4x—6y+22—8=0 coBnapaiot.

.Ecnn  ycnoBe (4.24) He BunoaHsercs, TO NJAocKocTH (4.22) u (4.23)
nepeceKaloTcs.

Yroa mexay AByMs NAOCKOCTAMH. KocHHYC yria MexAay NJIOCKOCTAMH (4.22)
H (4.23) onpeneasnercs GpopmyJion

cos p= AA,4+-B B4 C\Cs ) (4.26)
VAT+Bi+C! VA3+B3+C;

Heo6xoauMoe H HOCTaToOuHQE YyCJIOBHE NEPNEHAHKYAAPHQCTH NJoOcKocTedi (4.22)
H (4.23) BbpaxxaeTcs paBeHCTBOM

AAy+ BB+ CiCa=0. (4.27)

Paccrosuse or T09kM A0 maockocTH. Paccrosnde ot ToukH Mo(Xe, Yo, 20) MO
wiockoctd Ax+By+ Cz+ D=0 Buuncasiercs no ¢opuyae

_ |Axo+ Byo+ Czo+ DI )
VAZF B ¥ C?

IIpumep 4.12. CocraBuTh ypaBHeHHe NJOCKOCTH, NPOXOAsilefi 4Yepe3 TOUKY
Mo (2, 3, —5) u napaanenabHoR naockoctH x— 2y +4z—1=0.

370 ypaBHeHHe GyAeM HCKaTh B Buae x—2y-+42+ D=0, rae D — HeudsecTHH#A
CcBOGOAHKHA unen (B dopmyse (4.24) nonaraeM OTHOHIEHWE PaBHHM €AHHHLE).
Tak KaK DAOCKOCTb POXOAHT 4Yepe3 TouKy Mo, TO €€ KOOPARHATH AOAKHH YAORNETBO-
pATh nociieAneMy ypaBHeHHo: 2—2-3+4-(—5)+ D=0, 2—6—204+D=0, D=24.
Caenosarensno, x —2y 42424 =0 — HcKoMOe ypaBHeHHe.

Mpumep 4.13. Haitre yron mexay aApyms miockoctsmu 11x—8y—72+6=0;
4x—10y+2z—5=0.

Kocuuyc yraa safaem no dopmyne (4.26), noacraBus B Hee 3Hauennn A, =11,
Bi=—8, C,= -1, A2=4, B:=—10, Co=1:

11-44(—8)-(—10)+ (—7)-1 _ 44480—7 2 ==
VITF (=8 F (=P (—10°F1* Y2317 2 4

IMipumep 4.14. BuuucauTh paccrosinde oT TOuKH Mo(4, 3,6) a0 MIOCKOCTH
2x—y—2z—8=0.

Ioactasus B ¢opMyay (4.28) 3HaueHHA Xo=4, Yo=3, 20=6, A=2, B=—1,
C= —2, D=—8, noayuum

12-4—3—2.6—38| | —15]
d= - = =5.
VEF(—DTF (-2 3

MMpumep 415 Hakrh paccTosiiHe MexAy NapalleJbHHMH TNAOCKOCTAMH
x42y—2z—1=0, x+2y—22+5=0.

3To pacCTOsHHe PaBHQ PACCTOAHHIO AOG0H TOYKH OAHOM NMAOCKOCTH A0 APYroA.
BriGepeM Ha nepBofi IUIOCKOCTH MPOH3BOALHYI0 TOuKy. I[IpHHSB, Hampumep, uTO
Yo=1, 20=1, H3 ypaBHeHHn x+2y—2z—1=0 nafigem xo=1. Ilo popmyne (4.28)
HaxolHM paccrosHye of ToukH Mo(l,1,1) no mnaockoeth x+2y—2z2+45=0:

__l142-2451 6
r+e+ (-2 3

d

(4.28)

cos ¢




4.6. 3ajgauM, OTHOCHIHECS K NPAMbBIM
B NMPOCTPAHCTBe

Yron MeXay ABYMS NPAMBIMH — YroJl MeXJAy HanpaBisOLHMH BEKTOPaMH
9THX NpAMBEX. KoCHHYC yriia Mexay ABYMs IPAMbIMH

x=x4at, y=y|+a2{. z2=2z,4ast; (4.29)
x=xp+bt, y=yo+byt, z=2z2+ b3t (4.30)
onpejeasiercss ¢popmyaon
ab a1b1 +aba+asbs
RIS o E e N e e

PasencrBo aib, + asbs+ asbs =0 Buipaxaer He0GX0AHMOE H OCTAaTO4YHQE YCJOBHE
neprneHAHKYASAPHOCTH NpsMuX (4.29), (4.30).

Heo6xoauMoe 1 10CTaTOYHQeE YCA0OBHE MAapa/IeIbHOCTH 3THX APAMABIX BHpaXaeTcs
paBeHcTBaMu by =aa,, by=aa,, by=aa;, uau".

bi/ay=bsy/ar=bs/as. (4.32)

BaanMHOe pacnosoxeHHe ABYX NpPAMbLIX 8 npocrpaHcTse. [ HCc/aelOBaHHsA
B3aHMHQro pacnojiokeHyss npaMuiX (4.29) u (4.30) paccmaTpuBaercs cMellaHHQe
NPOH3BENCHHE TPeX BEKTOPOB 8= (a\, Gz, as), b== (b1, b2, ba), MiMz= (x2—x1, ¥ —
22—21). Ecin abM M350, T. e.

cos ¢ =

(4.31)

a; as az
b b, . b3 ]#0, _ (4.33)
xz—xl Y2—Y 23— 2
TO npauue SABASIOTCA cxpemunalou.muuca Hepaaenc-rno (4.33) osnavaer, uro
BeKTOpH &, b, MM, HekoMnIaHAPHAI.
Npasiie (4.29) u (4.30) aexar B oaxqh nnocxocm TOrla H TOJBKO Tor}xa

koraa abM;M.=0, 1. e.

a; asz as

b b2 bs
Xo— Xy Ya—Hth 22— 2y

I
=

(4.34)

STH npsiMble NepeceKaloTcs, ecH NepBbie ABe CTPOKH ONpENENHTeNs He Mponop-
LHOHAJbHK, T.e. He BHNOJAHeHQ YycioBHe (4.32). [Ipsamue mnapasinenbHb, Koraa

2 Mo
|
1
M, !
a
l“, I"o
0 —
X Yy
Puc. 4.9 Puc. 4.10

69



nepebie fBeé CTPOKH oONpejesuTenss nponopuxoHansun. [Ipsmbie coBmamaior, ecaH
NpONOpILHOHAJIbHBE BCe CTPOKH onpefenuntens (4.34). .

3ameuanpe Uro6b HalTH TOuKy nepeceyeHuss mnpambix (4.29) u (4.30),
HeOGXONMMO pPELIHTb CHCTEMY HX ypPaBHeHHii; MpH 3TOM Lenecoo6pasHqQ napaMmerpsl
0603HAUHTh pas3JHUHLIMH OykBaMM (TaK Kak OQHAa M Ta JXe TouKa MepeceueHHs
NPAMBIX MOJY4Yaercsi, Kak MPaBWJO, TNPH Pa3jqHYHLIX 3HAQYEHHAX Mapamerpa B ypas-
HeHHSIX JaHHMX MPSIMBIX).

PaccTosHHe or ToukM R0 npsmofi. PaccrosHue oOT TO4ukH Mo (xo, Yo, 20) AO
npsiMoii (4.29) BuiuHcasiercss no ¢opmyne

I[(n—r0), a]|
d= —Tar (4.35)

rie ro W r, — pagMyChl-BeKTOpbl ToueKk Mo H M,, a — HanpaBjsioliHi BeKTOp
npsiMo# (puc. 4.9).

Paccrosinne MeXay AByMs NpsiMbiMH. KpaTuafiimee paccTosHHe MeXAy AByMsi
npsmbiMu (4.29) u (4.30) onpenensercs ¢opmyJao#t

| (rg—r)abl|
|[a,b]]

rage r,, rp — pajuychi-BeKTophl Touek M,;, M, a, b — HanpaBJasiOLIHe BEKTOPLI
MaHHbLIX NpsiMbix (pHc. 4.10).

ITpumep 4.16. Haiity yron Mexay AByMs NpAMbiMH x=3+42f, y=4-+T¢,
2=-—-5+4+8f x=2+8 y=6—11¢, 2=—8—T¢.

IepBass npsimasi HMeeT HanpasJsiolWii BekTop a=(2,7,8), BTOpafm —
b= (8, — 11, —7). Ilo popmynre (4.31) Haxogum

de (4.36)

2.847-(—11)+8-(—7) —117

1
cos g= = —_—
VT8 B (=17 (=7 117234 V2
CrenoBarenbHo, ¢==135°.
[Mpumep 4.17. Jokasatb, uto npAMbe x=7-45¢, y=—5—T7t, 2=—2—3¢
U x=t, y=It, 2= —3+2¢ nepecekaiorcss. HaliTh TOUKy HX nmepeceueHus.
Paccmotpum Bektopl MiMe= (0—7,0— (—5), —3—(—2))=(—-7,5, —1),
a= (5, —7, —3), b=(1,1,2) ¥ ux cMemwaHHoe NpoU3BeneHHe

5 —7 =3 5—-12 —13
abM1M2= 1 1 2 |= 1 0 0 =0.
-7 5 —1 7 12 13

l'Iocn(oany CMelllaHHQe TMpOH3BeAeHHEe TpeX BEKTOPOB paBHQ HYJIO, TO BEKTOPbI
KOMIUJIAHApPHbI; 3HAUYUT, AaHHble TIpAMbIe JeXxaTr B onHoM naockoctH. Tak Kak

HanpapJsioulne BEKTOPH a8 M b 3THX NPAMBIX HEKONJMHeapHB (MX KOOPAMHATHI
He MPONOPUHOHA/bHBI), TO NMPSIMbIE NepeceKaloTcs.

Uro6bl HalTH TOUKY TNepeceueHusi, NPUPABHSEM BLIPANKEHHA LA KOOpAHHAT,
MpeBapUTe/bHO 0603HAYHB napaMeTp OyKBOM S B ypaBHEHHsIX BTOPO#l MNpPAMOIL:

7+5t=s, —5—Tt=s, —2—3{=-—3+42s.

M3 nepsbix nBYX ypaBHeHwil caeayeT, uto 745¢= —5-—7¢, otkyna {= —1; caezo-
BaTeNbHO, s=2. [lpn 3TUX 3HaueHHAX { H s TPeTbe ypaBHeHHe obpaliaeTcs
B TOX1ecTBO. [lojcTaBss 3Hauenue f= — | B ypaBHeHHs MepBOH MPAMOH (MM s =2
B ypaBHeHHsl BTOPOH NPAMOH x=s, y=s, 2= — 3+25), HAXOAUM X =2, y=2, z=1.
Hrak, M(2,2, 1) — Touka nepeceuyenusi aHHHX NPSAMHX.

ITpumep 4.18. Halitu paccrosHue or Toukn Mo(2, —3,5) 10 npsmoii:
x=5+4+2t, y=—4—1¢, 2=6—2¢.

Halinem cHauana BekTOpHQe NpOH3BeAeHHe, BXOAsSILEe B dopmyay (4.35):

n—r=MM =(6—2, —4—(—3),6—5)=(3, —1,1), a==(2, —1, —2),
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e (T I Y N ] B

ITo ¢popmyne (4.35) moayuaem

VIFHH (1) T4

S VER (D (T 3

4.7. 3apaun Ha NPAMYI0 H MJOCKOCTb

Mpsamas KkaKk JHHHA NepecedeHHss ABYX mjockocrefi. PaccmoTpum naBe
IUIOCKOCTH, 3afaHHble OCWHMH ypaBHeHHsAMH (4.22) u (4.23). Ecan ycnosue (4.24)
He BblloJHeHQ (T.e. Ko3b¢uuneHTn A, By, C, He NPONOPUHOHAJbHK KO3(dHLHEH-
TaM Az, B3, Cs), TO NIOCKOCTH NMepeceKaloTCs Mo NMPsMOil, onpeleiseMoil ypaBHeHHAMH

A|x+B.y+Clz+D|=O, A2x+Bzy+sz+Dz=O. (437)
OTH ypaBHEHHS NPHBOAATCHA K NapaMeTPHYECKOMY BHAY
— B] Cl — A| Cl _ A] Bl .
x=xo+ By C» tLy=yo 4, Cs | t,z=20+ |A2 Bs I t. (4.38)
JlaHHas npsiMasi HMeeT HaNpaBJAIOILHH BEKTOP
B, Cy A Cy A, B, )
- = — 4.
a=tmnal=(| 5 | |4 | |4 o)) (4.39)

rae n;= (A4, By, C\), ny= (A, By, C2) — HQpMaJbHble BEKTOPbI AaHHBIX MUIOCKOCTEil.
Touka Mo(xo, Yo, 20) Ha npsiMoil Moxker ObITb BHIGPaHa MPOH3BOJABHO; ANA 3TOro
HeoO6xoauMo B cucreMe (4.37) 3a¢pHKCHpOBATb -3HaueHHe OJHOH NepeMeHHOH
(Hanpumep, z=2¢), M3 MNOJyYeHHOH cHcTeMbl YypaBHeHHHA HafTH 3HAuYeHHs IBYX
JNPYTHX NMEPEeMEHHRX (Xx==Xo, Y=Yo). )

Myyok naockocret — MHQOKECTBO BCeX IJIOCKOCTelH, NPOXOASILMX uepe3 OJHY
H Ty Xe NpsAMy0. YpaBHeHHe MyuKa MJIOCKOCTeH, NPOXOAALLHX yepe3 npsimylo (4.37),
HMeeT BHJ

a(Aix+By+Ciz+ D)) +p(Ax+ Bay+ Caz+ Dj) =0,

rne a H ﬁ — Ji06ble AeHCTBHTENbHbIE yucsia, NpHyeM XoTda 6bl OAHO H3 HHX OTJIHUHO
OT HYJIA. 3Tto YpaBHEHHE MOXXHO NMPHBECTH K BHAY

A|X+B|y+C|Z+D+A(A2X+Bzy+CzZ+Dz)=0, (440)

rae A=f/a, as%0. YpasHuenne (4.40) oupeiensier BCe NJOCKOCTH MNyuKa, 3a
HCKJIIOUEHHEM TOMH, KOTopo# cooTBeTcTByeT a=0, T.e. 3a HCKJIIOYEHHeM IJOCKOCTH
Agx+ Boy—+ Coz+ D2 =0.

Yron mexay npamofi M naockoctbio. CHHYC yryia Mexay npsiMoit

x=xo+ait, y=yo+ast, z=2z+ast (4.41)
H NJOCKOCTBIO

Ax+By+Cz+ D=0
(4.42)

onpenensiercs popmyaoi
jAa,+ Bas+ Caal
VA'™+B"+C” Vai+a;+a3

sin g = (4.43)
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B3auMHOe pacnoaoxeHHe NpsAMofi W nAockocTH. [Ipsmas (4.41) ¥ MJIOCKOCTb
(4.42) nepecekaioTcsi, eClHH

Aa,+ Ba;+ Cas+0; (4.44)
nepreHAHKY/ISPHR, KOTAa
—:T = % = "aCT‘ (4.45)
napajJielbHhl, eClH
Aa,+Bas+ Ca;=0, Axo+ Byo+ Czo+ D=0; (4.46)
COBNajfaloT, Koraa
Aa,+ Bay+ Cas=0, Axo+ Byo+ Czo+ D=0, (4.47)

KoopauuaThl TOYKH nepeceueHHs npsaModl (4.41) u naockoctH (4.42) naxomsares
H3 CHCTEMBI HX YpaBHEHHH.

HepaBencrBo (4.44) o3Hauaet, uTo HQPMaJibHHHA BekTOp n== (A, B, C) mjocKocTH
(4.42) wu HanpaBasOWIMA BeKTOp a= (@, G2, @as) npsamof (4.41) He nepneHAHKY-
JSIPHBI, T. €, NpAMas H IVIOCKOCTb He NapaJJiesbHRl.

PaBencrBa (4.45) 03H3ualoT, YTO BEKTOPH N H & KO/NJHHEAapHH, T.e€. MpsiMasi
(4.41) u naockocTh (4.42) nepneHAHKYJASPHH.

CoorHomiednss (4.46) NOKAa3HBAOT, YTO BEKTOPH N H a MepNeHAHKYJIAPHHI,
T. €. NpsiMasi H IJOCKOCTb NapajfielbHu, HQ Touka Mo (xo, Yo, 20) mpsamoh (4.41)
He MPHHAaIJeXHT MIOCKOCTH (4.42).

PaBencrBa (4.47) 03HAuaioT, 4TO BEKTOPH N H @ MNEPNeHJHKYASAPHH H TOUYKa
Mo (%0, Yo, 20) TPAMOA NPHHALJEKHT IIOCKOCTH (NpAMaf JEXHT B IJIOCKOCTH).

[Tpumep 4.19. YpanHeHus npsamo#t x+2y+4z—7=0, 2x+y—2z—5=0 npx-
BECTH K NapaMeTPHUYECKOMY BHAY.

IlockonbKy B 3THX ypaBHEHHAX KO3(@HLUHEHTH NPH TeKYIHX KOOPAHHATax
HENPONOPLHOHAIbHRE, TO NJOCKOCTH, OlNpelensieMble JaHHRIMH YPaBHEHHAMH, Mepe-
cekaloTcsi. JlaHHHe ypaBHeHHs ompelensloT npsamylo. Bui6epeM Ha npsMol TOuky.
[Tonaras B 3THX ypaBHEHHAX, HaNpUMep, 2o=2, noJay4yaem

x4+2y=—1, 2x+y=7,
oTKyaa xo==>5, yo= —3. Ha npsamoit aapuxcupoBana Touka Mo (5, —3, 2). Tlo popmyae
(4.39) Hafinem HanpasasioW K BekTop npsiMol. Tak Kak n = (1, 2, 4), ne=(2, 1, —1),
2 4 1 4 12
a—[nn,nz]=( S R ,2 _ll, 21 ) =(—6,9, —3).
Tlapamerpuueckne ypaBneuus (4.38) naHHof npsAMOfl NpHHHMAaOT BHA x=05—6f,

y=—3-+9t, z=2-3t.
3amMeuyaHn He. B kauectBe HamnpasJsiouero BEKTOpa MOXHO B3ATb

1 i
Ta:(—Q, 3, —1), torna x=5—2¢, y=—343¢, z=2—1.

ITpumep 4.20. Hafith yroa Mexnay npamoli x= —3—1, y=5—1, z=—4+42¢
H IJIOCKOCTbIO 2x —4y+22—9=0.

Ipumenss copmyny (4.43) aas cayvas ai=—1, ar=—1, a;3=2, A=2,
B= —4, C=2, Haxonum

12(—1)—4(—1)42-2] __6
VEF(TF 2V DTH (D72 246
IMIpumep 4.21. Haiith npoekuuio Touku M (1, —2,4) Ha IJIOCKOCTb

5x—3y+6z+435=0.
JTolt MpoekuHeil SBJIAETCH TOYKA MepeceYeHHs NepHNeHJHKY/Ispa K IJOCKOCTH,

1

sin ¢= =_2_,q;=30°,
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npoxoasiueR yepes Touky M. [lns npsMOR, NepreHAHKYIAPHOH MJIOCKOCTH, Hallpas-
JSIOLHM BeKTOpoM Gymer n==(5, —3,6). [lapaMerpuueckHe ypaBHeHHS TPSAMOH,
neprneHAHKYAAPHON MJIOCKOCTH ¥ NMPOXOAALLeH yepe3 Touky M, npumyt BuR x=1+5¢,
y=—2—3t, z=4+46t.

IToacTaBafis 3TH BbIpaX(EHHs B ypaBHEHHE IJIOCKOCTH, HaXOXHM:

5(14-5¢) —3(—2—3t) +6(4+6t) +35=0, 70t +70=0, t=—1.

Tlpu 3TOM 3HaueHWH ¢ H3 ypaBHeHHHA npsiMoH noayuaem: x—=1—5=—4,
y=—2+43=1, 2=4—6= —2. CnenoBatesbHo, Touka N(—4, 1, —2) — nckoMas
NPOEKIHS.

ITpumep 4.22 BepwuHn nHpamMuabl HaxoasTcsi B TouKax A (4, 6,5),
A2(6,9,4), As(2,10,10), A4 (7,5,9). Haitu: 1) aauny pe6pa A;As; 2) yroa
mexny pebpamn A1A; u A\As 3) naowanb rpany A;A»As; 4) o6bvem NHPaM KK
AlAAsAy; B) ypaeuenne maockocTu A1AsAs; 6) ypaBHenus npamoli AiAy;
7) yroa Mexay pe6pom AiAq u rpaHrio AiA»As; 8) ypaBHEHHs BHICOTH, ONYyUIEHHOR
H3 BepiunHE A4 Ha rpanp A AxAs.

Hafinem cHayana KoopauHaTel BexTopoB A Az, AjA;, AjA; H KOOPAHMHATH
BeKTOPHOro npou3BeneHHsA [A A;, AjA;z]. [To dopmyae (3.15) moayuaem

AA;=(6—4,9—6,4—5) = (2,3, —1); AjAs=(2—4,10—6,10—5) =(—2,4,5);
AA(=(7—4,5—6,9—5)=(3, —1,4).
C nomouipio dopMyan (3.26) Haxoaum
3 —1 2 —1 | 23
4 5 -2 5 —24

1. Nnanna pe6pa A;A; paBHa pacCTOAHHIO Mexay Toukamu A, H A, Koropoe
BBIYHCIUM 1O ¢opmyJte (1.26):

p(A1, Ay) = (6—8)7F(9—6)"+ (4—5)° =+14~3,74.

ToT e pe3aynbTaT MOXHO NMOMYUHTh, HAAAA MOAY/b BekTopa A A2 no dopmyye (3.11).
2. Yron mexnay pe6pamu A A; u A A; paBel yray ¢ Mexay BeKTopaMH AjA;=a,
AjA;=b. B coorBercTBHH ¢ dopMmyaolt (3.22) mosnyuaem

cos g 20 _ 2(—2)+3-4—1.5 _ 8 _ 1

allbl T (=) V(=2 + & +5 W0 V0
cos 90,1195, p~83°31".

’

[AiAs, AAs) =(

) =(19, —8, 14).

3. Maomans rpann A A2A; paBHa nuowanu tpeyroabiuka A AzA; kKoTtopyio
BuyHCIHM No dopmyae (3.29), ucnonn3zobaB ¢opmyany (3.11) ans moayna Bekropa
H KoOpoHHaThl BeKTOpa [A Ay A A;]:

S= ——| [AiAg, AjAs) Y ———\119!4.(—8)!-{-14’ ——ﬁ ~12,46.

4. O6beM nupamuan A A2A3A, HahgeMm no ¢opmyae (3.35):

I 6—4 9—6 4—5 1 2 3 —1 191 1
7—4 5—6 9-5 3 —1 4

5. YpaBaenne miaockoctH A;A»A3 Kak IVIOCKOCTH, MPOXOAsilieil yepe3 TpH TOUKH
(cm. (4.14)), npuHuMaeT BHI

x—4 y—6 z—5 x—4 y—6 2z—5
6—4 9—6 4—5 | =0, 2 3 —1 | =o,
2—4 10—6 10-—5 —2 4 5
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19(x—4) —8(y—6) +14(2—5) =0, 19x—8y-+ 14z—98=0. )

6. YpaBHenus npsamoit A A, Kak npsiMoH, MNpoxoasiedi uepe3 [Be TOUKH
(cM. (4.21)), 3anuwyTcs Tak:
x—4 y—6 z—5 x—4 y—=6 z—5

7—4  5—6  9—5' 3~ =1 4

HIaH
x=4+43f, y=6—1t, 2z=544¢t. (I1)

7. Yroa mexny pe6pom A\A, u rpanbio A1A2A3 paBeH yry ¢ MexAay NJOCKOC-
croio (I) n npamoit (I1). Ilo dopmyne (4.43) Haxoaum

{19-3—8-(—1) 4+ 14-4] . 121
VIOF (=8 F 12 VFF (—)°+& 62126
sin = 0,9522, ¢~ 72°13".

8. YpaBHeHHS BBICOTHI, OMNYLIEHHOH H3 BeplwuHbl As Ha rpaHn A;A24; MoOXHO
3anucaTh KaK ypaBHeHHsl MPAMOH, NPOXOAslLel yepe3 TOUKY A4 M NepNeHAHKYIAPHOM
niaockoctd  (I), uMmelowledt HopMadbHbii Bektop n= (19, —8, 14), Kkoropnlk ans
3TO#l mpsiMoil 6yaeT HaNpaBAAIOWIHM BeKTOPOM. YpaBHeHHs (4.19) B AaHHOM cayuae
IpHHHMaIOT BHA x=7+419f, y=5—8¢, z=9+ 14¢.

sin g=

4.8. Luaunapuueckne nosepxHoctH. [MosepxHocTH
BpallleHHsA

Llnnuuapuueckoit HasniBaeTcsl NMOBEPXHOCTb, ONMMCbiBaeMasi NpsiMod (o6pa-
syloulefi), ABHXKYILeACA BAONb HEKOTOPOH JIHHHM (HanpaBasioueid) H ocralollercs
napa/nnenbHOR uCXogHOMy HanpasieHuio (puc. 4.11). YpaBHeHHe LWJIHHAPHYECKOH
NOBepXHOCTH, 06pasyiolliie KOTOpo# mapasienbHu ocH Oz, HMeeT BHA

F(x, y)=0. (4.48)

OcoGenHoctb ypaBHenns (4.48) coctout B TOM, YTO OHO HE COJAEPXKHT NepeMeHHOH 2.
Ecau ypashenuwe F(y, z) =0 OnpeAensieT HEKOTOPYIO MOBEPXHOCTh, TO el0 SIBJASeTCS
UHIHHADHYECKAsl NOBEPXHOCTb ¢ o6pasyowed, napaaaeavHoli och Ox. Ecnu
ypaBHenue F(x,z)=0 onpegenser HEKOTOPYI0O MOBEPXHOCTb, TO €10 SBJASETCH
UHIHHApHIECKasl TOBEPXHOCTb ¢ o6pasyouel, NapasnenbHOH ocy Oy.

TosepxHocTb, 06pasoBansas BpaleHHeM JIHHHH [

x=[(2), y=o(z2) (4.49)

Puc. 4.11 Puc. 4.12
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BOKpYyr ocu Oz .(puc. 4.12), onpenensiercsi ypaBHeHUeM
Py =F(2) +¢*(2). (4.50)

IMoBepxHocTb, 06pa3oBaHHas BpalleHHEM JHHHH x=f1(y), z=f2(y) Boxpyr ocu Oy,
umeer ypaeHenne x”+z°=f}(y) +f3(y).

[MosepxHocTb, O6pa3oBaHHasi BpalleHHeM JHHHH 4=gq;(x), Z=@2(x) BOKpyr
ocu Ox, onpepensiercsi ypasHenueu y° -+ 2°= @2 (x) + @2 (x).

[MoBepxHocTbio BpallleHHst BTOPOrO NOPSIAKa HAa3bIBaeTCsl MOBEPXHOCTb, MOJYy-
4YeHHaA BpallleHHeM JIKHHH BTOPOTO 1IOPSiAKa BOKPYT ee OCH.

DJIHNCOKAOM BpalleHHsl H43bIBaeTcs MNOBEPXHOCTb, IMOJydeHHas BpallleHHeM
IJHICA BOKPYr ONMHOH H3 ero ocell. YpaBHeHHe 3JJIMNCOHAA BPalleHHs, NOJYYEeHHOro
BpaueHneM saaunca y’/b24-22/c?=1, x=0 Bokpyr ocu Oz, umeer BuA x°/b>+
+ /022 P =1.

ONHONOIOCTHHM rUNepGOoIOHAOM BpaLlleHHs Ha3HBaETCA NOBEPXHOCTD, OV ydeHHas
BpallleHHeM Trunep6onbl BOKPYr ee MHHMOH ocH. (OJHOMOJOCTHLIH THIep6oJoHI
BpallleHHsl, NoNyYeHH i BpalleHHeM runep6oanl y?/62 — 22 /¢? =1, x=0 Bokpyr ocu Oz,
MMeeT ypaBHeHHe '

X262 44?0 —2%/c?=1.

JIBynosocTHHIM runep6oOHIOM BpALLEHHst HA3LIBAETCA [OBEPXHOCTb, MOJYyYeH-
Has BpauleHHeM Trunep6oJbl BOKPYr €€ NeHCTBUTeNbHOH OCH. JBymoJoCTHbI#
runep6O/OHA, MOMYYeHHRA BpaileHHeM runepboant 22/c?—y?/b*=1, x=0 BOKpyr
ocu Oz, onpele/isercss ypaBHeHHEM

/o 4420 — 22t = —1.

ITapaGosonaom BpallleHHS] Ha3bIBaeTCA MOBEPXHOCTb, MOJYyYeHHasi BpallleHHeM
napa6oin BOKPYr ee OCH. YpaBHeHHe napaGoyioHJa BpalleHHs, MOJYUeHHOro
BpalleHHeM Napaboisl y’=2pz, x=0 BOKpYr och Oz, HMeeT ypaBHeHUe
2 2
X + z =22z.

14 p

IMpumep 4.23. CocTaBuTh ypaBHeHHE NOBEPXHOCTH, MOJAYyueHHOH BpalleHHeM
anumuu x2/a’—2%/c*=0, y=0 Bokpyr ocu Oz.

JlanHpe ypaBHeHHS ONpEAENAIOT Napy MepeceKaloUXCA NPSAMbIX B MJIOCKOCTH
Oxz, NpoXoAfiLUMX Yepe3 HAuYalo KOOPAMHAT (sBJAIOLIMXCA [epeceyeHHeM TJIOC-
Kocte# x/a—2z/c=0, x/a42z/c=0 ¢ nnockoctbio Oxz). [IpuBeseM 3TH ypaBHeHHS
K BHAY (4.49):

x==(a/c)z, y=0.

B cootBetctshH ¢ ypaBHeHueM (4.50) nosnyuaem

2 2 2

at , X Yy
)

2 2
x+y =—;2—2

[Mocnennee ypaBHeHne sBJIAIeTCA YypaBHEHHEM KOHYCa BpalleHHs, MOJY4alollerocs
NpH BpailleHHH YKa3aHHBIX NPSMBIX BOKpyr ocd Oz,

4.9. TloBepXHOCTH BTOPOro nopsjka

[MoBepXHQCTBIO BTOPOro MOpsiika Ha3bIBAETCH MOBEPXHQCTb, OTNpenensieMast
anre6paHyeCcKUM ypaBHEHHeM BTOPOH CTeNeHH OTHQCHTEJARHO TEeKYUIHX KOOpAHHAT
X Y, 2

KaHoHHuecKHe ypaBHeHHsI NOBEPXHOCTeH BTOPOrO MOPSAKa:

x2jal+y2 /b 22 = (snauncous, puc. 4.13); (4.51)
a4 yP e — 2%t =1 (omHOMOJIOCTHHI# rinepbosoun, pHc. 4.14);  (4.52)

75



2lat 4y /b — 22 [P = —1 (1BynoJoCTHBIA runep6osoua, puc. 4.15);

/a2 b —2% /=0 (konyc, puc. 4.16);
ja’ 2 /6P =22 (3nnuntuueckuit napabonoua, puc. 4.17);
x2/a’— /b =2z (rnnep6onnueckuit napaGonoua, puc. 4.18);
2ja’+y? /b7 =1 (3nnunTHYECKHA LKAHHAD, pHC. 4.19);
2fa?—y? /b7 =1 (runep6oauyecKAll LHAKHAD, puc. 4.20);
x2=2py (mapaGoaunueckHil HHIHHAP, puc. 4.21);
ja?—y* /b2 =0 (napa nepecekalouuxcs naockocref);
a?=1 (napa napaJJenbHRX MJIOCKOCTEH);
x*=0 (napa coBnajaiolHX MJOCKOCTeill);

Z)

Puc. 4.13
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(4.59)
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Puc. 4.18 Puc. 4.19

/T
AN

Puc. 4.20 Puc. 4.21
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3amMeuaHHe |. YpaBueHne (4.51) npu a=b=c=R npUHHMaeT BHA
4y’ +22=R? (4.63)

1 onpejensier cepy paauyca R ¢ WeHTPOM B HauaJje KOOPAHHAT.
OG6luee ypaBHeHHe BTOPOH CTeNMeHH OTHOCHTENBLHO X, Y, Z MOXKeT GbiTb NPHBEAEHO
K ONHOMY H3 ypaBHeHHH (4.51)—(4.63) HAH K OLHOMY H3 CJELYIOLLHX yPaBHeHHH:

x2jat+y? /bt 22 P = —1; (4.64)
2/ Y2422 )P =0; (4.65)
)@+ b= —1; (4.66)
X/a® 4 g2/ b2 =0; (4.67)
xjat= —1. (4.68)

YpaBHenusm (4.64), (4.66) u (4.68) He ynoBAETBOPSIIOT KOOPAHHATH HU ORHOH
TOYKH MPOCTPAHCTBA; YypaBHeHHIO (4.65) ynOBJETBOPAIOT KOOPAMHATBHI €AHHCT-
BeHHoit Toukn 0(0,0,0); ypaBHeHHio (4.67) yHOBIETBOPSIIOT KOOPAMHATHI TOUEK,
Jexaluux Ha npsamoit x =0, y=0.

3ameyaHHe 2. Eciu ypaBHeHHe

A’ + Ay +A2*+ Bx+ Cy+Dz+4F=0 (4.69)

(T. e. ypaBHeHMe, Yy KOTOPOrO Ko3b¢HuHeHTs! MPH KBaApaTaX KOODAHHAT DaBHbI
MeXxAy co60H, a Ko3hQHUHEHTH 0OpH MPOH3BEAGHHAX KOODAHHAT pPaBHBl HYJIO)
onpeneisieT HEKOTOPYI0O MOBEPXHOCTb, TO 3TOH TMOBEPXHOCTbIO sABJsiercs cdepa.
YpaBHenue (4.69) B 5TOM ciayuyae MOXKeT GbITb IPHBENEHO K BHAY

(x—a)’+ (y—b)*+ (z—c)?=X" (4.70)

YpaBHeHue (4.70) siBAsieTcsi ypasHeHHeM cgepbl pajnyca R ¢ LeHTpoM B Touke C(a. h. ).
[MpsimMble, LeAHKOM JeXalllie Ha HEKOTOPOH MOBEPXHOCTH, HA3LIBAIOTCS MPSAMO-
JIHHEHHBIMH O6Pa3yioLUIMMH 1aHHOA NOBEPXHOCTH.
OnHononocTHu runepGosonn (4.52) HMmeeT ABa ceMelicTBa NPAMOJHHEHHBIX
06pa3yolHuX:

(£t (). o(F-2) =0 d)
(5 8) =) ()= 4)

FunepGonuueckuit napaGoaonn (4.56) Takxke HMeeT ABa ceMeHcTBa mNpPAMO-
JIHHEHHBIX 06pasyIoILHUX:

(59w o(3-3)-m
p(E+4) =22 p(%+4) =

MMpumep 4.24. OnpefeJuTs BUA M MapaMeTpsl NOBEPXHOCTH BTOPOro MOPAIKA,
3afanHoil ypasHenueM 3x° 44y’ 462 —6x 4 16y — 362449 =0.
[lpeo6pasyeM 3TO ypaBHEHWe, BLIAENMB B JIeBOH 4aCTH (OJHBIE KBAaApPAThL:

3(x2—2x+1) +4(y*+4y+4) +6(2"—624+9) —3— 16— 54+ 49=0,
3(x—1)244(y+2)°+6(2—3)*=24.
BBeneM HoBble KoopaMHatel no ¢opmyaam (3.17):
X=x—1, Y=y4-2, Z=2-3, (r)
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TOrAa ypaBHEHHE npumer BHA
3X244Y24622=24, win X%/8+4Y?/6+22/4=1.

INonyuennoe ypaBHeHHe onpesensier aijaunmcoun (cm. (4.51)), aas Koroporo
a=2\/§, b=/6, c=2. Llentp saauncouna Haxomurcss B Touke O (1, —2,3);
B HOBOH CHCTeM€ KOODAMHAT LEeHTPOM sABJseTcd To4yka C KoopAHHaTtamMH X =0,
Y=0, Z=0. U3 atux paBeuctB u dopmyn (1) Haxoaum x=I1, y=—2, z=3,
T. €. KOOPAHHATb! TOYKH O).

IMpumep 4.25. Onpeneants BHA H NapamMeTphl NoBepxHOCTH 2x° 43y’ —627 —
—8x+46y+122—1=0.

[Tpeo6Gpa3yeM 3To ypaBHeHue:

2(x* —4x+4) +3(y*4+2y+1) —6(2—22+1) —8—3+46—1=0,
2(x—~2)243(y+1)2—6(z—1)2=6.

[Tepexoast k HOBHM KoopauHaram no popmynam X=x—2, Y=y+1, Z=2—1,
noayuaem

2X243Y2—622=6, uwn X?/34Y?/2—7%/1=1.

dTo ypaBHeHHe oOflpefensieT OLHONOJNOCTHHIA runepGosona (cM. (4.52)), aas

Kotopore a=+/3, b=-/2, c=1, ¢ uentpom B Touke O, (2, —1, 1).

Mpumep 4.26. [lokaszaTs, yro ypaBHeHHEe z =Xy onpelessieT rHNep6OIHUECKHH
napabonoua.

Bsenem HoBble koopauHaThl no dopmynaMm x=X—Y, y=X+Y, z=Z, toraa
ypaBHeHHe NPHMeET BHI

)

Z=(X-Y)(X+Y), Z=X"—Y~

[Monyuennoe ypaBHeHHe siBJsieTcsi ypaBHeHHeM BHAa (4.56), ans kortoporo
2a’=1, 2b°=1; oHo onpeseisieT runep6oiHYecKHH 11apabosoHa.

TMpumep 4.27. [lokasaTb, 4TO ypaBHeHHe x’==yz onpeieisieT KOHYC.

IMepexoas k HoBbIM KoopaHHatam mo ¢opmyasam x=X, y=Z—Y, z=7Z47Y,
noayuaem X’= (Z—Y)(Z4Y), X*=Z%*—Y? uau X2 4V —-Z2=0.

ITonyyeHHOe ypaBHeHHe fBASIETCS ypaBHeHWeM -Buaa (4.54), AJs KOTOpOro
a=b=c=1, oHO onpefe/isieT KOHYC.

4.10. Hekoropble apyrue noBepXHOCTH

B nuockoctn Oxz (y=0) 3anaHa JuHuA [| CBOHMH napaMeTPHYECKHMH
ypaBHEHHSAMH

x=f(u), z=¢(4), (4.71)

He nepecekaiowas ocb Oz. PaccMOTPHM NOBEPXHOCTb, MOJYYEHHYIO BpalleHHEM
3TOi JIMHHH BOKpyr ocu Oz. )

[lapameTpuueckHe ypaBHeHHs pacCMaTpPHBaeMOH MOBEPXHOCTH BpallleHHs] UMET
BHLL

x=[(u) cosv, y=f(u) sinv, z=q¢(u). (4.72)

Top — NOBEpXHOCTb, MOJYyYeHHas1 BpalleHHeM OKPYKHOCTH BOKPYF OCH, Jiexauled

B IJOCKOCTH [aHHOH OKPYXHOCTH H He mepecekalmolledi ee. JTa MOBEPXHOCTb
HaNOMHKHAeT chnacaTe/bHbIi Kpyr, Kamepy aBTOMOGHJbHOM wHubl (puc. 4.22).

PaccMOTpHM TOp, MOJyueHHbI BpalueHHeM BOKPYr ocH Oz OKpyXHOCTH,
3alaHHOH NapaMeTPHUECKHMH YPaBHEHHAMH

x=a-+bcosu, y=0, z=bsinu (b<<a).

ITta OKPYXKHOCTb JeXHT B MaockoctH Oxz (y=0) H onpenensiercd ypaBHEHHSIMH
Buaa (4.71), rae f(u)=a-+bcosu, ¢(u)=>sin u.
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B cootBercrBuH ¢ (4.72) nosiyuaeM napaMeTpHYecKHe ypaBHEHWS Topa
x=(a+bcos u) cosv, y=(a-+b cos u) sin v, 2==">b sin u. (4.73)

KareHOHR — nOBepxHOCTb, MOJYy4YeHHAasl BpalleHHeM LeNHOA JIHHHH BOKpYr ee
ocH (puc. 4.23). PaccMOTpHM KaTeHQHA, MOJAyyeHHHH BpailleHHeM BOKpyr ocH Oz
LenHoH JIHHHH, 3aaHHO NapaMeTPHYECKHMH YPaBHEHHSIMH

x=ach(u/a), y=0, z=u.

Ora saMHUA pacnofioXXeHa B miockocTH Oxz (y=0). OHa onpeneseHa ypaBHEHHAMH
Buga (4.71), rae f(u)=ach(u/a), ¢(u) =u. B coorBercTBHH c (4.72) HaxoasAT
napameTpHYeCKHe ypaBHEHHS KaTeHQHAA

. x=ach(u/a) cos v, y=ach(u/a) sinv, z=u.
Hckaiouas H3 3THX ypaBHEHHH MapaMeTpH u, v, MOJydyaeM
Vxity? = (a/2) (e 467 7). (4.74)

KarteHoun siBasieTcsi €NHHCTBEHHQH MHHHMAaJbHOH MOBEPXHQCTHIO CPEAH NOBepX-
HQCcTeR BpalleHHsi. MHHHMa/NbHRIE MOBEPXHQCTH BO3HHKJIH NDH PelIeHHH CJeRylolle
3ajlayd: CpelAH BCeX II0BepXHQCTeH, MNPOXOAAILHX 4Hepe3 HAHHYIO 3aMKHYTYIO
NPOCTPAHCTBEHHYIO JIHHHIO, HAlTH Ty, KoTOpas HMeeT MHHHMAJbHYI0 IJOLIaAb
NOBEPXHQCTH, OTrpaHHYeHHQH JAaHHOH JHHHefi. OTCIOZa NPOHCXOAHT H Ha3BaHHe
TaKoH MOBepXHQCTH. Besbruiickuii ¢usnk Ilnato npeasoxua NMpocToid 3KCIEpHMEH-
TalbHHA CMOCO6 NOJyuyeHHS MHHHMAJNBHBIX MOBEPXHOCTEH TOCPEACTBOM MBIJIbHREIX
IJIEHQK, HATAHYTHIX Ha NMPOBOJOYHRA Kapkac.

KaTteHoun o6/anaer cjaepyiomHM CBOACTBOM. PaccMOTpHM J[Be OKDYXKHOCTH,
NoJlyyeHHRe MNepeceyeHHeM KaTeHOHAA (4.74) COOTBETCTBEHHQ IUIOCKOCTAMH Z= —C,
z=c. Jlio6asi moBepxHOCTb, Kpas KOTOPOH COBHNANAlOT C 3THMH OKPYXHOCTSIMH,
HMeeT WJoWaAb GOJbIUYIO, YeM 4YacTh KaTeHQHAA, PAacloJio)KeHHas MexJy YKa3aH-
HRIMH OKDYXHOCTAIMH. MblIbHAA TJeHKa, COeJHHSIONIAas AaHHWE OKPYXKHQCTH MOA
JIeACTBHEM CHJl BHYTPEHHEro HATSXKEHHS, NPHHHMaeT ¢GopMy KaTeHOHAA.

lFeankKona — noBepxHQCTb, ONMHCAHHAA NPAMOMH, KOTOpasA BpallaeTcs ¢ NOCTOSHHQH
YIJIOBOH CKOPOCTBIO BOKPYI HEMOJABHIKHOH OCH, NepeceKaer OCb IOJ IOCTOSIHHRIM
yrJioM o H OJHOBDEMEHHQ IepeMelllaeTcsl NOCTyNaTelbHQ C MNOCTOSAHHOA CKOPOCTbIO
Baonb 3T0R ocu. [Ipu a=90° renukonz HasbBalOT NpsAMHM (pHC. 4.24,a), npu
a#90° reJHKOHJ Ha3bIBAlOT KOChIM (pHC. 4.24, 6).

PaccMOTpHM NPAMOMN TFeIHKOMJ, ONHCAHHKWH NMpPsIMOM, MepneHAHKYyJAspHOH ocH Oz
(cM. puc. 4.24). Tlycrp M(x, y,? — MPOH3BOJNIbLHAN TOYKa NOBepPXHOCTH, P — ee
NpoeKUHss Ha m1ockKocTb Oxy, , L — nNpoekudH TOYKH P COOTBETCTBEHHO Ha
ocu Ox, Oy. O6o3Hauum duepes u paccrosHue Touku M 1o ocH Oz
(IMN|=|0OP|{=u), a uepes v — yros, o6GpasyeMmufi orpeskoMm OP ¢ ocbio Ux.

IlapameTpHuecKkHe ypaBHEHHS TeJJHKOHAA HMEIOT BHA

Zz

Puc. 4.22
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X=ucos v, y=u sin v, 2=av,

rie a — HEKOTOpas NMOCTOSIHHAS.

HarasaHoe npeacraB/ieHHe O MOJIOKEHHWH OTASJbHHWX NPAMHX (Jyuefi) npH
v=const 1aiOT CTyNneHH BHHTOBOA JIECTHHLIH.

IpencraBneHne o reJHKOHAe MOXKHQ COCTaBHTb, HalpHMep, HabJionas JBHMKKEHHe
BHHTa BepTOJeTa MPH ero BePTHKanbHOM B3jere. OTMETHM, YTO MNEPBOHAYANBHQ

a o

Puc. 4.24 Puc. 4.25

BEPTOJIETH Ha3blBaJH TeJHKONTEPaMH, BHHTOKPHILIMH. [lepBHI 3CKH3 reJHKOHIa
6bin HapucoBaH eule Jleonapao xa Buuuu

Pa3Hoo6pasHpe TeJHKOHIAb LIHPOKO IIPHMEHSIOTCH Ha NPakKTHKe. DTo OObACHSA-
erc CJAEAYIOWWM: TeJHKOHA 06pa3oBan c¢.10)XEeHHeM ABYX CaMbiX PacnpoCcTpaHeHHBIX
BUI0OB DaBHOMEPHQro ABHXKEHHS — NMPsAMOJMHEHHQro W BpaulaTeabHoro. Beaeacrsue
3TOr0 TeJHMKOMI MOXHO TNPHMEHHTb TaM, rje HeoOXOAHMO IePEeATH OT OAHOro
H3 yKa3aHHHIX BHIOB ABHXXEHHS K APYTOMY, YTO HMeeT MeCTO NpaKTHueCKH B J1060i
MalluHHe.

MceBaocdepa — noBepXHOCTb, NOJyUYeHHA BpallleHHEM TPAKTPHChI BOKPYr ee

acHMnToTH (pHc. 4.25). Paccmo
ocH Oz TPaKTpHCH ) AUSS SERSGERG: SetyRnTe SpemEnss s

x=asinu, y=0, z=a(ln tg(u/2) +cos u).

3ta TpakTpHca JIeXHT B miaockoctH Oxz (y=0), ocb Oz CIYKHT ee aCHMNTOTOH.
JIdHHA 3anaHa napaMeTpUueCKMMH ypaBHeHHaMH Buia (4.71), rae f(u) =a sin u,
@(u) =a(lntg(u4/2) 4+ cos u). B coorBercTBuu ¢ (4.72) noJyueHn napaMeTpHUecKHe
ypaBHeHHs niceBaocdepnl

x=asin u cos v, y=a sin u sin v, z=a(In tg(u/2) 4+ cos u).

BaxxHocTh nceBjocdepnt COCTOMT B TOM, YTO Ha Hell 4YaCTHYHQ peanH3yeTcs
JI0CKast HeeBKJIHAOBa reoMeTpusi JIoGaueBCKoro. IToT yAHBHTE/IbHLHA (aKT yCTaHOBHI
HTaJbIHCKHH MaTeMaTHK OJyaxeHHo DBeabTpamu B 1868r., yXe nocie cMepTH
H. H. Jlo6auescKoro.
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IF'maBa 5

_MATPHllbl H ONPEAEJIMTEJIH

5.1. Matpuubl. OcHOBHbiE onpepelieHHs

MaTpuueit Ha3piBaeTCsi CuCTeMa m-+n UYHCEJ, PAacloNOXKEeHHBIX B nNpsiMo-
yroJibHOW TabJaMue M3 m CTPOK 4 n croa6uoB. Yucia 3Toil TabaHubl Ha3biBAIOTCH
NeMeHTaMH MaTpuubnl. O603HaYeHH MaTPHUbL:

a; a2 ... Qi a; Qe ... Qi aiy Q2 ... Qn

Az Q2 ... A2n |, Q1 Ay ... Ao2n |, az Qg ... Q2p

Am  Qm2 ... Qun Qnt QAm2 ... Qmn Ami Qm2 -.. Qmn
DNeMeHTH Q;1, G2, ..., Qin COCTABJAIOT i-I0 CTPOKy (i=1, 2,..,m), 371eMeHTHl
Qig, Aok, ... , Amp COCTABARAIOT k- CTOAGey (k=1,2, ..., n); aix — 31eMeHT, NpuHanje-

KaWHA i-A cTpoke H k-My cTOA6LY MaTpHUM, YHCIA {, K Ha3KLBAIOT MHAEKCAMH 3Je-
MeHTa. MaTpuly, HMeIOILYiO M CTPOK U n CTOJAGUOB, HA3bIBAlOT MaTPHUed pa3MepoB
mXn (4uTaercs m Ha n). Ynorpebasiorcs U Gojlee KpaTkHe 0603Ha4yeHUs MaTPHILI
pa3mepoB m Xn:

{@ie] s (Qik) mns || Gk )l i

Marpuuy o6o3HaualoT TakxKe OJHOH 3arjaBHON GYKBOH, HanpuMep

ay Q2 ... Qi b biz ... bin
A= a9 Qg2 ... Q2p N B = bz] b?? bz,‘
Am An2 ... AQmp bml bm2 bmn

Ecan Heo6xonHMO OTMETHTH, UTO MaTpHUa A HMeeT /m CTPOK H 71 CTOIGHOB, T. €.
HeoOXOAHMO yKa3aTb ee pa3Mepbl, TO TUIIYT A ,x, HIH Apn.

JlBe MaTpHisl A,,m—(am)m,,, Byg==(bix) p; Ha3LIBAIOTCH PaBHBIMH, ecllu p=rm,
g=n H ap=by (i=1,2,. ; k=1,2,...,n); ApyrHMH CJOBaMH, eC/1H OHH OJHHa-
KOBBIX Pa3MepoB H HX coornercraylomue SMeMeHTHl paBHbI.

Manuua cocTosilasi M3 OAHOH CTPOKH, Ha3blBAeTCsi CTPOUHOH MaTPHUeH, HIH
MaTpuued-cTpokol. CTpouHasi MaTpuila HMeeT BHA

far as ... a..
Marpuua
a;
as |,

am

dMcloulasi OAMH  CToJ6ell, Ha3blBaeTcs CTOAGUOBONM MaTpuued, WId MaTpulei-
CTOJOLOM.

MarpHuua, Bce 3JeMeHTbi KOTOPOH paBHbl HY/10, Ha3biBaeTcs HyJeBoi. HyaeByio
MaTpuuy o6o3Haualor 6ykBoi O:
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0 0...0
0=1|0 0..0
00..0

KBaapaTHOM Ha3pBaeTcsi MaTPHLa, y KOTOPOA YHCAO CTPOK PaBHO YHCIY CTONIG-
HoB (m=n), T. e. MaTPpHRa BHAA

[ @y Q)2 ... Qs
az Q22 ... Q2
an Qpo ... Qpp
INopsinkoM KBajapaTHOW MaTPHIL Ha3LBAaeTCsi YHCIO ee CTPOK.
ByneM roBopuTb, uTO 3JE€MEHTH di;, Qg2 ... , @nn KBAJPaTHOH MAaTPHUH 06pa3yloT
€e rJ1aBHYI0 JHaroHajb, a VIEMEHTH Qin, G201, ... ,n1 — BTOPYIO AHAroHaMb.

KBaapaTtnasi MaTpHIla Ha3WBaeTCsi CHMMETPHYECKOH, €CHIH Qi =Gk, T. €. PABHH ee
WIeMeHThl, CHMMETPHYHbBe OTHOCHTEJNbHO IJ1aBHOMH JHArOHaJH.

JlnaroHanbHOA Ha3nBaeTCA KBajapaTHas MaTpHlla, y KOTOPOH BCe 3J1eMEHTHI,
He NMPHHaAJIeX alllHe TJ1aBHOA JAHaroHaJsM, paBHbl HYJIO, T. e. MaTpHLA

ay, 0 ... 0
diag(ai. asz, ..., Gna) = 0 a3 .. 0
0 0 ..am

_CkaasipHoii Ha3hBaeTCi JMaroHajdpHasi MaTpuua, y KoTopoil ai;=c (c=const)
npu i=1,2,..,n.

EnunnyHOfi Ha3HBaeTcsi JAHaroHajbHas MaTpHUa, Yy KOTOPOW BCe NIeMEHTHi
[M1aBHO# [HaroHalu paBHbl enHHHUe. ExannuuHylo MaTpuuy o6o3naualoT GykBoit E:

1 0.0
|0 1.0
00..1

TpeyrosibHO# Ha3niBaeTcs KBajpaTHas MaTpuua, Bce 3JeMeHTh KOTOpOi,
pacnoJioXXeHHbie O OAHY CTOPOHY OT rJaBHO/ AMAroHajd, paBHH Hyao. Pasaunuaior
COOTBETCTBEHHO BEPXHIOI0 H HHXKHIOI TPeyroibHhie MaTPHIBI:

an Q2 Gz ... Qg ayy 0 0 ... 0
0 Qg9 Q23 ... Qg az) Qg 0 ... 0
0 0 Qs ... Q3p , az; 4asz2 4ass ... 0
0 0 0 .. am Qn Qnz Qa3 ... Gun

MatpKiua npou3Bo/ibibiX PasMepoB BHAA

a a2 Q3 ... Qyr ... Qin
0 o9 Q23 ... Q2r ... Q2
A= 0 0 ) 113.3 as, .a;,,t , (51)
0 0 0 ...an..anm
0 0 0 .. 0 ... 0
rae ai#=0 (i=1,2,...,r), Ha3bBaeTCsi KBAa3UTPEYrOAbHOH (cTynenyaTo#t waM Tpa-

neuHeBHAHOM) .
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Marpuua A", noflyueHHas H3 AaHHOH MaTPHUH A 3aMeHOH KaxJOA ee CTPOKH
CTO6UOM C TeM e HOMEePOM, Ha3biBaeTCsi TPaAHCIOHHPOBAHHOH OTHOCHTeNbHO A.
Ecan A — matpuua pasmepoB m X n, 10 A umeeT pasmepnl n X m:

an a2 ... Qip a; Qaz ... Gm
A= Qg Qg2 ... Q2 A= Q2 Qg ... Am2
QAmi am2 ... Qmn Qin Q2p ... Gmn
‘ 1
13 4 L8
Hanpumep, ecau A=[ ] To A'™=| 3 6}.
8 6 71 4 7

SeMeHTapHBLIMH NPeo6pPa30BAHHSAMH MaTPHUH Ha3KBAOT CAelyloliHe npeoGpa-
30BaHHA: 1) yMHOXeHHe CTPOKH (WM CTOAG1A) MaTPHUbl HAa YHCIO, OTJIHYHOE
OT Hyas; 2) npuGaBjleHHe K 3JeMEHTaM CTPOKHM (CToJ61a) COOTBETCTBEHHHX 3Je-
MeHTOB APYro# CTPOKH (CTo/611a), yMHOXEHHHX Ha J060e YHCIO0; 3) nepecTaHOBKa
MeCTaMH ABYX CTPOK (CTOJIG10B).

Tepmun «maTpuua» 6bin BBenen . CunbBectpom B 1851 r.

5.2. JluHeliHme BKeACTBHA Haj Ma'rp'uuamu

JIHHeHHLIMH NeACTBHSAIMH HaJ MaTPHIAMH Ha3bIBalOTCA CJOXeHHe H BblYH-
TaHHe MaTPHIL, YMHOXeHHe MaTPHUL Ha uuca0. CloKeHHe H BHYHTAHHE onpelelis-
I0TCA TOJIBKO AJISi MAaTPHL OAHHAKOBHIX Pa3MepoB.
Cymmoli nByx Matpui, A= (Qi)mn, B= (bu)m. Ha3biBaeTcss Takas MaTpHUa
C= (Cit) mn, uTO

ch=au—+bx (i=1,2 ....,m; k=12 .., n), (5.2)

T. €. MaTpHua, 3JeMeHTH KOTOpOi#l paBHH CyMMaM COOTBETCTBYIOLIHX 31€MEHTOB
MaTpuu ciaraembix. CymMma AByx Matpuu A u B o6osHauaerca A B. :

PasHocTbio nByx Matpull A= (Qit)mn, B= (bir)mn Ha3biBaeTca MaTpuua D=
= (dit) mn, AN KOTOPOH )

div=ai—bi (i=1,2,...,m; k=1,2,...,n). (5.3)

MpousBeneHueM MaTpuubl A= (Qix)mn Ha uMCAO o (MAH uHCIa o Ha maTpuuy A)
HasnBaeTcsi MaTpuua B =a (bit) ma, LA KOTOPOIl

bip=aay (i=1,2,..,m, k=1,2,...,n), (5.4)

T. €. MaTpHLa, NoJyuyeHHass H3 JaHHOH YMHOXEHHeM BCeX ee 3JIeMEeHTOB Ha UYHCIO a.
INpoussenenne MaTpuubnl A Ha YHCAO a o6o3Hauaercss Aa (WiIH aAd).

Martpuuy (— 1) A HasHBaIOT MaTpHLUe#H, NIPOTHBONOJIOXKHON MaTpHile A, H 06o3Ha-
yaior — A.

3ameuanue Pasnocth A— B AByXx MaTPHL MOXHO ONpPeAe]HTh TaK:

A—B=A+(—B). (5.5)

. JluHefinble ReACTBHSI Hal MaTpHuaMy o6JafaioT CJeNyOUlHMH CBOHCTBaMH:
1} A+-B=B+A4; 2) (A+B)+C=A-}(B+C); 3) A+0=A; 4) A+ (—A)=0;
5 1-A=4; 6) a(pd)=(ap)A;. 7) a(A+B)=aA+aB; 8) (a+p)A=aA+p4,

.rne A, B, C— maTpsubl ORHHX H. Tex Xe pa3mepoB; O — HyJeBasi. MaTpPHUA;
(—A) — maTpHua, NPOTHBONMOJOXKHaa MaTtpuue A; a, P — J06be AeACTBHTENh-
Hbie YHC13. .

Mpumep 5.1. Haiitu cyMMy H pasHoCTb ABYX MaTpHi

1 37 8 2
A=]|2 5|, B=1|6 3
6 4 L1 5
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B cootBerctBun ¢ popmynamu (5.2) u (5.3) noayuaem

148 342 9 5 1—8 3-—2 -7 1
A+B= (246 5+3|=(8 8|, A—B=|2—6 5—-3 | _| —4 2
6+1 445 79 6—1 4—5 5 —1
IMMpumep 52. [anel aBe MaTpHUb
2 1 3 —1
A= |4 3|, B=|2 —2
6 5 1 -3

Haittn 34 —2B.
B cootBerctBun ¢ ¢popmyaamu (5.4) u (5.5) nonyuaem 34, —2B u 3A—2B=
=3A+ (—2B):

6 3 —6 2. 0 5
3A= |12 9|, —2B=}—4 4|, 3A—2B= | 8 13
18 15 —2 6 16 21

Pl

5.3. TpousBenenne marpuu. MuorouneHnl
OT MaTpHLu

[NponsBeneHue onpefeasieTcs AJAs KBaJpaTHHX MaTpHL, ORHOTO H TOro e
nopsiiKa, a TaKxe AJs NPAMOYrOJbHBIX MaTPHL, y KOTOPHIX YHCJO CTOIGLOB Mart-
PHUB MHOXXHMOTO PaBHO YHCAY CTPOK MaTPHLbI MHOXHTEJS,

MpouspeneueM MaTpuubl An,= (Qi)mn Ha MaTPHUy Bn= (bi)n HasbBaeTcs
takasi MaTpuua Cmi= (Cit) mi, Al KOTOPO#H

n
Civ=0nbisdQizbos+ ..+ Qinbor= ) Butbje. (5.6)
j=1

T.e. 3MeMeHT (;; MaTpuubl C,; paBeH CyMMe MpPOH3BeAeHHA 31eMEHTOB i-H CTPOKH
MaTpuibl A Ha COOTBETCTBYIOLiME 3JeMeHTH Kk-ro cronbua Martpuub B,. Marpuua
Cmi MM€ET m CTPOK (Kak ¥ MaTpuua A) u [ cron6uoB (Kak u MaTtpuua B,). Ipous-
BeleHue MaTpuuni A Ha MaTpuily B o6GosHauaercs AB.

3ameuanue M3 toro, yTo maTpuuy A MOXKHO YMHOXKHTb Ha B, He CienyerT,
4To MaTpuLy B MOXHO yMHOXaTh Ha A. B obuiem ciysae ABs~BA. Eciv AB=BA,
To MaTpuubl A 4 B Ha3bBAOTCA NepecTaHOBOUHBIMHM WM KOMMYTATHBHBIMH. :
. Ipu ymMHOXKeHHH MaTPHILL elHHHYHas MaTPpuua £ urpaeT poip eNHHHUH, a HyJe-
‘Baf MaTpuua O — poab Hyasl, Tak K&K AE=EA=A, AO=0A =0.

YMHOXeHHe MaTpHUl o6/iajaeT ciaeiylolmuMu cBoficTBaMH. Ecau uMeloT cMbich
COOTBETCTRYIOLIHE JEACTBHN, TO BHINONHAIOTCA paBeHctBa: 1) (AB)C=A(BC);
2) a(AB)=(aA)B; 3) (A+B)C=AC+BC; 4) C(A+B)=CA+CB, roe o —
N060e AeHCTBHTEIbHOE YHCIO. )

Otmetum, uto (AB)’=B’A’, rie wTpuxoM 06Go3HaueHa MAaTPHIUaA, TPAHCIMOHH-
poBaHHaA RaHHOH.

Lleno#t monoxuTensHoit crenmedvio A* (k> 1) kBaapaTHoft MaTpuun A Hasbi-
BaeTCsl 1POH3BeleHHe k MATPHU, KaX/1as U3 KOTOPHX paBHa A, T. e. A*=A XA X... X A.

&k pa3
Martpuna A* umeeT TOT Ke MOPSIAOK, 4To U MaTpuua A. HyneBoh crerneHbio KBaapat-
Ho#i marpuust A(As£0) HaspiBaeTcs elHHMYHAsi MaTpHLa TOro XKe MoOpsAKa, 4YToO
u A, 1.e. A°=E. Ileppoii crenensio A' MaTpuusl A Ha3biBaeTcsi caMa MaTpuua A,
T.e. A'=A. MHorou/eHoM (HJH NMOAHHOMOM) CTelleHH k (k — Ueloe HeOTpHLATENb-
HOe YHCJI0) OT KBaJpaTHO# MaTpuubl A Ha3bpiBaeTcsl Bblpax{eHHe BHIA

akA" +a-. |Ak* ! +...+(12A2+ @A '-{-aoAc,
rae a; (i=0,1,2,..,k) — nobsle yucaa, npuueM a,70. O603HaYHM MHOrouJaeH
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or maTpuubl A yepes P(A), Toria no onpeaeieHHIO
P(A)=arA*4apr_ A" ...+ asA’ +ailA+aoA’,

P(A)=a,A*+a,_ A"+ ..+ a4+ a,A+aoE. (5.7)

M3 onpenenenus cieayeT, uTo MHOrouJeH OT MaTPHUBI MOXHO TOAY4YHTb, €CJH
B OObIuHHH MHOrouleH P(x)=awpx*+4a,_x*" '+4..4aix+ao BMeCTO x MOACTAaBHTD
KBalpaTHYI0 Matpuuy (M yuecTs, uto A°=E).

ITycte nan mHorousen P(x). Ecau P(A) sBasiercs HyJaeBofi MaTpHued,
T.e. P(A)=0, To maTpuua A HaspiBaeTcsi KOpHeM MHorouleHa P(x), a MHorouseH
P(x) — aHHYJHMPYIOLIHM MHOrOUYIEHOM AJisi MaTpHubl A.

MMpumep 5.3. Haiitu npousseneins AB u BA matpuu

T1 2 5 7
A_[s 4]' B_=[ —6 8]'
06e ManHl.lb] ABJAAIOTCH KBaﬂ.paTHblMH ManHLlaMH OJIHOIo H TOro XKe nopilzu(a

(BTOpOro), MOSTOMY MOXHO MOAYuUTh npousBeneHus AB u BA. Ilpumensina dopmyay
(5.6) ans cayvas m=n=2, n=1[=2, noayuyaem

as=| 3 028 Sl =[aizotice srtesl =l Za &)

sa= 2o al -l Lo Coeted) =lis )

Otmerum, yto AB5=BA, T. e. pe3ayabraT yMHOXEHHs 3aBHCHT OT NOPsAAKA MHO-
Kutesed.
Ilpumep 54. [laHn aBe MaTpHLbl

HIH

4 —1
31 2 —4 5 o
A= |6 5 7 —8| B=|, _,
9 0 1 —2 8 —7

Haiitn npousBenense AB. MoXHO AH NoayyuTb npoH3BeieHHe BA?

Yucno cronbuoB Marpuibl A paBHO YHCAY CTPOK MaTpHUbl B (IIHPHHA MaTPHLLI
A paBHa BbicOTe MaTpuubl B), mostoMmy npousseneHHe AB omnpeneneHo. YMHoxas
CTpoKy MaTpuubl A Ha croabew MaTpuubl B, no dopmyae (5.6) nonyuaem

3-441.542.64(—4)8 3(—1)+1(—2) +2(—3)+(—4)(—=7)
AB=|6-4+5-54+7-6+(—8)8 6(—1)+5(—=2)+7(=3)+(=8)(=7) | =
9.440-5+4+1.64(—2)8 9(—1)+0(—’2)+l(—3)+(—2)(—7)

124-5412—32 —3-—-2—-6+428 -3 17
=] 24425442—64 —6—10—214+56 =1 27 19

36+0+6—16 —9+4-0—3+14 : 26 2

IMpoussenenne BA He onpenenedd, Tak Kak yHCIO CTOA61LOB MAaTPuiki B He paBHO
YHCAY CTPOK MaTpuubl A.

MMpumep 55 Haittu MHorounen P(A), ecan P(x)=x*—3x+45 u A=
|1 =1
[> 2] |
B cooTBeTCTBKH C onpejeseHHeM MHOrowieHa oT MaTpHUbl (cM. dpopmyay (5.7))
nonyyaeM P(A)=A?’—3A+5E uau

i P e I L P B
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=l SlLe Za)-ofs Sl el 1=
ot S e ) O B §
5.4. OnpeneanTelH H MX CBOICTBa

Onpenenutenem KBaapaTHOM MaTpHUbl BTOPOro mopsiika
a a
A=[ " .2]
az Qa2
Ha3pBaeTCHd YHCJIO, PAaBHOE @ 1Q22—a2Q2; K 0603HAYaeMoe CHMBOJIOM

a; a ay  Qje

, T.e. =a,1Q22—A12Q2:. (5-8)

Q21 Qa9 Az Qg2

Uuena ayi, @iz, Ga1, Q22 HA3bIBAIOTCH VIEMEHTAMH ONPeAeNHTelsi MaTPHUH BTOPOro
nopaaka. Kawamit snemedt onpelennreiss o603HaueH GyKBOH a ¢ KBYyMsi HHIACKCAMH;
nepsuii (1) ofo3Hayaer HOMep CTpOKM, BTOpPOH (2) — HOMep cToabLa, Ha nepece-
YEHHH KOTODbIX HAaXOAHTCS COOlBeTCTBYIOLIHH 3VIeMeHT (HanpHMep, 3JdeMeHT aj)
NPHHAJJIEX HT BTOPOH CTPOKEe H MepBOMY CTOJGLY ONpPEdENHTENs ).

Onpesenutenb MaTpHUb HA3bIBAIOT TaKKe leTepMHHaHToM. [las ompeaenurens
MaTpHUbl YNOTPeGJsIoTCA ClefylouiHe 0603HaueHus:

A}, det A, det(aw), A.
OnpenenutesieM KBaApaTHOH MaTPHIBl TPeTbero Nopsiaka

ayp; a2 as
A=| as @ ax;
azy a2 Q33
Ha3biBaIOT YHCJIO
an a2 ap
=] Q11022033+ Q1202303 + A21A32013— (5.9)
— Q13022Q31 — Q12021033 — 023Q32Q11.

Qg Qzy Az

asz Qs ass

3ameTuM, uTO Kaxloe claraemoe ajre6pauyecKoil CyMMhl B MpaBofi 4acTH
3To# ¢opMysbl mpencTaBisieT Co60H NpoM3BeleHHe NIEMEHTOB ONpeaeluTensi, B3s-
ThiX MO OAHOMY M TOJNBKO MO ONHOMY H3 KaXIOH CTPOKH H Ka)XAoro cron6iua. 3ToMy
NMPOU3BEACHHIO NPHIIHCHIBAETCA COOTBETCTBYIOWIMH 3HaK. YTo6bl 3amOMHHTb, KakKue
Npou3BeleHHsi clelayeT 6paTb CO 3HAKOM IJIOC, KaKHe CO 3HAKOM MHHYC, NMOJe3HO
npaBH/lO, CXeMaTHYeCKH H300pa)keHHoe Ha puc. 5.1,

MuHOpOM XaKoro-AH60 3JeMeHTa OnpeleJHTelsi Ha3bLBaeTCs ONpedeIHTelb,

¢ ¢
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NOJYYeHHbIi M3 AaHHOrO BHYEPKHBAHWeM TOH CTPOKM H TOTO CTOJA6LA, KOTOPHM
NPHHAANEX UT NaHHbIA WieMeHT. MuHop 3eMeHTa a; 0603HauuM Mi.

Anre6panueckHM [ONOJIHEHHeM 3JleMeHTa a; ONpeleluTelst Ha3HBaeTCs ero
MHHOP, B3fTI/l cO 3HaKOM (— 1)'T* Aare6panueckoe LONO/HEHHE MEMEHTa aiy GylaeM
oBossauaTb yepes A;. B coorBercTBuH ¢ onpenenenneM Ai— (— 1) T M.

Onpenennteln MaTPHL BTOPOro H TPeTbero Nopsiika Kopode Ha3biBalOT onpe-
AeNHTeNsIMH BTOPOTO H TPeTbero nopsaxa.

CBojicTBa onpeaenureneii:

1) onpenenuTenp He M3MEHHTCS NPH 3aMeHe BCeX €r0 CTPOK COOTBETCTBYIOIHMH
crosnbuamu;

2) npH nepecTaHoBKe ABYX COCEAHHX CTPOK (CTOIGLOB) ONpeieduTelb MeHsieT
JHIUb 3HaK; :

3) onpeneluTeNb C ABYMS OJHHAKOBLIMH CTPOKaMH (CT06LaMH) paBeH HY.J0;

4) MHOXHTeAb, OGLIMA 1751 371eMEHTOB HeKOTOPO#l CTPOKH (CTOA6ua), MOXKHO
BbIHECTH 3a 3HAK ONpeelHTess; -

5) onpexeJHTeNb paBeH HYJIO, €C/H BCe 3JeMEHTH HEKOTOPOH CTPOKH (CToIGua).
paBHBI HyJIO;

6) onpenesHTeNb He H3MEHHTCSH, €CJM K NIEMEHTaM HeKOTOPO# CTPOKH (cTosbua)
NpuGaBHTL COOTBETCTBEHHHBIE IEMEHTH APYrodi CTPOKH (CTOJ6IA), MPeABAPHTENLHO
YMHOXHB HX Ha OAHH H TOT XK€ MHOXHTEeNb;

7) onpeneinTeNb paBeH CyMMe MPOH3BeleHHIl 31eMEHTOB JI0GOA CTPOKH (CTOAG-
ua) Ha HX ajreGpaHyecKHe NOMOJHEHHs. _

Hanpumep, det A=a,,4,1+ai2412+4 a134:3, T.e.

an a;: ags
az as

asz ass

Q22 Q2 asy QA

as2 Qa3

a1 Q2 Q| =au —aj +aus "(5.10)

as as2

a3 4 axn

Jra Qopmyna BupaxaeT PasNoKeHHe ONpeeNHTes TPEThEro Nopsaka MO JieMeH-
TaM NMepBOH CTPOKH.

Mo ananoruu c ¢opmyaoit (5.10) BBOAATCA ONpPENENHTENH YETBEPTOro Nopsaka:

an a2 ... Qin n

Qg1 Qg ... ;| = Z (— 1) raMu, (5.11)
oL =

Qnt Qa2 ... Qm

detA= ) andu,
k=1

rae A, — anreGpaudeckoe AONOJHEHHe >JeMEHTa Gix, n=4; ONpeleJHTeNH NATOro
nopsifKa H T. A.

Teopema 51 (reopema 3amemenus). Cymmot npou3eedenuil npou3BoALHHIX
aucear by, bo, ..., b, cooreercrsenno na aazebpautecKkue OGONOAHEHUR INEMEHTOB
HEKOTOPO2O CTOAGYA (CTPOKU) MATPUYbL NOPAGKA N PABHLL ONPeOeAUTEAID MATPULH.,
KOTOPAA noay4Gercia u3 OGHHOU 3GMEeHO JNEMEHTO8 3T020 (CT0AGYA (cTpoku)
qucaamu by, b, ... , ba

Teopema 52 (reopema aunyaupoanus). Cymma npoussedenuil 3AeMeNTOs
001020 u3 cT0A6408 (CTPOK) MATPULbL HA COOTSETCTAYIOWUe arzebpautecKue donoas-
HEHUR INeMENTO8 Opy2o20 cTOAGKA (CTPOKU) PAsHA RYAIO.

Teopema 53. Onpederuress npoussedenus Osyx Keadparnuix Marpuy
A u B 00roz0 nopadka pasen npou3sgedenulo onpedesureed nePeMHONAEMbIX
Marpuy:

det (AB) =det A-det B.

Ha3panne «nerepmunant» BBea [aycc. CoBpemenHoe H3JOXKeHHe TEOpHH onpe-
neautenedi nan Kown. OGosHaueHHe onpejeawuteiss B BHAE KBaApaTHOA TaGaHUH
yHcesn ¢ ABYMA BeDTHKaJbHHMH dYepramd BBen Kaan B 1841 r.
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[Tpumep 5.7. Bouncaurb onpegennrenb A= [

1 8}
B coorserctBuH ¢ ¢popmyaos (5.8) nmonyuaem A=7.8—6-1=>50.
I[Ipumep 58 BHUHCIHTL onpesenHTeNb 4273 3273
P P oe. pek 4274 32714 |

YMHOXAasfl NepPBYI0O CTPOKY Ha ~— | H npH6aB/isisg KO BTOPOi, HaxoaHM

I 4273 3273 =4273—3273=1000.

4274 3274

I 4273 3273
1 1

MTprumep 59. BuuHCAHTL OMpeiennTe]b TPETbero Nopsaka

1 2 —4
A= |2 6 -1
3 5 —8

TpeMmsi crocobamu: 1) no onpenenenuio; 2) no ¢opmyre (5.10); 3) npeoGpasosaHuem
€ro ¢ NnoMoubi0 CBOHCTB.

1) A=1-6(—8)+4+2(—1)34+2-5(—4)—(—4)6-3—2-2(—8)—1.-5(—1)=
=15.

2) A=1 ’

X (—8)=15.
3) YMHoxas nepBylo CTPOKY Ha ( —2) H npn6aBisisi KO BTOPOH, 3aTeM yMHOXasl
nepBylo ctTpoky Ha (—3) H npu6aBnsia K TpeTbeH, nosydyaem

6 —ll _2|2 —1

2 6
s s 3 ~8|—4|3 5‘_.1(—43)--2(--13)—4><

1 2 —4
A= 1|0 2 7
0 —1 4

Pasnaras ator onpeaenTesb Mo 3JIeMEHTaM I1epBOro cronbua, HaxoauMm

2 7

A=1_1 4

=8—(—T7)=15.

MMpumep 5.10. Buuucnurs onpenesnuressb MaTpHiihi

-

11 1 1 1 1 11

A= 2183 ,T. e, detA= 2183

3 21 2 3 21 2

4 2 4 1 4 2 4 1

[Mpumenss bopmyay (5.11), nonyuaem

1 8 3 2 8 3 2 13 2 1 8
detA= (2 | 2 —13 1 2| 4+ 13 2 2| — 1|3 2 1
2 4 1 4 4 1 4 2 1 4 2 4

Bbludcafis onpepenurtesu Tperbero mnopsiika, haxoaum det A =27 —-504- (—5) —
—(—12)=—16.

3ameuaHnune ITOT ONpeNeNHTE]b MOXKHO BLIMHCIHTb NyTem ero npeo6paso-
BaHHH 112 OCHOBAHHH CBOMCTB:
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1111 1 0 0 0
2 1.8 3| |2 —I 6 1 —1 6 1
321 2| |38 —1 —2 —1| |[—-1 =2 —1}—
4 2 4 1 4 —2 0 —3 -2 0 -3
—1 6 ]
—8 —2
= 0 —8 —2| =(—1) =—16.
—12 —5
0 —12 —5

5.5. O6parHas marpnua

Matpuuefi, o6parHofi KBaapartHo# Marpuue A, HasblBaeTcsi KBajparHas
Matpuna A~} ynoBierBopsiomas paBeHCTBaM

AA~'=A—'A=E, (5.12)

rae E — epHHHYHas MartpHua.

KBagparHasi MarpHla Ha3bBaerTcsi HEBHIDOXKAEHHOH HJIH HeOCOGEHHOH, ecJH
ee Onpefe]HTelb OTIHYeH OT HyaA. Ecau onpenennresb Marpuubl paBeH HYJIO,
TO. MaTPHUA Ha3biBaeTcsi BHIPOXAEHHOH HWJIH OCOGEHHOMH.

Besikas HeBLIpOXK/A€HHAs KBaApaTHasi MarpHLa

ain a2 ... Qa
a Qz ... a

A= |02 G2 . G (5.13)
Qni  Qn2 ... Qnn

AMeeT eAHHCTBEHHYIO OGPaTHYIO MaTpHLY

A Ag ... An
A= de]tA A Az ... Ana |, (5.14)
Aln AZn cen AM

rae Ax — anre6panyeckoe [OMOJHEHHe 3jeMeHTa ai MatpHunl A. OTMeruMm, uTO
anre6paHyeckue [OMOJHEHHSA 3JMEMEHTOB KAaXIOH CTPOKH MartpHusl A B dopmyae
(5.14) 3anucaun B cTOAGELl C TEM K€ HOMEPOM.

B cayuanx n=2 u n=3 dopmyas (5.13) u (5.14) NpHHHMAIOT COOTBETCTBEH-

HO BHA
A= an alz] —i_ 1 [An A’u]
[ an axnj’ A detA | A2 Ax]’ .(5.15)
ay Q2 Qi3 [ A An Ag
A= |an awp axn |, A_l=m- Aig A Az | . (5.16)
as Qs2 dass Az Az Ass

Teopema 54. [Ipoussonrsnyro Hesbiposcdennyto marpuyy A ¢ nomouwsbio
INEMEHTAPHbIX nPeobpa3osanull MOXHO npusecTu K eounuurol marpuye E:

A —~E. (5.17)

Teopema 5.5 Ecau k eQunuunoll marpuye nopaoka n NpuMeurs Te xe
INEMEHTapHble NnpeobpAa308AHUA TOALKO HAO CTPOKAMU U 8 TOM de nopsike,
C NOMOWbIO KOTOpbIX HeBblpOMOeHHaA K8adparHas marpuya A nopsdka n npuso-
ourca K eQuHU4HOU, TO NOAYHEHHAR npu ITOM marpuya 6yder obparnoi marpuye A.

Ota Teopema paeT Cnoco6 HaXOXKAECHHS MaTpPHibl, 06paTHOH NAHHOH, C MOMOLLLIO
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37eMEeHTapHLHX npeoGpasopaHuii. [Ipn 3TOM yAOGHO 3anHchBaTh Marpuunl A W E
PANOM, OTAEJASl HX BEPTHKAJbLHOH uepTofi (paccMaTpHBaTh PACIIHPEHHYIO MAaTpHUY
(AlE)), 1 oqHOBpeMeHHO NPOH3BOAHTb 3JleMEeHTapHHE Npeo6Gpa3oBaHHs HaJl CTPOKAMH
matput A u E. B pesyabrare mpeo6pa3oBaHus ctpok Matpuua (A|E) npeoGpa-
syercsi B matpuny (E|A™"):

(AlE)—~ (EIA7Y). (5.18)

ITOT MeTOA BHYHCJEHHS O6paTHOA MaTpPHUM Ha3biBaioT MeroioM KopraHa.

3ameuanne 1. Teopema 5.5. BepHa NPHAMEHHTEJbHO K 3JEMEHTaPHLIM
npeoGpa3oBaHHAM Haj croi6uamu. Koraa npeo6pa3opaHHsi NMpOBOAATCA Haj cToJ6-
namH, To MmaTpuuy E pacnonaraior noa MatpHued A, paccMaTpHBAIOT PacllHPeHHYIO

4[]

3ameuanHe 2. Ecau B cootHomennu (5.18) Ha MecTo eqHHHYHOA MaTpHIB
CrpaBa OT BePTHKAJbHOM uepTH MOCTaBHThb MarpHUy B, To B pe3yabrarte coorsercr-

BYIOLIHX npeoGpa3oBaHuii nonydum matpuuy A~ 'B:
[AIB] - [EIA~'B]. (5.20)

3ameuanHne 3. Ecau B cootHoweHHH (5.19) Ha MecTO eqHHHYHOH MaTpHUBI
NOJ FOPH3OHTAJbHOH YepTOA MOCTABHTb MaTpHUY B, TO B peayabTare COOTBETCTBYIO-
IHX NpeoGpa3oBaHuA noayyum matpauy BA™':

MAaTpHILY T] , TOrAa

A E
&1~z 621
OO6paThasi MarpHua HCNOJAb3yercsl NPH PELIeHHH MATPHYHHX YPAaBHEHHA BHAa
AX=B, YA=B, (5.22)

rae A, B — HesHpoxjAeHHHE KBajApaTHbie MaTpPHUb OXHOTG H TOrO e MOPsAKA.
ITH ypaBHEHHSl HMEIOT COOTBETCTBEHHO PelleHHS

X=A"'B, Y=BA™" (5.23)

Marpuut A~'B 1 BA~' MOXHO HafiTH ¢ NOMOUIBIO 3/IEMEHTApPHHX MPeoGpaso-
BaHHA B COOTBETCTBHH c cooTHomwexHAMH (5.20) u (5.21).
Ilpumep 5.11. Hafth marpuily, 06paTHyi0 MarpHue

4 5
A=[23l
Tak kak det A=2, 1. e. det A5~0, To marpuuna A umeer o6patHyio. [1ocKaIbKYy
A =3, Aip=—2, Ayy=—05, A»=4, T0o no Bropolt u3 ¢opMmya (5.15) Haxoaum

A“'=L[ 3 —5] =[ 1,5 —2,5]'
21 —2 4 —1 2
Hpumep 5.12. Hafirn marpuuy, o6paTHyIo MaTpHue
21 3
A= 1|7 3 10
15 6 20
BHuHCARM OnpexenRTenh NAHHOA MaTpPHIM:
21 3 010
73 10]=]1 31 =—|‘1|=—a—m=L
15 6 20 36 2 3 2
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Tak xak det A5£0, o marpuua A Hmeer o6paTHyl0 MarpHiy. Hafinem anreGpan-
YecKHe AONOJIHEHHs! 3JIEMEHTOB MATPHUN A:

3 10 7 10 7 3
An= |6 2o| =0, An=— |15 20| =10, A= |15 6| =-3
_ 1 3] 12 3| _ _ 2 1
An=—|g 20| ==2 An= lls 90| =75 An=-— |15 sl =3
1 3 2 3
An= |3 IOI =1 An=— |7 lOI =L Au= Ig :lsl =—1L

Ilo Bropoi H3 ¢opmya (5.16) uaxomuHm
0 —2 1 0 —2 1
A '= + 10 —5 1 |= l' 10 —5 1
-3 3 —1 -3 3 —1

Mpumep 5.13. C noMowspio 3nemenTapubix n0peoGpa3oBaHUA HAATH MATPHUY

A~', o6patnyio matpnue
1 1 1
= [ 1 2 2] .
2 2 1

Cocrapnsiem marpuuny (AlE) u npeodpasyeu ee; NPHBOAS MaTpHUy A K eaH-
nuunofi, Marpuna E Gyner mpmeenena k A~

11 1j1 00 11 1| 100 11 1] 1o o
t 2 2(01 0l=|01 1|l—1 10|01 t]=11 o=~
2 2 1|0 01t 00 —1|—201] [00 1] 20 —
’ 11 0]—10 1 100 2 —1 0
~Jo1rof{-31 1|=|0o1o0]l—-3 1 1],
00 1| 20 —1 00 1] 2 o —1I
2 —1 0]
A= | =3 1
2 0 —I

Bropas maTpHuUa NoJydeHa H3 NMEPBOA B pe3yabTaTe CACAYIOLUHX NIEeMEHTapHLIX
npeo6pa3oBaHHA: 3NeMEeHTh NepBofi CTPOKH YMHOXKeHH Ha (—1) H clOXeHH ¢ 3je-
MeHTaMH BTOPO# CTPOKH, 3JEMEHTH NepBOd CTPOKH YMHOKEHH Ha (—2) M ClIOKeHb
C 3JIMEHTAMH TPeTbel CTPOKH. E

YMHOKXHB TNOCJE[HO0 CTPOKY BTOPOR MaTpHue Ha (—1), nmoaydHm Tpersio
MaTpuuy (MatpHua A npuBefleHa K BEepXHeR TPeyroibHOA ¢opme).

YuHOXas Tpernio Crpoky Ha (—1) H mpHGaBAfiA ee KO BTODOH, a 3areM
K NepBO#A CTPOKe, NIONy4aeM YETBEPTYIO MATPHIY. YMHOXKAsA ee BTOPYI cTpoky Ha (—1)
# npuGaB/siA K NEPBOA CTPOKE, MOJYyYaeM MATYID MAarTpPHUY: CieBa OT YepTH — eRH-
HHYHAA MATPHILA, CpaBa — maTpHua A~', o6paTHas HCXOAHOA MaTtpHue A.

3ameyauHe JjeMeHTapHbe Npeo6pa3oBaHHsA NPOH3BOAMTCA B [Ba 3Tana:
1) matpuua A npeoGpasyercs K BepxHed TpeyroabHo#i (opMe C eAHHHIHEIMH
AHATOHAJLHLIMH MeMewTaMH (nyTem npeo6Gpa3oBaHHsA CTPOK «CBEpXYy BHH3®); 2) mo-
JlyyeHHasi MaTpHUA npeoGpasyerci K eNHHHUHOA (nyTeMm mpeoGpa3oBaHHA CTPOK
«CHH3Yy BBEpX»).
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Mpumep 5.14. lans aBe MaTpHiih

311 6 2 —I
A=|2 1 2|, B=1|6 1 1
1 2 3 8 —1 4

Haiitu marpany X, ynosaerBopsiomyio ypapHeruio AX = B.

10 ypaBHenue paspewrnmo, Tak kak det As£0, ero pewenne X =A"'B (cm. nep-
Bylo u3 dopmyn (5.23)). Marpuuy A~'B naiigeM ¢ nOMOWBIO 3I€MEHTApHHIX Npe-
0Gpa3oBaHHil B COOTBETCTBHUH ¢ cooTHomenneM (5.20). Cocrasasiem marpuuy [A|B],
npceo6pasyeM ee, nNpHBOAS MaTpuuy A K eIHHHYHOM:

3 1 11]6 2 —1 1 2 3|8 —1 4
21 216 1 1| —>12 1 216 1 1| —
1 2 3|8 —1 4 31 1|6 2 —1

Orciona caenyer, uto
A-'B=X= 1|2 —1 1

Ha3sbiBasi 11arom nepexon ot OfHOH MaTpHIbI K APYroi, NafiHM NMOSICHEHHS K BhI-
MOJIHEHHBIM NpeoGpa3opaHusM. | l1ar — NOMEHSIH MECTaMH MEPBYIO H TPeTbiO CTPOKH
(4to6nt @ =1). Il war — mepByio CTPOKY YMHOXHJH Ha — 2 H NpHGABHJIH KO BTOPOH;
NepBYIO CTPOKY YMHOXH/IH Ha — 3 H npu6GaBuaH K Tperbedl. 111 war — tpernio cTpoky
YMHOXHIH Ha — 1 H npuGaBua# KO BTOpoH. IV mar — BTOPYIO CTPOKY YMHOXHIH
Ha 1/2. V war — BTOpPYIO CTPOKY YMHOXHJIH Ha 5 H npu6aBWiH K Tperbei. VI mar —
TPETbIO CTPOKY YMHOXHAH Ha 1/2. VII wmar — TpeTbio CTPOKY YMHOXH/IH Ha —3
H NpHGABHJH K NMEPBOi; TPETbIO CTPOKY YMHOXHJIH Ha —2 H NPHGaBHIH KO BTODOIi.
VIII war — BTOpYIO CTPOKY YMHOXH/IH HA —2 H MPHOGABHIH K IepBOH.

5.6. Panr marpuum

PaccMoTpum MartpHIy pasmepoB m Xn

an ap Qin
A= az Q2 Qon
am Qm2 QAmn
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BuiGepeM B Hefl MPOM3BOJILHO S PA3]HUHBIX CTPOK M § Pa3M4HBIX CTOJGLOB, MPH-
ueM | <<s<{min(m,n), rae min(m, n) — MeHpllee u3 uucel m U n. DJEMEHTHI,
CTosIliHE Ha nepeceyeHHH BbIGPAHHBIX CTPOK H CTOA6UOB, 06pasyloT MaTpHLY Mo-
paaka s. Onpegenutedb 3TOH MaTPULULI Ha3blBaeTCsi MUHOPOM MOPSIAKA S MAaTPHILbL
A. HanpuMmep, ecin naHa marpuna

7—3165]
2 —6 3 8 0,
4 =59 1 2

To, B3fiB MepBYI0 H TpeTbio CTPOKYy, TPeTHH H NATHIA CcTo/N6el, MOIYUHM MaTpHUy
BTOPOro Nopsiika H ee onpelesinTenb

[ 1 5] 1 5

9 2119 2

3T10T onpeaenuTeNb SBASIETCS MHHOPOM BTOPOro MOPfAAKAa MJS HCXOAHOH MaTpHILbL.

AHaJlOTHYHO MOXHO MOJNYYHTb APYrHe MHHOPBI BTOPOro MOPsKa, a TaKXKe MHHOPH

TpeTbero nopsaka. HekoTopbie H3 MHHOPOB MOryT OKa3aTbCsi pPaBHbIMH HYJIO.

Panrom marpuubl Has3biBaeTCst HauGOVIbLIHI H3 NOPSAKOB €€ MHHOPOB, OTJHY-
HbIX OT Hyasi. PaHr Matpuunl A 0603HaualoT OAHHM H3 CHMBOJIOB: rg4 rangA,r.
Ecnu Bce MuHOPBHI MaTPHIBI PaBHbl HYJIO, TO PaHr ee CUHTAeTCA PaBHbIM HYJIO.

M3 onpeneneHuss paHra Martpuilbl TolydaeM ClefylollHe yTBePKAEHHUS.

|. Panr MaTpuubl BblpaXaercsi UeJIhIM 4YHCIOM, 3aKaioueHHbM Mexay 0 u
MEHbIIHM H3 yHcenl m, n, T.e. 0<Cr<Cmin(m, n).

2. Panr MaTpHubl paBeH HYJi0 Toria M TOJbKO TOrda, Koria MaTpHLa HyjaeBas.

3. lnsn KBaapaTHO#i MaTpPHUB n-ro NOpsiAKa r=n Torda H TOJBLKO ToOria,
Korjla MaTpHLa HeBbIpOXAeHHasi.

Ilpu HaxoXxReHHH paHra MaTpUUbl MOXHO NMOJIb30BAThbCs CBOHCTBAMH MHHODPOB.
Ecau Bce Mutopbl nopsiika k DaHHOW MaTpuubl paBHbl HYJIO, TO BCe MHHOPH 6o-
Jiee BLICOKOTO MOPsilKa TaKxe PaBHbl HyJdio. TakiM o6pa3oM, eCiH Cpeld MHHOPOB
nopsiika k RaHHOH MaTPHUBI €CTb OTJHYHble OT HYyJsl, a BCe MHHOPH NOpsiiKa
k~+ 1 paBHbI HyJI0 HAH He CylIECTBYIOT, TO r =k.

OTMeTHM HeKOTOpble OYeBHAHbIe CBOHCTBA pPaHra MaTpPHILbL.

1. PaHr matpuubl, noiyyeHHOH K3 AaHHOA TPaHCNOHHPOBAHHEM, PaBeH paHry
HCXOAHOH MaTPHILbI.

2. Pahr matpHubl He H3MEHHMTCSl, €CJIH BHLIYEPKHYTb HJIH NPHMHCAaTbh HYJEBYIO
CTPOKY (T.e. CTPOKYy, BCe 3JIeMEHTbl KOTOPOH pPaBHbI HYJIO) HJAH HyJleBO#i crojbel.

Ilpu anemeHTapHbix Npeo6pasoBaHusix paHr Marpuubl He MeHsieTcsl. C MOMOLLbIO
leMeHTapHbIX Npeo6pPa3oBaHHi MaTpUUy MOXKHO NPHBECTH K KBa3uTPeyroJbHO#
¢opme. PaHr kBasuTpeyronbHoit Martpuubl (5.1) paBeH r, MOCKOJbKY €€ MHUHOP
C FJ1aBHOH RHAroHalbl0 Qiy, d2,'...,a, PaBeH MPOU3BENEHHIO 4) 2.4, 70, a Bce
MHHOpbI 6oJiee BHICOKOTO MOPsIAKA PaBHbl HYJIO (KaK COAepKalllHe HyjleBbie CTPOKH).

IIpumep 5.15. Haiitu paur matpHusl

= —43.

25001
A= |37 0 ol.
0000}

Cpend MHHOPOB BTOPOro MNOpsiAKa 3TOH MaTPHILI HMeeTCsl OLHMH, OTIHYHBIH
OT HyJsi:

2 5

s o |=—10.

Bce MuHOpbl TpeTbero nopsiaka paBHb Hyao. CleloBaTelbHO, PaHr HAaHHOM
MaTpHIbl PaBeH AByM (r=2).
Mpumep 5.16. Haiitu panr MaTpuubl
| 1
1 2 3 4
A= 8 7
L—1 —1
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IlpuMensisi  3neMeHTapHhe NPeo6pa3soBaHHsi, NPHBOLHM AaHHYI0 MaTpHLY K
KBa3HTPeyro/ibLHofR ¢opme:

1 —1 —1

1 1 —1 —1 1 I 1 —1 -1
1 2 3 4 0 1 4 5 0 1 4 5
8 7 6 5|—>10—-1 14 13]>]0 o0 18 18
-1 —1 1 1 0o 0 o0 o 0 0 0 O

(Bropasi maTpuia mojyuyeHa H3 NepBOfAi NyTeM NOOYEPEeJHOr0 YMHOXeHHsl Mmep-
Bofi cTpokH Ha (—1), (—8), 1 H npuGaBieHHs Ko BTOPOA, TPeTbed H yeTBepTOH
CTPOKaM; TpeTbsi MaTpHua MnojdydeHa H3 BTOpPOA myTeM npuGaBieHusi BTOPOH
CTPOKH K TpeTbeil.)

PaHr nocnenHedi MaTpHilhl PaBeH TpeM, TaK KaK HMeeTCsi OTJIHYHBLIA OT Hyas
MHHOpD TPeTbero MopsAKa 3TOH MaTfHUK
I 1 —1
01 4
0 0 18

=1.1-18=18+0,

a onpeleiHTeNb CaMofi MaTpHUHW (oNpele/NHTe]b 4eTBePTOro NOpsiAKa) paBeH Hy-
a0 (Kak cofepxaulHA HyJeBylo CTpoKy). ClleloBaTelbHO, PaHr HCXOAHOA MaTpH-
Ub paBeH TpeM (r=3).



Fnasa 6

CHCTEMbI JIMHEWHDbIX YPABHEHHA

6.1. JluHeiiinie cucTemb. OCHOBHbBIE
onpeneaeHus

CHcTeMofi ypaBHeHHI Ha3blBAlOT MHOXKECTBO YpPaBHEHHH C 1 HeH3BeCT-
HbIMH (n >>2), A/ KOTOPbIX TpeGyeTcssi HaHTH 3HaueHHsi HeM3BECTHLIX, YAOBJIET-
BOPSIOLINX OJIHOBPEMEHHO BCeM YpaBHEHHSIM CHCTEMbi.
CucreMoli m JIHHeHHbIX ypPaBHEHHH C n HEHU3BECTHBIMH X|, X3, ..., X, HIH
JHHeHHO#H CHCTeMoil, Ha3biBaeTCs CHCTeMa BHla

an nitapxe4-..4annx.=b,
as Xy +axpxs+...+ Qan xn=1bs, (6.1)

Ami Xy +AmoXo+ ...+ QupXn="bm,

rae Qi, bi — uncna. Yuena ap (i=1,2,...,m; k=1,2,...,n) HaspBawTcsa Ko3(-
¢duunenramu, b;i(i=1,2, ..., m) — cBoboaubiMu wienaMH. Kosdboduunentsl o6osHa-
YeHbl GYyKBOM @ C NByMsi HHREKCaMH i W k: mMepBuii (i) yKa3piBaeT HOMep ypaBHe-
HUsi, BTOPOH (k) — HOMep HEH3BECTHOH, K KOTOPOH OTHOCHTCA AaHHblfi Ko3ddH-
unedT. Yucno ypaBHeHuH m MoxeT ObiTh 6oJblle, PaBHO HJIM MeHblle YHUIA
HEH3BECTHBIX 1.

Jlune#Has cucTeMa Ha3biBaeTcsi HEOAHOPOLHOM, eCNH CPeiH CBOGOAHBIX YJeHOB
HMeloTCA OTJHuHble OT Hy/si. Eciu Bce cBoGoaHble u/eHbl paBHbI HyJiO, TO JIHHEH-
Hasi CHCTeMa Ha3sbiBaeTCsi ofHopoaHOH. OmHopoidHas JHHeHHasi CHCTeMa HMeeT BHJ

an xi4apxe+..+a.x.=0,
a1 X1+ axnxe4... 4 a0 x, =0, (6.2)

Ami X1+ Amaxo+ ...+ Amnxn =0.

PewieHneM JHHeAHOH cHCTeMmbl (6.1) Ha3biBaeTcsi ynmopsiloyeHHas COBOKYNMHOCTb
n 4ucen

Ci, €2y vy Cny (6.3)

MOACTAHOBKA KOTOPBIX BMECTO X, X2, ..., X, COOTBETCTBEHHO (X;=(i, X2=Co, ...
.., Xn=2¢,) O6paillaeT B TOXKAECTBO Kax10e U3 ypaBHeHHUil 3TOH CHCTEMBI.

Cucrema, umeouiass xoTsi 6bl OQHO pellieHHe, Ha3biBaeTCA COBMeCTHOH, a CH-
cTeMa, He HMelollasi HH OAHOro pelleHHs, — HecoBMecTHOH. OTMeTHM, 4TO OMHO-
polHasi CHCTeMa BCerja COBMeCTHa, TaK KaK OHa HMeeT HyJeBoe peuleHHe: x;=0,
JC2=0, wi g X,.=0‘

CoBMecTHasi CuCTeMa, HMelollasi elMHCTBEHHOe pellieHHe, Ha3blBaeTCsi onpele-
neHHol. CoBMecTHasA CHCTeMa Ha3biBaeTCs HeONpeleJeHHOH, ecin oHa uMeeT GoJjee
OAHOro pelleHHs.

JIlBe cHCTeMbl Ha3bIBAIOTCH 3KBHBAJEHTHHIMH WM PaBHOCHJBHLIMH, eClH Jio6oe
peileHHe ONHOH M3 HHMX fABJAETCA TaKiKe pelleHHeM APYrod H o6paTHO, T.e€. eClH
OHH HMeEIOT OJHO H TO XK€ MHOoxKecTBO peweHni. Jlio6Gble ABe HeCOBMeCTHble CH-
CTeMbl CUHMTAIOTCSl 3KBHBaJeHTHbIMH.

JNeMeHTapHbIMH NPeoO6pa3oBaHUsIMH JHHEHHOH CHCTeMbl Ha3bIBAIOTCA CJely-
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owH4e npeo6pasoBaHusA: 1) yMHOXeHHe ypaBHeHHS CHCTeMbl Ha YHGIO, OTIHYHOE
OT Hyds; 2) npuGaBiieHHe K ONHOMY ypaBHeHMIO APYroro ypaBHeHHs, YMHOXEHHOro
Ha J11060e YHC/I0; 3) nepecTaHOBKa MeCTaMH NBYX yPaBHeHHH CHCTeMBI.

IMpu snemenTapHbIX Npeo6pa3oBaHHUAX JHHEHHOH CHCTeMbl NMOYYalOT CHCTEMY,
PaBHOCHJILHYIO JaHHOMH.

BolpaxehHe «pelllnTh JHHEeHHYI0O CHCTeMYy» O3HauaeT BHISICHHTh, COBMECTHa
OHa WJIH HeCOBMECTHA; B C/lyyae COBMECTHOCTH — HaHTH BCe ee pelieHHs.

6.2. MarpuyHas 3anHCh JHHEHHOMH
CHCTEMBI '

JluHefiHyl0 cHcreMy (6.1) MoxHO 3anucarhb B MaTpHuHoM Buie. Marpuua

Q) iz ... Qia
A= Az Q22 ... A2 , (64)

Qm1 Qm2 ... Qmn

cocTaBieHHast U3 Ko3(pdHIUHeHTOB JHHeHHbIX ypaBHeHHH cucTembl (6.1), Ha3niBaerT-
Csi OCHOBHOM MaTpule#d CHCTeMbl (MM MaTpHUEH cHcTeMbl). MaTpuua

an app ... a,, by

A= ap G .. G by ) (6.5)
AQmi Qm2 ... Amn bm

noJlyyeHHasi M3 OCHOBHOH NpHCOelHHEHHeM CToJa6ua CBOGOAHBLIX WIEHOB, Ha3blBa-
eTCsl pacuiMpeHHOH MaTpuuel cucremnl (6.1).

PaccMoTpuM CTOAGLOBLIE MaTPHULI, COCTABJEHHLIE M3 HEH3BECTHHIX H CBOGOA-
HbIX 4JIEHOB:

X b,
X2 b2

x=| 7|, B=]|: (6.6)
% b

Tockonbky maTpuua A coriacoBana ¢ Matpuuet X (4HCIO CTOAGLOB MaTPHIBI
A paBHO UHCJIY CTPOK MaTpHubl X), TO MOXHO HaliTH MpousBeleHHe
anxi+aixe+...+aaxa
AX = asz X +a22xz+...—}—a2,,x,.

am1 Xy +a,,.2x2+ +a,,.,.x,.

DjieMeHTaMH 3TOH CTON6UOBOH MaTpPHubl SIBASIOTCS JieBble YACTH ypaBHeHHH CHCTe-
Mbl (6.1), No3TOMY Ha OCHOBAaHHH ONMpe/eNeHHs] paBeHCTBA MaTPHLL

AX=B. (6.7)

Takum o6pasoMm, cucTema JHHeHHbIX ypaBHeHHH (6.1) 3anuHcaHa B Buie OIHOTO
MaTpHyHoro ypaBHeHus (6.7), rae A, X, B onpeneasiorcs ¢opmyiamud (6.4) H
(6.6); 3Ta 3anuch CHCTeMbl HA3biBAEGTCA MaTPpHUHOM.

Kaxnoii snuHeiiHo#t cucteme (6.1) cooTBeTcTByeT eIHHCTBeHHas napa MaTpHIL
A, B H of6paTHo: KaxNoii mnape MaTpHLl — €1HHCTBeHHas JIMHefHasi CHCTeMa.
Cucrema (6.1) Moxer 6GbiTh 3anicaHa U B TaKOM BHIe
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a a s [ Q. b, e
as x4 Qs Xo+ ...+ Qzn Xn=|by | . (6.8)
am [ 2] | Qmn b-m
Ecau (cy, ¢y, ..., ca) — pellieHHe cuctembl (6.1), To MaTpHua
o
C= C2 (6.9)
Cn |

Ha3piBaeTCsl BeKTOP-pelleHHeM 3Toi cucTeMbl. Marpuna (6.9) yaAoBaerBopsieT
ypaBuenuio (6.7).

IMMTpumep 6.1. IlpeacraBute B MarTpHuyHOil (opme JiHHellHYIO CHCTeMy
ypaBHeHHH

2x; 4 3x2=8,
5x1+ xo=7.

B nanHom ciyyae dopMyasl (6.4) u (6.6) 3anuwyrcs Tak:

[ 23] xl 2] e [8]

No3TOMYy ypaBHeHHe (6.7) NMpPHHHMaeT BHAL
EENE
5 1 x| L7
dTa cucTeMa HMeeT BeKTOp-pelleHHe C=[ ; ] .

3ameuanune B coorBerctBHH c ¢opMyaoit (6.8) nanHasg cHcTeMa npen-

CTaBHMa B BHAe
[s]orlt]==2]

6.3. HeBbipoxeHHbie JHHEHHbIE CHCTEMbl

OnpenennreseM CHCTeMbl n JHHEHHLIX YypaBHeHHH € £ HEeH3BECTHBIMH
X1, X2, ..., X
auxl+a12x2+...+a.kxk+...+a|,.x,.=b;,
A X+ axo+ ...+ Qaxe + ... 4 Ganxn=bo, (610)
aulxl+an2x2+'~-+anlzxk+--~+annxn=bn
HaspiBaeTCsA ONpeje/HTelb MaTPHUB W3 KO3PQHUHEHTOB ypaBHeHHH 3TOH CHCTeMbl:
a;; a2 ... Qg ... Q1
A= Qg Q2 ... Q2 ... A2, . (6.11)
QApy QAp2 ... Qpe ... Qpp
O603HaunM uyepe3 A, onpeaeauTesNb, MOJNydYeHHbIi 3aMeHoH B onpejejurene

A cTronbua M3 KO3(pQPHUHEHTOB NpPH HEW3BeCTHON Xp CTOJAGLOM CBOGOAHBIX 4YJIEHOB
cuctembl (6.10):
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a a2 ... by ... an
Ak= ag Qzo ... b2 ... Qop N (612)

Qny Qp2 ... by ... Qo

roe k=1,2,...,n.

JluHefinas cHcTema (6.10) HasbiBaeTCA HeBLIPOXKAEHHOH, eclH ee ONpelesH-
TeJlb OTJHYEH oT Hyas (As£0).

Teopema 6.1. Hesvipomdennan asuneidnas cucrema (6.10) umeer edun-
CTBeHHOe peuerue

xi=A/A, xa=RAs/A, ..., xa=An/A, (6.13)

20e A u A (k=1,2,..,n) onpedenrensi coorsercréenno ¢opmyramu (6.11)
u (6.12).

dra Teopema HasbiBaeTcsi Teopemoii Kpamepa, a ¢opmyan (6.13)— dopmy-
aamu Kpamepa.

Caenctsue u3 Teopembl Kpamepa. Ecau o0HopoOnaa aukelinas cucTema

anxi+ayexo+ ...+ a1ax, =0,
ag1 X+ Qagxo+ « « - +A2Xxn =0,

amxi+aneXo 4« -+ + Araxn=0

umeer Henyaregoe peuienue, TO ee onpedesuTesb A pasen HYyaw.
Cucremy (6.10) n JnHHeHHBLIX ypaBHEHHH C n HEHM3BeCTHBIMH MOXHO 3amHcaThb
B MaTPHYHOM BHIe

AX=B, (6.14)
rae
ap Q2 ... Qg X bl
A= Qg Q32 ... Qo N X= X2 N B= bs . (615)
@n1 Qn2 ... Qun Xn bn

Ecin cuHcTeMa siBisieTcs HeBbipoXJAeHHOH, T.e. det As=0, To oHa HMeeT €JHH-
CTBeHHOE pelleHue

X=A-'B, (6.16)

rie A~'— Martpuua, o6paTHasi maTpuue A, a B onpenensiercsi Tperbell U3 (oOpMy.
(6.15).
[TpuMmep 6.2. PeunTh cucTeMy ypaBHEHHH
N+ xe—4x=1,
X1+2XQ—3XQ=5,
3x1—2X2+4X3=4.

CocTaBHM onpeiejuTedb CHCTeMBl A W onpeaenutenu Ax(k=1, 2, 3):

11 —4 11 —4
A=|1 2 —3|, A=|5 2 —3],
3 —2 4 4 —2 4
L1 —4 1
Ae= |1 5 —3 |, As= 1|1 25

3 4 4 3 —2 4
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Onpenenutenb cucreMbl A=215£0, T.e. naHHasg CHCTeMa SfBJIAETCA HEBLIPO-
XIEHHOH, Mo3TOMY NpHMeHHMbl Teopema 6.1 u ¢dopmyan (6.13). Bbiuuciaum ompe-
nenutenH Ay, A, As; moabayeMcs dopmynamu (6.13), nonaras B mux n=3. Tak Kak

=42, A;=63, A3=2], T0

42 63 21
A|/A——21——2 Xo= Z/A——-—3 X3—A3/A‘—T= .

MMpumep 63. Pewntb cucreMy ypaBHeHHH
4x1 — 3x2+2x3=9,
2x| + 5xo—3x3 =4,
5x) +6x9—2x3=18.

JlaHHylo cHCTeMy 3anuilleM B MaTpHuHoM Bule (6.14), rae

4 -3 2 Xy
A= 2 5 —31|, X= | x| , B=
5 6 —2 X3 18
BbiuHC/isieM onpefequTeNb MaTpHUnl A, Haxonum MaTpuimy A~
4 —3 2 8 6 —1
det A= 2 5 —3 | =39, A_l=_§l§' —11 —18 16
5 6 —2 —13 —39 26|
ITo ¢opmyne (6.16) moayyaeMm peleHue CHCTeMBbl
[ 8 6 —1 9
X=% —11 —18 16 . 4] =
| —13 —39 26 18
78 | 2 x 2
= _3'.9_ nm7| = (3], x| = |3],
195 | 5 X3

T. e. X1=2, 12=3, X3=5.

6.4. MpouaBoAbHBIE JHHEHHDBIE CHCTEMbI

PaccMoTpum JiHHelHylo cucTeMy (6.1), ee ocHOBHylo maTpuuy A M pac-
wHperHyo A, onpenensieMyio popmyaoi (6.5).

Teopema 6.2 (KpoHekepa — Kanennn). Qas coemectrocTu cucremor (6.]
Heo6xodumo u O0OCTarouno, 4ToGbl panz ee maTpuybl Gour pasen pamey pacui
PeHHOl MaTpuybl.

Teopema 6.3. Ecau panz marpuuybt COBMeCTHOL CUCTeMbl DABEH HUCAY
Heu38eCTHbLX, TO CUCTeMQ UMeeT eQUHCT8eHKOoe pelieHue.

Teopema 6.4. Ecau paxe marpuyb. COBMeCTHOL CUCTeMbL MeHbuie 4uUCAQ
Heu3B8ecTHbLX, TO MHONCECTBO ee peulenull ABARAETCA 6eCKOREUHbLM.

Ba3ucHbIM MHHODOM MaTpHUbl Ha3bIBaeTCsl OTIHUYHBI OT HyJsl ee MHHOP, MoO-
PSIAOK KOTOPOro paBeH paHry 3Tod MaTpHUH. Da3HCHbIMH HeH3BeCTHbHIMH COBMECT-
HOH CHCTeMbl, PaHr MaTPHLb KOTOPOH paBeH r, Ka3oBeM r HEH3BECTHbIX, Ko3ddHu-
UHeHTbl NPH KOTOPbIX 06pa3yioT GasucHblii MuHOp. OcTajibHbie HEeH3BeCTHblEe Ha-
30BeM CBOGOIHBIMH.

M3 Teopem 6.2—6.4 cienyeT, uTo pelueHHe CHCTeMbl JiMHEAHBIX YPaBHEHHH
MOXHO MPOBOAHTL CIEAYIOLHM 06Pa30M.
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1. Haxonsit paHr r MaTpHusi A CHCTEMBl H paHr r paclinpeHHOH MAaTPHIbI
A. Ecau rs&r, To CHCTeMa HeCOBMECTHa.

2. EciH r=r, TO BHAEINIOT Ga3HCHBIH MHHOPp H G6a3syCHble HeH3BeCTHble.
Hcxonnylo cucremy ypaBHeHHi 3aMeHSIOT 3KBHUBaJeHTHOH el CHCTeMOH, cocTosile#
H3 TeXx r ypaBHeHHH, B KOTOpble BOLIJIH 3JIeMeHTh 6a3HCHOro MHHOpaA.

OtmetuMm, uTO B Cjydyae, Korja YHCIO G6a3HCHBIX HEH3BECTHBIX PaBHO YHCIY
HEH3BECTHBIX CHCTeMbl, CHCTeMa HMeeT eIHHCTBEHHOe pelleHHe, KOTOPoe MOXHO
Ha#iTH no ¢opmysam Kpamepa. Ecan uynciio 6asucHbIX HEH3BeCTHBIX MeHblle YHCIa
BCeX HEM3BECTHHIX, TO H3 COOTBETCTBYIOLLEH CHCTeMbl HaXOAAT BhIPaKeHHs Gasuc-
HbIX HEH3BECTHBIX uepe3 CBOGOIAHBIE, MCNONL3ys, Hanpumep, dopmyan Kpamepa.
[MpunaBast CcBOGOAHHLIM HEM3BECTHbIM MPOH3BOJbLHHE 3HayeHHs, NONy4aloT GecKo-
HeyHOe MHOXeCTBO PelleHHH HCXOAHOH CHCTeMBI.

MMpumep 6.4. PelwnTb cHCTeMy ypaBHeHHH

X1 —3x942x3=1,
2x14+ x9—4x3=>5,
5x, — 8xo 4 2x3=8.

Tockonbky
I -3 2 1 -3 2 1 -3 2
A= |2 | —4 | -~ |0 7 —8 - |0 7 -8 ,r=2
5 —8 2 o 7-8] . |o o o ‘
1 -3 2 1 I -3 2 1] 1 -3 2 1
A= |2 1 -4 5| - |Jo 7-8 3| - [0 7 —8 3],
5—-8 2 8 0 7—-8 3 0 0 0 o0

r=2; r=r,

1 -3
TO cucTeMa coBMecTHa. B marpuue A MuHOp ‘ 9 1 OTNMYEeH OT HyJIsl, eMy CO-

OTBETCTBYeT CHCTeMa ypaBHeHHH x—3xa=1—2x3, 2x+x2=5-+44x3, B KOTOPOH
X\, Xp — Ga3uCHble HeM3BeCTHble, X3 — CBOGOAHas HeuaBecTHas. Pewasi 3Ty cucTe-
My no popmyiam Kpamepa, naxoaum

x1=(10x3+16) /7, x2= (8xs+3)/7,

FAe X3 MOXeT NpUHHUMAThL no6ble AedcTBUTeJbHbIE 3HAYECHHS.

6.5. Meton laycca

Tycts pava cucrema (6.1) m JAHHeHHBIX ajAre6paHyYecKHX YypaBHEHHi
C n HEH3BECTHBIMH X, Xo, ... , Xp. ’

MeToa noc/ienoBaTeNbHOO MCKJAIOUeHHsi HEeH3BeCTHLIX, MK MeTon [aycca, mpu-
MeHsieMblil ANS1 PelleHHs] CHCTeMBbl (6.1), COCTOHT B CJelyiOLleM.

Mpeanonaras, uro a,; #0 (3To Bceraa MOXHO CAenaTb CMeHOH HyMepaLHH
yPaBHeHHi), yMHOXasl NMepBoe ypaBHeHHe CHCTeMnl (6.1) Ha —ag/a;; W npu6as-
Jsi1 KO BTOPDOMY, MoJyuaeM ypaBHeHue, B KOTOPOM Ko3dduiHeHT npu x; obpa-
waercsi B Hy/lb. YMHOXasi nepBoe ypaBHeHHe Ha —a3 /a,; H NPHOaBAAA K TpeTh-
eMy, MoJydaeM YypaBHeHue, TaKe He coiepxallee ujJeHa C X . AHaJOTHYHBIM
nyTeM npeo6pasyeM BCe OCTajbHbIe ypaBHEHHs, B pe3yibTaTe uero NpHAeM K
CHCTeMe, 3KBHBaAJeHTHOH HCXONHOH cHCTeMe ypaBHeHHH:
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anxitap x4 Fanxa=bi,

a’2._,x2+ ce +a;nxn=b;,

g Xo+t -« +aj, Xxa=">b}, (6.17)
aroXa+ ¢ -+ apXn=bp,
rae a;,(6=2,3,..,m; k=23, ..., n) — HeKOTOpbie HOBBle KOI(PPHUHEHTHL.

IMonarass aj,50 u oCTaB/sisi HeU3MEHHLIMHM MepBbie JBa YypaBHEHHSI CHCTeMb
(6.17), npeo6pasyem ee Tak, 4To6bl B Ka)XAOM M3 OCTa/NbHLIX ypaBHeHHiHl K03pdH-
UHeHT npH xp obGpartuiacs B Hyao. [lpomosxkas 3ror mnpouecc, cucreMy (6.17)
MOXHO NMPHBECTH K OJHOH H3 CJlelyIOUIHX CHCTEeM:

cnixi+Ciaxe 4 Craxs+ - -+ +CinXa=d,,
CoaXo 4 Cosxz—+ + + + +Conxn=ds, (6.18)

Casxzs+ -+« - +Cankn=ds,

Cnnxn=dm

rie ;70 (i=1,2,...,n), cu — HeKoTopHe Ko3(PHLUHeHThl, di — CBOGOAHbIE UJICHBI;

cnxi4-Cioxe+ -+ - - FCiXe+ + - - FCraxa==d1,
CaoXo++ -« 4 CopXp+ + + » F Conkn=do, (6.19)

CraXe -+ + « - ConXn=db,

rae k<<n;
cuXi4cizxa 4+ - - 4 Cinkn=dy,
Cogko+ + + - + ConXn=da, (6.20)
0 xn=dlh
rae k<n.
CucreMa (6.18) uMeerT equHCTBeHHOe peuwieHHe, 3HaueHHe X, HAXOAHTCA H3
noc/jeiHero ypaBHeHHS, X,_| — H3 NpPeANoCaelHero, x; — H3 McPBOro.

Cucrema (6.19) uMeeT GeCKOHeuHoe MHOMXECTBO pelueddii. M3 mocaenHero
yPaBHEHHS MOXHO BHIPDAa3HTb ONHO H3 HeH3BeCTHBIX (HanpHMep, X;) Hepe3 oOCTallb-
Hble 1 —k HEU3BECTHBIX (Xi4+1, Xp42, ..., X,), BXONAILKX B 3T0 ypaBHeHHe. M3 npen-
fnocyiefHero ypaBHEHHSI MOXHO BHIPa3dTb Xp—| uepe3 3TH HeH3BeCTHhle H T. A.
B nmonyueHHbX (opMysnax, BbIPaXKalOWMHX X|, X2, ..., Xe—1, X 4YEPE3 Xpip1, Xet2, ...
... Xn, MIOCTI€lHHEe HeH3BeCTHble MOr'yT NMPHHKMATb JI06ble 3HaueHHs.

Cucrema (6.20) HecoBMeCTHa, TaK KaK HHKaKHe 3HaueHHS HEH3BeCTHBbIX He
MOFYT y[OBJETBOPATH ee Moc/elHeMy ypaBHEHHIO.

Hrak, meTod mnoc/iiefoBaTeNbHOrO HMCKAIOUEHHS] HEH3BECTHBIX MPUMEHHM K Ji
6oit cucreme JHHEHHbIX ypaBHeHHH. Pewass cucTeMy 3THM MeTOAOM, npeoGpasoBaHh
COBepIAIOT He Hal YpaBHEHHSIMH, a Hal MaTPHilaMH, COCTaBJIeHHbIMH H3 KO3(-
(UUHEHTOB NMPH HeH3BECTHLIX U CBOGOAHbLIX UYJEHAX.

Mpumep 6.5. Pewnts cucTeMy ypaBHeHHH

X1 —2x9—3x3—x4=2,
X1+ x9+4 6x343x4= —3,
2%+ 3x045x3+2x5 =1,
X2+ X3+ x4=3,
5x947x3+4x4=5.
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CocraBjisieM MaTpPHIy H TpeoGpa3yeM ee:

1 -2 -3 —1 2

1

o O N =

3
1
5

4
o ©o O o =

{
o o o o -

NN W o= N

o © O - N

6

5
1
7

3 —3

1 3

4 5

—1 2 1
1 3 0
4 -5 | — 0.
4 —3 0
4 5 0

—1 2 1
1 3 0

—1 —10 | > | O

—3 —24 0
1 —14 0
1 —2 —3 —1
0 1 1 1
0o 0 2 -1
0 0 0 -1
0 0o o0 ©0

| —14 | —
—3 —24
—1 —10

oS O O -~ N
N s D - W

~2 -3 —1 2]

1 1 1 3
0 2 —1 —10 |—
0 0 -1 —4
0 0 4 16 ]
2
3

—10

—4

0

IMocnenHei MaTpHue COOTBETCTByeT COBMeCTHass CHCTeMa 4eTbipex ypaBHeHHﬁ
C YE€TblpbMA HEH3BECTHLIMH:

X|—2X2—3X3—X4=2,

X4 X3+ x4=3,
2)(3—14:-—-10,
—X4=—4.

Pewrasi 3Ty cHcTeMy, HaxoauM xs=4,2x3=—10+x4=—10+4=—6, 3=
=—3, x0=3—x3—x4=3—(—3) —4=2, x,=2x9+3x34x,+2=2.2+3(—3) +
+4+42=1

CrnenoBaTé/bHO, HCXOLHAA CHCTeMa HMeeT pelieHHe x; =1, xp=2, x3=—3,
X4=4.

IMpumep 6.6. Peuntb cucremy ypaBHeHH i
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X+ %2+ x3+ x4 =4,

2%, — xg+3x3— 2x4=2,
3x1 4 2x9 4 4x3 — 614 =3,
4x, 4 3x2+ 5x3— bxy=6.



3anucpiBasi COOTBETCTBYIOULYIO MaTPHLY H COBePiuasi NPeoGp a3oBaHHA, MONyYaeM
1 11 1) 4 1 11 1 4

2—-13-2|2 |- 0—31—4 —6 | —~

3 24 —613 0 —1 1 —9 —9

4 35 —51686 0 —11—-9 I-—10

1 11 1 4 l 1 1 1 4
- 0 —11-—9 —9 |- |0 —1 1 —9 -9

0 —11-—=9} —10 0 0 0 O —1

0 —31 —4 —6 0 0 -—2 23 21

TpeTbsi MaTpHma MNoJdyyeHa M3 NpeAbiiyllell NepeMeHoii MeCTaMu MOCAeNHHX
Tpex cTpok. IlocienHeii MaTpulle COOTBETCTBYeT CHCTeMa ypaBHeHHH

X1+ xo+x3+x4=4,
—Xo4x3—9x4=—9,
0 xy=—1,
— 2x3+23x4=21.

3dra cucTeMa HeCOBMeCTHa, TaK KaK HHKaKHe 3HaueHHsi HEHW3BECTHBIX He Mo-
TyT YIOBJIETBOPHTL €e TPeTbeMy YPaBHEeHHIO.
. CrieoBaTenbHO, HCXOLHAS CHCTeMa TaK)Xe HecoBMeCTHA.
[Tpumep 6.7. Pewrutb cucTeMy ypaBHeHHH

X4 xo—x3+ x4 =2,
2%y — x93+ 3x3—4x,=0,
dx 4 xo+x3—2x4 =4,
5xy+ 2x9— x4=6.
Ilpeo6pasyst matpuuy, no.nyqaeM:

1 1 —1 12 1 1 —1 1 2

2 —1 3 —41!0|—>]0-3 5 —~6| —4] —
4 1 1 —2 {4 0—3 5 —6| —4
5 2 0-—-1{6 0—-3 5 —6| —4
1 1 —1 1 2
—- 0 -3 5 —6 1| —4
0 0 0 0 0

0 0 0 O 0

Takum o6GpasoM, naHHasm cHcTeMa CBOAHMTCA K CHCTeMe [ABYX YPaBHeHHH OT-
HOCHTEJNbHO YeThIpeX HEH3BECTHbIX:

X1t xe—x3+x=2,
—3X2+5X3—6X4= —4,
obuiee peliene KOTOPOH onpepeisieTcsi hopMysiaMu

2 2 4 5
X1= 3 —3—‘XS+X4, Xo== 3 + sz—th

rae xj, x4 MOryT NpHHUMaThb Ato6bie AefCTBUTENbHEE 3HAUEHHS.
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Ilpumep 6.8 PewuTb cHCTeMy ypaBHeHHH
Xy — X+ Tx3—2x4=2,
2x) —3x2+8x3 —4xs=1,
4x1 4 2x2 4 19x3+ x4 =38,
6x, —5xy4 1lx3—3xs=—3.

CocraBJ/isieM MaTpHLY H NnpeoGpasyeM ee:

1 -1 7 =2 2 1 —1 7 —2 2
2 -3 8 —4 1 - 0—1 —6 0 -3 | -
4 219 1 8 0o 6 —9 9 0
6 —511 —3 | —3 0o 1 =3l 9| —15
1 —1 7 —2 2 1 —1 7 —2 2
- 0—1 —6 O —3 | - 0—-1 —6 0 -3
0 0 —45 9| —18 0 0—45 9| —1I8
0 0 -—-37 94§ —18 0 0 8 0 0

[Mocnepnss maTpHua noJyyeHa B pe3ysbTare GIOXeHHs TpPeTbell, YMHOXeHHOI
Ha (—1), # dYeTBepTo#i CTPOK. DTOH MaTpPHIE COOTBETCTBYEeT CHCTeMa YypaBHeHHI

).’|—X2+7X3-—2X4=2,

—Xg—6x3=—3,
—45X3+9X4= — ]8,
8X3=0,

uMelolias pemenie x3=0, xs= —2, x;=3, x;=1.



IF'maBa 7

KOMIJIEKCHbBIE YU CJIA

7.1. YnopsinoyeHHble Napbi AeHCTBUTEAbHBIX YHCEJ
H onepalHH Haj HHMH

[Mapy (a, b) AeHCTBHTENBLHHLIX uHCE a M b Ha3bIBAWT YNOPALOYEHHOH,
eCJIH yKa3aHO, KaKoe H3 HHMX CYHTaeTcs MepPBbiM, KaKoe — BTopbiM. [lpumepnr ymo-
pagouenHnx nap: (0,1); (2,3): (3,2). OTmerum, uTo NOCJAeAHHE ABe napbl pas-
JIHYHBI, XOTA H 06pa30oBaHbl OAHHMH M TEeMH )K€ UHCJAaMH.

Kaxayio ynopsiioueHHyl0 mapy uuces oGo3HayuM OJHOH OYyKBOH, BBeleM Mo-
HATHe paBeHCTBa [ByX Map, OMpefeluM [OeACTBHA Hal HHMH. PaccmoTpum aBe
ynopsiloueHHble 1naphbl

a=(a, b), B=/(c, d). (7.1
OTH napbl Ha3wBAaIOT PaBHbIMH, €CAH a=c, b=d, T.e.
((a, b)={(c, d)) = (a=c¢, b=d). (7.2)
CymMmoii aByx nap (7.1) Ha3blBalOT ynopsiio4eHHYIO mapy
at+pB=1(a, b) + (¢, d)=(a+c, b+d), (7.3)
a HX MpoH3BeleHHEM — YMOPSAOYEHHYIO Mapy
af=(a, b)(c, d)=(ac—bd, bc+ad). (7.4)
H3 cootHowenusa (7.3) BHAHO, 4TO mapa
0=(0, 0) (7.5)

obnafaeT TeM CBOACTBOM, 4YTO cCJ/loKeHue ee ¢ JloGoit Apyroit ynopsfouyeHHOH
napoii He MeHseT HCXOAHo# mapw: (a, b) 4+ (0, 0) =(a, b). Ilapa (7.5) wurpaer
poJib HyJAsi NPH CNOXKEHHH YNOPSAOUEeHHbIX Map; Ha3oBeM ee HyJb-napoi.

PasHocTbio o —fp AByx ynopsgoueHHbix nap (7.1) Ha3bBaOT TaKylo YNoOpsi-
JIOYeHHYI0 napy z= (x, y), 4To 24 B—=u.

BoiunTaHne ynopsiiovyeHHbIX nap (7.1) onpenensiercs CAeAYIOWHM 06PasoM:

a—B=1(a, b)— (¢, d)=(a—c, b—d). (7.6)

YactubiM a/f, rae B~0, AByx ynopsmoueHHbx nap (7.1) Ha3bBalOT TaKylo
YIOPSIAOUEHHYIO Mapy z= (x, Y}, uTo 2B =a.

Ecin a0, T.e. ¢?4+d%5£0, 10 uactHoe a/f MABYX YMOPSAOUEHHBIX mnap
(7.1) onpenrenserca ¢popmyaoit

a ac+bd bc—ad)
— = , . 7.7
p < A+d? T 4 7
H3 stoit popmyan ciaepyer, 4To ecin a=f, T.e. a=¢, b=d, To

1=( ey, dc—cd
c2+d2 ’ 02+d2

), 1=(1, 0).
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3HayuT, poib eXMHHLB NPH AeleHHH ABYX YNOPSNOYEHHLIX NMap BHINOJHSAET yMIO-
psiloueHHasi napa

1=(1, 0). (7.8)
PaccMoTpuM ynopsiioueHHble Mapebl
a=(a, 0), b= (b, 0). (7.9)

ApudMeTuyeckue NeHCTBMS Haj ynopsiiOueHHbiMM NapaMu Buaa (7.9) mnpo-
H3BOAATCA Tak, KaK M HaR JelCTBMTeNbHbIMH uyHclaMH. JleficTBHTeNbHble 4YHCIa
OTOXAECTBJAIOTCA C napamu Buga (7.9).

7.2. MNoHATHe KOMNJIEKCHOrO 4MCAA.
Apudmetunueckan dopmMa KOMNJIEKCHOro 4yucaa

KoMnaekcHbIM 4HC/IOM Ha3bBAlOT ynopsiioueHHyio mnapy (a, b) AeicTBu-
TebHBIX YHCeNl a H b. PaccMoTpuM ynopsiioueHHylo mapy

i=(0, 1). (7.10)

[Mpumensis ¢opmyay (7.4), nonyuaem i2=i-i=(0, 1)-(0, 1)=(0—1, 040)=
=(—1, 0). MockoabKky (—1, 0) = —1(cM. dopmyay (7.9)), To

i'=—1, i=+—1 (7.11)

Ynopsnouennyio mapy (7.10), yaosaeTBopsioutylo cooTHoiwteHuio (7.11), Ha-
3bIBalOT MHHMO#H eauHHUeH. C NOMOUIbIO MHHMOH €IHHHIBLI MOXHO BLIPa3HTb JIO-
6oe KOMNJAEKCHOe 4YHCI0 a= (a, b), T.e. YNOPSAOYEHHYI0 MNapy AeHCTBHTEeJNbHbIX
uyncen. B camom nene, tak kak bi= (b, 0) (0, 1)=(0, b), TOo (@, b)=(a, 0)+
+ (0, b)=a-+bi 1. e.

(a, b) =a+ bi. (7.12)

MMockoabky (a, b)=a+bi, (a, b)=(0, b)+(a, 0)=bi+a, 10 a-+bi=bita.
3HauuT, B npaBoii uacTH GopMyan (7.12) MOXKHO MeHATh MeCTaMH Cllaraemble.
Boipaxkenve a-bi Ha3bBalOT ajare6paHyecKoil (GOPMOH KOMILIEKCHOroO uucaa.
Yucno a Ha3piBaloT AEHCTBUTENBHOH uyacThlo, YHCAO b — MHHMOMA 4acTblo KOMILJIEK-
CHOro uyucjaa a- bi. O603Hauas KOMILJIEKCHOe 4HCJIO a- bi ofHOK 6yKBOH a, 3amnu-
coiBaloT a=Re a, b=Im a, rae Re — HauaibHhe GyKBHI JlaTHHCKOro cjioBa realis
(aeficTBHTeNbHBIR), Im — HayanbHble GyKBBI JlaTHHCKOTO cJloBa imaginarius (MHH-
mbif). KpoMe sTux o0603HaueHH$, ynoTpeGAsilOT W JApyrue, Hanpumep: a=R(a),
b=I(a), roe a=a- bi.

OtMeTHM uyacTHble ciaydan dopmyan (7.12). Ecan b=0, 10 (a, 0) =a — zaei-
CTBHTe/IbHOEe uHcno; ecay a=0, To

(0, b)=0ti. (7.13)
Uueao bi Ha3biBAIOT YHCTO MHHMBIM YHMCJOM HJH fIPOCTO MHUMBIM.
JlBa koMnaekcHbX 4yHcaa a+ bi, ¢+ di Ha3biBAIOT paBHHIMH, Korla a=-c, b=d:
(a+bi=c+di) = (a=c, b=d).

KoMmnsiekcHoe uHCIO paBHO Hya0, KOra PABHH HYJI0 €ro JeHCTBHTeNbHas
H MHHMAsi 4acTH:

(a4 bi=0) < (a=0, b=0).
Ecin navo komniexkcHoe uncao a=a-+bi, To uHCIO a—bi, oTiHuaolleecs
OT o TOJbKO 3HAaKOM NpPH MHHMOH 4YacCTH, Ha3hIBAIOT YHCJAOM, COMPSIKEHHHIM HHCTY

@, H 0603HAYA0T . UHCIOM, CONpsKEHHHM a, GYAeT, OYeBHAHO, YHCIO a, NO-
5TOMY TOBOPAT O Nape CONPsiKeHHHX uHcesa. JleficTBUTeNbHHE uuc/ia, H TOJBKO
OHM, CONpPsKeHH caMH cebe.

O6o3HaueHne i AJsi MHHMOH eQMHHUB (i=-/—1) BBea Diiiep B 1777 r.
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7.3. I'eomeTpuueckoe n3obpaxkeHue
KOMMNJEKCHBIX YHCea

Ha nnockoctn BbiGepeM cucTeMy MPAMOYrO/NLHBIX A€KapTOBBLIX KOOPAHHAT
(puc. 7.1). KomnaexcHoMy uncay (a, b)=a- bi conoctaBuM Touky M(a, b) sToil
NIO0CKOCTH ¢ KoopAuHaTaMu (a, b). Ecnu 6=0, To nonyuuM AeHCTBHTENbHOE YHMCIO
(a, 0) =a, koropoe uso6paxcaeTcsi Toukoii Ha ocH Ox. BcaeacTsue 3toro och Ox
Ha3bIBAIOT JeHCTBUTENbHOR OCHIO (TOYKaMM OCH abCUHCC HM306pa)caloTcA AeHCTBH-

TeabHble yHcaa). Ecin a=0, To nosyyaem 4HcTO MHHMOE
uncao bi, Koropoe H3obpakaercsi Toukod a (0, b), Jexa- y
med Ha OcH y. o 3ToM NpUUMHE OCh OPRAHHAT Ha3bl-
BAIOT MHHMOH OCbIO (TOYKAMH 3TOH OCH H306parxKaloTcs B8
YHCTO MHHMbIE yHcaa). OTMeTHM, YTO MHUMast elHHKHI A
i n3o6paxaercs toukoii (0, 1), pacnosoxeHHOl Ha no- 8
JIOXKHTEJNbHOH MONYOCH OPAHHAT U OTCTOsLIEH OT Haya-
Jla KOOpAMHAT HA PacCTOsIHHE, paBHOe efuHHlE. Uncao
(—¢) u3obpaxkaercs Ha ocH opAuHAT ToukoH (0, — 1),
cuMMeTpHuHO# Touke (0, 1). JTio6oe KoMIIEKCHOE YHCAO 0
a=(a, b), rae a0, b0, Hao6paxaercs TOUKOH, He -i
Jexauleii Ha ocax KoopAxHAT. O6paTtHO, JI06OR TOYKe
M(a, b) MNOCKOCTH COOTBETCTBYET KOMIWIEKCHOE YHCJIO Puc. 7.1
(a, b) =a-+bi. Takum 06pa3oM, MexXAy MHOXKECTBOM KOMIUIEKCHBIX 4HuCe] H MHOXe-
CTBOM TOYEK MJOCKOCTH YCTAHOBJEHO B3aMMHO OJHO3HauHOe cooTBeTcTBHe. [TnoCKOCTD,
TOYKH KOTOPOH OTOXIECTBJEHH C KOMIJIEKCHBIMH UHCJIAaMH, HAa3hIBAlOT KOMILIEKCHOH
IJIOCKOCTBIO. ) "
PaccMaTpHBalOT Tak)Ke KOMILIEKCHYIO MepeMeHHylo z=Xx-iy, TAe X, Yy — HeH-
CTBHTe/IbHBIE TNepeMeHHble, [ — MHMMasi elHHHIla. 3HaueHHs 3TOH MNepeMeHHOH —
KOMTIeKCHBle YHCJa, H306paXkaeMble TOYKaMH KOMIIEKCHOH MIocKocTH. Bceaencrsue
5TOro KOMIJIEKCHYIO MJIOCKOCTb Ha3blBalOT TaKike [JIOCKOCThIO KOMMJIEKCHOH ne-
peMeHHOMH.

—~e

7.4. JleACTBHA HAd KOMNJEKCHBIMM YHCJAAMH

M3 onpenenennss KomnJektHoro uucia (KakK ynopsiloueHHOH mapbl heil-
CTBHTEJIbHBIX YHCEJ) M onpefeieHHsi apHPMeTHUeCKHX NeACTBHA Hal YMOPsLOYeH-
HpIMH napaMu (cM. popmyant (7.3), (7.4), (7.6), (7.7)) caenyer, uto

(@a+bi) + (c+di) = (a+c) + (b +4d)i, (7.14)
(a+bi) — (c+di) = (a—c) + (b—4d)i, (7.15)
(a+ bi) (c+ di) = (ac— bd) + (bc+ ad)i, (7.16)

a+ bi _ ac+ bd + bc—ad
c+di ct4-d* 24 d?

®dopMyna (7.14) onpenensier NpaBWIO CAOXKEHHS ABYX KOMIUIEKCHBIX 4YHCEJ:
4TO6Bl CJIOXKHTh ABa KOMIJIEKCHBIX UMCIa, HEOOXOLMMO CJOKHTb OTAeNbHO HX [ei-
CTBUTeNbHble H MHuMble uactd. Popmyna (7.15) o3HauyaeT, 4To NPH BbIYHTAHHH
OLHOTO KOMIIJIEKCHOTO uYHcJa M3 JAPYyroro HeoO6XOAHMO BblUeCTb OTAENbHO HX
JeHCTBUTE/NbHblE H MHHUMbI€ YaCTH.
H OTMeTHM, 4yTO CymMMa H npouas{eneﬂue ABYX KOMITJIEKCHO-CONMPAXEHHbIX YHCeJ
o=a- bi, 6=a— bi ABAAIOTCS AeHCTBUTENbHBIMH YHCAAMH: &+ & =2a, aa=a’+b>.

ApudMeTHuecKHe AEHCTBHA Hal KOMIJIEKCHBIMH YHCJIAMH MOAYHHSAIOTCH TeM
JKe 3aKoHaM, 4yTo H MAelCTBHA Haj AeldCTBHTeNbHHIMH uHMciamMH. Ecau a=a- bi,
B=c+di, y=e+fi — no6rle KOMNJIEKCHbIe YHCJIa, TO BePHbl CJIeAYIOLLl{e PABEHCTBA!
1) a+p=B+oa; 2) (a+B)+yv=ca+(B+7v); 3) ap=Ppa; 4) (af)y=a(Bv):
5) (a+B)y=ay+By.

Monarass a=1, b=0 B dpopMyae (7.17), nonyyaem

i (c24d?5£0). (7.17)
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1 _ c —d . 718
Far = oy T era t {%18)
Popmyaoit (7.18) onpeﬂ.eﬂﬂeTca uypcsio B!, o6paTHoe KOMMJEKCHOMY 4Hciy B=

=c+di (B0, 1.e. c2+d?50).
Harypa.ubuue CTeneHH MHHMMOf eXHHHubI | MPHHHMAIOT JHWb HeThipe 3Haue-
HyHA: — 1, , 1, i, onpenensieMnie popmyaaMu

i4k=l' [4k+l—i t4k+2 l, i4k+3=__i’ (7.19)

rie k=0, 1, 2, .
Ilpn Bo3BemeHHH KOMILIEKCHOTrO 4HC/ia o= a- bi B CTeleHb n (n — HaTypajibHoe
YHCI0) MoaB3yioTca Gopmynoil 6uHoma HbloToHa:

n(n 1)

(a4 bi)"=a"+na"~ " (bi) + a"—?(bi)?+

+ 20D 0= s s g 4 oi), (7.20)

B npaBo#i yacTH 3Toro paBeHCTBa 3aMeHSIIOT CTelleHH MHUMON elMHHubl 1Mo ¢op-
myiram (7.19) u npusonm nofio6Hele uJeHbl, B pe3ysabTaTe MNOJAYYyaloT HEKOTOpoe
KOMIIJIeKCHOe YHCI0 ¢+ di.

KBagpaTHbIM KOPHEM M3 KOMIJIEKCHOrO YHC/Ia Ha3HBalOT KOMMJeKCHoe 4HCJIO,
KBaJpaT KOTOPOro paBeH NaHHOMY KOMIJIEKCHOMY YHCAY:

va+bi=u+iv, ecnn (u4iv)’=a-bi (7.21)

Yucna u v v ONpeneyIsIloTCA H3 paBeHCTB

= (a++a*+b) /2, v’=(—a+~a®+b%)/2, (7.22)
npHyeM u H v OYAYT NeHCTBHTEJbHbIMH, TaK KaK Npu Jo6bIX a H b BbipaxkeHHus

a-*-x/a’-l—bf H ——a—}—x/zzz—i—b2 SIBISHIOTCS MOJIOXK HTebHBIMH. 3HAaKH 4 H v BbIGHpaloT
TaK, uTOGbl BBLIMOJHAJNOCH paBeHCTBO 2uu=~5. K3BjeueHHe KBaapaTHOro KOPHA H3
KOMMJEKCHOTO uYHcida a-+bi BCceria BO3MOXKHO H JdaeT [ABa 3HaueHHss u;+ivi,
Us~+ive, Pa3’INYAOLIHXCA JHILL 3HAKOM.

IIpumep 7.1. [JaHb [OBa KOMIVIEKCHBHIX uyHcaa 540 u 2+43i. Ha#ith nx
CyMMY, Pa3HOCTb, POH3BENeHHEe H YacTHoe.

B coorBercTBHM ¢ dopmyaamu (7.14)—(7.17) nonyuyaem

5+ +(24+3)=GB+2)+ (1+3)i=T7T+4,
(54+i) —(24+3))=(5—2) + (1 —3)i=3—2i,
(54+i0) (2+3i) =104 15i +-2i 3 3> =7+ 17i,
5+i _ (540)(2—3) _ 10—15i42—3" _ 13—13 _,
2+30 (243 (2—3) 4—9° R
p HMep 7.2. BO3BeCTH B YKa3aHHbie¢ CTeneHH NaHHble KOMIIJIEKCHbIe 4HCJa:
(3+4i)7, (l+2t)’ (2+0)*

I'[pnmeﬂsm dbopmyabl (7 19) u (7.20) npu n=2, n=3, n=4, notyyaem
(3+4)2=232+2-12i+ (4i)2=9424i + 16 = — 7+ 24i,
(142)3=14+6i+12"4 8 =14+6i—12—8i=—11—2,

(24+i) =24+4.2% 4644423+ =16432 —24 —8i + 1 = — 7+ 24i.

[Mpumep 7.3. HaBieub KopeHb KBaApaTHbilt U3 yucaa o= 9 40i.
O6o03HauuM /94 40i =u+iv. Tlockonbky B gakHoM ciyuae a=9, b=40, To
¢opmynnl (7.22) npumyT BHA

u’=(9+ ¥+ 40%) /2= (9+41)/2=25;
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0= (—9+4 /97 40%) /2= (—9441)/2=16.

Tak kak u?=25, v?=16, To u,=—b5, u;=>5, v =—4, vy=4. [loayyeHo naBa
3HAYeHHSA KOPHA: U+ vii=—5—4{ U us+vii=>5-+44i.

Mpumep 7.4. Haittu 3HaueHHe BhipaxeHus 2z°—22°+45z npu z=1—i

[ockonbky (1 —i)?=1—2i4#=1—2i—1=—2, (1—i)’=(1—i)*(1—i)=
=—9i(1—i)=—~2i+2%=—2—2i, T0 2°—222452=—2—2i~—2(—2i) +5(1—
—i)=3—3i.

)Hp umep 7.5. Iloka3zaTh, 4TO KOMIJIEKCHOE UHCIO 2=1—i ABJISAETCS KOPHEM
ypaBHeHus 2°+22°—6248=0.

Tak Kak 2’=(l—i)?=—2i, 2=(1—i)’=—2—2, T0o 2°4+22—62+8=
=—2—2i+4+2(—2i) —6(1—i)+8=0, 1. e. (1 —i) — KOpeHb ypaBHEHHS.

7.5. Moayab M aprymeHT KOMIJIEKCHOro 4Mcia.
Tpurosomerpnueckas ¢opma KOMILIEKCHOro 4Mcia

KomnJaekcHoe yucio a=a- bi, 3agaHHoe B aare6panyeckoil popme, MOXHO
npeacTaBuTh M B ApyroM Buie. HMao6pasum uucio o Toukod M(a, b) KoMI/ieKCHo#
MJOCKOCTH. PaccMOTPHM pajHyc-BeKTop 3To#l ToukH (puc. 7.2). MonyseM KOMIJEKCHO-
ro 4yucia a=a- bi Ha3KWBalOT AJNHHY r paauyca-BekTopa OM Toukn M(a, b), usobpa-
XKaloule# faHHoe yHca0. Moay/ib KOMNJIEKCHOro yuc/ia o 0603HayaloT CHMBOJIOM |al.
CaenoBaTesibHO, NO ONpeleaeHHIO

r={OM|, r=lal, la|=0. (7.23)
Tak kak |OM|=+/a?+b® (cM. puc. 7.2), To

lal = \aT4+b% |a+bil = a?+ b2 r=~a®+b7, (7.24)

T. €. MOAYyJlb KOMIJIEKCHOTO 4YHCJa paBeH apH(pMeTHYeCKOMY 3HAYEHHIO KOPHS KBaapart-
HOro M3 CyMMbl KBaJpaTOB ero NeHcTBHTeJbHOH W MHHMOH uacred. Ecan b=0, T. e.
YHCIO G ABJSAETCA NeHCTBHTEJNbHbIM, NMPHUeM o==a, To ¢opMysaa (7.24) npuHHMaeT
BHA |a| = +/a’.

ApPryMeHTOM KOMILJIEKCHOrO YHC/Ia @ =a -} bi Ha3bIBAIOT BEJIHYHHY yIia ¢ HAKJIOHA
panunyca-sekropa r=OM rtouku M(a, b) K nonoxutenpHoil noayocu Ox. AprymeHr
KOMIJIEKCHOTO uHcia o 0603HAuyaloT CHMBOJIOM Arg oa. Yrol ¢ MOXeT MNPHHMUMaTb
Jio6Gble NeHCTBHTENbHble 3Ha4yeHHs. APryMeHT KOMIUVIEKCHOro uucia o uMeer Oec-
KOHEUHOE MHOXeCTBO 3HayeHHH, OTJIHYAIOIMXCA OAHO OT APYroro Ha 4MCJIO, KpaTHoe
2n. ApryMeHT He onpeaeleH JHWb AJsi yucaa 0, MOAYJAb KOTOPOro paBeH HYJIO.
Cpenu 3HayeHH#i apryMeHTa KOMIIJIEKCHOIO YHcla o ( CylecTBYyeT OAHO H TOJBKO
O[IHO, 3aK/I0YeHHOe MeXIAY —n H m, BKJAOYas nocaeiHee 3HavyeHHe. Ero HaswiBaloT
F1aBHbHIM 3HaueHHeM M o6Go3HayalT arg a. MTak, apryMeHT KOMIJIEKCHOTO 4YHCiIa
YAOBJIETBOPSi€T COOTHOILEHUSIM

Arga=arga+2nk (k=0, =1, +2,...), —a<arga<{m.

C noMowibi0 MOAYJIS H apryMeHTa KOMIMJIEKCHOe YHCJIO o=a - bi MOXHO Nped-
ctaBuTb B apyroit dopme. [Tockoabky

a=rcos ¢, b=rsing, (7.25) Y
T0 Bl————-—-—- M
a+bi=r(cos g+ising) (r=0), (7.26) 8 r !
rie L4 a :
r=/a*+b% cos @;a/m, 0 4 X

sin =b/~fa®+ b7 ., (7.27) Puc. 7.2
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Buipaxenue, crosiee B mpaBoii yactu ¢opMyan (7.26), Ha3bIBAlOT TPHrOHOMETPH-
4ecKod ¢opmoil KoMIJeKcHoro uucaa. OTMETHM OCOGEHHOCTH TPUTOHOMETPUUECKOMH
¢opmbl: 1) mepBLIi MHOXHTENb — HeOTpHUATeNbHOE - uHCad0, r>0; 2) 3anucaHsi
KOCHHYC W CHHYC OJIHOTO H TOro jke aprymeHTta; 3) MHHMMasi elIHHHLA yYMHOXeHa
Ha sin ¢.

JIBa KOMIIEKCHBIX YHCJa, 3ajaHHBIX B TPHrOHOMeTpPHUecKoH ¢opme, paBHLI
TOrla H TOJbKO TOrjaa, Koria HX MONAYJIH DaBHbl, a apryMeHThl OTIHYAIOTCH Ha

BeJIHUHHY, KpaTHylo 2n. CiiefoBaTesibHO, eCllH

Y

x ri(cos @i +i sin qS.) =rz(cos @2+ sin ¢g), (7.28)
To

ri=ry, @2=¢,+2kn (k=0, =1, +2,...);(7.29)
1 HaoG6opoT, u3 paBeHcTB (7.29) caeaywor Gopmyab
X (7.28).

Ecsn koMniiekcHoe uHClIo o = a -+ bi 3alaHO B TpH-
roHoMerpuueckoii ¢opme a=r(cos ¢+isin @), TO

@ KOMIJIEKCHO-CONPSXKEeHHOe YHCJIO a==a— bi 3anuchiBa-
erca B popme a=r(cos (—@)+isin(—e¢)); mosromy
Puc. 7.3 le| =lal, arg @a=—arg a (puc. 7.3).

Mpumep 7.6. KommiekcHoe uncio o=2+2/(1—i) 3anucats B airebpau-
4eCKOH M TpUroHOMeTpHuecko# ¢opme.

YMHOXasA uyuCIuTes b M 3HaMeHaTeJdb [OaHHO|l APo6H Ha YHCIO, COMPSKEHHOoe
3HaMeHaTeNn 10, NojlyyaeM

242 220144 2+2(14i) 2424242 .
= = 5 _\/§+t\/§.

1 —i (1= (14i) 1—i?

3To — anre6panyeckas popMa AaHHOro uHCIa: o= ~/2-+i/2.

_TMpumensin popmyant (7.27), waxomnm r= \/(\/5)2—}— (+/2)2 =2, sin o=b/r=
=/2/ 2, cos p=a/r= ~/2/2, oTKyna raaBHoe 3HaueHHe ¢=71/4. Clel0BaTe/bHO,
TPUroHOMeTpHYecKass (popMa AaHHOrO yucjia uMeeT BHIL o =2(cos(mn/4) +i sin(n/4)).

7.6. JleiicTBHS HAA KOMMNJEKCHBIMH YHMCJIaMH,
3aJlaHHBIMM B TPHrOHOMeTPHuUeCKOH ¢opme

Hpouaaeﬂeﬂne ABYX KOMIIJIEKCHbBIX 4yHces

z1=r(cos ¢+isin @), zo=p(cos p+4isinP), (7.30)
rae r= |z, (p:Arg 21, p= | 22!, 1p=Arg 2, HaxoguTcs no ¢opmyne
ziz2=rp(cos (p+¥)+isin{(e+yP)). (7.31)

H3 3toli popmyan caenyer, yTo
2122l = |21 | 22, ¢+1p=Arg(Z|22),

T. €. MOAy/Jb NpOM3BeleHUs pPaBeH MNPOM3BELEHHI0 MOAY/NeH MHOXHTelell, a cymMMa
apryMeHTOB MHOXHTeJlell sIBJISIeTCS apryMeHTOM HX TPOH3BeNEHHS.
Ecan 22550, 1. e. p5£0, To

2 r

22 —p_

(cos(p—) +isin(e—1y)), (7.32)

oTKyaa
l21/22) =2/l /122], ¢—p=Arg(21/2s).
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OTH ¢opMyJabl 03HAYAIOT, YTO MOAYJAb YacTHOrO paBeH MOAYJIO AEIHMOrO,
JleleHHOMY Ha MOAY/lb [EJIHTENI, a pPa3HOCTb AapPryMeHTOB NEJIHMOrO M JeJNHTels
SIBJISIETCH apryMeHTOM YacTHOI'O ABYX KOMIJIEKCHBIX 4HCeN.

Ecan z2=r(cos ¢+ising) u r+£0, To

“'=1/z=r""(cos(—¢) +isin(—g)), (7.33)
OTKyZa
lz7'=lz| "' argz™'=—argz,
T. €. MOLY/Ib KOMILJEKCHOrO YHucaa z~ ', o6paTHOro 4uCay 2z, paBeH OGpaTHOH BelH-
YHHe MOAYJiA 4YMCla 2z, a ero rjaapHoe 3HaueHHe apryMeHTa OTJIH4aeTCs OT IVIaBHOro
3HayeHHs1 apryMeHTa 2 JIHIIb 3HAKOM.

Ecau n — nHaTypanbHoe 4HCNO M z=r(cOs ¢+i sin ¢), To

2"=(r(cos ¢+isin @))"=r"(cos np+i sin ng), (7.34)
orkyaa |2"| =|z|", ng=Arg 2".
®opmyna (7.34) Ha3viBaeTcsi popmyJiolt Myaspa. IIpu r=1 oHa NpHHHMAET BHA

(cos @+i.sin @)"=cos np+i sin ng.

KopHeM rn-#i cTeneHH M3 KOMIJIEKCHOrO YHC/1a z Ha3biBAaeTCsi TaKoe KOMILIEKCHoe
YUCIO0 o, uTOo a"=2.

H3BneyeHHe KOPHSI n-ii CTelleHM M3 KOMILJIEKCHOro 4HoIa z=r(cos ¢-+isin @)
BCerja BO3MOXHO H AaeT n PasjH4YHbIX 3HAUYEHHH:

Qo= V?(cos—-’,—zsm —) ., a1=ﬁ/7<cos (P +lSl" et n)'
ar= ’{/F(cos ¢+ 4n +isin (P+ ),‘..,

" 7<cos ptRln—De ;o ‘*"+2(”_1)”>~ , (7.35)
n

n

4/r(cos ¢+ sin @) = i/?( cos (p+n2kn +isin (p+n2kn> , (7.36)

rae k=0,1,2,...,n—1.
W3 ¢opMyn BHAHO, uTO BCe n 3HaueHHH KOPHS n-H CTeNeHH M3 KOMIJIEKCHOrO

yHcla 2z pachoJoXeHbl Ha OKPYXHoOCTH paduyca 4/lz| ¢ LeHTpoM B TOuKe HYJb
H NelAT 3Ty OKPYKHOCTb Ha n PaBHBIX yacTeH.

OTMeTHM, 4YTO KOpPeHb n-H CTenmeHH H3 [AEeHCTBUTENBHONO UYHCNA TaKkKe HMeeT
n pasnuuHbiXx 3HaueHuil. CpefH 3THX 3HauyeHHH AeHCTBHTeNbHbIX GYAET [1Ba, OAHO HJH
HH OAHOTrO B 3aBHCHMOCTH OT 3HaKa a W ueTHocTH n. KopeHb n-f CTemeHH H3 Hyas

HMeeT TOJBKO OHO 3HaueHWe, paBHoe Hymo (10=0). .
KopHH n-#i cTeneHH K3 eLMHHUBI ONPeNeNSIOTCA dhopmynoi

4/1=cos 2580 2k +isin 2:“ (7.37)

rne k=0,1,2,...,n—1.

- MMpume p 7 7. Haiitu 3naueHHss KBaAPaTHOro KOPHs M3 yucla z=.i.
HPEILCTaBHM CHava/la 3TO YHCJO'B TPUTOHOMETPHUecKo# ¢opme: i=cos(n/2) +

+isin(n/2). B coorBercTBUH ¢ dopmysoi (7.36) umeem

wﬁ=\/cos% +isin - =cos ”/2*2'2’“‘ +isin ”/2‘;2’” k=0, 1.

CaenoBaTelbLHO,

— n s T V2 /2 51 .. bn
p=c0S ____ 4jsin - = Y< Ve = — =
0 7 +isin i 5 +i 5 @ cos 7 +isin n ao.
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MMpumep 7.8. HaiiT Bce 3naueHuss KopHs 6-# creneHH H3 uucna —64.
TlpencraBumM AaHHOE 4HCIO B TPHrOHOMeTpHueckod ¢opme: — 64=64(cos n+-
+isin n). Popmyaa (7.36) npuHMMaeT BUL

8= = §\/67¥<cos “+62k“ +4isin ”+62k") Ck=0,1,..,5.

3ameuasn, uto /64 =2 u npunabas k yKa3aHHble 3HayeHHsl, HaXO[AHM LIeCTb HCKOMBIX
3HaueHHH:

y
ol ao=2(cosT+tsm—) V3+i,
n R
SN, e )
_ S5n . . B\ T :
- - !Zz———2<c0‘sT —{—zsm—6—) = — /341,
Tn
Oy az=2 cos——+tsm—— =—3—
' 3 .
ou=2(c053T ~+i sin 2“) = —2i,
Puc. 7.4 a5=2<cos léﬂ +i sin lén) =\/§—i.

OTH 3HayeHHs H306paxkaloTCs BepIUMHAMH [PaBHJBHOTO LIECTHYTOMbHHKA,
BIIHCAHHOTO B OKPYXHOCTb paauyca R=2 (puc. 7.4).

Mpumep 7.9. Pewnts ypaBHenne 2°—2/2/(1—i) =0.
Tak kak 2 \/—2_/(1 —i)=2(cos(n/4) +isin(n/4})), TO

2= 3/2(cos(n/4) +isin(x/4)) .
[pumenss popmyay (7.36), nonyuaem
j\/2cos% +isin—2— = W(COSM)_;TEIE‘_ +isin—(nm—3+2kf—) ,k=0,1,2.

Tonaras B sroit popmyne k=0, k=1, k=2, Haxoaum

2o= W(cosﬁ +i sin 12) , Z1= 9\/5(005 (n/4g+2n +isin

(n/4)+2n)
3

< 3n . . 3n 17n .. 17n
= %[2<cosT +i sin T) , 2= {/ﬁ(cosT +isin T) .



F'masa 8

AJITEBPAHYECKHE YPABHEHHS

8.1. Aare6panyeckue MHOrOuYJEHbi

Anre6panuecKHM MHOrOWJIEHOM CTeleHM n Ha3nBaeTcsl CyMMa LeJbX He-
OTpHLATEJNbHbIX CTeleHeil MepeMeHHOH X, B3ATHIX C HEKOTOPbIMH YHCJAOBbLIMH KO3(Q-
(pHuHeHTaMH, T. e. BhIpa)KeHHe BHJa

aox"+a X"+ .o a1+ @n GoFE0.

Jlnsi  coKpamieHHOH 3amMCH MHOrouwlieHoB ynorpebasior o6o3HaueHus f(x),
p(x), g(x) n 1. I

JlBa MHorouleHa f(x) H g(x) CuHTAalOT paBHHMH M MHWYT f(x) =g(x) B ToM
H TOJIBKO B TOM CJyuae, KOTJa PaBHbI HX KO3 GHUHUEHTH NPH OLHHAKOBbIX CTeNeHsX X.

Teopema B.1. [daa awbsix dsyx mHoeourenos f(x) u ¢(x) moxHo Hadru
TaKue MRoeo4nenst q(x) u r(x), uro

fx) =¢(x)g(x) +r(x), (8.1)

npuuem crenenv r(x) menowe CTenenu ¢(x) uau ace r(x)=0. Mnoeoxreno q(x)
u r(x) onpedeasoTca 00HO3KRAUHO.

MHorouneH ¢(x) HasblBaeTcs yacCTHRIM OT JeneHusi f(x) Ha ¢(x), a r(x) —
OCTaTKOM OT 3TOro AeJeHHs.

3ameuanune. Popmyay (8.1) MoxXHO 3amucarh Tak:

f(x) r(x)
@ (x) @ (x)

Ecau ocratok or aedeHust f(x) Ha ¢(x) paBeH HyJI0, TO MHOrOWIeH ¢(x)
Ha3biBaeTCs [eJuTeJeM MHOrouwleHa f[(x); B 3TOM cjydae ToBOPAT, uTo f(x) AeauTCA
Ha @(x) (MaH Hauesao AeluTcA Ha ¢(x)).

MtHorouseH ¢(x) Toraa M TOJBKO TOr4a fIBJAAETCH AeNHTe]I¢M MHOroujeHa f(x),
KOrfla CyuecTsyeT MHorowieH Y (x), yAoBJeTBOPSAIOLLHH PaBeHCTBY

f(x) =q(x)p(x).

MHoroused A (x) Ha3biBaeTCa OGILHM AeJduTesneM AJs MHOrouleHoB f(%) u g(x),
ec/lH OH ABJsETCA HeJiHTesleM KaXAOro HX 3THX MHOrOYJEHOB.

-JlBa MHorouJeHa Ha3HBalOTCS B3aHMHO MPOCTHIMH, €C/H OHH He HMEIOT APYrux
o6wMx [eauTenefi, KpoMe MHOrOUJeHOB HYJeBOH CTereHH (T. €. TMOCTOSIHHBIX).

HaunGonbuium OGIIHM HeNHTeNeM OTIHYHBIX OT HYJsi MHOTOWIEHOB f(x) M g(x)
Ha3biBaeTcsl OGIIHA AenHTelb d(x), KOTOPbIM HelnTcs Ha Jo6oi APYrod o6uiHi
JeHTeNb 3THX MHorowieHoB. HauGosbwuii o6uiuit JelHTelb MHOrOWIEHOB [(x)
H. g(x) o6o3navaercs taK: (f(x), g(x)).

HauGonpwinit o6uufi nenntenb MHorouseHos f(x) M g(x) MOXHO HailTH ¢ mno-
Molbio anroputMa Epkauma. Ecau

f(x) =g(x)qi(x) +ri(x),
g(x) =ri(x)qg2(x) + ra(x),
ri(x)=rq(x)qs(x) +rs(x), (8.2)

=q(x) + (p(x) = 0).

re—2(x) =re_1(x)qe(x) +re(x),
Fe—1(x) =re(X) Ge+1(x), )

10 re(x) = (f(x), g(x)).
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3ameuanne Hauboavwui o6wuit AeduTelb MHOTOYJEHOB ONpelefneH
C TOYHOCTBIO A0 NMOCTOSTHHOrO MHOXHTeJsi: ec/iH d (x) — HaHOO/NbUIMH OOIHIA AeaHTeN b
MHOrou/1eHoB f(x) u g(x), T0 ¢d(x), rae c — J1060e YHCIO, OTJIHUHOE OT HYJS, TaKKe
ABJISIETCA HX HAHGOJBIIHM OGLUIHM JesHTeNeM.

ITpumep 8.1. Halith yacTHoe g (x) H OCTaTOK r(Xx) NpH AeNEHHH MHOrOYMeHa
f(x) =x*—x*—2 na wmHorouien ¢(x)=x>—2x>+x—2. Bbpasuts [(x) uepes.
@(x) u r(x).

BhinonHsisi AefeHue, HaXOAHM

o xt—xt—2 -2 x—2
+ ' F ol 4+ 2 F ox ] x+2

2% — x4 2x—2

2 F4x’ 4 2x F 4
2% 42
Urak, q(x)=x4+2, r(x)=2x242, x*—x?—2=(x*—2"+x—2)(x+2) +

+2x24-2.

INMpumep 8.2, Haiith o6wuit HaHGONbIIHH OeNHTeNb IBYX MHOrO4JeHOB
f(x)=x*4+2x>—3 u @(x) =x>—x?42x—2.

IpousBens aenenue f(x) Ha @(x), noayuHM nepBoe H3 paBeHCTB (8.2):

42— 3= (P —x?4+2x—2) (x— 1) 4 (x*—1), Tak Kak ¢;(x)=x—1 u r|(x) =
=x?—1. Paspenus ¢(x) Ha r)(x), HaiileM BTOpOe M3 YKa3aHHhIX PaBeHCTB: x°—

—x?42x—2=(x?—1) (x— 1) +3x—3, NOCKONBKY g2(x) =x—1 U ra(x)=3x—3.
OcraToK r;(x) Haueno ReJAMTCH Ha OCTAaToK ro{x): x*—1 = (3x — 3) X
1 1 1 1

X(get ) a0 = ek
CnenoBareibHO, ro(x) =3x—3=3(x— 1) u sBAseTcss O6UIHM HaHGOJbIIHM

JeIuTeeM NaHHBIX MHOrouwleHoB. B cooTBeTCTBHH C 3aMeyaHueM OGILHM HaHGOJIbLUHM
JeauTeneM Gyner Takxke d(x) =x—1.

8.2. Kopuu mHorounena. Teopema Besy
3HaueHHeM MHOroujeHa
f(x)=aox"+ax"" "4+ +au_1x+as (8.3)
NPH X = Ha3bIBaeTCsl YHCIO
f(c)=ao"+ac" '+ Fa,_1c+aa.

Yucio ¢ HasbniBaeTCsl KOPHeM. MHoOrouwleHa f(x) HWAH KopHeM ypasHedHHs [(x) =0,
eclH f(c) =0, T. e.

ac"+aic" ' oo 4 ap_1c+an=0.

Teopema 82 (bBesy). Ocrarox r or Oesenus mnozourena f(x) Ha auneinoiil
MHO2OUNEH X —C paseH 3Ha«enuro f(c) mmoeowsena f(x) npu x=c, T. e.

r=f(c). (8:4)

Canencrpue Hucao ¢ To2d0a u TOAbKO TOo20a 6YyOeT KOPHEM MHO204AeHQ
f(x), kozda f(x) deaurca na x—c.

Eciiu MHoroudeH f(x) 3agaH dopmynoii (8.3) u
flr) =(x—c)gq(x) +r,
glx) =box" "' bix" " 4 box" 34 oo - bn2x+bay,
T0 KO3 PUIHEHTE MHOrouwjleHa g(x) onpenensoTcs dbopmynaMu
bo=ao, br=cbi_i+ar k=1,2,...,n—1, (8.5)

rae

a ocTaToKk r — no dopmyne r=cby—+a.
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K03 pHLUHEHTB! YaCTHOrO H OCTATOK BbLIYHCJASIOT MO Cledylolled cxeme:

Qo a, a: as an—\ Qan

bO Cb0+al=bl Cb1+02=bz cb2+a3=b3 cb,._2+a,.-|=b,,_|cb,._|+a,.=r

JTy cxeMmy, Ha3biBaeMyio cxeMoil ['opHepa,. HCMO/NB3YIOT TaKxe /NS BHIUHCIEHHS
3HaueHHH MHOrowleHa, MOCKOABKY f(c) ==r (cM. dpopmyay (8.4))..

Ecau ¢ — KopeHb MHorouneHa f(x), T. e. f(c) =0, To MHorouneH f(x) Aenutcs
Ha x—c¢. MoxeT oKa3aTbCsl, YTO f(x) HenUTCH H Ha Gojlee BLICOKHE CTeNeHH X—C.
[lycTb cymecTByer Takoe HaTypasibHOe YHCIO K, uro [(x) Hauejlo AelHTCS Ha
(x—c)* Ho yxe He genutcs Ha (x—c)*t!. B atom cayuae f(x)=(x—c)*p(x),
NpHYeM 4YHCJIO ¢ He sfABJseTC KopHeM MHorowieHa ¢(x). Yuciao k Ha3biBaercs
KPaTHOCTbIO KOPHSI ¢ MHOroujieHa f(x), a YHCJIO ¢ — k-KpaTHbIM KOPHEM 3TOTO MHOTO-
uieHa. Ecin k=1, To roBopsT, YTo YHCIO ¢ — NPOCTOH KOPeHb MHOroujeHa f(x).

Teopewma 8.3. Bcakuld MHoz04nren, CTeneHb KOTOPO2O He Merbuie eOURUYbL,
umeer xoTa 66t 00un Kopeno (OelicT8uTenrbHbUE UAL KOMNACKCHOLL).

3Ty TeopeMy paHblle Ha3biBalH <«OCHOBHOH TeOpeMoll Bbiciuell aJreGpbi».

CaencrtBue 1. Bcakubd mrozouaer n-ii cTeneHu eOunCT8eNRHoM 00pA30M,
€ TO4HOCTbI0 G0 nopadKka CoOMHONUTeneld, pa3nazaerca 8 npoussedenue n AUHEUHbIX
MHONUTered: eCaAU oy, Ay, ... , &n — KOPHU MHO204AeHa (8.3), TO

f(x)=ao(x—ai) (x—as) ... (x—an). (8.6)

CnencrBHe 2. Bcaxkuii mrozounen [(x) crenenu n>1 umeer n Kopueil,
C4UTAA PaBHbie U KOMNAEKCHbLe.

Cnencreue 3. Ecau mrozousenst f(x) u @(x), crenenu Koropeix He npe-
8bLLLAIOT N, UMEOT pasHbie 3Hauenus 6Gosree wem npu N PA3AUHHLIX 3HAHEHUAX
nepemennol, To f(x) =¢(x).

Ecan MHorousen

flx) =x"+ax" "' +aux" 2+ - +a._1x+an 8.7)

AAsi KOTOPOTrO (o= 1, UMeeT KOPHK @y, &y, ... , %, TO €70 KO3 PHUHEHTH BHPaXKaKOTCA
¢dopmynamy Buera:

ar=—(a1+ozt- - +aa);

ar=a et a ezt - F oot oast - - Gn 1%y

I R (8.8)

Q= (— D" (1% ... 1o ... B 2Bt -+ R0 L Ga);
ar=(—1)"aaz ... &n.

Atu GopMysaBl 03HAyalT Clelyloulee: B NPaBOH yacTH k-ro paBeHCTBa (k=1,
2,...,n) HaxOLMTCA CyMMa BCEBO3MOXHBIX MPOU3BENeHHH MO k KOpHed, B3sATas CO
3HAKOM IJIOC HJIM MHHYC B 3aBHCHMOCTH OT YETHOCTH MJIH HEUeTHOCTH k.

TMocaenusis u3 dopmya (8.8) cBuaeTeNbCTBYeT O TOM, YTO KOPHH MHOroujeHa
(8.7) fAIBAAIOTCA NeNHTEJSIMH €ro CBOGOLHOro ujeHa.

®opmyasl Buera BaioT BO3MOMHOCTb HalTd MHOrouleH Mo KOPHSIM.

Teopema 84. Ecau KOMnaeKkcHoe 4uUCAO O SBARETCA KOPHEM MHOZO4AeHA
¢ OelicTéuTesvHbIMU KOIDPUYUEHTAML, TO e20 KopHem Gyder TaKxce u conpajxcentoe
4ucno a. i

CnencTBHe |. Muozouren f(x) 8 sTom cayuae GeauTcs Ha K8adpaTHoid
Tpexunen @(x) = (x—a) (x— &) =x2+px+q ¢ OeiicT8uTesbHbMU KOIPPuLLeHTaAMY
p=—(a+a) g=ad )

ChnenctBue 2. KomnaexcHole KOPHU 6CAKO20 MHO204AERA C OedCTUTEAb-
Homu KOI(PULUEHTAaMU nonapro ConpaXCens..

CanenctBue 3. Muozouren HeueTHOU CTenenu C OeliCTBUTEAbHbIMU Koappu-
yueHTaMu umeeT xoTa 6ot odun OeiicTeuTeavhoul Kopets. Ecau e delicT8UTEAbHLIX
KopHeil 6oabue 00K020, TO ux GydeT HeweTHOe HUCAO*(TAK KAK KOMNAEKCHbE KOPHU
nonapro Conpsicensl).
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CaencrBue 4. Beaxud mnozounen ¢ OelCTBUTEAbHbIMU KOIpPuyuenTanu
MOXCHO npedcTasutv, npuueMm eOUNCTBeHHbIM Cnocobom (C TO4HOCTbi0 00 nopsadka
MHOMcuTenreld), 6 6ude npou3sedenus ez2o CTapuieeo KOIPPuyueHTa u HeCKOAbKUX
MHO204NEHO8 C OeliCTBUTEAbHbIMU KOIpPuyuenTaMU, AUHEEHbLX auda x—c¢, coor-
seTcTaylowux e2o OeliCTEUTEALHbIM KOPHAM, u Keéadparneix 8uda x*+px-gq, cooT-
BETCTBYIOUWUX NAPAM €20 CONPANCEHROIX KOMNACKCHOIX tcopneu

[Tpumep 8.3. Pasgenuts MHOl‘ol{JleH f(x) =x 5 9x® 4+ 2x?—3x+5 Ha x—1.

Kosppuuuento MHorouneHa: ap=1, a;=0, go=—2, a3=2, as=—3, as=>5.
Koaddpuuuentsr yacrHoro q(x)—ng‘—+—b.x +box?4bsx+bs u OCTATOK r HAXOAUM
no cxeme I'opHepa, cyuras c=1:

c 1 0 —2 2 -3 5
I 1 1.140=1 1.1—=2=—11.(=1)+4+2=1 1-1—-3=—2 1-(—2)+45=3

CaenoBarenbHo, uacTHoe §(x) =x*+x® —x2+4+x—2, a ocraTok r-—3
Hp uMep 84. BbuucIuTh 3HaueHHe MHorouwleHa f(x)=2x>—4x*4-5x%—
—26x>—17x+9 npu x=3
ITo cxeme Topuepa HaxonuM:
—4 5 —26 —17 9

3 2 3:2—4=2 3.245=11 3.11—26=7 3.7—17=4 3.449=21

Hrak, r=21; nockoarky f(c) =r, 10 f(3) =21.

I'Ipumep 8.5. Tlokasarb, 4TO 4YHIO x=4 sBJsETCA KOPHeM MHOroOUJeHa
f(x) =3x*—2x* —47x*4-30x — 8.

C nomoubio cCXeMsbl FopHepa moKa)keM, uto r=Ff(4) =0:

—2 —47 30 —8

4 3 4.3—2=10 4.-10—47=—7 4(—7)+30=2 4.2—8=0

Tak kak r=0, 10 f(4) =0, x=4 — KopeHb MHOrouJeHa.

IMMpumep 86. Hailiti MHorouneH TperbeH cTeleHH, KOPHH KoToporo a,==I,
Qo =— —2, a3=3.

Bocronrayemcsi ¢popmynamu Buera. Ilpu n=3 mHorousen (8.7) u dopmyan
(8.8) mMpUHHUMAIOT COOTBETCTBEHHO BUJ

f(x) =x+aix’+asx+as, ar= — (o + a2 +as),
Ay =02+ 0103+ Qotl3, Q3= — & |Q203.

[MoacraBaas B nocieiHHe TPH ¢(oOPMYyJbl 3HaueHHs] KOPHeH, MnoayyaeM a;=
=—(1-243)=—-2, a=1-(—2)41-34+(—2)3=—5, a3=—1(—2)3=6.
CnenoBatennto, f(x) =x>—2x*—5x+6.

[Mpumep 87. HaliTh MHorouled 4YeTBepTOil CTeNeHH, HMEIOWHH KOPHH
a|=—l, a2=2, a3=4, a4==5.

Ilpu n=4 muorounex (8.7) u dopmyan (8.8) 3anuiyrcs Tak:

fr) =x*4aix®+asx’ +asx 4 au,
ar=— (a1 +or+as+o),
Q= A+ a3+ 0 10g -+ daata + oty + a3y,
3= — (10203 + & 0204 + &1 X304 + Aa0l304),
Q3= 020304,

Mo 3TumM ¢GopMynaM HaxofuM a;= — 10, a;=27, as= —2, a,= —40. Urak, f(x) =
=x*—10x% 4 27x2—2x —40.
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8.3. KBanpaTHbie ypaBHEHHS

Asre6panyecKuM ypaBHeHHeM n-ii CTeneHH C OJHOH NMepeMeHHOH X Ha3H-
BaeTcsi ypaBHeHHe BHAa

apx"+ax" "' 4. fa,_1x+4a,=0, (8.9)

rie ao, ai, ..., Gn_1, Gn — 3aAaHHHE YHCIa, Ha3blBaeMble KO3¢G(HUHEHTaMH.

Kopuem anre6panueckoro ypaBHeHust (8.9) HasblBaeTcsi Takoe 3HaueHHe nepe-
MEHHOH X==¢, NPH KOTOPOM OHO o6Gpaiiaercss B TOXKAECTBO, T. €. ac* a4 .-
oo 4an_ic+a,=0.

BoipakeHHe «pelIHTb ypaBHeHHe» O3HauaeT HafTH BCce ero KODHH.

KBaapaTHbiM Ha3biBaeTCA ypaBHeHHe BHAA

ax®*+bx+c=0 (a+0). (8.10)
Kopun ypasHenus (8.10) BHuncasiiorcs no ¢opmyae

—b+ 674
X 2= ig/a ac @&.11)

BripaxeHue
D=0b%—4ac
Ha3piBaeTCsl NHCKPHMHHAHTOM KBajapaTHoro ypaBHenuus (8.10). )

Ecau a, b, ¢ — neACTBHTeNbHbIE YHCIA, TO KBaApaTHoe ypaBHenHe (8.10) npu
D> 0 umeer pARa pa3/IHYHBIX HeACTBHTEJ]LHRX KOPHA, npu D=0 — ABa paBHBbIX
AeACTBHTENbHLIX KOPHSA, NPH D <0 — ABa KOMMJIEKCHO-CONPSIKEHHBIX KODHS.

OtmernM, uT0 KO3(QHUHEHTH KBaapaTHoro ypaBHeHus (8.10) moryr OmTh
H KOMIUIEKCHBIMH 4HclaMH. Ero KopHH Takke BHUMCAsSIOTCH N0 ¢opmynam (8.11).
B 3ToM ciyyae AHCKPHMHHAHT 6yAeT KOMIJIEKCHBIM YHCJIOM.

YpaBHenue (8.10) MOXHO MpHBecTH K BHAY

x4 px+q=0. (8.12)
KopHH 3TOro ypaBHeHHsi BHIUHCAAIOTCA 1O (opMYyJe
P

)ﬂ.z=——%—i‘\/—4 —q, (8.13)

KOTOpasi ABASI€TCA YaCTHHM ciayyaem ¢dopmyan (8.11).

Mpumep 88. Pewuts ypaBHenue x’—4x4 13=0.

Mo ¢opmyne (8.13) nonyuyaem x; =2+ /4 —13=24 /—9. Or0 ypaBHeHHe
HMeeT KOPHH xy==2+3i, xo=2—3i, rae i=~—1.

Mpumep 89. Pewurs yparnenne x?— (44 6i) x — 54 10i =0 ¢ KOMIUIEKCHBIMHU
K03 pHIHEHTAMH.

Mo ¢opmyne (8.13) Haxomum x), o= (2+3i) + /(2+3)7— (—5+10i)) =
=(243i) £ VA+ 120+ 97+ 5—100 = (243i) + 2 = (2+3i) £ (1+i); x=3+
+4i, xo=142i.

8.4. Ky6uueckne ypaBHeHust

Ky6HueckuM HasbiBaeTCst ypaBHeHHe

B+ax® +bx+c=0. (8.14)
3To ypaBHeHHe C NMOMOILLIO GOPMYNIbl X=2z—a/3 MOXKHO NMPHUBECTH K BHAY
22+ pz+4g9=0. (8.15)

Kopun ky6uueckoro ypaBHedus (8.15) BhiuHc/asOTCSE No opmyte z=u-v, rae
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_3 q 7 P’ _\/
”-\/—T+\/T+7' =NV 5 ..‘.8"6’

HWIH

q 3 q q’ P
Z-\/——+\/ + 5 + \/—T—\/T+—z7—' (8.17)

Bce Tpu KopHs ypaBHeHHs (8.15) onpegensiioTcs CAeAYOLWIHMH (OpMyJaMH:

zi=u+v, zz=u|e+v.52, 23=u162+v|s, (8.18)

rie u; — moboe H3 Tpex 3HaueHHil u, onpedessembix nepsoit u3 dopmya (8.16),
vy — TO H3 Tpex 3HaueHHH U, KOTOpOe COOTBETCTBYeT #; HAa OCHOBaHMH DPaBEHCTBA

3uv+p=0, (8.19)
B, 1 .43 '
_— N _—— Y 8.20
[ 3 —+i 5> € 3 i p) ( )

— Ky6H4yecKHe KODHH H3 eLHHHIHI.
JlucKpHMHHAHTOM. ypaBHeHHs1 (8.15) HasbiBaeTcsi BhipaXkeHHe

D=—4p*—27g°= — lOB(-i + -ﬂ) _
i T o7

Ypapuenue (8.15) nmpu D <0 HMeeT OAMH AeHCTBHTEJNbHBIA H [Ba KOMILJIEKCHO-
CONMPSIXKEHHBIX KOPHA: NPH D =0 — Tpu AeHCTBHTeJbHbIX KOPHS, NpHUYeM ABa PaBHBIX;
npy D> 0 — TpH pa3iHYHbIX AEHCTBHTEJbHHX KOPHS.

3ameuanne Tperuit cayyaéi (D> 0) HaswBaeTcs HenpuBOAHMbIM. B 3ToM
ciyyae BCe KOPHH ypaBHenHst (8.15) ¢ meliCTBUTENbHBIMH KO3 (pHUHEHTaMHu
ABJSAIOTCA JeACTBHTENBHBIMH, OXHaKO &AM HaxoxAeHuss ux mo ¢opmyae (8.17)
cleflyeT u3BJeKaTh KyGHUeCKHe KOPHH M3 KOMIJIEKCHHX UHCe.

* QPopmyaa (8.17) nasviBaetcs ¢dopmynoit Kapaano. [IpaBuio, cooTBeTcTByiollee
sT0#i opmyJie, BnepBrle onyGAHKOBAHO B KHHMre uTanabsiHckoro yuyeHoro [I. KapaaHo
«BesMKoe HCKyCCTBO MM O NpaBuiax anre6pbi» (1545). DTo NpaBMIO pelleHHs
' KyOHYeCKOTO YypaBHeHHs OblJI0 mosydeHo paHee (1D 5) IPYTHM HTalbAHCKHM
MateMaTHkoM H. Taprasseii.

MMpumep 8.10. Pewnurs ypaBHeue 2°—6z4-9=0. ITo ypaBHeHHe BHAa

(8.15), naa koroporo p= —6, g=9. CocTaBuM Bhipa)KeHHe
2 3 2 3
q p° 9 (=6)° _ 81 . 49
T =3 C e e

[To dopmynam (8.16) Haxomum u u v:

3
A I .

3 9 49
o= —T—\/T=’V* =2

CnenoBarenbHo, 4= —1, v;=—2, paBeuctBo (8.19) Bumoausiercs. [lo ¢op-
mysaam (8.18) c yuerom dopmyn (8.20) Haxoaum

zi=u+v,=-—3,

z2_u.e+u.s_(—1)(-—_+ ‘é—) +(_2)( i

)
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3 3 .
=5 t—5°

23=U|€2+U|€= i — ﬁ

2 9 i

3ameuanue. KopHH 22 M z3 MOXHO Hanm u Apyrum crmoco6oM. Tak kak
2= — 3 — KopeHb ypaBHeHHS, To MHOTOWIeH Z —Gz+9 peaurca Ha (24 3). Ilpo-
U3BEAS STO AeleHHe, NONyUHM 22—~ 62+49=(2+43) (* —32+3) JlanHoe ypaBHeHHe
npumer Bua (z2+3)(22—32+3) =0, orkyna z+43=0, 22—3z+3=0. [locnennee
ypaBHeHHe HMeeT KOPHH

G, L, 3B,

=t 5l =5 ——

Mpumep 8.11. Pewnts ypasuenne x°—5x? +8x 6=0.

Paa.no»mm Ha MHOXHTEJH MHOI‘O'-IJIeH B JI€BOH uacTH ypaBHeHus: x°—b5x’+
+8x—6=x—3x2— 242} 6x+2x —6=x (x—3)—2x(x—3)+2(x 3H)=(x—3) X
X (x?—2x+-2). IlaHHoe ypaBHeHHe npume'r BuA (x—3) (x*—2x+2) =0 u pacna-
1aerTcsi Ha 1Ba ypaBHeHHs: x—3=0, x> —2x-42=0, KoTopble HMEIOT KOPHH X;=3,
xXo=1+4i, x3=1—i.

8.5. YpaBHeHHsl 4eTBepTOH CTENEHH  *
Anre6panueckoe ypaBHeHHe YETBEPTOiH CTeneHH
a4 b fcx+d=0
C MOMOLIBIO NMOACTAHOBKH X =2 —a/4 MOXHO NPHBECTH K ypaBHEHHIO
24 p2t 4 gz+r=0, (8.21)

B KOTOPOM K03 GHUHEeHT npH 2° paBen HyJI0.
JTo ypaBHeHHe MOXHO 3allHCaTh Tak:

(22 +p/2+a)’— (222" — gz+ (a*+ pa—r+p°/4)) =0, (8:22)

rie @ — BCHOMoraTeJbHbIi Mapamerp. 3HaueHHe NapaMerpa BbiGepeM TaK, YTOOH
BbIYHTaeMbli MHOrouslieH Obl1 MOJHBIM KBajpatoM. B 3ToM ciyuae MHOrouies umeer
ABa PaBHBIX KODHs, TaK Kak ero JHCKPMMHHAHT pPaBeH HyJlo, T. €.

g°—4-20(a?+pa—r-+p2/4) =0. (8.23)
YpaBHeHue (8.22) npHHHMaer BHA
2 2
2, P _ 9 —
(z + 5 +ao> 2ao(z Tos ) 0, (8.24)

Tie ao — OTIHYHbIH OT HyJs KOpeHb ypaBHeHus (8.23).
YpaBHenue (8.24) pacnagaercs Ha NBa KBaJpPaTHHIX YPaBHeHHsI:

22— \/27024-( taot 2\/_) —o,

(8.25)

224 2a z+(L tao— —3 ) =0.
0 D) 0 2\/(1_0
KopHH 3THX ypaBHeHHIl GyAYyT KOpPHsAMH ypaBHeHus (8.21).
ITpumep 8.12. Pewuth ypaBHeHue z* —52°44=0.
1o ypaBHenHe Buaa (8.21), ans kotoporo p= —5, ¢=0, r=4. YpaBHeHHe
(8.23) B naHHOM ciyuae CBOAHTCH K KBaAPAaTHOMY yPaBHEHHIO OTHOCHTEJNBHO Mapa-
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Merpa a:a’—5x—4+25/4=0, uwan a’—5a-+9/4=0, Koropoe HMeeT KOpHH
a|~9/2 as=1/2. Tlpn ao==1/2 ypaBuenus (8.25) sanuumytcs Tak: 22—z—2=0,
2?+2—2=0. TlepBoe H3 HHX HMeeT KOPHH z;==—1, 2,=2, a BTOopoe — 2z;=1,
2p= —2. JTH YHCJIa ABJSIOTCH H KOPHAMH HCXOZHOTO yPaBHeHHS.

Mpumep 8.13. Pewnuts ypabHenwe x*+4x’+7x2—4x—8=0. Pa3snoxum
Ha MHOXHTe/IM MHOrOWIEH B JIeBOM uyacTH ypaBHeHus: x*44x°+47x—4x—8=
= (2 —x%) 4 (4x° —4x) + (8x2—8) =2 (2 — 1) F+4x (L — 1) +8(x*—1) = (x2—1) X
X (x*+4x+8).

CnegoBaTenbHo, ypaBHeHHe npumer Bua {(x°—1) (x2+4x+48) =0, oTkyna
—1=0, x*44x48=0; x;=—1, x9=1, x3= —2+42i, x4=—2—2i.

8.6. Pemenne aare6panuyecKux ypaBHeHHil
CNoco6oM pPa3fioKeHHs] MHOrou/ieHa HA MHOMXHTENH

Ectn oy, da, ..., G — KOPHH  MHOrOwneHa f(x) =aox"+aix" ' 4... 4
+a._—1x+a,, To ypaBHeHHe (8.9) MOXKHO 3anmucaTh Tak:

ao(x—ay) (x—as) ... (x—as)=0.

Ecin o W o — conpsikeHHble KOMIUIEKCHBe KODHH, To (x—a)(x—a) =
=x’4px+gq, The p H g — RelcTBHTeNbHHE uYHCIa (p=— (a+a), g=aa).

Hpennonomum 4yTO JleBas yacTb ypaBHeHHA (8. 9) pasjioKeHa Ha MHOXHTEIH
BHAAa x—C U x4 px+q. TIpHpaBHHBas HyNI0 KaMALA MHOMHTENb, MOSyuaeM ypas-
HeHHsl, KaX{Aoe H3 KOTOPHIX fBJAsSeTCs JHHeAHHM HJM KBaApaTHbM. KOpHH 3THX
ypaBHeHHH OYAyT KODHSIMH ypaBHeHHa (8. 9)

Mpumep 8.14. Pewuts ypashenue x°—5x>48x—6=0.

Pa3/10:kHM Ha MHOXKHTENH MHOrOuJieH B JIeBOH 4aCTH ypaBHEHHUS:

1 —5x? 4 8x—6=x>—3x2 —2x*+ 6x+2x —6=x2(x—3) —2x{x—3) +
+2(x—3) = (x—3) (X —2x+2).

JlaHHOe ypaBHeHHe npmmmaer Bug (x—3) (x*—2x+2)=0 u pacnagaercs
Ha ABa ypaBHeHHsi: x—3=0, x2—2x -+ 2=0, KOTOPbIE HMEIOT KOPHHK X; =3, Xo=1—i,
X3= 1 +l

Mpumep 8.15. Pewnts ypasuenne x* —5x°+5x2+5x—6=0.

Tak Kak x*—5x°+4 5x24-5x —6=x*—5x>+5x24-5x—5— 1= (x*—1) 4+ (—52°+
+52%) + (5x—5) = (x*—1) (F’+1) =52’ (x—1) + 5(x — 1) = (=1 (¥*+1)—
—5(x—1)(x2—1)=(x2—1) (P +1—-5(x—1)) = (x*— 1) (x* —5x+6), 10 (x* —
~1) (x*—5x+4+6) =0, otkyna x’—1=0, x> —5x46=0, x;=—1, xo=1, x=2,
X4=3.

Mpumep 8.16. Pemnts ypasuenue x*-44x*4-7x>—4x—8=0.

Mockombky x*+4x° 474> —4x—8=x'+4x"+8x*—x*—4x—8 = (x* — x?) +
+ (4x°—4x) + (8x*—8) = L (x*— 1) +4x(— 1) +8(x* —1) = (x"—1) (¥ +-4x +
+8), 10 (¥ —1) (#24-4x+8) =0, x*—1=0, X*+4x+8=0, x;=—1, xo=1, x3=
=242, x4=—2—-2i

Mpumep 8.17. Peuruts ypasHenue x®—x*—81x-+81=0. Tak Kak x*—x*—
—8lx+8l=x'(x—1)—8l(x—1)= (x—1)(x*—81)=(x—1) (x*—9) (x¥*+9), TO
(x—1) (x*—9) (x2+9) =0, oTkyra x—1=0, x*—9=0, x’+9=0; x;=1, Xo=—3,
x3=3; x4=—23i, xs=23i.

3ameuaHnue Anre6panyeckue ypaBHeHHA n-H crenedu (n>>5) B oGweMm
clyyae B paauKanax He PellaloTCs, T. €. He CyliecTByeT GopMyJ, KOTOpbie AaBajH Gkl
BO3MOXHOCTb BBIYHCJIHTb KOPHH YpaBHEHHsi Mo ero KosgpogHuueHTaMm. ITO BrepBhie
noka3dan Hopeexckuit Matematuk H. X. A6Genb. OnHako HMeIOTCA 4aCTHbie BHABI
ypaBHeHHil M0G0l CTeneHHW, paspemnMble B paiHKanax (Hampumep, x"=a). Bonpoc
O TOM, KaKOBO HeOGXOAMMOE H HOCTAaTOYHOE YCJIOBHe MJsl TOro, uTobnl aiare6pau-
4yecKoe ypaBHeHHe pellajJoch B pajuKajlax, HCCJIeROBaj (PaHIy3CKHH MaTeMaTHK
. Taaya.
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8.7. Pa3jioxeHHe RpoGHOH panuoHaNbHOH GyHKUHH
B CYMMY 3JIeMEHTapHHIX ApobGei

Llenoit pannoHanbHOH ¢(yHKuHeA Ha3HBAlOT ajreGpaHyeckHii MHOrOYJIEH.
Hpo6oii paunoHanbiol GpyHKIHeH HIH PalHOHAJNbHOH APOGLIO Ha3biBaeTCsl OTHOLIEHHE
JABYX MHOTOYJIE€HOB: -

Pu(x) _ ax+ax" '+...fa_1x+a. (8.96)
Qnm (x) box"+bix" ' A bm Xt bm

Eciu m> n, To pauHoHaJbHasA APOGbL Ha3bIBAETCsl paBHJIbHOM.
dneMeHTapHBLIMH APOGSAIMH Ha3biBAlOTCS PalHOHaJbHbIe APOGH BHAA

R(x)=

A Bx4-C
(x—o)" " (P +px+qm’
rae n, m — HaTypaJbHble YHCAA; ¢, p, q, A, B, C — neficTBHTe/IbHEIE UHCIA; (p2/4) —
—g<<0 (KOpHH TpexuieHa x?-}px - ¢ ABASAIOTCH KOMIJIEKCHBIMH).
Besikylo npaBHABHYIO PallHOHAJbHYIO npodb MOXHO Pas3JIOXKHTb B CyMMYy 3Jje-

MEeHTapHHX ApoGefl Ha OCHOBaHHH Cleayoliel TeopeMhl.
Teopema 85 Ecau Oaxa npasuscHas payuonarsnaa 0po6s (8.26) u

Qx)={x—c))™ ... (x—c,)"(X+pix4 g™ ... (P4px+q,)™,

2de c¢i(i=1,2,..,r) — nonapro passuunsie OeliCTBUTENbHbIE KOPHU MHO204AEHA

Q(x) kparnocTu ni; x4 pex+ qu= (x— o) (x— &), 20e oy u o (k=1,2,..,5) —
nonapro passuunbie npu pasHeix k Kopru MHozounera Q(x) KparnocTu mg, TO
CYLIECTBYIOT JeHCTBHTeJbHLE YHCIa

ANij=1,2,..,r, n=1,2,..,n), BF, CF (k=1,2,...,s; m=1,2, ..., ms)

TaKkue, 4To

P(x) A n Al AP "

Q(x) — x—oc (x—c1)? ot (x—c)™ 7
Al A? Al

-+ x—c, (x—c,)? ot (x—c)™ +

Bix+C| Bix+C: - BMx+C"
Z+pix+q F+pix+q)? T (PHpxta)™
Bix+Cs Bix+ C? B x+C"

o puta T W pat e’ ot ™

OTMeTHM, 4TO KaXKIAOMY AeHACTBHTENbHOMY KODHIO ¢ KPaTHOCTH [ COOTBETCTBYET
cymMa [ snemeHTapHHX Apo6Ged Buaa A/(x—c)™:

A Az A
+ 5+ +(x ok

x—c (x—c¢)

a Kaxjodl nape KOMIJIEKCHO-CONPSIKEHHHIX KOpHeH & M o (TAaKHX, 4TO
(x—a)(x—&)=x2+px+q) KpaTHOCTM m — CyMMa 3JEMEHTapHhIX Jpobeil BHAa
(Bx+C)/(x*+px+q):

Bix+.C, Box+C, Bnx+4Cn

X +px+tgq (¥ +px+4q)* (FHpr+qm
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ITp HMep 8.18. Pa3jioxHTb B CyMMY 3jeMeHTapHbiX Apo6ed palHOHaJIbHYIO
po6b (7x? —x—|—l)/(x +1).

Tak kak x4 1= (x+l)(x —x+1), TO HCKOMOe Pa3JIoXKEHHEe HMeeT BH]
Txl—x+41 _ Tx?—x+1 L A Bx+C
S4+1 EFEDEE—x+1) x4l P—xt1

rae kosppuunentnt A, B, C noka He onpejeJeHbl.
[MpuBoasi K oflieMy 3HAMEHATENI0 MPaBYIO yacTh H CPaBHMBAs KO3 GHUHEHTH

NpH OJAHMHAKOBLIX CTeENeHAX X, noJyyaem

7x2—x+1 (A+B)x? +(B+C A)x+A+C

©41 B4+1
X —x+1=(A+B)x*+ (B+C—A)x+ (A+C),
A+B=7, B+C—A=-—1, A+C=1.
U3 3roit cucreMbl ypaBHeHuHl Haxogum A =3, B=4, C= —2. CuneaoBareibHo,
x> —x+41 _ n 4x—2 ‘
Y41 x+1 —x4+1

I pHMep 8.19. Pa3noxuth B CyMMy 3jJ€MEHTapHbIX NpOGeH pauHOHAJbHYIO

apo6b (x"+x+1)/(x*—3x+2).

Pasjaras 3HaMeHaTelb HA MHOXHTENH, nojydaeM x°—3x+2=x°—x—2x—
—2=x(?— 1) —2(x—1)=(x—1) (x(x+1) =) =(x—1) (=) + (x—1) =(x—

—1)?(x+2).
Ilannyio paudoHanbHyio Apo6b NMPeACTaBHM B BHAE CyMMB 3JeMEHTapHLIX ApoGed
24x+1 A B C
- , I
x2—3x42 x+2 + l + (x—1)2 0
OTKyZAa
Ptx+1=Ax—1)*+B(x—1)(x+2) +C(x+2), (I1)
WIH

K4 x4+ 1=(A+B)x’*+(B4+C—24)x+ (A—2B+20C).
CpaBHuBasi KO3((HLHEHTH NPH OAHHAKOBhIX CTENEHsIX, MOJyYyaeM YpaBHEeHHS
A+4+B=1, B4+C—2A=1, A—2B+2C=1, u3 koropuix naxogum A=1/3, B=2/3,

CanenoBaresbHo, pasnoxenue (I) npumer B

®4x41 1 2 1
P42 36+ T3e=n TG

3ameuanue Kospouunentnn A, B, C pasnoxennss (I) MoxHO noayuutb
u apyrim cnocoboM. [lonaras B toxaectse (II) x=1, nonysaem 3=C-3, C=1.
[onoxus B 3ToM ToxaecTBe x= —2, nmonydum 3=A(—3)?% orkyna A=1/3. Ana-
soruuyHo npu x =0 Haxogum ! =A—2B+2C, B=2/3.




F''masa9

JIMHEAHBIE MPOCTPAHCTBA

9.1. JIiuneitnoe npocrpatcrpo. MoanpocTpancTso

JIMHEAHBIM NEHCTBHTENIbHLIM MPOCTPAHCTBOM HJAH BEKTOPHBIM [JeHCTBHTE/b-
HbIM NPOCTPAHCTBOM Ha3bIBAeTCSl MHOXECTBO V 3/€MEeHTOB X, ¥, Z, .., MJSi KOTOPbIX
onpefesieHbl ONEpalHH CJAOXKEHHS 3/1eMEHTOB H YMHOXKEHHA 3JieMeHTa Ha JAeiCTBH-
TeJIbHOE UHCJIO, YAOBJIETBOPSAIOILHe crefyouum akcHomam: I x+y=y+x, II. (x+y)+
+z=x+(y+z), lII. CymecrByer HyJeBoii »3jemMeHT 0 TakoH, uro x-+0=x,
IV. dns xaxnporo xeV cyumecTByeT NPOTHBOMOJOXHBIA 3JEMEHT —X TaKOH, 4TO
x4+ (—x)=0, V. l.x=x, VL. a(px) = (ap)x, VII. a(x+y)=ax+ay, VIIL. (a+
+B)x=ax+px.

3TH aKkcHOMbl BHIMOJHSAIOTCH COOTBETCTBEHHO IJs Bcex X, y, z€V, a,peR

AueMeHTbl JAeiiCTBHTENBHOrO JIHHEHHOro MPOCTPAHCTBA HA3LIBAIOTCHA BEKTOPaMH.

3amMeuanue AHamorHuYHO onpefensercd KOMIIEKCHOE JHHEHHOE MPOCTPaH-
CTBO: BMECTO MHOXecTBa R JeficTBHTEJNbHBIX YHCeN pAacCMaTpHBAETCA MHOXXECTBO
C KOMIJIEKCHbIX YHCe.

W3 onpeneneHnsi: NHHeAHOro NPOCTPAHCTBA BHITEKAIOT CJeRyIOLIHEe YTBepXKAe-
HHUSA.

1. B nuHefiHOM npocTpaHCTBe HMeeTcsl eIHHCTBEHHbIH HYJeBOH 3JieMeHT.

2. JIns n1060ro 3neMeHTa X JHHEHHOro MPOCTPAHCTBA CYLIECTBYET €JIHHCTBEHHBIH
3JIeMeHT —X.

3. ast s3neMeHTa — X MPOTHBOMONOXKHBIM GyAeT eMeHT X.

4. Oas mo6oro snemMenta X npousBenenne 0x=0, rae 0 — Hysb, 0 — HYJeBOH
3JIeMeHT.

5. Ilna so6oro saemedtra X (—1)x=—x, rge (—X) — 3/7€MEHT, MPOTHBO-
HOJIOXKHBIH X. :

6. Ilns mwo6oro uucna o npousBefeHHe a0=0, rae 0 — HyJeBOH 3JEMEHT.

7. Ecnv ax=0 u a0, To x=0.

8. Eciu ax=0 1 x50, To a=0.

PaBeHctBO ax =0 BbIMOAHSETCA TOTAa H TOJNbKO Toraa, Koraa a=0 uau x=0.

3ameuanne Cymmy x-4(—y) 0603HaualoT X—Yy H Ha3bIBAIOT Pa3HOCTHIO
3/IeMEHTOB X H Y.

IIpumepbl JHHERHBIX NPOCTPAHCTB.

1. MuoxecrBo V3 Bcex cBoGoaHbIX BEKTODOB a(ai, a2, @s), AJA KOTODbIX ompe-
JlefleHbl CJOXeHHe H YMHOXEHHe BEeKTOpa Ha YHMCJIO Tak, Kak B 0. 3.2, sBasercs
‘JIMHeHHbIM mpocTpaHcTBoM. OTMeTHM, 4TO pOJb HY/NEBOro 3jeMeHTa 34eCb Hrpaer
HYJb-BEKTOD; IJIfl JIOGOrO BeKTOpa a MPOTHBONOJOXHBIM sBJSIETCI —a. AKCHOMbI
I—VIII BhnoaHsiioTcss, O YeM CBHAETENbCTBYIOT (OPMYJbI I 3.2,

2. MHOXecTBO Bcex MaTpHU pa3MepoB m Xn, MJIA KOTOPbIX OmpeaeseHbl CJo-
JKeHHe MaTpHL M YMHOXEHHE MaTpHIbl Ha YHCJIO COOTBETCTBEHHO dopmynamu (5.2),
(5.4). Ponb nynesoro sjnemeHTa 34ech Hrpaer HyJeBas MAaTpHUa; AJAA MaTPHUbI
(ait)mn MpOTHBONOMOXKHOM fABJASiETCA MAaTpHUA (—Qit)mn. AkcHOMB I—VIII BHI-
noausiorcss (cMm. m. 5.2, cBodctBa |1—8 nHHeHHbIX onmepauui HaJg MaTpHLAMH).

3. Muoxectso {P.(x)} Bcex anre6paHuecKHX MHOTOWIEHOB CTENMEHH, He mpe-
BbIIIAIOILEH HATypa/JbHOrO YHCJIa M, A KOTOPHIX OMEePalHH CJIOXKEHHA MHorousje-
HOB H YMHOXEHHSI MHOrOWJieHa Ha AeHCTBHTEJbHOE YHCJIO0 onpejeseHbl OGBLIYHBIMH
npaBunamu. Hysesoit asnemeHT — MHOroujeH, Bce KO3(GHUHEHTbl KOTOPOro paBHbI
HYJI0; AJAs1 MHorouneHa P.(x) =aux"4ax"" ' 4. a1 x+an NPOTHBONOJOXHBIM
6yner — Pa(x) = —aox"—aix""'— .- —@s_1X—an.
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3ameuanune MHOXKECTBO BCeX MHOTOWIEHOB CTelleHH, TOYHO PaBHOM Ha-
TYpaJbHOMY YHCAY 7, HE SIBJSIETCS JHHEHAHBLIM NPOCTPAHCTBOM, TaK KaK CyMMa ABYX
TaKHX MHOTOUYJIEHOB MOMET OKa3aTbCsl MHOTOY/IEHOM CTElNeHH HHXKe n (T.e. He MpH-
HajJexaTh PacCMaTPHBAEMOMY MHOXECTBY).

4. MHoxectBO A, 31eMEHTaMH KOTOPOrO SBJSIOTCS YNOPSAOYEHHbIE COBOKYM-

HOCTH n NeACTBHUTENbHBIX HHcead (X, X2, ..., X»). KaXKAbIA 3/1€MEHT 3TOro MHOXeCTBa
6yneM o603Hayarb OJHHM CHMBOJIOM, HamnpHMep X,y,.., H MHCATb X== (X, X, ...
s Xn), Y= (Y1, Y2, ..., Yn), ... HelicTBHTENbHBIE UHCAA X|, X2, ..., X, HA3bIBAIOT KO-

opoHHaraMH sjemenTta X. JIMHefiHble onepauus Haj 3/emeHTaMH A, onpexeisiorcs
dpopmyaamMn x—+y=((xi+y1), (x24+y2), ..., (X¥n+ys)), ax=(ax,, axs, .., oxs).
Otmerum, uyro 3igemeHTr 0= (0,0,..,0) sBasiercsi HYy/A€BbIM, 3JEMEHT —X=
= (—X|, —X2, ..., —Xn) — [POTHBOMNOJIOXHbIM 3JIEMEHTY X== (X|, X3, ..., Xn).

5. MuoxectBo Cla, b] Bcex ¢yHkuui x=x(f), onpeseneHHbIX # HeNpephIBHbIX
Ha orpe3ke [a, b]. Onepauun caoxeHHs 3THX (PYHKUHA H YMHOXKEHHSI QYHKUHH Ha
YHCJIO OMpefeNsioTcss OObIYHBIMH nNpaBunaMu. HyneBbiM snemeHTOM siBisiercss ¢YHK-
uus x({)=0 gaa scex fe [a, b]. DnemeHTOM, NPOTHBOMOJIOXKHBLIM 3IMEMEHTY x(f),
6yner —x(t).

Miuoxecrso WV uasbiBaercst nognpocTpaHCTBOM JHHEHHOro mpocrpancrsa V,
eCJIH BLINOJHAIOTCA cjenyiomive ycaosusi: 1. B mHoxectse W ompegenensl te xe
onepanHy, 4yTo H B MHOXecTBe V. 2. Eciu x,ye W, to x+y= W. 3. Ecin xe W, to
axe W. OueBnaHo, BcAkoe moanpocTpaHcTso W sinHedHoro mpocrpancrBa V sBas-
eTcsl JHHeAHbIM NPOCTPAHCTBOM, T. €. B W Bhinoansioress akcHombl 1 — VIII. IMpexne
Bcero, B W umeercss HyseBoH 3jeMeHT 0: ecau xe W, to Ox=0= W. [Jasa aw6oro
sn1eMeHTa X< W HMeeTcs MPOTHBONOJOXKHBIA 3jeMeHT —X: ecad Xxee W, to (—1)x=
=—xesW.

OrMeTHM, uTO HyJIeBOH 3jeMeHT 0 JHHefHoro npocrpaHcTtBa V oGpasyer moa-
NPOCTPAHCTBO 3TOr0 MPOCTPAHCTBA, KOTOPOE HA3bIBAIOT HYJAEBbLIM MOANPOCTPAHCTBOM.
Camo JuHeiiHOe npocrpaHcTBO V MOXHO paccMarpuBaTh Kak IOANPOCTPAHCTBO
3TOr0 MpOCTPaHCTBA. STH MOANMPOCTPAHCTBA HA3KIBAIOT TPUBHAMbHLIMH, a BCe APYTHe,
€C/IH OHH HMEIOTCSsl, — HeTpHBHa/bHbiMH. [IpHBeseM npHMeEpbl HETDHBHAABHBLIX NOA-
npocrpadcTB. l. MHoxectBo V, Bcex cBOGOAHBIX BEKTOpPOB a(ai, as), napasienb-
HbIX HEKOTOPOH NJIOCKOCTH, MJfA KOTOpLIX OGBLIYHBIM 06pa3oM OlpejesieHbl oOmepa-
UHH CIOXKEHHS! BEKTOPOB H YMHOMEHHS] BEKTOpa Ha YHCJO, MPEACTaBAseT HNOAMNPOCT-
paHCTBO JHHEHHOro mpoctpaHcrBa Vi. 2. MHoxectBo V| Bcex cBOGOAHLIX BEKTOPOB
a(a|), napanjeabHbIX HEKOTOpOH NpSAMOH, TakKXKe SIBJSETCS MOANPOCTPAHCTBOM JIH-
HefiHoro npocrpaHcrtBa Vi 3. MuoxectBo {P._(x)} Bcex anre6paHuecKHX MHO-
rOYJIeHOB CTeMeHH, He npeBblllalolled HATypasnbHOro uHciaa n—1, asasercs moa-
NPOCTPAHCTBOM JHHeHHOro npocrpanctBa { Pr(x) }.

9.2. JiuHeliHAs 3aBHCHMOCTb H JHHEHHAdA He3aBHCHMOCTb
BEKTOPOB JIMHEHHOTO MPOCTPAHCTBA

PaccMOTpHM BEKTOpbl (3JIEMEHTBI) X, X, ... , Xa JIHHEHHOTO MPOCTPAHCTBA.
Bekrop y= aiX;+aXo+ -+ 4anX,, rae ai, oy, ... , &y — HEKOTOPbIE YHCJIA, HA3bi-
BaeTcAd JHHEHHOH KOMGHHaUHeH BEKTOPOB X, X2, ..., Xn, @ 4YHCAA G, &2, ..., Gn —
K03pHIHEHTaMH 3TOH JMHe#AHOH KoMO6HHauMH. Ecan Bce uncna a; (i=1,2,..,n)

paBHbl HYJIO, TO JIHHeAHas KOMOMHAIMSA HasbiBaercsli TpuBHanbHoi. Ecaum xorsi Gbl
O/IHO H3 YHCEeJ @; OTJIHYHO OT HYJIA, IHHeAHAsi KOMGHHALHS! Ha3bIBAeTCS HETPHBUAJBHOM.
CHcTemMa BeKkTOpOB

X1, X2, .. , Xn 9.1
HasbIBaercsl JHHEHHO 3aBHCHM01':l, €CJIH CYIIECTBYIOT 4HuC/a
@y, A2, .o, On, (9.2)
He Bce paBHble HYJIIO, TaKHe, 4TO
X+ AoXa+ - -+ AaXs =0. (9.3)
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EcnH TakHx 4Hcen He CYUIeCTBYeT, T.e€. PaBeHCTBO (9.3) BBIMOJHAETCH TOJNbKO
B cayuae

a|=az=~~-=an=0, (9.4)

TO cHcTeMa BeKkTOpoB (9.1) HasbniBaercst JHHEHHO He3aBHCHMOH.

JpyruMu croBamH, BekTopbl (9.1) Ha3bBaOTCA JHHEHHO 3aBHCHMBIMH, €CJIH
CyllecTByeT WX HETPHBHaJbHAs JIHHeAHast KOMGHHALHsA, paBHAas HYJb-BeKTOpy, H
JIHHEAHO He3aBUCHMBIMH, €CJH TO/IbKO HX TPHBHaJbHAA JHHelHas KOMGHHALMS SBJIS-
€TCSl HYJlb-BEKTOPOM.

W3 onpenenenust sHHeHHOH 3aBHCHMOCTH H JHHEHHOH HE3aBHCHMOCTH BEKTODOB
BbITEKAIOT C/efYIOlHe yTBEepXKAeHHs.

1. Becsikafg cHcreMa BEKTOPOB, colepiKalllasi HYJb-BEKTOp, SABJSAETCH JIHHEHHO
33BHCHMOH.

2. Ecnn k(k<<n) BekropoB cucrembl (9.1) JuHEHAHO 3aBHCHMbI, TO H BCHl CHC-
TeMa JIHHEHHO 3aBHCHMA.

3. Ecan u3 cHcTeMBl JMHEHHO He3aBHCHMBIX BEKTOPOB Xi, X, ..., X» OTGPOCHTH
r(r<Cn) BekTOPOB, TO OCTaBLIHECS BEKTOpbl 06pasyldT TaKkKe JHHEHHO He3aBH-
CHMYIO CHCTEMY.

4. Ecan cpenn BekTopoB cHCTeMH (9.1) HMelOTCA TakHe BEKTOPHL Xx H Xm, YTO
Xe==AXm, TA€ A — HeKOTOpOe 4Hca0, TO cHcTemMa (9.1) JnHHeHHO 3aBHCHMA.

Teopema 9.1. Bekropbt Xi, Xz, ...,Xn AUHEIHO 3A8UCUMbL TO20Q U TOALKO
10204, K02da xOTA Gbl 00UH U3 HUX ABAAETCA AUHEIHOU KoMbuRayuel 8cex OCTAAbHbLX.

dra TeopeMa BHIpa)KaeT HeOGXONHMOE H [JOCTaTOYHOE YCJAOBHe JHMHEHHOH 3a-
BHCHMOCTH 1 BEKTOPOB Xi, X2, ... , Xa.

JlBa BekTOpa JHHEHHOro MPOCTPAHCTBA HA3BbIBAIOTCA KOJVIHHEADHBIMH, €C/IH OHH
JIHHEHHO 3aBHCHMbI, H HEKO/JIHHeapHbIMH, €CJIH OHH JIHHEHHO He3aBHCHMbI. TpH Bek-
TOpa JHHEHHOr0 NPOCTPAHCTBA HA3LIBAIOTCA KOMIVIAHADHLIMH, €CJH OHH JHHeHHO
3aBHCHMBl, H HEKOMIJIaHapHBLIMH, eCJH OHH JIMHeHHO He3aBHCHMbl. BBejeHHnle mno-
HATHS1 KOJVIHHEAPHOCTH M KOMNJIAHAPHOCTH BEKTOPOB JIHHEHHOro INpOCTpaHeTBa
COBMAjAlOT C H3BECTHbIMH H3 aHAJHTHYECKOH reOMeTpHH NMOHATHAMH KOJJIHHeapHOCTH
H KOMIVIaHApPHOCTH OGBIYHLIX BEKTOPOB.

9.3. PasmepHocTb H 6a3uc JHHEHHOro NPOCTPAHCTBA.
H3omopdu3am anueliHbix nNpocTpaHCcTs

Uucno n HasbiBaeTcsi pa3MepHOCTbIO JIMHEHHOro mnpocrpaucrsa V, ecan
BHINOJIHAIOTCA CJeaylolnHe ycaoBusi: 1) B V cyuiectsyer n JHHEHHO He3aBUCHMBIX
BeKTOpoB; 2) Jwb6aA cucreMa n+1 BekTopoB H3 V JuHeliHO 3aBHcHMa. Pasmep-
HOCTb JIHHeHHOro mnpocrpaicrBa V o6osHayalor dim V(or ¢panuysckoro ciaosa
dimension — pasmepHoctb). Ec/iiM npOCTPaHCTBO COCTOHT M3 OIHOrO HYJEBOro 3Je-
MEHTa, TO €ro pa3MepHOCTb CYHTAIOT PaBHOH HyJl0. Pa3MepHOCTb JIHHEHHOro mpo-
CTPAHCTBA — 3TO HaHGo/ibLIee BO3MOXHOE KOJHYECTBO JHHEHHO HE3aBHCHMBIX 3Je-
MeHTOB B HeM. [IOHATHe pa3MepHOCTH corjacyercsi ¢ HAINIALHBIM INpeACTaBJeHHEM
0 He#; Tak, MPOCTPAHCTBO V3 Bcex CBOGOAHLIX BEKTOPOB SIBJSIETCS TPEXMEPHLIM
(dim V3=3), npocrpancrso V, — aBymepHbIM, NpOCTPaHcTBO V| — OZHOMEpPHBIM.

Baaucom n-mepHoro auneiiHoro npocrpaHcrBa V. HasmiBaercss Jwo6asi ymopsi-
JOYeHHAsi CHCTeMa 7 JIHHe#HO He3aBHCHMBIX BEKTODOB 3TOrO NpocrpaHcrsa. [Ipu-
BeleM NpHMepbl 6a3HuCcOB HEKOTOPbIX JHHEHHbIX npocrpaHcTB. Basuc npocrpaHcrBa
V3 obpasyer mo6asi Tpofka HEKOMMJIAHAPHBIX BEKTOPOB, TaK KaK 3TH BEKTOPHI JIH-
HelHO He3aBHCHMbI (cM. Teopemy 3.4), M Ji06as YeTBepKa BEKTOPOB JIHHEHHO 3aBH-
cuMa (cM. Teopemy 3.6). Basuc npoctpaHcTBa V, o6pasyloT ABa JIOGHX HeKoa-
JIHHEapHBIX BEKTOPA, MOCKOJAbKY OHM JHHeHHO He3aBHCHMbl (cM. Teopemy 3.2), H
JM1060# BEKTOP MJIOCKOCTH, ONpejensieMOd 3THMH ABYMSi BEKTOPaMH, MOXHO Pa3JiokKHTb
no Hum (cm. teopemy3.3). Basucom auueiiHoro mpocrpancrsa V, asasmercsi J060#i
HEeHYJIeBOH BEKTOp, KOJUIHHeapHbIi JaHHOH NpAMOM.

Jlnuefinoe 1npocTpaHCTBO, B KOTOPOM HMeeTcsi Ga3Hc, COCTOSIUMA M3 KOHEUHOro
YHCIa BEKTOPOB, HA3bIBAeTCs KOHEYHOMEpHHIM. [IpHMepaMM KOHEUHOMEpHBIX NpPOCT-
paHcTB siBAsilOTCA mpoctpaHctBa Vi, Vo, Vi, Aa.
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JluHefiHoe npocTpaHcTBO A, sIBAseTCA n-MepHbiM, a ero 6a3Hc oGpasyer cHcTema
Bekropos ;= (1,0,...,0), e2=(0,1,0, ...,0), e,=(0,0,...,0, 1).

JInHeliHO® MPOCTPAHCTBO Ha3biBaeTcsl GECKOHEYHOMEPHBIM, eC/aH MpH JIo6OM Ha-
TYPaJbHOM uHCJ€ m B HeM HafiieTci m JHHeHHO He3aBHCHMbIX BekropoB. [Ipu-
MepOM GeCKOHEYHOMEePHOro MpPOCTPAHCTBA MOXET CJAYXHTb JHHEHHOe MNpOCTPaHCTBO
Cla, b] Bcex ynkumi x=x(t), onpeneseHHHX H HeNMpepBIBHBIX HA oTpe3ke [a, b].

IBa nunednnx npocrpancrsa V u U HasbiBaloTcsi H30MOP(DHBIMH, KOTAA MEXAy
HX 3JeMEHTaMH MOXHO YCTAHOBHTb B3aHMHO OJHO3HAUHOE COOTBETCTBHE TAKOE, 4TO
ECHIH X;+>Yi, Xge>Yp, TIe X|, X2 & V, yi,y:=U, 10 (Xi4+X2)>(yi+Yy2), ax«>ray,
rie o — AeACTBHTEJBHOE UHCIO.

Teopema 92. [sa aunednsix npocTpancrea u3omop@Puel Toeda u TOAbKO
70200, K020a OHU UMEIOT 00URAKOBYH) PA3MEPHOCTD.

B wuactHocTH, mpocrpaHctBo V3 (Bcex CBOGOAHBIX BEKTOPOB) H MPOCTPAHCTBO
A; (Bcex ynopsiiOYeHHBIX TPOEK AEHCTBHTENbHbIX yHcesn) usomopdubl. OTMETHM TaKxXe,
Y4TO Kaxk/l0e KOHEYHOMEpHOe JHHeHHOe MPOCTPAHCTBO Pa3MEepPHOCTH 1 H3oMopdHO
JMHEHHOMY MPOCTPAHCTBY An.

9.4. KoopauHaThl BeKTOpa JHHEHHOro MPOCTPAHCTBA

Teopema 83. Ecau ey, ey, ..., e — 643UC AUHEIHOZO N-MEPHO20 NPO-
crpancreéa Va, TO 210600 8eKTOP X 3TO20 NPOCTPAKCTEA AUNEUHO BbIPANAETCA 4epe3
6a3ucuble 8eKTOpoL €y, €3, ... , €5, T. €.

X=oe +aes+ - 4 canen. (9.5)

Kosgppuyuenror @\, az, ..., an 31020 pazromenus onpedersoTca  0OHO3IHAYHO.

Buipaxkenne (9.5) HasbiBaeTcsl pa3jiOKeHHEM BEKTOpa X MO 6asucy e, e, ..., €,

Koopaunaramu Bekropa X B G6a3suce e, ey, ..,€, Ha3bLIBATCA KO3DDHILHEHTHI

aj, %2, ..., %n B DA3JIOKEHHH 3TOrOo BEKTOpa MO JaHHOMY 6asucy, T.e. B ¢opmyiae

(9.5). Ecau BeKTOp X B HEKOTOPOM Ga3Hce HMeeT KOOPAHHATH &1, &2, ... , G, TO MAIIYT
X= (a1, &2, ... , Gn), HIH X (01, A2, ... , %n).

Onepauu¥ HAajA BEKTODAMH CBOAATCA K OMepauusM Haja HX KOOpJHHATaMH Ha
OCHOBAHHMH CJIEAYIOIIHX CBOHCTB. i

1. BekTop siBASieTCS HY/eBbIM BEKTOPOM JIHHEHHOrO NMPOCTPAHCTBA TOr4a H TOJIBKO
TOrAa, KOrja BCe ero KOOPAHHATHI B JI060M 0asuce paBHbI HYJIO.

2. KoopaunaTel CyMMbl OBYX BEKTOPOB B HEKOTOpOM GasHce paBHBI CymMMe CO-
OTBETCTBYIOLIHX KOODIHHAT AAHHBIX BEKTOPOB B TOM XK€ 6asuce.

3. KoopauHaThl TNPOH3BENEHHS] BEKTOPAa HAa UHCJIO PaBHBI NPOH3BEACHHIO ' CO-
OTBETCTBYIOIIHX KOOPAHHAT Ha 3TO 4HC/AO (B OLHOM H ToM Xe 6asuce).

4. JIpa BeKTOpa paBHbl TOrJa H TOJNLKO TOrAd, KOrAa PaBHbl HX COOTBETCTBYIO-
LI{He KOOPAHHATHI B OJHOM H TOM e OasHce.

5. Bekrop y sBJsiercss JAHHEAHOH KOMOMHAUMeH BEKTOPOB Xi, Xz, .., Xn TOTAA
H TOJIbKO TOrJa, KOra Ka)<[1asi KOOpAHHATa BEKTOpa y siBJsieTcsi Takod e JHHEHHOH
KOMOHHAI[Hel COOTBETCTBYIOLIMX KOOPJAHHAT 3THX BEKTOPOB B ONHOM H TOM Xe 6asuce.

Mpumep 9.1. Mycts As — yeTblpexMepHOe JHHEAHOE MPOCTPAHCTBO ¢ Gasu-
COM ey, €2, €3, €. HailTu KoopaAHHATH BEKTOPOB €3 H X =23e; —de;+-7e4 B 3TOM Ga3uce.

[MpeacraBum KaxAabli H3 BekropoB e3 H X B Buie (9.5). Tak kak e3=0e +
+0e,+ le;+0Oes, To Bekrop €3 umeer koopauuathl (0, 0, 1, 0). ITockombky Xx=
=3e, + 0ey — 5e3+ 7e4, TO BEKTOp X uMeeT koopaHHath (3, 0, —5, 7).

Mpumep 9.2. B nexoropom O6asuce nadbl Bektoph x(I, 2, —2, —1, 3),
y(4, —3, —2, 1, —1). Haiitu koopanHaThl BekTOpa 5X — 3y.

Tak kak 5x= (5, 10, —10, —5, 15), —3y=(—12, 9, 6, —3, 3), TO Bexrop
5x — 3y =5x 4 (—3y) Hmeer koopauHathl (—7, 19, —4, —8, 18).
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9.5. PaHr cHCcTEMbl BEKTOPOB JIHHEHHOrO
NPOCTPAHCTBA

PaccMOTPHM CHCTEMY . BEKTOpOB

ar=(au, a, ..., @)
a= (a2, Qs, ..., Gn2) (9.6)
am= (a.,.., QAom, ... a,.,,.)

JIHHEHHOr'o f-MEepPHOro MPOCTPAHCTBA, KOOPAHHATHI KOTOPHIX 3aflaHhl B OJHOM H TOM
xe 6a3uce. Cucreme BeKTopoB (9.6) mocTaBHM B COOTBETCTBHE MAaTpHUY
ayy Q2 ... Gim
A=|axn as .. am |, (9.7)

Qni Qn2 ... Qnm

B k-M cron6ue KOTOpPOA 3amHCaHH KOOPZHHATHI BeKTopa a;(k=1,2,...,m). Mar-
puny (9.7) HasbBalOT MaTpHued cHcTeMul BekTopoB (9.6) B gaHHOM 6a3uce, a paHr
3TOH MAaTpHUbl — DAHIOM CHCTEMH BEKTOPOB aj,ds, ..., am. O6paTHO, ecJH AaHA

marpHua (9.7), To e MOXHO NMOCTaBHTb B cOOTBEeTCTBHe cHcremy (9.6) m BexTOpOB
JIMHEHHOro n-MepHoro npoctpadcrBa. CorjacHo csoficTBy 5 n. 9.4, GylaeM T'OBODHTb,
4TO CTOAGUB MaTpHubl (9.7) JAHHEHHO 3aBHCHMBI, ecIH BekTOpbl (9.6) JHHei#HO
3aBHCHMbl H O6GPaTHO. ‘

Teopema 9.4. Jan 1020 4T06bL M BEKTOPO8 N-MEPHOZO AUNELIHOZO NPOCTPAH-
cT8a GbiAU AUHEIHO He3aBUCUMbL, HeOBGXO00UMO 1 OOCTATOYHO, 4TObbL paHe MATPULbL
3roii cucremor Obia pasen m.

CaeanctBue l. Cuctema n 8eKTOPO8 N-mepHO20 AUHEUHRO20 NPOCTPAHCTEA
AUNREUHO He3asucuma T020a U TOALKO T020a, K020a MATPUYa 3TOll CUCTEeMbL 8eKTOPO8
ABAAETCS HeBbIP 0N OEHHOU.

CanenctBue2 Ecaupane Marpuybt CUCTEMbL M 8EKTOPO8 AUKEEHO20 NPOCTPAK-
CT8A PABEH T, TO MAKCUMANDHOE HUCAO AUHEUHO HE3ABUCUMBLX BEKTOPO8 3TOU CUCTEMbL
pasko r. ‘

ITpumep 9.3. Haiith makcHMajlbHOE 4HCJIO JHHEHHO HE3aBHCHMbIX BEKTOPOB
B cucreme a (1, 1, —1, —1), as(l, 2, 3, 4), as(8, 7, 6, 5), as,(—1, —1, 1, 1).

MarpHia AaHHOH CHCTeMhl BEKTOPOB HMeeT BHJ

1 1
2
8 7
-1 —1

Tak kak paHr 3ToH marpHubl paBeH 3 (cM. npuMep 5.16), TO MakcHManbHOe
YHCJIO JHHEHHO HEe3aBHCHMBIX BEKTODOB 3TOH CHCTeMBl pPaBHO 3.

Teopema 9.5. Makcumarbroe 4uca0 AUHEUHO HE3ABUCUMBLX CTPOK BCAKOU
MATPUYbL PABHO MAKCUMAALHOMY 4UCAY €€ AUHEUHO He3ABUCUMbLX CTOAGHOS, T. e.
PasHoO pauzy 3TOU MATPUYbL.

9.6. lpeo6pa3oBaHne KOOPAHHAT BEKTOpa

npy H3MeHeHHH Gasuca

B auseiiHom n-mepHoM mpoctpaHnctBe V, ¢ukcHpyem ABa Gasuca
ey, €, ..., €, (9.8)
e}, e}, .., e 9.9)

Marpuueii nepexosa or 6asuca (9.8) k 6asncy (9.9) Ha3niBaercsi MaTpHlla CHCTEMbl
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sextopoB (9.9) B 6asuce (9.8). Kaxablii BeKTOp cHcTeMbl (9.9) MOXHO Pa3JOMHTDL
no 6asucy (9.8). Ilycrb )

e{=tne|+tﬂe2+ ... +tni€a,
so=huer Flaeat o Al (9.10)
e:.=tlnel+t2ne2+ .. +Lanen,
Toraa MatrpHua nepexopa or 6asunca (9.8) k 6asucy (9.9) numeer BHA
th Lz ... tin

T— tor tag ... ton (9.11)

tnl tn2 —ee tnn

Marpuua nepexona OT ogHOro 6a3uca K APYroMy HEBBIDOXKAEHHAA (TaK Kak
6Ga3ucHble BEKTOPHl JHHEHHO He3aBHCHMBbl). BCAKYIO HeBHIDOXKIAEHHYIO MaTpHLy n-ro
NnopsAKa MO)HO pacCMaTPHBATh KAaK MAaTPHLY Mepexoja OT OAHOro 6a3Hca n-MepHOro
JIMHEHHOro mpocTpaHcTBa K ApyroMy 6asucy sroro npocrpaHcrBa. OueBHIHO, MaTpH-
ua T~', o6parnas marpuue (9.11), siBasiercsi matpHueil nepexoga ot Gasuca (9.9)
K 6a3ucy (9.8).

Teopewma 9.6. Ecau xi, Xo, ..., xn — KOOpOunaTs. 6eKTOPA X 8 6asuce €, ez, ...

.. @) X[, X5, ..., X —KoOpOUNATLL TOZO Jce 8eKTopa 8 basuce e, e;, ..., e, TO
y
X=TX, (9.12)
ede
e; j
o
J Xy x|
o {=e x=| 2| x=| %] (9.13)
$ & Xn X,
0 -1 X
Puc. 9.1

T — marpuya, onpedesneman popmyaot (9.11).

3ameyanue. Teopema 9.6 Bbipa)kaer crapne KOOpPAHHATHl Xy, X2, ..., Xa
BEKTOpa X yepe3 ero HOBble KoopAHHATH. UYTo6bl monyuHTh GOPMYJbl, BHIpAXKAIOLLHE
HOBHIE KOOpDAHHATbl yepe3 cTapble, YMHOXHM cJjeBa paBeHcTBO (9.12) Ha marpHuy
T~', ob6patuyio marpuue T, moayuum T~ 'X=T~'TX, T='X=X wan X'=T"'X.

TIpumep 9.4. B npocrpaucrBe V, paccmorpum 6asuc e, =i, e;==j, rae i, j —
opThl, H 6asuc e;=i’, e,=j’, rae i’, j/ — optH, npuuem i’ o6pasyer c i yroa ¢ (pHc.
9.1). B nanHom caydae i’=icos ¢+ jsing, j = —isin ¢+ jcos ¢. Marpuua nepe-
xoxa or 6asuca i, j kK 6a3ucy i’, j’ umeer BHJ

cos ¢ —sing
T=| sin o cosg| -

Ecan Bekrop a umeer KoopaMHatHl x, y*B Ga3uce i,j; x’,y’ —B 6asuce i',j, to
x=x’cos ¢ —y’sin @, y=x’sin ¢+ y’cos ¢.

9.7. EBKIHAOBO NMPOCTPAHCTBO

OnpepeneHne eBKAHAOBA NpocTpaHcTsa. B JHHeAHOM AeHcTBHTENbHOM
npoctpaictee V, Kpome omepauui CJIOXKEHHS] BEKTOPOB H YMHOXEHHs] BEKTOpa Ha
IefiCTBUTe/IbHOE YHCJ/IO, BBEEM ellle OfHY ONepalHio, KOTOPYI0 HAa30BeM CKajafApHbIM
YMHOMGEHHeM BekTOpoB. Kaxjo#l ymopsinoueHHoii nape BEKTOpOB X,ye& V mnoctaBum
B COOTBETCTBHE LeHCTBHTEJNbHOE UYHCJIO, KOTOPOE HA30BeM HX CKaJsIpHbIM NMpOH3Bese-
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HHeM H o6Go3HauuM (X,y). [TorpeGyem, uro6bl AJR J106HIX X,y,z€V u Jawo6oro
yucaa a & R BHnoaHs/uch caepylomne akcHomul: I. (X, y) = (y, x), Il. (x+vy.z)=
=(x,z) 4+ (y,z), ll. (ax,y)=a(x,y), IV. (x,x)>0 gna Bcex x50, (x,x)=0
st x=0.

OueBHAHO, CKAJNIADHOE NPOH3BEAEHHE PABHO HYJIO, €C/IH XOTA 6bl OJHH H3 BEKTO-
poB HyneBoi: (8,y)=(0x,y) =0(x, y)=0.

CkansipHoe npoH3BeeHHe (X, X) BEKTOpa X Ha ce6sl HasblBaeTcs CKaJsSPHBIM
KBaJIpaTOM 3TOFO BeKTOpa M 0GO3Hauaercs X°, T.e.

(x, x) =x%. (9.14)

EBKHAOBLIM NPOCTPAHCTBOM Ha3blBaeTcs JIHHeHHOe NeHCTBHTEJIbHOE NPOCTPAHCT-
BO, B KOTOPOM 3aJlaHa ONepalHs CKaJsIPHOro YMHOXEHHsI BeKTOPOB, Y OBJIeTBOpSAIOIas
akcuomam I—1V. Ecau n-MepHoe snnHeHHOe NpPOCTPAHCTBO SBJISIETCS] E€BKJIHIOBBIM,
TO 6yaeM Ha3biBaThb €ro eBK/JIHAOBBIM /1-MeDHHM NPOCTPAHCTBOM, a 6a3Hc 3TOro
JIHHEHHOro NpocTpaHcTBa — 6a3HCOM €BKJIHI0BA NMPOCTPAHCTBA.

MpHmepw eBkaAnAOBLIX npocrpancts. 1. B anHeliHOM npocrpaHcre V3 ckassipHoe
npoH3BefleHHe ABYX BEKTOpoB a H b ompepenum tak, xkak B n. 3.6; akchombl [—IV
I/ Hero GyAyT BHIMOJHEHB! (CM. CBOHCTBA CKAaJSIPHOTO MPOMU3BEACHHS H OnpejeiieHHe
CKaJIIPHOro KBajJpaTa BeKropa).

CrenoBarennHo, JHHeHOe NpocTpaHCcTBO V3 BceX CBOGOAHbBIX BEKTOPOB C OGBIYHBIM
onpefeseHHeM CKaJsiDHOrO INPOH3BeJleHHsI SIBJISIETCH eBKJIHAOBHIM MPOCTPAHCTBOM.

2. Paccmorpum n-Mephoe JHHeilHOe npocTpaHcTBO A, YMOPSIOYEHHBIX COBOKYM-
HocTell n [elicTBHTeNbHbIX uHcea. CKajlsipHOe MNPOH3BEJEHHEe ABYX €ro 3/eMeHTOB
X=(x1, X2, ... . Xn), Y= (Y1, Y2, ... , yn) 1o ananoruu c c¢opmyaoii (3.21) onpenennm
COOTHOLIEHHEM '

(X, ¥) =x1y1+x2y2+ ... + Xnln. (9.15)

Jlerko BHZerb, uro Bce akcMOMW [—IV ckaafipHOro npousBefeHHs] NMPH 3TOM
BhinosiHsloTcA. TakuM 06pasoM, paccMarpHBaemoe JHHEHHOe NPOCTPAHCTBO €O CKa-
JAApHBIM npouapeneHneM (9.15) sBAsercs eBKIMAOBBIM MPOCTPAHCTBOM, €ro 0603Ha-
yaior En.

3. B GeckoHeuHoMepHOM JuHelHOM npoctpanctBe C[a, b] Bcex ¢dyHkuui, Hempe-
PHIBHHIX Ha oTpe3ke [a, b], ckaiasipHoe mpou3BeleHHe ABYX ero ¢yHkuui x(f), y(f)
onpeneanM ¢popMyoH

b
(x,9) = x(Oy()dt. (9.16)

a

HenocpencrBenHol npoBepkoit MOXHO yGeIHTbcsl B TOM, uTO akcHombl [— IV cka-
b

JIIPHOrO NpOHU3BeAeHHSA GYAYT BHIMOJHEHbI, B YAaCTHOCTH (x,x)=S x*(t)dt=>0 npu
a
x(t) 0, (x,x)=0 npu x(t)=0.

CuienoBarenbHo, JaHHefiHoe npoctpanctBo Cla, b] ¢ ykazaHHHM onpeneieHHeM
CKaNfpHOro MpoHM3BeleHHs JIOGbIX [ABYX €ro 3/JeMEHTOB sIBJsSeTcsl EBKJIHIOBHIM
NpOCTPaHCTBOM.

Hopma mextopa eBkanaosa npocrpancrsa. Hopmoil Bekropa eBkiHIO0Ba npo-
CTPaHCTBAa Ha3biBaeTci apH(MeTHUeCKOe 3HAayeHHe KODHSl M3 CKaJsipHOrO KBajapara
sroro Bektopa. Hopmy Bektopa x of6o3nauum |x||, Torza nmo ompeneeHuio

Txll =+ (x, x) =% (9.17)

Hopma Bektopa o6sanaer ciaeayouumu csoiictBamu: 1) |[X| =0 Ttoraa u TOJbKO
Toraa, korpa x=0; 2) |ax|=|al|-[x|l, rae a — geficTBuTeNBHOE YHCIO;
3) 1Y x-Nyls 4) Ix+yl<Ixi+ Nyl

HepasencrBom Kown — ByHAKOBCKOro HasblBaloT HepaBeHCTBO

L y) <Xl - iyl (9.18)
a HepaBE€HCTBOM TpeyrojibHHKa —- Hepaaeﬂcmo
Ix+yll < IIxll +Nlyl. (9.19)
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3anuwem HopMy H HepaBencra (9.18), (9.19) aasi BEKTOPOB (3JE€MEHTOB) Kax-
HOro H3 PACCMOTPEHHBIX BbILE €BKJHIOBBIX NMPOCTPAHCTB.

B esknupoBom npocrpascrse V3 ¢ OGLIYHBIM ONpefeseHHeM CKassipHOTO MpPOM3-
BelleHH HOPMa BEKTOpa COBNajaer ¢ ero NJHHOMH, T.e. |al=|al; 3to caexyer us
¢opmyn a’=|a|® u (9.17). Hepasencrsa (9.18) u (9.19) npuHHMAaOT coOTBeT-
crBeHHo BHA |(a,b)|<C|al-[b|, |a+b|<|al+|bl. OrmernM, yTo HepaBeHCTBO
I{a,b)| <|a|-Ib| caenyer u3s ¢opmyam (3.18). Hepasencrso |a+b|<C|a|+|b]
CJIeflyeT M3 ONpeneJeHHA CYMMbl BEKTOPOB M JUIMHBI BEKTOPa; OHO HMEET NpOCTOH
reOMeTPUYECKHH CMBICJA (B TPEYroJbHHKE CyMMa JJIMH JBYX CTODOH 60jblie IJMHHbI
TpeTbeH CTOPOHBI).

B esknngosom npocrpancrse Cla, b] HopMa snementa x(f) onpenensercs

dbopmyJion
—
leyn="\/§ 2@at,

HepaBenctBa (9.18) u (9.19) npHHHMAIOT BHA

/ )

b 3 3
{ x(t)y(t)dt<‘\/3 x?(t)dt‘\/i (e,

. a

B3 b 1]
\/S (x(t)+y(t))2dt<\/5 x?(t)dt+\/8 gt

B eBxnnpoBoM mnpocrpaHcrBe E, co ckansipHbiM npousBefenHem (9.15) HopMa
3/JIeMeHTa X= (X|, X2, ... , Xn) onpeaeisiercs GpopMy.oii

lIxi =w/x’| + 3+ + 12

a HepaBeHcTBa (9.18) u (9.19) NpHHMMaIOT BHA
L1+ xoy2+ . A Xata) SV F 03+ 22V Fyi+ -+ 0n
Vi +y) T+ (et y2) T+ F (K t9a)’ <
SVH+ x5+ VY g+ o

Yron Mexay ABYMS BEKTOPAMH €BKJHAOBA MPOCTPAHCTBA. YTJIOM MeXAY ABYMS
BEKTODAMH X H Y €BKJHJI0BAa NPOCTPAHCTBA HAa3bIBAeTCA Yroid ¢, OJAs1 KOTOpPOro

(x,y)
Iyl

OTmeTHM, YTO B OpOCTpaHCTBe V3 Bcex CBOGOAHBIX BEKTOPOB BBEJEHHOE IMOHSTHE
yria coBrnajaer ¢ NOHATHEM yria, pacCMaTpHBAeMOro B BEKTOPHOH aJre6pe.

JIBa BekTOpa eBKJIHAOBA NMPOCTPAHCTBA HA3bIBAIOTCH OPTOIOHAJbHBLIMH, €CJAH HX
CKanspHOe NpoM3BeleHHe DpaBHO Hyalo. OUeBHIHO, HYJEeBOH BEKTOpP OPTOTOHANEH
Jo6oMy Apyromy Bekropy. B npocrpadcrBe V3 OpTOrOHafbHOCTb BEKTOPOB O3HAauaer
HX NepHeHAHKYJIAPHOCTb.

H3 onpeneneduit cienyer, 4yTo HeHyseBhle BEKTOPbl X H Y OPTOroHa/lbHbl TOrAa
H TOJIbKO Torpa, korga cos ¢=0.

PaBeHctBO

cos p= O<op<<2n). (9.20)

L(x, y) [=lIx]i - Iyl (9.21)

BHIMOJIHSAETCH TOrJAa H TOJbKO TOr4a, KOria X M Y KOJJIHHeapHH (y=ax). Jpy-
FHMH cjoBaMH, B dopmyse (9.18) paBeHCTBO HOCTHraercf JHIb B cJyuae KoOJ-
JIHHEAPHOCTH BEKTOPOB X H Y.
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OpronopmupoBanubili 6aanc. CucrtemMa BEKTOPOB ai, Az, ..., &x Ha3LHBaercsi OpToO-
FOHANbHON, €CJH 5TH BEKTODHl MONAPHO OPTOTOHAMbHH, T.e. (&, ax) =0 mpu iF*k.

Teopema 9.7. Oprozonarbnas CUCTEMA HEHYAEBbIX BeKTOPO8 AUHEUHO
He3a8uUCUMa.

Bektop a HaablBaeTCi HODMHPOBAHHLIM HJH €IHHHYHHIM, ecau [al| =1 Ecan
a — HEHYJIeBOH BeKTOp, TO KaK[bli H3 BEKTOpOB

a o a

A=Tar ' M= Taj (9:22)

6yner HopmupoBaHHbIM. HaxoxaeHHe N/1si JaHHOTG BEKTOPA HOPMHPOBAHHOTO BEKTOpa
no gopmynam (9.22) Ha3biBaeTcs HODMHPOBaHHEM NAHHOTO BEKTOpA, 8 MHOXHTEIb

p=1/+al]] — HOpMHPYIOLIHM MHOXHTEJIEM.
CHcTeMa BEKTODOB ), €y, ... ,€, Ha3biBaeTcs OPTOHOPMHPOBAHHOH, e€C/qM OHa
OPTOrOHA/IbHA H KaXK/blil BEKTOp ABJSETCS HOPMHPOBAHHBLIM, T. €.
0, nmpu i<k,
€, €)= . 9.23
(€ ) { 1, npu i=k, (9:23)

roe i, k=1,2,..,n.

Baauc n-mepHOro eBKJHMAOBA NPOCTPAHCTBA Ha3bIBAeTC OPTOHOPMHPOBAHHbLIM,
ecJH Ga3sHCHble BEKTOPH 06pa3yioT OPTOHOPMHPOBAHHYIO CHCTEMY.

Teopema 9.8 Bo scakom eskaudogom n-meprom npoctpancrge (n>=>2)
CYULecTeyeT OpTOHOPMUPOBAHHbIL 6asuc.

BripaxenHe CKaJdAPHOrO NPOH3BEAEHHS yepe3 KOOPAHHATH BEKTOPOB B OpPTO-
HOpMHpoBaHHOM Ga3uce. [IycTb B 7-MepHOM €BK/IHJOBOM NPOCTPAHCTBE (HKCHPO-

BaH ODPTOHOPMHPOBAHHBLIA 6as3HC €, €y, ..,€, H AAHB BEKTOPhl 3TOFO MPOCTPaHCTBA
X=ux€; 4 x€2+... + X0, Y=yi&1Fyo€2+... 4 Ynen. (9.24)

CkansipHoe NMpOH3BeJeHHe 3THX BEKTOPOB Bhlpa)<aeTcsi (opMyJnoii
(X, y) =xiy1 +x292+ ... + Xufn. (9.25)

Orcioaa caenyer, uro

Xl =~/ (x, x) =V F 22 +... £
9.8. YHuTapHOE NPOCTPAHCTBO

KomniekcHoe JuHeliHoe npocTpaHcTBO U HasblBaeTcsi YHHTapHbLIM MPOCT-
PaHCTBOM, ecJH Kaxaof mnape BekropoB X,y U nocraBieHO B COOTBETCTBHE
KOMIJIEKCHO® YHCJ10, 0603Hauaemoe (X,y) H Ha3bBaeMoe CKaflspHLIM NpOH3Beje-
HHEM BEKTOPOB X H Y, MpHuYEM BBIMOJHAIOTCHA caelyloluHe akcHombl: L. (X,y)=
=(y,x), II. (x+y,z)=(x,z)4+(y,2), Il (ax,y)=ca(x,y), IV. (x,x)>0,
ecnn X540 nas Beex X, Y, Z& U u Becex oo e C(C — MHOMECTBO KOMIJIEKCHBIX YHCEJ).

3ameuyanne UYepra o03Hauaer KOMIIEKCHYIO CONpPSIXKEHHOCTb: (Y, X) —
KOMIIJIEKCHOE YHCJIO, CONMPSIXKEHHOE KOMIIEKCHOMY YHCay (X,Y).

M3 akcHOM CKaNSIDHOrO NpOH3BEAEHHS] B YHHTADHOM MPOCTPAHCTBE BHITEKAIOT
cJeAylolllHe CBOHCTBaA:

1) (x,¥y+2z)=1(x,y)+ (x,z) nas mo6ux Xx,y,ze U,
2) (x,ay)=a(x,y) ansa mobux X,ye U u ao6oro asC;
3) (0, x) =(x,0)=0 ana moGoro x= U,

k 1 ko
4) (Z ki, Z ﬁly/) ='Z Z aify (%, y5).

i=1 j=1 i=) j=1
Hpumepom YHHTApPHOr'O0 MPOCTPAHCTBA SIBJSETCH MHOXeCTBO Cn yNOpsiLOYeHHBIX
CHCTEM 71 KOMIUVIEKCHBIX YHCeJ

x=(ai, &2, ... , An), y=(P1, B2, ... , Ba), ...,
AJifl KOTOPHIX CKaJsipHOE NMPOHM3BELEHHE ONMpeAeNeHo PpOpMYJIoil
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(x.y) =aifi + a2+ ... + @abn,

rae fr — KOMIJIEKCHOE YHC/IO, COMpsKeHHOe uHeay B (R=1,2,..,n).

YuuTapHbM npeo6pa3oBaHHeM KOMIJIEKCHOrO JIHHERHOro NPOCTPAHCTBA Ha3H-
BaeTcsi JHHeHHoe mnpeoGpa3oBaHHe, COXPAHSAIOLULEE IIOJNOMHTENbHO ONpede/eHHYIO
spmutoBy PopMy XiXi+XsX2-4-...4XnXs, TOE X1, Xg,..,Xn — KOODAHHATHl BEKTOpa
npocTpaHcTBa. B OpTOHOPMHPOBAHHOM (Ga3Hce OTHOCHTEIbHO 3PMHTOBA MPOH3BEJEHHS,
3ajnaBaeMoro 3toit ¢opmoH, yHHTapHOe Npeofpa3OBaHHE 3aNHCLIBAETCH YHHTapHOH
maTpHiefi. YHHTapHOH MaTpHued Ha3hlBaeTci KBaJApaTHAs HeBHIPOXAEHHAs MaTpHUa
A, ynoeaersopsiomias ycaosuio A~'=A", rne A~! — ob6paTHas wmarpuua, A’ —
TPaHCMOHHPOBAHHAA H KOMMJIEKCHO-cONpsixeHHasi maTpHua. Onpepennrenb yHHTapHOH
MaTpHUbl MO MOAYJIO paBeH efHHHIe. Bce XxapaKTepHCTHYECKHE KODHH YHHTApHOH
MaTpHLUB MO MOAYJIO paBHb eaHHHLe. Bcsikas (AeficTBHTeNbHAR) OPTOrOHaJbHast
MaTpHLa ecTb B TO )Ke BpeMs YHUTapHAs MarpHua.



F'masa 10

JIMHEMHBIE NPEOBPA3OBAHHS
(JIMHEAHDBIE OMEPATOPDI)

10.1. JInneiinoe npeo6pa3oBaHHe H €ro MarpHua

Ecan yka3aHo npaBuJO f, MO KOTOPOMY KaXKIOMY BeKTOPY X JMHeiHOro
npocrpaHcTsa V cTaBHTCSl B COOTBETCTBHE €AHMHCTBEHHLIH BEKTOpP Y STOro NMpOCTPaH-
¢TBa, TO 6y/leM FOBOPHTb, UTO B HeM 3aJaHO npeoSpasoBaHHe (OToGparceHHe, ome-
patop) f HaM 3agaHo nmpeoGpa3oBaHHe mpocTpaHcTBa V B ce6a, H nucartb f:V—V.
ToBopAT Takxke, uTo mMpeo6pa3oBaHHe [ MEPeBOAHT BEKTOP X B BEKTOp Y, H MHIUYT
y=f(x). Bekrop y HasnBaloT 06pa3oM BeKTopa X, a X — nMpoo6pa3oM BeKTopa Y.

ITpeo6pa3oBanHe, NPH KOTOPOM KaXAblfi BEKTOP HMeeT eJHHCTBEHHHi MpooGpas,
Ha3blBaeTcsi B3aHMHO OAHO3HAYHBIM (MJIH GHEKTHBHHIM).

[Mpeo6pa3sopanue [ nunefiHoro npoctpaHcTBa V Ha3niBaercsi JHHEHHHM mpe-
of6pa3oBaHHeM (JIHHeAHbLIM ONMepaTopoM), eC/aH AJS JIOGHX BEKTOPOB 3TOr0 MPOCTPaH-
CTBa Xj, X2, X H JIIOGOr0 JeACTBHTENBLHOIO YHC/IA A BHIMOMHAIOTCA YCJOBHS

D fxi4x) =f(xi) +f(x2);  2) F(Ax) =Af(x).

(Ecin paccmaTpuBaeTcsi KOMIIEKCHOE MPOCTPAHCTBO, TO A — Ji060Oe KOMIJIEKCHOe
4YHCJ0.)
H3 stux ycaosuii caenyer, uto

f(ax) +Bx2) =af (x1) + Bf (x2), (10.1)

rae a,p — miobue ydcaa (HeACTBHTENbHBIE MM KOMIJeKcHbe)., O6paTHo, M3 pa-
BencrBa (10.1) caenyior ycaosus 1) u 2). Hrak, auHeitHoe npeoGpasoBaHHe (/M-
HeAHblA onepaTop) onpeneasiercs paseHcrsom (10.1).

OtMeT#M, 4TO JHHeHHOe npeo6pa3oBaHHe MeDEBOAHT HYJEBOH BEKTOp B HYJeBOH,
TaK Kak, COracHo ycaoBHio 2), f(0) = f(0x) =0f (x) =0.

IMpocTefilunM MpHMEPOM JIHHEHHOro MpeoGpa3oBaHUMl SBJIAETCA TOXKAECTBEHHOE
npeoGpa3oBaHue HIH npeobpasoBaHue f(X) =X, T. e. npeo6pa3oBaHHE, KOTOPOE KaX-
JIOMY BEKTOPY JIHHEAHOro MPOCTPAHCTBA CTABHT B COOTBETCTBHE TOT XE€ BEKTOP.
Jlunefinoe npeoGpasoBaHue G6yAeT BHOJMHE ONpejefeHO, ecaH 3ajaHbl o6pasb 6a-
3HCHBIX BEKTOPOB PacCMaTPHBAEMOro NMPOCTPAHCTBA.

IMyctb [ — nuHefiHoe npeoGpa3oBaHHe n-MEPHOrO JIMHEHHOrO MPOCTPAHCTBA,
nepeBofsillee 6a3uCHbIE BEKTOPH €, €z, ...,€, B BEKTOpHl €},e),...,e,. Kaxiauiii H3
NOC/JeIHHX BEKTOPOB PasjOXHM MO 6a3HcCy:

e{=ae+azez+... +auikn, i il =\f“x}
eé =a o€ +¢122€2+... + ansen,

o 4 e

§,=a1,,e| +a2nez+... ~+ ann€n.

Marpuua

an a ... Qin

A= az Q2 ... Q2n

Qn Qn2 ... Qnn Puc. 10.1
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B KOTOpO# Kk-i cTONGel, COCTOHT H3 KOOpAHHAT Bexkropa e,(k=1,2,..,n), Hasb-
Baercsi MartpHIeil JHHeAHOro npeo6pasoBaHus [ B Ga3uce er, €y, ...,€:; PAHr r MaT-
puubl A HasblBaeTcs PaHroM Npeo6pa3oBaHHs f, a YHCHO (n—r) — nedeKTOM 3TOro
npeo6pasosanus. Urak, kaxaomy JuHeHOMY NpeoGpPasOBAHHKIO r-MEPHOro JIHHeHHOro
NPOCTPAHCTBA COOTBETCTBYET MATpDHIA MOPsiiKa n B RaHHOM Gasuce; H HaoboporT,

y a Y 5
j Ny
) AN |
fli,”"" \ H F\e
(PR} H i
[ ity 1
0 A X C 0 X
Puc. 10.2

KaxJoH MaTpHle nopsiika n COOTBETCTBYeT JHHe#HOe npeoGpa3oBaHHe f1-MEPHOTO
NpPOCTPaHCTBA.

OTMeTHM, YTO MaTpHIA TOXAECTBEHHOro npeo6pa3oBaHus B Jio6oM Ga3uce Gyner
€JHHHYHOH; O06paTHO, JIO060H €AHHHYHOH MaTpHUle 7-rO NOPAAKA COOTBETCTBYET
TOX/JeCTBeHHOe Npeo6pa3oBaHHe JIMHEHHOrO f-MEpPHOro MPOCTPAHCTBA.

I[Tpumep 10.1. B npocrpanctBe V, Bcex CBOGOZHBIX BEKTOPOB Ha MJOCKOCTH
onpefenHM npeo6pa3oBaHHe [OBOPOTA BCEX BEKTOPOB BOKPYr HauajJa KOOPAHHAT
Ha yroa ¢. Kaxpaomy Bektopy X (puc. 10.1) 3TO# njaOCKOCTH CTaBHM B COOTBETCTBHE
BEKTOp Y=/ (X), MOJy4eHHLIHl BpallleHHEM BEKTOpPa X Ha OJAHH H TOT e yroa ¢. 1o
npeo6pa3oBaHHe SBJASETCA JHHEHHBIM, NMOCKOJbKY YCIOBHA 1) H 2), ompeneasiouiHe
JHHeHHOe npeo6pa3oBaHHe, GYAyT BHIIOJHeHB. HafineM Mmartpuuny 3Toro JHHeHHOro
npeo6pasopanuss B Gasuce i,§j (puc. 10.2,a,6). Tak kak f(i)=0A+O0B=
=icos ¢+ jsin @, f(j)=0C+ OD= —isin ¢4 jcos p, TO

A=| COsO —sing
T | sing  coseq |°

10.2. JinneitHoe npeoGpa3oBaHne B KOOpAHHATAX

PaccMoTpHM JiHHeliHOe npeoGpa3oBaHHe [ n-MepHOro JHHeHOro mpocTpaH-
CTBa, 3alaHHOe B HEKOTOPOM OasHuce €y, ey, ... , €, MaTpHLeH

a Q2 ... Qin

Qa1 Q22 ... Qon
A=

(10.2)
Qn Gn ... Gan
KoopauHaThl BeKTOpa X H ero o6pasa y==f(X) H3BeCTHHI:
X=x1&; 4 X2+ ...+ Xnen, [(X) =y1€1 4 Yoo+ ...+ Ynen. (10.3)
3aBHCHMOCTb MeX1Yy KOOpAHHAaTaMH BEKTOPOB X H Y Bhpaxaercs $hopMyaaMH

Yr=anx1+4a2xX2+4... +QinXn,
Yoe=az X1 022X+ ... 4 GanXn, (10.4)

o o e

Yn=0an1 X, +anaxe ... 4 Qnnkn.
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Qopmyan (10.4) MOXKHO 3anHcaTb B MaTPHYHOM BHAe
Y=AX, (10.5)
rae A onpenensierca dopmyao#t (10.2), a X u Y — dopmynamu

Xy 0
. X= X2 , Y= Y2
Xn Yn
Ecan nmepemenHble Yy, Y2, ... ,Yn CBA3AHBI C NEPEMEHHBHIMH X|, X2, ..., X» GOpPMY-

aamu (10.4), To GymeM roBOpHTb, YTO 3aJaHO JHHeHHOe OJHOPOAHOe mHpeo6pa3o-
BaHHe MepeMeHHbIX ¢ MarpHuell A, nepeBoisiee nepeMeHHbIe X|, X2, ... , X, B TIePEMEH-
HBlE Y1, Y2, - , Yn. OHO OBJIaZla€T TEMH Ke CBOHCTBAMH, UTO H JHHeHHOe npeo6pa3oBa-
HHe n-MEpPHOro JHHeAHOro npocrpaHcTBa. JIHHeHAHOe OAHOpOAHOE NpeoGpa3oBaHHe
nepemenubix (10.4) mau (10.5) HasniBaercs HeBbpOxAeHHbIM, ecan det As=0.

3ameyanue [lpn paccMOTpeHHH JHHEAHHX npeo6pa3oBanuil (IMHEHHBIX ome-
pPaTopoB) MNO/B3YIOTCH M APYrHMH oGo3HauenusiMu. Ecnu y=f(x), rae f — nuHeiinoe
npeo6pa3oBanHe (nAHHeHHHI oneparop) ¢ MaTpHuei A B HeKoTopom G6asuce, TO
nuwyt y=Ax. Ycaosua 1) u 2), onpelensiouiHe JHHefiHOe Npeo6pa3oBaHue, MOXHO
3andcarb B Buge A (X4 Xz2) =Ax;+ Axs, A (Ax) =A1Ax.

10.3. 3aBHCHMOCTb MeXAy MATPHUAMH OAHOTO H TOro Xe
npeo6pa3osaHnsa B pa3JH4YHbIX Gasucax.
MopoGHbie MATPHIH

B n-MepHoM JiHHeiHOM npocTpaHCTBe (QHKCHpPYyeM ABa Gasuca: €, €, ..., €n
H ef, €3, ..., e} MepBuLIli U3 HHX Ha3oBeM CTaphiM, BTOpPoH — HOBHIM. Ilpeanosioxum,
YTO H3BeCTHO NMpeoGpa3oBaHHe, NepeBofsiiLee CTaphiii 6a3HC B HOBBLIA.

Teopema 10.1. Ecau ey, e,,...,e.u €f, €, ..., e, — 08a 6asuca aunelinozo
npocrpancréa, A — marpuya aumeidnozo npeobpasosanus 8 crapom 6asuce, e,
€, ..., €y, TO MaTPuya B atoz0 npeobpasosanus 8 Hosox 6asuce ef, €, ... , €, umeer 6ud

B=T"'AT. (10.6)

2de T — matpuya nepexoda or crapoeo 6asuca K HOBOMY.

CnencrBue. Ecau aunednoe npeobpasosanue uMeeT HeBbIPONOEHHYIO
MATpURY 8 KexoTopom 6a3uce, ToO marpuya 31020 npeobpa3osanus 6ydeT HeSoLLPON -
Oennoldl 8 atobom Apyzom 6asuce.

Martpuua B Ha3biBaeTcA MOZOGHOW MaTpuue A, eC/H CYLIECTBYET HEBLIPOX-
JeHHasi KBajApaTHas MaTpuua C, ynosaeTBopswoulas paseHctsy B=C~'AC.

JiBe KBazpaTHele MaTpHUH A U B nopsiika n TOTAa M TOJBKO TOTAA SIBASIOTCA
MaTPHUAaMH OXHOTO H TOro e JIHHeHHOro npeo6pa3oBaHHs mpocTpaHcTBa V., B COOT-
BETCTBYIOLLIHX 6a3Hcax, KOrAa Matpuua B nopo6Ha matpuue A.

MMpumep 10.2. B 6a3uce e, e; npeoGpazoBanHe [ UMeeT MaTPHLY

A=[ 8 4 ] .

5 2

Haiitn maTtpuiuy npeo6pasoBaHust | B Ga3Hce ef =2e ez, es=>06e,+ 4e,.
Tax Kak :

T=[2 6], T"=L[ 4 —6] =[ 2 —3],
1 4 2L -1 2 —0,5 1

To no ¢opmyse (10.6) nonyuaem
B=[ 2 —3].[8 4]_[2 6] :[1 2]_[2 6]_[4 vl4]
—0,5 1 5 2 1 4 1 o 1 4 2 61°
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10.4. XapakrepHcTHUECKOe ypaBHEHHE JHHeHHOro

npeo6pa3oBaHus
Teopema 10.2. Ecau aunednoe npeobpasosanue [ & 6a3uce e,
€, ..., €, umeer marpuyy A u 8 6asuce e, e, ..., e, — marpuyy B, To
det (A —AE) =det(B—AE), (10.7)

20e ) — awboe Oeticraurensnoe 4ucao, E — edunuunas marpuya n-20 nopsodka.

OtmernM, uto det (A —AE) sBASeTCS MHOTOW/IEHOM CTEMEHH N OTHOCHTENbHO A
M Ha3blBaeTCsl XapaKTepHCTHYECKHM MHOTOYJEHOM MaTpHIW A HAH XapaKTepHCTH-
4YeCKHM MHOrOYJIEHOM JIHHeHHOTo npeo6pa3oBaHHA f.

3ameuanue Papencrso (10.7) o3Hauyaer, YTO XapaKTepPHCTHYECKHH MHOro-
YyjleH JIMHEHHOro npeo6pa3oBaHHA OCTAeTC HEH3MEHHLIM NPH Nepexoie K HOBOMY
6a3Hcy; MaTpHLa JIHHEHHOro npeo6pa3oBaHHA MeHseTcs.

XapaxkTepHCTHUECKHM YypaBHeHHeM JHHeHHOro npeo6pa3oBaHHA Ha3bBaercs
ypaBHeHue

det(A—AE) =0, (10.8)

rie A — matpsua 3Toro mpeo6pa3oBaHHsi B HekoTopom Ga3uce. OueBHAHO, Xapak-
TepPHCTHYECKOe YypaBHEHHe He 3aBHCHT OT Bhifopa 6asuca. Ypasuende (10.8)
Ha3blBAIOT TaKXKe XapaKTepHCTHUECKHM YypaBHeHHeM MaTpHubl A, a KOpHH YypaBHe-
HHSl — XapaKTePHCTHYECKHMH YHCJaMH JIHHeHHOro npeo6pa3oBaHHsl | WIAM XapakTe-
PHCTHYECKHMH YHCJAMH MaTpHLUBI A.

Ecau auneftHoe npeoGpaszoBaHue [ B HekoTOpoM Ga3Hce €, €g,..,€, HMeeT
KBaJipaTHylo MaTpuuy n-ro mopsiaka A= (ai), TO XapaKTepHCTHYECKOe YypaBHEHHE
(10.8) 3anuuiercs Tak: *

an——k a oo Qin
az ap—>\ ... Gz =0. (10.9)
Qn| Qn2 ver Qun—A

Jleas uwactb paBeHctBa (10.9) sABJAsAETCS XapaKTEPHCTHYECKMM MHOTOYJIEHOM
matpuubl A; o6Go3naunm ero P,(A), Torna xapakrepHcTHyeckoe ypaBHenue (10.9)
npumer Bua P.(A) =0.

ITpumep 10.3. Hailty xapakrepHCTHUeCKHA MHOrOW/IEH M XapaKTePHCTH-
YecKHe YHCJIa MaTpHIbl i

4 —1 =2
A= |2 I -2
1 —1 1

B coorBercTBHH C onpeaesjeHHeM XapakKTepHCTHYECKOro MHOrow/JeHa noJjyvyaem

4—) —1 =2
P.M= | 2 1—-» =2,
1 —1 1=
Pe(M)=(4—2) (1 =0)24+4424+2(1 —2) +2(1 —A) —2(4—4) = — A3+ 6A2—
—11A+6.

TpupaBHMBast 3TOT MHOTOUJIEH HYJIO, HAXOLMM XapaKTEPHCTHUECKOE ypPaBHEHHe
—A*4+6A2—11A46=0 mnaun A*—6A%+11A—6=0. Pasnaras JeByl0 HacTb 3TOroO
ypaBHeHHsi HA MHOXHTeNH A°—6A%411A—6=2A°—A2—51>4-50+6A—6=A%(A—
—1) —5A(A—1)+6(A—1) = (A—1) (A2>—51+6), npHBOZMM JaHHOE YypaBHEHHe
k Buny (A—1)(A>—51+6) =0, orkyna Aj=1, A2=2, A3=3. 3T KOPHH — XapaK-
TepUCTHYECKHE YHC/IA NaHHOR MaTpHILLL
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10.5. Co6cTBeHHbie BEKTOPHI JIHHEHHOI0
npeo6pasoBaHus

HenyneBolt BeKTOp X JHHeHHOro NMPOCTPAHCTBA HA3bIBaeTcsi COGCTBEHHBIM
BEKTOPOM JIHHeflHOro npeo6pa3osanus [ 3TOr0 NPOCTPAHCTBA, €CJAHM CYLIECTBYeT
YHCJIO R TaKoe, uTo

f(x) =kx, (10.10)

npHyeM k — AEeHCTBHTENbHOE YHMCJIO LS AeHCTBHTENBHOTO JHHEHAHOro MPOCTPAHCTBA
H KOMIJIEKCHOE MHCJO B cJyyae KOMINIEKCHOro npocTpaHcrBa. UHcno k HasbiBaercs
COGCTBEHHBIM 3HAYeHHeM BEKTOPa X OTHOCHTEAbHO mnpeoGpasoBanusi f. PabseHcTBO
(10.10) MoXHO 3anHcaTb B MaTpHYHOM BHIe

AX=kx, (10.11)

rpe A — marpHua npeo6pa3oBaHHst [ B HeKoTopoM Gasuce, X — marpuua-cronben
H3 KOOpAHHAT COGCTBEHHOrO BeKropa X B TOM e 6asnce. Henyaepaa Mmarpuua-
croaGeu X, ynosnaerBopsiomas ypasHenuio (10.11), mna3biBaeTcss COGCTBEHHBIM
BEKTOPOM-CTO/NGLOM MaTpHiubl A ¢ COGCTBEHHBIM 3HayeHHEeM k.

Co6cTBeHHbBle BEKTOpbl H COGCTBEHHbIE 3HA4YeHHs 06,1aJaloT CJEAYIOUIHMH CBOH-
CTBaMH.

1. Co6cTBeHHBI BEKTOP  JIHHEAHOro npeoGpasosaHHﬂ HMeeT eIHHCTBEHHOe
co6CTBEHHOE 3HAueHHe k.

2. Ecaim x — co6cTBeHHBIH BeKTOp JIHHeHHOro npeo6pa3oBaHHs f ¢ COOGCTBEHHBLIM
YHCJAOM R M A — jq06oe, OTJIHYHOE OT HYJA YHCJH0, TO AX — TaKXe COGCTBEHHbIH
BeKTOp npeo6pa3oBaHHs [ ¢ COGCTBEeHHbIM 3HAYEHHEM k.

3. Ecak x 1 y — nuHellHO He3aBHCHMble COGCTBEHHbIE BEKTOPHI JIHHEHHOro mpe-
o6pa3oBaHusA [ C OOHMM H TeM e COGCTBEHHLIM 3HayeHHeM R, TO Xy — Takxe
co6cTBeHHB BEKTOpP 3TOr0 mpeo6pa3oBaHHst ¢ COGCTBEHHbIM 3HAYEHHEM K.

4. Ecan X H y — cOGCTBEHHbI@ BEKTOPHI JIHHEAHOro npeo6pasoBaHus [ ¢ cobeT-
BEHHBIMH YHCJAaMH R H m, MPpHYEM R=~m, TO X H y JHHEHHO He3aBHCHMBbL.

CnencrBue. Ecau xi, Xz, ..,Xmn — AuHelino He3asucumovie cob6CT8EHNbLE
8EKTOPbL AUNER020 npeobpa3osanun [ ¢ 0OHUM U Tem e COOCTBEHHbIM 3Ha4enueM K,
TO 4106Q8 HETPUBUAALHAA AUHEIHAR KOMOUHAUUR 3TUX 8EeKTOPOS ABARETCA COGCTBEN-
HbLM BEKTOPOM 31020 npeobpas3osanus ¢ cobCTaennbiM 3Ha4eruer k.

Teopema 10.3. B koMnaeKcHOM AUHEUROM NPOCTPANCTSE BCE KOPHU XQPAKTe-
PUCTUMECKO20 YPABHEHUSA U TOALKO OHU SABASIOTCA COOCTBEHMBIMU BHAYEHUAMU AUHEl-
K020 npeobpa’veaHus.

KoopauHathi cOGCTBEHHOro BeKTOpa X = (X1, X2, ... , Xn) HAXOUATCA M3 CHCTEMbI
YPABHEHHH

(a1 — R)x14aizxz 4 ... + a1nxa=0,
azx+ (@ —k) X2+ ... + a2t =0, (10.12)

amXi+ anaxe + ... + (@ua— k)X, =0.

Dra cHcTeMa WMMeeT HEHYJeBOe pelIfHHe TOrla M TOJbKO TOrAa, Koraa ee oupene-
AWTe]b paBeH HYJIO (cM. CJeAcTBHe 13 Teopembl Kpamepa), T.e.

an—~k a2 Ain
azi ase—K ... Qon =20, (1013)
Qm Qnz oo Qun —k

ATo 03H2uaerT, YTO YHCJO R ABJSETCS KOPHEM XapaKTepHCTHYeCKOro ypaBHEHHs.

3ameuyanus |. Ypasuenue (10.13) sBasiercn anre6paHYecKHM ypaBHEHHEM
n-it creneun otHocHTensHo k. Takoe ypaBHeHHe HMEET POBHO 1 KOPHEH, CYuTasl paBHbie
M KOMIJIEKCHble. CpelH KOPHeHl 3TOro ypaBHEHHSl MOXET He OKasaTbesl AeACTBH-
TeJAbHBIX.
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2. Co6CTBEHHRIMH 3Ha4eHHAMH JIHHeHHOTO mpeolpa3oBaHHA AEHCTBHTENbHOrO
NPOCTPAHCTBA SBJASIOTCH TOJNIBKO NEeHCTBHTENbHBlE KOPHH XapaKTepHCTHHECKOro
ypaBHEHHSI.

Co6cTBeHHbIe  3HaueHHsl JHHEHHOro MNpeo6pa3’oBaHHSI HA3LBAOTCA TaKxe
COGCTBEHHBIMH 3HaUeHHSIMH MaTPHUBI 3TOro npeoGpasoBanusi. Co6CTBEHHOE 3HAUEHHE
Ha3bBaercsi m-KpPaTHbIM, €CJAH OHO SIBISIETCSI M-KPAaTHBIM KOPHEM XapaKTepHCTH-
4eCKOro ypaBHEHHS.

Teopema 104. Koprnu xapaxrepucruwecxozo ypassenus Oedcrsuresbrod
CUMMETPUHECKOLE MATPULbL ABARIOTCA OelCTBUTEALHBIMU HUCAAMU.

CanepctBHe [ledcTsuresshan CUMMETPUYECKAR MATPUYA UMEET TOALKO
OelicTeurenbroie CO6CTBEHHbIE BEKTOPYL. )

Cucrema (10.12) pas onpepeseHHsI KOOPAHHAT COOCTBEHHOrO BEKTOpa B 3TOM
c/lyyae HMeeT TOJNBKO NeHCTBHTEJbHHE PelleHHs, TaK Kak a; H k — JeHAcTBHTe/NbHbE
LU ER

Téopema 10.5. Cobcraennsie aexkropbl OedcTeuresvrod cummerpuweckod
MATPUYLL, COOTBETCTBYIOUUE DA3AUYHOIM COOCTBEHNbIM 3HAHEHUAM, OPTO20HANAbRLL.

ITpumep 10.4. Hafith neficTBHTeNbHBle COGCTBEHHBE 3HAYEHHS H COGCTBEH-
Hble BeKTOpH! JHHeAIHOro npeo6pa3oBaHHA ¢ MaTpHLel

4 —5 7
A= 1 —4 9
—4 0 5
CocraB/ifieM xapaKTepHCTHUECKOe ypaBHeHHe MaTpHuH A
4—A -5 7
1 —4—A 9 =0 mau A*—5074+ 170 —13=0.
—4 0 5—A

PasnoxuM Ha MHOMHTeJH MHOrOuJeH B JeBof yacTH ypaBHeHmsa: A°—B5AZ+
F17A—13=A"—A2—4A2+4A 4 130 — 13=A%(A—1) —4A(A—1) + 13 (A —1) =
=(A—1)(A®>—4r+13). VYpapmenune npuHumaer BH1 (A—1)(A*—4A+413) =0,
otkyna A =1, Ae=2—23i, A3=2-3i. CunenoBarenbHo, JuHefiHOe npeoGpa3oBaHHe
¢ JlaHHOH MAaTpHLEeH HMeeT TOJbKO OLHO AEHCTBHTENbHOE COGCTBEHHOE 3HAaueHHe A=1.

Jlsis OTHICKAHHS COOTBETCTBYIOILEr0 COOCTBEHHOrO BEKTOpA HCMOJAb3YeM CHCTeMY
ypaBHenHit (10.12), xoropasi npHHHMaeT BHA

(4—7»)X1—5X2+7X3=0, 3x|—5xg+7x3=0,
x1— (44+A)x2+9x3=0, Hn %1 —5x24 9x3=0,
—4x+ (5—A)x3=0 —4x 4+4x3=0

npu A=1. Pemas nonyyeHHyI0 CHCTeMYy, HaxOOUM X =x3, Xy=2xs. [lonaras
x3=1, nonyuaem coGcTBeHHH BekTOp x= (1, 2, 1).

3ameuatue Co6CTBEeHHBIH BEKTOp JHHeAHOro Mpeo6pa3oBaHHs onpeaesiercs
C TOYHOCTDBIO [0 NMPOU3BOJILHOIO MHOMXHTENA (CM. CBOACTBO 2 COGCTBEHHOrO BEKTOpa).

10.6. TpuBeneHne wMaTpHun JAHHeHAHOro npeoGpasoBaHHsA
K JHAroHaJbHOMY BHAY

Teopema 10.6. Marpuya aunednozo npeobpasosanus umeer duazo-
KaavHouli 8ud

ay 0 ... O
A= 0 ax.. 0 (10.14)
0 0 .. am
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T020a U TOALKO TO20Q, KO20a KadxNCObii 6A3UCHbLL BEKTOP ABARETCA COGCTBEHMOIM
8€KTOPOM 3T020 npeobpasosanus.

Marphia A HaspiBaeTcsi NPHBOAHMON K JHarOHaJbHOMY BHAY, €C/H CYIUECTBYeT
HeBbIpOXKeHHasi MaTpHua T Takas, uto Matpuua T~ 'AT =B sBasieTcd NUAroHa/b-
Ho#i. CiieoBaTeNIbHO, eciM MaTpuua A NPHBOAMMA K AHArOHaJbHOMY BHAY, TO

M 0.0
B=|] 0 A .. 0],
0 0 .. A

rae Aj, Ag, ..., Ap — XapaKTepPHCTHYECKHE YHCJIAa MaTpHUB A.

Teopema 10.7. Marpuya A aunetlinoeo npeobpasosawus [ n-meprozo
AUHEHHO20 NPOCTPAHCTBA NPUBOOUMA K OUA2OHAALHOMY 8uUdY TO20a W TOAbKO TO204,
Kozda cyujecreyer 6a3uc 3T020 NPOCTPAHCTBA, COCTORUWLUL U3 COOGCTBEHHbIX B8eKTOPOS
dannoeo npeobpasosanus.

Ecan Bce coGeTBeHHble uMcAa MaTpHubl A MOMApHO Pa3jiMYHE, TO MaTpHUA
NPHBOLHUTCA K AHaroHaJbHOMY BHAY.

10.7. JleAcTBHA HAJ JIHHEHHBIMH NMPeoGpPa3OBAHHSAMH

Mponssenenne npeob6pasosanni. PaccmorpuM npeoGpa3oBanHe |, nepeso-
Zsilllee BEKTOP X B BEKTOp Y, T. €. y=[(x). K BekTOpy y npHMeHHM npeoGpaaoBaﬂne g,
mepeBoAsillee BEKTOD y B BeKTOp z, T.e. z=g(y). Tak kak y=/f(x), To" umeem
npeo6pa3osanne z=g(f(x)), nepesonsilee BEKTOP X B BEKTOP Z, IPHYEM BEKTOp Z
HOJIyYeH B pe3y/bTaTe 0C/eI0BaTebHOIO NIPHMeHeHHA npeo6pa3oBanuii f u g. [Ipeos-
pa3oBaHHe, 3aKjio4aolLleecsi B 10CJ€10BaTeJbHOM NPHMEHEHHH npeoGpa3oBaHuil [ u g,
Ha3HBaercsi MPOH3BelJeHHeM NpeoGpa3oBaHHA f-Ha MpeoGpasoBaHHEe g WM KOMIIO3H-
LHeH 3THX mnpeo6pa3oBaHHi H oGo3Hayaercsi gof (MaM mpocto gf); OTMETHM, uTO
cnpapa 3amMchiBaercs nepsoe npeo6pasoBaHue. Takum o6pa3oM,

gof(x) =g ([(x)). (10.15)
Tpon3ssenenne AHHeHHMX Npeo6pa3oBaHul ABASAETCS THHEAHNM NPeo6pa3oBaHHEM.
Teopema 10.8. Ecau 8 nexoroposu 6asuce aunedinoie npeobpasosanus f u g
-umeroT cooreercreenno marpuyst A u B, To ux npoussedenue gf 8 Tom e Gasuce
umeer marpuyy BA.
Cymma npeo6pasosanuii. CymMMo#i npeo6pasoBaHHil [ H g HEKOTOPOro NpOCTpaH-
CTBa HasblBaercsi npeoGpasoBaHHe A TaKoe, YTO AJIA JIO60ro BEKTOPa X 3TOrO Mpo-
CTPaHCTBA

h(x)=f(x) +g(x). (10.16)

Cymmy npeofpasoBauuii f 4 g 6ynem o6o3nauarb f-+g. Ouesuano, f+g=g-+/.
Teopema 10.9. Ecau aunednsie npeobpazosanus [ u g 8 HEKOTOPOM
6a3uce umeOT cooTBeTCT8EeNHO MaTpuyst A u B, T0 npeobpasosanue [+ g 6 Tom e
6asuce umeer marpuyy A+ B.
Mpumep 10.5. lann ABa JuHelHbX Npeo6pasoBaHus

x{=T7x1 4 4x3, x{ =x5—6x3,
X3=4x9—9x3, x8 =23x{ +7x5,
x5=23x14 xa, X5 =x{ 4 x5 — x5.
CpeacrBaMH MaTPHYHOTO HCUHMCIEHHA HalTH npeo6Gpa3oBaHHe, BhIpaxaiolliee

xV, x4, x{ uepes x|, X2, Xs.
[TepBoe npeoGpa3oBaHue 3agaHo MaTpHueil A, BTopoe — MaTpHUe# B, rae

70 4 01 —6
A= |0 4 —9 |, B= |3 0 7
3 1 0 11
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HckoMoe npeo6pasoBanue B coOTBeTCTBHH ¢ Teopemoit 10.8 umeer matpuuy BA.
YMHOXHB MaTpuuy B Ha MaTpHuLy A, moJayYyuM

01 —6 70 4 —18 -2 -9

3 0 71-10 4 —9| = 42 7 12

11 —1 3 1 0 4 3 —5
CnenoBaTenbHO, HCKOMOe NpeoGpasoBalHe onpejeasiercss ¢popmynamu xi = — 18x;—

—2x9—9x3, x¥ =42x,+Tx2+ 12x3, x{ =4x,+ 3x2—5x;.

10.8. HeBbipoxaeHHbie JHHefiHbie NPeo6pa3oBaHus.
llpeoGpa3oBanue, o6paTHoe JaHHOMY

JluHeiiHoe npeo6pa3oBaHde HAa3bIBAETCSl HEBLIPOXK/AECHHBIM, €CJH €ro
MaTpHIa SIBJAseTcs HeBRIPOXKAEHHOH; B NPOTHBHOM clydae JHHeliHoe mnpeo6pa3o-
BaHHe Ha3blBAeTCsl BHLIPOXKAEHHBIM.
Teopema 10.10. Junedroe npeobpazosarnue R6AAETCA HEBbIPONCOEHROM TO20A
u ToAbKO To20a, Ko20a OHO 83QUMKHO OOHO3HAYHO.

CanepncrBue. Jluneinoe Hedoipondentoe npeobpa3osanue Henyresoil 8eKTop
nepesodur 8 Hernyresold; obparTHoe Takice 8epHO: eCau AuRelinoe npeobpa3osarue
Henyaesol 8eKTop nepeB8olur 8 Henyregol, TO 0HO Gyler HedopOXCOEHHbIM.

Teopema 10.11. [Tpoussedenue O8yx aunelinoix HeBuipONOERKbIX npeobpa-
308anult ecTo Hesuipoicdennoe auretinoe npeobpasosanue. [Ipeobpasosanue ¢ Ha3bi-
8aerca obparnoin npeobpasosaruio f, ecau 048 ar06ozo sekTopa X

fo(x) =qf (x) =x. (10.17)

T. €. NPOU3BeAeHHe ITHX NPeo6pa3oBaHuil SIBJIAETCH TOXAECTBEHHHIM NPeo6pa3oBaHUeM.
M3 onpenenenusi cienyer, 4To eciH ¢ -— npeoGpasoBaHHe, o6paTHoe npeo6pasoba-
nuo f, To f — npeobpa3oBanue, o6parHoe ¢. [Ipeo6pasosanns [ 1 @, yaoBJeTBOPsIIOlLHE
ycaoBHio (10.17), Ha3biBaloT B3aHMHO OOpaTHBIMH.

Jlunefinoe mnpeo6pasoBaHue uMeeT o6paTHoe npeo6pa3oBaHHe TOrda H TOIbKO
TOrja, Koraia OHO fIBJISIETCS] HeBbIPOXKAEHHbIM.

Jas A1060ro HeBLIPOXKAEHHOrO JHHEHHOIO NpeoGpa3oBalus ¢ MaTpuuedi A B He-
KOTOpOM Ga3Hce CylieCTByeT elHHCTBeHHoe o6paTHoe npeo6pa3oBaHHe C MaTpHlel
A~' B ToM XKe Ga3suce.

Mpumep 10.6. Haiitu auneitHoe npeo6pasoBanue, o6paTHoe NpeoGpaso-
BaHHIO Y =2x)—X3, Y= —3x) + X2+ x3, Y3=2x—x2.

Ato npeo6pa3oBaHHe HMeeT MaTpuuy A, onpeleNnTelb KOTOPOH OTIHYEH OT HyJs,
N03TOMY AJisi HEro CyllecTBYyeT ofpaTHoe npeoGpasoBanye ¢ MaTpuued A~'. Tak xax

2 0 —1 111
A= | —3 1 1}, A'=]2 21
2 —1 0 1 2 2

To o6paTHoe nMpeo6Gpa3oBaHHe BLIpa)Kaercsi PopMynaMn Xi=yi+ Yz +ys x2=24 +
+2y2+ya, x3=y1+2y2+2ys.

10.9. OproroHaabHbie MaTpHLbI

Marpuua
an iz ... Qe
A= a@n Q2 ... Uz (10.18)
Qnt Qn2 ... Qna

Ha3biBaercs OpTOFOHaJleOl':l, €CJIH COOTBETCTBYOULAsA el cucTeMa BEeKTOpPOB
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ai(a, azt, ..., Gn1), as(ais, agy, ..., Ans), ..., 85(Q1s, A2, ... , Gna) (10.19)

SIBJISIETCA OPTOHOPMHPOBAHHOM.
Bekropu (10.19) 6yayr oproHopmupoBaHHmMH (cM. n. 9.7), ecau
n

Z alu'ak,'={ (')' i:, (10.20)
k=1

aas aobux i, j (i, j=1,2,..,n).
IMpumMepn OPTOrOHaJIbHHX MaTPHIL:

[ cosa —sina 08 —0,6 1
sin a cosa]’ | —06 —08]'L0 1]°
OTMmeruM, YTO eHHHYHAA MaTpHUa J060ro NOPSALKa ABJAETCH OPTOrOHaJBHOM.

Teopema 10.12. Heobxodumoe u docrarouHoe ycaosue OPTOZOHAALHOCTU
MaTpuyot A 86ipaicaeTcs pasencTeom

AA=E, (10.21)

20e A" — matpuya, noayuennas u3 marpuysi A Tpamcnonuposanuem, E — edunuu-
Has MaTpuya TO20 Ke nopacka, 4To u A.

Canenmcrsue 1. Modyss onpederurers OpTO2OHAABHOI MATPUYbL PABEN
eduruye.

CanencrBue 2. Oproconassnas mMarpuya ABARETCA HeBbLPONCOEHNOL MATPU-
yed.

Cnencreue 3. I[Tpoussedenue 08yx OpPTOZOHAALHLIX MATPUY €CTb OPTO20-
HaAbHaR Matpuya.

Cnencrtsue 4. Pasencrso A"=A~
YCAOBUE OPTO2ORANLHOCTU MaTpuyst A.

CaencrBue 5 Marpuya, nosyseHHas TPAHCNORUPOBAHUEM OPTOZOHAAbHOU
MATPUYbL, ABARETCA OPTO2ZOHAALHOI. .

Cnencreue 6. Marpuya, obparnas opTozonarbHol Marpuye, ABASETCA
OpPTO20HAALROMU.

3amewanusn 1. U3 ycrosus det A=+ 1 He caenyer, uTo A — OpPTOroHab-

' gaparcaer neobxodumoe u docrarounoe

2 3 .

Haa MmaTtpuua. Hanpumep, matpuua Az[ | 9| Ana Kotopoi det A=1, He sBAfA-
€rcsi opToronajbHolt, Tak Kak A"A£E.

2. CymMMa opTOroHaJbHBIX MaTPHLl He fIB/SIETCS OPTOrOHaJbHONH MaTpHuedl.

3. Heo6xoauMoe H MOCTaTO4YHOE YCJOBHE OPTOrOHAaJbHOCTH MaTpHubl A MOXHO
Bblpa3uTh paBeHcTBoM AA'=E.

Teopema 10.13. Marpuya nepexoda or odHozo oproHopmuposanrozo 6asuca
K Opyzomy ABAAETCA OPTO2OHANLHOM.

10.10. OproroHajbHbe NPeodpa3oBaHHsA

JlvnefiHoe npeo6pasoBaHHe eBKJIHIOBa IMPOCTPAHCTBA Ha3biBaeTCsi OpPTO-
rOHaJ/IbHLIM, €CJIH B HEKOTOPOM OpPTOHODMHpPOBaHHOM O6a3uce ero Marpsua oprToro-
HaJlpHa.

Teopema 10.14. Jluneidnoe npeobpasosanue eskaudosa npocTPanCT8a ABAA-
€rCs OPTO2OHAAbHLIM T020a4 U TOALKO T020a, K020a OHO OpPTOHOPMUPOBAMHbLI
6a3uc nepesoOuT 8 OPTOHOPMUPOBAHHbLL.

Teopema 10.15. Oprozonasvnoe npeobpasosanue He MeHAET CKAAAPHOZO
npoussederusn 8eKTOPOS.

CanepcrtBHe 1. [llpu oprozonarsnom npeobpaszosanuu [ ocraerca Heus-
Mennol Hopma eexTopa, T. e. x|l =|f(x)|. :

CanencrtBue 2. [Ipu oproconarsnom npeobpasosanuu [ ocTaerca Heusmet-
Hom yeoa Mex Oy eexTopamu, T. e.
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(x,y) (F(x), f(y))

lix|

Syl )N I

OpToronanbhbe npeo6pa3oBanusi 06JafaloT CAeAYIOLHMH CBORCTBaMH.

I. OproroHanbHoe npeo6pa3oBaHHe ABIAETCS HEBHPOMKAEHHRHIM.

2. dnsa n060ro opTOroHalbHOrO MpeoGpa3oBaHMsi CyllecTByeT o0paTHoe NpeoG-
pa3oBaHHe, ABJAIOLLEECS] OPTOrOHaJbHHM.

3. Ecaun oproroHanbHOoe mpeoGpa3soBaHue uMeeT MaTpuly A, To o6patHoe eMmy
npeo6pasoBaHHe UMeeT MaTpHLy A”. )

4. TlpousBeneHHe ABYX OPTOrOHaJbHHX Npeo6pa3soBaHuil SBJSETCH OPTOrOHAJb-
HbIM Npeo6Gpa3oBaHHEM.




F'masa 11

KBAJAPATHYHDBIE ®OPMbI

11.1. Ksaaparnunaa ¢opma u ee marpuua

KBaaparuunoii ¢opmoit f(xy, Xz, ..., X) n AeACTBATENbHLIX MNepeMeHHBIX
X1, X2, ..., Xn Ha3plBaeTCsl CyMMa BHla '
2
fxi, X2, ..y Xa) =anxi1 +ai2x1 %2+ ...+ AiaX1 X+
2
+azix2xy +azxzs+ ... + G2nXexn+ (11.1)

+ @n1XaX) + QroXnX2 ... ‘*‘annxl,zp

f(xl, X2, .., Xp) = Z Z Qi XiXj, (11.2)

i=1 j=1

HJTH

TAe a; — HeKOTOpble YHC/Ia, HanBaeMble Ko unuentamu. He orpannynbas o6uHo-
CTH, MOXHO CUYHTaTh, YTO Gij=aj;.

KsanparuyHass ¢opMa Ha3biBaeTcs AEHCTBHTENbHON MM KOMIIEKCHOR B 3aBH-
CHMOCTH OT TOro, SIBAAIOTCH JH ee K03hHUHEHTH COOTBETCTBEHHO AEHCTBHTENbHHLIMH
HIH KOMIJIEKCHEIMH uHciaMH. Bynem paccmarpuBaTh JeiicTBHTENbHHIE KBaApaTHY-
Hule ¢OpMBKL. )

Martphueii kBaapaTHuHOH (OPMbI Ha3biBaeTCsi MaTpHLla, COCTaBJleHHasi H3 ee
ko puunentos. Ksaaparuunoit dopme (11.1) coOTBETCTBYET €AHHCTBEHHasi CHMMeT-
pHYecKasi MaTpHLa

an a2 ... Qs
A= | a2 Q22 ... G2n |, (11.3)
Qipn Q2q ... Qun

U Hao6opor, Bcaiko# cuMMerpudeckoii Matpuue (11.3) COOTBEeTCTBYeT elHHCTBEeHHas
KBajpaTH4YHasi $OpPMa C TOYHOCTbIO 40 0GO3HAUEHHS NepeMeHHbIX.

Panrom kBappaTuuHoii ¢oOpMb Ha3dwBaloT paHr ee Martphub. Ksagpatnusas
¢opMa n nepeMeHHbHIX Ha3bIBAETCS HEBHIPOXKAEHHOH, €C/H ee MaTpHUa HEBRIPOXK-
JleHHas, T. €. r=n, H BLIPOXKAECHHOMH, ecH r<n.

Ksanparuunyio ¢opmy (11.1) n nepemeHHWX xi, X, ..., X, MOXHO 3alHCaTh
B MaTpuyHoM BHAe. JleficTBHTeNbHO, eciH X — MaTpHLA-CTOJ6el H3 rnepeMeHHBIX
Xi, X3, ... , Xn, X7 — MaTpHLA, NONyYeHHas TPaHCIIOHHPOBAHHEM MaTpHUH X, T. e. Mart-
PHLA-CTPOKA H3 TeX Ke NMepeMeHHbIX, TO

Fxi, x2, ..., x) = X"AKX, (11.4)

rae A onpenensiercsi popmyaoi (11.3).
IMpumep I11.1. 3anucaTe MarTpHuy KBaapaTHuHOH (OPMBI f(xi, X2, X3) =
=x{— 6x,x—8x1x3+ 7x3+ 4xox; —5x2 n HallTH ee paHr.

B nanHoM ciyyae ay1=1, aia=ay=—3, aiz=a3 = —4, ay=7, aza=asz=2.
Q33 = —5, NoITOMY
I -3 —4
A= | —3 7 2
—4 2 -5

145



BhiuHc/iHM onpepenuTeNb 3TOH MaTpHUbI

1 -3 —4
detA= | —3 7 2] =—-354+24+24—112445—4=—58.
—4 2 —5

Tak kak det A0, To paHr MaTphubi pases Tpem (r=3). 3Ta KBagpaTHuHas
topma aBAseTCA HEBRIPOXAEHHOM, MOCKOALKY r=n.

11.2. Npeo6pasoBatue kBaaparnuon Gopmnl
npH JHHEeHHOM OHOPOAHOM NpeoGpa3oBaHHH
nepeMeHHbIX

Paccmotpum kBaspathuHylo ¢opmy (11.1). IlepeiineM K HOBHIM nepeMeH-
HBIM Y1, Y2, ... , Y= IO POPMy/IAM

xi=buyi+bizya+ ... +b1nYn,
xe=bay1+basyo+ ... + banyn, " (11.5)

Xn=bay1+bn2ys+ ... + bpnla,
WIH B MaTpUYHOM BHAE

X=BY, (11.6)
rae :

X b“ b|2 b],. Y
X= | %2| | B= [bn b .. buf y_ |42| . (11.7)

Xn bnl bn? bnn yn
B kBaapatuunoit ¢opme (11.1) BmecTO Xi, X2, ..., X, MOACTABHM HX BbipaxKeHHS
uepes Yi, Yo, ... , Ya, onpefensiemsie ¢opmyiamu (11.5), nonyunm KsagpaTHUHYIO
¢opMy @ (Y1, Y2, ..., Ya) n TeEpeMeHHHX c HekoTopoid maTpuued C. B atom cayuae
TOBOPAT, UTO KBaApaTH4Has (opMma f[(xi, X2, ..., X,) NePeBOAHTCA B KBaAPaTHYHYIO
dopMy @(y1, Yo, ..., Yn) JHHEHHBIM OXHOPOAHBLIM npeoGpa3soBanueM (11.5). JluHedtHoe

onHoponHoe mpeo6pa3oBaHue (11.6) Ha3biBaeTcs HeBHIPOXKAEHHBbIM, ecnH det B=£0.

HBe kBajgpaTHuHbie ¢OpMbl Ha3HBAIOTCH KOHTPYSHTHBIMH, €C/AH CYILECTBYET
HEBLIPOXKAEHHO JIHHefiHOe OfHOpoAHOe npeoGpa3oBaHHe, NEPeBOAsILEE OAHY (OpMY
B apyryw. Ecau f(xi, X2, ..., Xa) W @(y1, Y2, ..., Yn) KOHTPY3HTHH, To OyaeM nHcaTb
Fxi, X2, ooy X0) ~@(Y1, Yo, ... , Ya).

CBONCTBa KOHIPYIHTHOCTH KBAAPaTHUHLIX OpM.

1. f(x1, x2, ..., Xa) ~[(x1, X2, ... , Xu).

2. Ecan  f(x1, x2, ..., Xa) ~ @Y1, Y2, - . Yn),  @(Y1, Y2, ..., Yn) ~ W (21, 22, ..., 2a),
TO f(x,. X2, cor s Xp) ~‘l]J(Z|, 29,000y Zn).

Teopema 11.1. Keadparuunas dopma [(x, x2, ..., Xxx) ¢ marpuyed A aune-
HotM 00HOpOdnbIM npeobpasosanuem X=BY nepesodurca 8 ksadparuunyro gopmy
@ (Y1, Y2, ... . Yn) ¢ marpuyed C=B'AB.

CnesctBue 1. Onpedeiuresu marpuy KOHZPYIHTHOIX HEBLLPONCOCHHLLX
deticreuresbnbix K8aOPATU4HbLX POPM UMEIOT OOUHAKOBbLE 3HAKU.

CnenpcteHe 2. Kouzpysntnoie keadparudwoie Gopmbl uUmeroT OOUHAKOBbIE
paneu.
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11.3. Mpusenenve pelcTBUTENbHOH KBaapaTHuHO# Qopmbl
K HOpPMaJbHOMY BHAY

KsagpartHukiasa ¢opma [(xi, Xe, ..., Xs) Ha3BIBAa€TCA KAHOHHUYECKOH, €CJIH
OHA He COAEPIKUT NPOH3BeJeHHH PalNHYHBIX NEPEMEHHBIX, T. €.

[k, %o ) = ) ok’ (r<<n). (11.8)

i=1

Kaunonnueckasi kBaapaTHuHasi (opMa Ha3hHBAeTcs HOPMAJbHOM (MJIH HMeeT
HOpMaJbHBIA BHA), ecau |ail =1 (i=1,2,...,7), T. e. oTAHYHBE OT HYJAA KO3pdH-
LHeHTH NMPH KBajparax nepeMennnix paBHel -+ 1 win — 1. Hanpumep, KkBaapaTHuHas

2 2 2 .
dopma  f(xi, x2, X3, X4) =6x7+4x5—3x;, AAA KorOopoH o =6, axn=0, a;3=4,
a4 = —3, HMeeT KaHOHHYECKUH BHA; KBaapaTuunHas ¢opma f[(xi, Xz, X3, X4) =xf—
~x§+xf ABJAETCA HOPMaJIbHOM, TaK KaK an=1, ax =0, aszs=—1, ayu=1.

Teopema 11.2. Jliobas keadpariunasa (opMa HeKOTOPbIK HEBLIPONOEHHBLM
AuHedHbIM NPeobpasosanues MoxeT GoiTo npusedera K KAHOKUHECKOMY 8udy

QW Yz, o s Yo) =bugt+bosys+ ...+ banti?,

20e yi, Y, ..., Ya — HOBLIE NEpeMennble.

He](o’ropue U3 KOSCb HULHEHTOB bii MOryT OKa3aTbCA paBHbBIMH HYJI0; YHCJO
OTJHYHBIX OT HYJAsl KO3(GHIHEHTOB B 3TOffl ¢opmyJe paBHO paHry 7 MaTpHUb
KBaApaTHYHOU HOPMH .

Teopema 11.3. Jwbywo delicreuresbryo Keadparudnyio Gopmy Aunelnbim
HeBLIPONCAEHRLIM NPeobpa30sanuesm MONHO NPUBECTU K HOPMANGHOMY 8uCY

2, 2 2 2 2
P(z1, 22, .oy 20) =21+ 220+... + 21— 2k —... —2;.

YHcao BXOAALIHX CIOAA KBAAPAaTOB PAaBHO PAHTY (OPMBI.
11.4. 3akoH MHepUMH KBaApaTHYHbIX Gopm

3aKoH HHeplLHH KBaApaTHUHHIX (OPM BbipaxKaer

Teopema 11.4. Hucao noromurenrbHoix u 4UCAO OTPUYATEAbHBIX K8adparos
8 HOPMANbROM 8ule, K KOTOPOMY npusoduTCA OAHHAA OeliCTBUTeAbHAA KBAOpaTu4-
Has Popma HeaoIPONIEHHIM OeliCTEUTENbHUM AUHELHIM NPEeobPA308AKHUEM, He 3a8U-
cutr or svibopa npeobpasosanus.

YHCIO NONOXKHTEJNbHBIX KBaJpaToB B HOPMaJbHOH ¢opMe, K KOTOpOil MpHBO-
AHTCA Jansas HeflcTBHTEJbHAs KBaApaTHYHAs ¢opMa, Ha3bBAIOT MOJOXHTENbHHIM
HHIEKCOM HHEpPUHH 3TOH (OPMH, YHCIO OTPHIATEJNBHHIX KBaJpaTOB — OTPHLATENb-
HHM HMHAEKCOM HHEPUHH, Pa3HOCTb MEXAY MOJOXKHTEJIbHBIM H OTPHLATEJbHBIM
HHAEKCAMH HHEpLHH — cHrHarypoil ¢opmul f. Eci H3BecteH panr ¢opMH, TO 3ana-
HHe JI060ro H3 Tpex YKa3aHHHX Bbillle YHCEJ ONpelessieT ABa APYrHX.

Teopewmallb [dee deicrauresvnvie ksadparuunsie opmbl OT N NEPEMEHNHOIX
T020a U TOALKO TO20A KOHZPYIHTHOL, K020Q ORU UMEIOT OOUNAKOSbie paneu u 00u-
HAKOBble CUSHATYPSL. "

11.5. 3nakoonpeneaennvie KBaapaTHyiinie Gopmbl

IefictBuTenbnas KBaapaTuuHas dopma flxi, xz, ..., X,) HaselBaeTcsi NoJjo-
JKHTEJIbHO-ONPEAEIEHHOH, €CJH OHAa NPHBOAHTCA K HOPMAJbHOMY BHAY, COCTOSILLEMY
H3 N MOJOXHTEJNbHBIX KBAApPaToB: f(xi, X2, ... , Xa) ~ @ (Y1, Y2, ... , Yn), TAE

2 2 2
¢y, Y2, ., Ya) =y1+y2+ ...+ ya (11.9)
T. €. €CJIH PaHT H NOJOXHTEJbHHHA HWHIEKC HHEPIHH PABHBH YHCJY HEH3BECTHBIX.
CucTeMy 3HayeHHMH X, X2, ..., X, Ha30BeM HYNEBOH, €CIH Xj=Xxo=...=X,=0,
H HeHYJeBOH, ecjid XOTA Obl OfAHO M3 HHX OTJIHYHO OT HYJA.
Teopema 11.6. [Jedcrsuressnan xeadparuunas ¢opma [(xi, xa, ..., Xa)

8A1€TCAR nwtoa:cure/tbno-onpede/tenuod T020a U TORBKO 1‘080(1, Ko20a Ona npuHu-
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MAET NOACKHUTEAbHbIE 3HAYEHUS npu A1060L HeHnyre8Ol cucTeme 3Havenuld nepe-
MEHHBLX X1, X2, ... , Xn.

IMycrs npaHa kBagpaTHuHas ¢opma f(xi, x2, ..., Xs) ¢ marpuuedi A= (a;j).
I'naBHLIMM MHHODPAMH KBalpaTHYHOR ¢opMu [ HA3HIBAIOTCA MUHOPH

Q. a2 ... Qe an a2 ... Qin
an, G e Qz1 Q2 ... Qe | . 4n Q2 ... Q2n
ax  as
Akl Q2 ... Qre Qni Qn2 ... Qnn
T.e. MHHOpH mopsaka 1,2,..,n Marpuun A, pacnojo)eHHHe B JIeBOM BepXHeM
yray; NOCJAEeAHHH H3 HHX COBNajaer ¢ ONPENEJHTENEM MATPHIbL.
Teopema 11.7. Ksadparuunas gopma [ (xi, xs, ..., xn) ¢ Oeiicreuresbrod

Mmarpuyel A8AAETCA NOAOHKUTEAbLHO-OnPedeneHnol To2da u TOoAbKO TO20a, Ko2da Bce
ee 2Aa8HbIe MUKODbL NOAOHCUTEAbHBL.

JleficTBHTENIbHAS KBaADAaTHYHAs $OpPMA HA3biBAeTCA OTPHLATENbHO-ONpeAeNeHHOH,
€CJIH OHa SIBJIAIeTCS HEBLIPOXK/1€HHOH H MPHBOJHTCH K HOPMAJLHOMY BHJY, COAEPIKAIUEMY
TOJIbKO OTpHLATe/JbHHE KBaJAPaThl BCeX MepeMeHHBIX; 3Ty (OPMy MOXXHO NPHBECTH
K BHAY

QW1 Y2, oo s Yn) = — Y1 —Y2—... — Y& (11.10)

Teopema 11.8. Keadparuunan ¢opma ssaserca orpuyaressbro-onpedenen-
HOd TO20Q U TOALKO TO20a, K020a ee 2AA8HbIE MUMODPb. HETHO20 NOPAOKA NOAONCU-
TEAbHbI, @ HEHEeTHO20 — OTPUYATEAbHSL.

IMonoxuTenbHO-ONpeseJeHHbe H OTPHIATeNbHO-ONpeje/ieHHhle KBaApaTHYHHE
($hOpME HA3KBAIOTCHA 3HAKOONpEJeJEeHHBIMH KBAAPAaTHYHBIMH (HOpMaMH.

BhipoxaeHHble KBajpaTHUYHhe (GOPMbI, HODMadbHBIf BHJA KOTOPBIX COCTOHT
M3 KBaJApaToB OJHOTO 3HAKa, HA3bIBAIOT MOJyONpeeseHHbIMH.

HeonpeneneHHNMH Ha3LIBAIOTCA KBaApaTHUHbIE (HOPMBI, HOPMaJbHBI BHA KOTOPHIX
COMleDKHT KaK NOJOXKHTeNbHble, TAK H OTPHLATe/NbHbie KBaJApaThl MepeMeHHBIX.

MMpumep 11.2. [okasath, uro KBaapatHuHas ¢opma [(x|, x2, x3) =
=617+ 5x3 + Tx3— 4x1x2+4x,x3 NOJIOXKHTEJIbHO-ONpefeseHHas.

3anumwem marpuny A 31ofi kBaapaTHuHoii (POPMH H OnpeneaHTENb MATPHUB A:

6 —2 2 6 —2 2
A= | —2 5 0], detA= —2 5 0
2 0 7 2 07

6 —2

=26 u det A=162,

Tak Kak rJiaBHble MHHOPBI MaTpHUB ai =6, | 2 5

T. €. BCe MOJOXXHTEJbHBl, TO NaHHasA KBaApaTHuHasa ¢GopMa SIBJSETCS MOJNOXKHUTEJIbHO-
onpefeNeHHON.

11.6. MpuBenenne kBaaparHuHoi GopmMul
K KAHOHHYECKOMY BHAY OPTOrOHAJ/IbHbIM NPeoGpa3oBaHHEM

nepeMeHHbIX

Teopema 11.9. Ecau cywecresyer oprozonaabroe npeobpasosarue

¢ marpuyeii C, npusodsujee deiicTeureabryo k8adparuuryio ¢opmy [f=7f(x, xe, ... , Xn)
K KaHOHu4eckomy 8udy

@Y1, Yoo - » Yn) =Myi Aoz + ... 4+ Ay, (11.11)

7O A1, Mg, ..., An — xapakrepuctuueckue wucaa marpuyst A keadparuunod ¢opmet f.

Teopema 11.10. Jan awboid dedcreurenvnol Kkeadparudnol gopmol cyuye-
CT8YET OPTO20HAAbHOE npeobpasosanue, npusodaujee ee K KAHORUYECKOMY B8ulY.

Teopema 1l.11. Qaa aoboid Oelicreureavnoti cummerpuneckold marpuyot A
cywecteyer Taxaa oprozonarsias xarpuya T, uro T~ 'AT — duazorarsnas marpuya.
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CanepcrBue Jlio6as gefAicTBHTeNIbHAA CHMMETPHUECKasi MATPHIlA MOXeET GHTb
NpHBeJileHa K AHArOHaJbHOMY BHAY. ’

Teopewma 11.12. Ecau auneiinoe npeobpasosanue OeilcT6UTeAbHO20 auneli-
K020 NpOCTPAHCTBA umeer OeliCTBUTEAbRYIO CUMMETPUHECKYIO MATPULY 68 HEKOTOPOM
OpPTOHOPMUPOBARHOM 6a3uce, TO CYU,eCT8YeT OPTOHOPMUPOBanKbil 6asuc, cocroaujul
u3 CO6CT8EHHLIX 8EKTOPO8 ITO20 NnPpeobpa3’0eanus.

W3 3THX TeopeM cjelyeT NpaBHJIO HaXOXICHHS OPTOTOHAJLHOrC Npeo6Gpaso-
BaHHA, NPHBOJALIETr0 KBAaApPaTHUYHYIO (JOPMY n HEepeMEHHhX K KAHOHHYECKOMY BHIY.
3T0 NpaBHJO COCTOMT B cJenyiomem: 1) 3amucaTh MaTpHUy AAHHOH KBaApaTHYHOH
¢opMul, HaliTH ee coOGCTBEHHbIe 3HAYEHHS! H 7 MOMAPHO OPTOTOHAJIbHLIX COGCTBEHHBIX
BEKTOPOB, MPOHODMHPOBaTb HX; 2) COCTABHTb MAaTPHIY H3 OPTOHOPMHPOBAHHBIX
COOCTBEHHBIX BEKTOP-CTO/NGLOB; 3) 3amHcaTb HCKOMOE OPTOroHasibHOe npeoGpa3oBanHe
C MOMOIUBIO NOC]AeRHeH MaTpHIH.

Mpumep 11.3. Hafitu opToronanbHoe npeo6pasoBaHHe, NPHBOASALLEE K KaHO-
HHYECKOMY BHAY KBaJpaTHYHYIO ¢OpPMY ABYX MEePEMEHHBIX X, X2,

f(x1, x2) =5xF +4 /6x1x2 + 7x2.

TlocKoMbKY B AaHHOM caydae an=>5, @jp=as =2+/6, azx=7, 10 marpaua A
3TOA KBaApaTHYHOA (OPMH H ee xapaKrepHcTHueckoe ypaBaenHe det(A—AE) =0
3aMHIIYTCA TaK:

5 2+6 5—% 2-/6
A= , =0.
26 7 26 7—a|

XapaxTepucTiueckoe ypaBHenne (5—A)(7—A)—24=0, maun A’ —12A+11=0,
nMeer KopHH M =1, A;=11l, KoropHe SABJAIOTCA COGCTBEHHHIMH 3HaYEHHAMH
MaTpHun A.

HafineM co6GcrBeHHBIE BEKTOPH!, COOTBETCTBYIOLHE MOJYYEHHEIM COGCTBEHHBIM
aHayenusiMm. Koopaunate (s, ) 3THX BEKTOPOB ONpPEAENSIOTCS H3 CHCTEMbl ypaBHeHHH
(10.12), xoropass B ZaHHOM CJyyae HMeeT BHJ

' (5—A)s+2+/6t=0,
265+ (7T—Ar)t=0.
IMpu A=1, Aa=11 umeem xBe cHCTeMBI
4s4 2+/6t=0, —6s+2-/6t=0,
2+/6s+ 61=0, 2 /65 —4t=0.

H3 3tHx cHCTeM HaXOAHM COGCTBEHHBIE BEKTOPH & = (— (\/6/2)t, t), v={( (x/§/3)t, t),
rae ¢5<0. Tlonoxup ¢ = —2, t;=3, nonyunm u=(/6, —2), v=(+/6, 3). Hopmu-
POBaB STH BEKTOPH, 3amuilleM HX KOOPAHHATH B CTOJGLH, COCTaBMM Marpuuy B:

LR
Nt

C noMomibi0 MaTpHUB B 3aNHCHBAaeM HCKOMOE OPTOrOHaJAbHOE Npeo6pa3oBaHHe

3 2 1
xn—‘\/TyH-—\/?yz, xl=%(\/§y1+-\/§y2),
- 3 HIH i
Xo= _\\/Tyl_i.‘\/_-s—‘yz, X2=—_\/—_5_' (""‘/‘Q_yl"'_\/gy?)

3’1‘0 npeoﬁpasoBaHHe HPHBOILHT AaHHYIO KBaJpaTHYHYIO ¢)0pMy K KaHOHquCKOMy
BHAY @ (Y1, y2) =41+ L1y,

149



11.7. ¥Ynpomenne ypasHenmuii ¢uryp BTOpPOro nopsaka
HA MJOCKOCTH

(Dnrypoﬂ BTOpOro mnopsiika Ha MJIOCKOCTH Ha3biBa€TCA MHOXECTBO TOYEK
3TOH MJIOCKOCTH, J€KapTOBH KOOPAHHATLI KOTOPLIX YAOBJETBOPAIOT ypaBHEHHIO BTOpOﬁ
CTENCHH

a,|x2+2a|2xy+a22y"’+amx+azay+a33=0, (1112)
TAEe a1, Qi2, @22 ONHOBPEMEHHO B HYJb He ofpamiaiorci. OTMETHM, YTO 3TO MHOXKECTBO,
B YaCTHOCTH, MOXKET COCTOSITb H3 €XHHCTBEHHOH TOYKH WJIH OKa3aTbCs NMYCTbIM.
IMepsbie Tpu usneHa Jesoil yacti ypaBHeHusi (11.12) o6pasyior KBajzpaTHUYHYIO
¢bopmy IBYX NepeMeHHHX X| =X, Xz=y:
fx, y) =anx’+2a12xy + any® (11.13)
C CHMMeTpHUYecKo# MarpHuel

A=[ an “‘2] . : (11.14)

a1 Q22

To. reopeme 11.10 3Ty KBaapaTHuHyl0 ¢OPMY OPTOroHaJbHLIM ITpeoGpa3oBaHHeM
MOXXHO NPHBECTH K KAaHOHHYECKOMY BHAY

fo(e, ') =hax’® 4 hay” (11.15)
C MarpHue#d
C=[ M 0] , (11.16)
0 A

rae A, A» — XapaKTepHCTHYeCKHe uYHMcJa MarpHubl A, T.e. KOPHH XapaKTepHCTHue-
CKOro ypaBHEeHHs MaTpHun A:

an—A Ao

=0. 11.17
a azp—A ’ ( )

Tlpu 3ToM opTOoroHanbHoM npeoGpasoBaHud YypaBHewue (11.12) npumer Bun
M Aoy’ + @}y x 4 ahy’ +ay=0. (11.18)

310 ypaBHeHHE MOXXHO NPHBECTH K KaHOHHYECKOMY BHAY MyTeM BbiAeJNeHHSt B JIeBOH
4acTH NOJHHIX KBaApaToB.

durypy BTOpOro mnopsiaka, onpeaeisieMywo ypasreHueM (11.12), HasmBaloT
uenTpanbHoil, ecnn det A=£0, u HenentpasnbHoil, koraa det A=0.

OTMeTuM, YTO NPH OPTOrOHa"bHOM NMPeo6pPa30OBaHHH NePeMeHHLIX OpeleHTenDb
MaTpHUB KBaApaTH4YHOH ¢opMb He Mensercs, T. e. det C=det A. Tak kak det C=
=MA2 (cMm. (11.16)), To

Myctb ypaBnenne (11.18) onpemeaser uenrpaibHyio ¢urypy, T. e. det As:0.
3nech BO3MOXHB ABa caydas: 1) AA;>>0 (uucina A H Ay OAHOrO 3Haka), Qurypa
Ha3piBaeTcsi (GHrypoil 3MIHNTHYECKOrO ThNA; 2) AA2z<C0 (uucia A ¥ A2 UMEIOT pa3Hble
3HakH), purypa HasmBaerca Qurypoit runep6osuueckoro THIa. g

Ecan Aho550, To ypaBHenue (11.18), BhAeJHB B ero JeBOH 4acTH HOJIHBE
KBaJpaTkl, MOXHO MPHBECTH K BHAY

M —h) Ao (Y —ho) =g
MXE4 A Y=g, (11.20)

HAH

rae ‘
X=x"—hy, Y=y —h,. (11.21)
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®opmyam (11.21) BHpaxaloT 3aBHCHMOCTL MeXAy KOOpAUHaTaMH (x',y’) u (X, y)
NpH NapajiieJibHOM NepeHoce KOOPAHHATHBIX ocelt B Touky O, (hi, h2).

B cayyae AA;> 0 ypaBHeHue (11.20) NpMBOAHTCH K OAHOMY H3 KaHOHHYECKHX
BH10B

X?/a’4 Y2 b2 =1, (11.22)
X2/a?+ Y2 b2= —1, (11.23)
X2/a?+ ¥Y?/b? =0 (11.24)

B 3aBHCHMOCTH OT 3HaKoB A H ¢: 1) 41> 0, 2) A1g<<0, 3) ¢=0.

Ypasnenune (11.22) onpesensier sanunc, ypasneduio (11.23) He ynoB/IeTBOPSIOT
KOOpJAHHAThl HH OJHOA TOYKH MJOCKOCTH, ypaBHeHHIo (11.24) ynoBJieTBOPSIIOT KOOp-
AHHATH OAHOH TOukH (X=0, Y=0).

B cayyae AMAy <O ypaBHenne (11.20) nNpHBOAMTCH K OXHOMY H3 KAHOHHYECKHX

BHOOB
X2/a?— Y2 /b =1, (11.25)
X2/a?— Y /bt= —1, (11.26)
X*/a’— Y?/b?=0 (11.27)

B 3aBHCHMOCTH OT 3HakoB A H ¢: 1) Ai¢g> 0, 2) Aig<0, 3) ¢=0.

Ypasnenne (11.25) onpepensier runep6oay c peiictButenbHod ocbio 01X, ypas-
Heine (11.26) — runep6ony c aeiictButensHodf ocvio O:Y, ypaBHenne (11.27) —
napy mnepeceKaloUiHXCA NPAMRIX, TaK KaK OHO pacnalaeTci Ha J[Ba YypPaBHEHHS

X Y X Y b b
e =0, L4 - = Y= =— —X.
p 5 0, = + 5 0, uau aX,Y aX

OGpaTuMcsa K HELlEHTPaJbHLEIM QHrypaM, T. . K ciydaio, Koraa det A=0. B cuay
(11.19) u3 pasencrsa det A=0 caenyer, uto A A;=0. [locsenHee paBeHCTBO 03HauaerT,
4TO OZHO H3 YHces AAp paBHO HyJMi0 (06a YHCAA A, A2 B HyJlb OGDaTHTbCH HE MOryT,
TaK KaK 3T0O 03HauaJo 6w, YTo KBaJpaTuuHas ¢opma (11.15) siBisiercd BHPOKAEHHOH,

yero GbiTb He MOXKET, NMOCKOJBbKY af,+af2+a:ﬁe0), Ecau aj,#0, To ypaBHeHuWe
(11.18) MoxHO NpHBecTH K BHAY A (X —hi)2+4aj,y + g=0 u 3anucats Tak:

M (¥ —h1) = —ay (4 — ha). (11.28)

OcyuiecTBUM mapasienbinifi nmepeHoc pemepa (O), €], e;) Ha Bekrop 00,=
=h,e| + hee;, NOTyUUM HOBYIO CHCTeMy KoopauKat O, XY, npuuem X u Y onpenensiores
¢popmynamu (11.21). YpasHenue (11.28) npusenem K BuAy

X2=2pY. (11.29)

Ypapnenne (11.29) onpenensier napa6ony c oceio O,Y.
Ecau B ypasHenuu (11.18) aj,=0 (u A;=0), To, BbIEIHB HOJHbIA KBaapar,
€ro MOXHO 3amucaThb Tak:

M (' —hi)24q=0. (11.30)

OcyuiecTBHB Napa/mienbHuii nepexoc penepa (O, e, e;) Ha Bektop 00, =the;,

T. €. BLINOJHHUB Npeo6pasoBaHue X=x'—Hh;, Y=y’, NOJYYHM HOBYIO CHCTEMY KOOp-
aunat O0,XY, B xoTopoii ypasHedne (11.30) npuHHMaeT OfMH H3 BHAOB:

X?=a’, X’=—a? X*=0 (11.31)

B 3aBHCHMOCTH OT COOTHOLIEHHSI 3HaKOB 4Hcel M H ¢:Ag<<0, Mg>0, g=0.
Tleppoe u3 ypasuennit (11.31) onpesensier napy napajJjejibHbix OpsaMBIX X=ga,
X= —a, BTOPOMY ypaBHEHHIO He YJOBJETBOPAIOT KOOPAMHATHI HH ONHOH TOYKH
IVIOCKOCTH, TPeTbe ypaBHEHHe ompeje/sieT mMapy coBnaBiiuX npaMbix X=0, X=0.

Onepanust mepexoga or ypasuedus (11.12) k ypaBHenmio (11.18) Ha3biBaeTcs
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OTHeceHHeM OHTYPH K riaBHbIM ocaM. HoBhie OCH KOODAMHAT Hapa/felbHB OCSM

cUMMeTpUH GHrypH. I'1aBHEMHU HanpaBleHHsIMH ¢$urypn, 3anaHHoit ypasHennem (11.12),
Ha3nBalOT HalpaBJjleHHS OPTOroHaJbHHX COGCTBEHHBIX BEKTOPOB MAaTPHUH KBaiapa-

THYHO#A (OPMBI, COOTBETCTBYIOLLEA 3TOMY yPaBHEHHIO.

H3 Tteopem n. 11.6 caenyer, yTo cyuiecTByeT AeKapToBa NMPSIMOYroJbHas CHCTeMa
KOOpPAHMHAT, B KOTOpOii ypaBHeHue (11.12) npunuMaer KaHOHHYecKHH BHA. UTOGH
BBI6paTh 3Ty CHCTEMY KOOPAMHAT, HeOGXOAHMO CAe&IaTh Ciaepyioliee.

1. Hakitn oproroHasbHoe npeo6pa3oBaHHe, NPHBOASLIEE K KaHOHHUECKOMY
BHAY KBRAPAaTHYHYI0 (OPMY, COOTBETCTBYIOULYIO NAHHOMY YDaBHEHHIO.

C nomowbio 3TOro npeo6pa3oBaHHsi ONPEAENHTb TIJaBHbE HarnpableHHs!
GHryph, T. €. BEKTOPH €], €; — OPTOHOPMHPOBAHHbie COGCTBEHHHE BEKTOPH MaTpPHLb!
YKa3aHHOH KBaApaTHYHOH (POPMKI.

3. Haiitu ypaBuenue ¢purypu B penepe (O, e}, €;).

4. Buaeaars NOJIHHE KBaAPaTH B NOJy4eHHOM ypaBHEHHH.

5. CoBepwuTh nmapainebHulli nepenoc cucreMu (O, €], €;) Ha COOTBETCTBYIOIIKA
Bektop OO, H cocTaBHThL KaHOHHYeCKoe ypaBHeHne Gurypw B penepe (O, €], €3).

Mpumep 11.4. Kakyo nHHHIO Ha NJOCKOCTH ONpeaeisieT ypasHenue Sx’ +
+4 \bxy+ Tyt =22?

C noMolibio TeOpHH KBaiDaTHYHHX ¢(OpM NpHBEAEM 3TO ypPaBHEHHe K KaHO-
HuyecKoMy Buay. JleBas uyacTb ypaBHeHHS — KBajipaTHuHas ¢opMa f(x,y)=>5x"+
44 +/6xy+ 742, KOTOpPasi ¢ TOYHOCTbIO A0 OOO3HaueHHHA NepeMeHHHX (X)=X, Xo=y,
y=x', yz=y’) (eM. n. 11.6, npumep 11.3) mnpuBeneHa K KaHOHHYECKOMY BHAY
%, ¥) =x"+ 11y’2 NOCPEACTBOM  OPTOrOHANLHOIO H[peo6pa3oBaHHs X =

1 ’ ’ __ _ ’ ’
" (VBx' 4+ V2¢), y= (— V2x'+ 3y').

1o npec6pa3oBaHHe AaHHOe ypaBHeHHe TEPEBOAHT B ypaBHeHHe

5( - (Va¥+ va)?) + 43/6 (V3 + V2y') (— V20 + V3y') +

+ % (— V2x' + 3y')2=22, uan 2+ 11y?=22.

TMonyuenHoe ypaBHeHHe ONpeleNsieT LIHNC C MOAYOCAMH a= /22, b= 2.

11.8. ¥YnpoueHne ypaBHeHHAi (uryp BToporo nopsaka
B NPOCTPAHCTBE

L .
d’m‘ypoﬁ BTOpOro mopsiika B NMPOCTPAHCTBE HA3biBAE€TCA MHOXKECTBO TOYEK
MPOCTPaHCTBa, 1€KaPTOBbl KOOPAHHATH KOTOPBHIX YAOBJAETBOPAIOT ypaBHEHMIO

aux’+any2+a3322+2a|2xy+2a|3xz+2a23y2+aux—{—a-“y-{—a;“z—{-a“ =0, (l 132)

2 2 2 2 2 2
Thae a)+ay+a3;+aj,+ a3+ a550. -

CyMMa nepBhIX IIECTH Y/JEHOB JieBOH uyacTu ypaBHeHus (11.32) npencrasasier
co6oit KBaapaTHuHyl0 GOpMy Tpex mepeMeHHBX, X, Y, 2:

f(x, y, 2) = anx*+ azy® 4+ a2’ + 2125y + 2a13x2 + 2axyz (11.33)
C CHMMeTpPHYECKOH MaTpuueld

an Q12 Qs
A= | a2 a2 an|. (11.34)
a3 Q23 Qs

®urypa BTOpOro nopsiika HasniBaercsi UeHTpasibuof, ecnin det As=0, u He-
HeHTpanbHO#, ecau det A=0.
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C nomouibio OPTOrOHANBLHOrO Npeo6pa3oBaHus KBaLpaTHIHyl0 cpopuy (211 33)
MOXHO TMNpPHBeCTH K KaHOHHYecKoMy BHAy ¢(x',y’, z')—h.x’ + Aoy’ +Aaz rae

A1, A2, A3 — KOPHH XapaKTepHCTH4YeCcKoro ypaBHeHuss det(A—AE)=0. Mannua
KBaApaTHYHOH POPMH @=q(x’, y’, 2’) NpHHHMaeT BHA
M 0 O
C=10 %» O0]. (11.35)
0 0 2
YKkasaHHOe OpToroHaapHOoe Npeo6pasoBaHMe NpuBoAuT ypaBHeHHe (11.32) K BHAY
Mx A hoy? Rz a) X+ ahy +ah2 +al=0. (11.36)

Uentpanbhuie ¢purypu. Ecan det A0, To det C=»AA2h35%0, Tak Kak det A=
=det C. Bupenss nosHbie KBagpaTol B JEBOH 4acTH YpaBHEHHS (11.36), moxHo
NPHBECTH €r0 K BHILY

MXZ4 A Y2 A Z2 =p, (11.37)

rae X=x'—h,, Y=y —hs, Z=2"—h,.

IMockonibKy AiAgh35=0, TO HH OJHO M3 yHCeJl He PaBHO HyJIO, BCé 3TH uYHCIA
MOTyT HMeTb OAHMH 3HaK (A1A2A3>> 0) HJH TONBKO ABa H3 HHX OJHOrO 3HaKa.

1. Eciu Bce uncna A, Ag, A3 OAHOro 3Haka, To ypaBHeHHe (11.37) MoxHO
NPHBECTH K OAHOMY H3 CJEAYOLLHX KaHOHHUECKHX BHOB:

X2 /a4 Y /b2 4 2% /P =1, (11.38)
. X at 4 Y024 22/ cP=—1, (11.39)
X2/a?+ Y2 /b2 4 Z% /=0 (11.40)

B 3aBHCHMOCTH OT Aj H piAp> 0, Ajp<<0, p=0.

YpaBnenne (11.38) ompenensier saamuncons, ypasHenuio (11.39) ne ynosaerso-
PAIOT KOOPAHHATHI HH ORHOH TOYKH NMpoCTpaHCTBa, ypaBHeHuio (11.40) yxoBnerBo-
PSIIOT KOOPAHHATH €AHMHCTBEeHHON Toyku (X=0, Y=0, Z=0).

2. Tlycty 3Hak OQHOrO H3 STHX UYHCE] MPOTHBONOGJOXEH 3HAKy ABYX APYTHX:
NpPeAnoIoXuM, uTo AjAe> 0. ¥YpaBuenne (11.37) MOXKHO NPHBECTH K ONHOMY H3
KaHOHHYECKHX BHAOB

X2/a®+ Y2 /0% — 2% /P =1, (11.41)

X2/a?+ V2 /b2 —22/c? = —1, (11.42)
X /a4 Y? /b2 — 22/ c* =0 (11.43)

B 3aBHCHMOCTH OT A; H piAp> 0, Ajp<<0, p=0.
YpasHenns (11.41)—(11.43) onpeneasiOT COOTBETCTBEHHO OAHOMOJOCTHBIH
rHnep6oona, ABYNOJOCTHHI THNep6ONIOHA M KOHYC BTOPOro MOpsiAKa.
Heuentpanvusie ¢purypu. Eciu det A=0, unn AAA;=0, To oaHO HAM ABa H3
3THX YHCeJ PaBHbI HYJIO.
1. Mycts A3=0, a4, 50, Toraa ypasueure (11.36) mpuBOAHTCA K BHAY

MXZ42Y2 4 pZ =0. (11.44)
Ecan MAes> 0 u Mp<<0, TO HMeeM
X?/a®+ Y /b2 =2Z; (11.45)

B caydae MA:<<O0, Ap<<0 nmonyyaem
X?/a’—Y¥/b?=22Z. (11.46)

YpaBueunst (11.45) u (11.46) onpeleisloT COOTBETCTBEHHO 3JJIHMNTHYECKHA W THNEpP-
Gonuuecku#i napaGosoHabL.
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2. Tyctb A3==0 u aj,=0, Torna HMeeM ypaBHeHHe

MXT ALY 4 v=0,. (11.47)
KOoTOopoe NPHBOAHUTCA K OAHOMY H3 CJeAyIOLWHX KaHOHHYECKHX BHAOB:
X*/a’+ Y/ b2 =1, (11.48)
X2/a?+ Y2 /b2 = —1, (11.49)
X?/a?—Y?/b2=1, (11.50)
X?/a®— Y2 /b= —1, (11.51)
X/a®—Y*/b*=0. (11.52)

Ypasuenune (11.48) onpepensier 3JMMNTHYECKHH UWJIHHAD, Ka)KJA0e H3 ypaBHEHHH
(11.51), (11.50) — runepGoandyeckHi UHJAHHAD, ypaBHeHue (11.52) — napy nepe-
CeKaloWuxcs njaockocred; ypapHeHHIO (11.49) He yAOBJIeTBOPRIOT KOOPAHHAThl HH
OJHOH TOUKH.

3. Ecau As=XA3=0 u aj,+0, to ypasuenue (11.36) npusoaurcs k Buay MX>4
+uY =0 nru

X*=2pY (11.53)
H onpeaeJsier napaGoiHyecKHi NHJIHHAP.

4. Ecan A2=2A3=0 u ay,=0, 10 umeeM ypaBHenHe A X2+4v=0, KoTopoe mpH-
BOJHTCH K OJHOMY U3 KAHOHHYECKHX BHIOB

X2=a? X’=—a? X’=0. (11.54)
IlepBoe u3 ypaBHenuit (11.54) ompepnesnsier napy napamieJbHHX miaockocteil (X=a,
X= —a), Tperbe ypaBHeHHE — Napy COBNABLIMX MJIOCKOCTEH; BTOPOMY YpaBHEHHIO

HE YJOBJIETBOPSIIOT KOODAHHATH HH OAHOA TOYKH MPOCTPAHCTBA.

Mpumep 11.5. Kakylo nosepxnocts onpenensier ypasHenue 6x’+5y°+ 72—
—4xy+4xz2=18?

3to ypasuenue suaa (11.32), pas koroporo a;1=6, a»p=>5, an=7, ap=—2,
a;3=2, a»3=0, ay=axu=a=0, ayy=—18. Jlesas yacTb A2HHOrO YpaBHEHHH
ABAsieTcs KBajpaTHuHO#l dopmoit [(x, y, z) =6x% 45y’ + 72 —4xy+4xz Tpex nepe-
MEeHHBIX X, Y, 2 (x=1x, y=x2, 2=x3). CocraBHM MarpHuly A 3ToH KBajpaTHYHOH
¢$hOpMBl H XapaKTEepHCTHUECKOE ypaBHeHHe MaTpHUu A:

6 —2 217 6—2 =2 2
A=} —2 5 0], —2 5—A 0 ==0.
2 0 7 2 0 7—A

Xapakrepucruueckoe ypabHeHHe (6—1) (5—A) (7—A) —4(5—A) —4(7—A) =0,
HaH A3 —18A2499L —162=0 umeer KopuH A =3, Ay=6, A3=9 (Tak kak A’—
— 18324994 — 162=2% — 3A2— 15A2 4+ 454+ 54A — 162 = AZ(A — 3) — I5A(A—3) +-
4 54(A—3) = (A—3) (A2 — 150+ 54)). -

CaegoBate/bHO, KBagpaTHuHylo ¢opMy [(x, Y, 2) MOXHO NpPHBECTH K BHAY
o(X,Y,Z)=3X246Y2497% B wnoBux koopauHatax X, Y, Z pnauHOoe ypaBHenue
umeer Bug 3X24+6Y249Z2=18, nan

X6+ Y2/3422/2=1, )
OHO ONpejessieT THICOHL C NOAYocsME a= /6, b= /3, c= /2.



IF'maBsa 12

rPY bl

12.1. TonsTHe rpynnbl. OCHOBHbIE OnpeaeneHHs

Ipynnoi HasbiBaeTcss MHOXecTBO ( 31eMEHTOB a, b, ¢, ..., LISl KOTOPbIX
onpejeseHa onepauus (CA0XKEHHA HJIH YMHOXEHH:), KOTOPas KaXOH ynopsioueHHO#H
nape (a,b) snementoB ( CTaBHT B COOTBETCTBHE E€AHHCTBEHHBbIH 3JIEeMEHT ¢=aob
IaHHOr0 MHOXEeCTBA, MpHYeM onepauHs obJjajnaer clelylOWNWMH CBORCTBaMH:

1) onepauus accouHaTHBHa, T. €. AJA JiO6LIX a, b, c= G

ao(boc) = (aob)oc; (12.1)

2) B G cyuwecTByer HeATpaJbHbIi 3/]1eMEHT e TaKko#, YyTo AJA JIOGOro 3JeMeHTa
asG
aece=eoca=a; (12.2)
3) aas kaxporo snementa ae G cyuwlecTByeT oGpaTHblii eMy 3sjemeHT a”'
TaKo#, 4YTo

aoa"':e, a"oa:e, (12.3)

Ecau, kpome Toro, aas no6bix a, b & G BHINONHAETCHA YCJIOBHE
aob = boa, (12.4)

TO rpynna Has3blBaeTcsi KOMMYTaTHBHOH HJH abeneBoi rpynmnoi.

B ni06oit rpynne ueiTpasibHBIA 3JeMEHT onpegesed OAHO3HAYHO, AAS KaXAOro
3/71EMEHTA CYILeCTBYT €AHHCTBEHHbIH OGPATHBLIN 3JeMeHT.

I'pynna, cocrosiulasi M3 KOHEYHOrO 4YKCJA 3/1eMEHTOB, Ha3biBaeTcs KOHEYHOH.
Yscso sneMeHTOB Tpynribl Ha3biBAIOT ee MOpsiAKoM. ['pynna, He ABAAIOIANACH KOHEUHOH,
Ha3blBaeTcsi GecKOHeuHOH.

Ipynna Ha3biBaeTcsl aaAHTHBHOH WJIH FPYNNoO#t MO CJAOXKEHHIO, KOrAa rpynnoBasi
onepauHs, CTapsallasi B COOTBETCTBHE YNOPSNOYEHHOH mape 3jeMeHTOB (a, b) 3JeMeHT
c=aob, ABNAeTCA cjOKeHHeM. B 3TOM cjydae CHMBOJI Onepaulu o.3aMeHsieTcs
3HaKOM —+; c¢==a- b, HeHTpa/NbHbI# 3/M1€MEHT HA3bIBAIOT HyJeM H 0603HAYAIOT CHM-
BosioM 0; a4+ 0=0+4a=a. Dnementr, o6paTHblii K 371€MEHTY 4, Ha3bIBAIOT IPOTH-
BOMOJIOXKHbIM # o6o3Havyalor —a:a+ (—a)=(—a)+a=0.

[pynna Ha3biBaeTcsi MyJbTHIJIMKATHBHOH WJHM TpYNAoil MO YMHOXEHHIO, Koraa
TpyNnoBas onepaums, CTaBALLAS B COOTBETCTBHE yNoOpsAoueHHOH nape (a, b) aneMeHT
c=aob, ABaseTcA ymHOXKeHMeM. B maHHOM cayuae npoH3BeleHHe aob o6o3Hauaercs
a-b uan ab; nefiTpanbHbli 37€MEHT Ha3biBaeTcs eaHHHIed H 0603HauaeTcsl cCHMBQJIOM 1:
a-l=1.a=a.

[MpousseaeHHe n 31€MEHTOB, PaBHLIX Q, Ha3bIBAIOT 71-H CTeMeHbIO 3JeMeHTa a
1 o6o3Hauaot a”. OTpHuaTe bible CTENEHH JIEMEHTa @ MOXKHO ONPEReNHTb HIH Kak
sneMedTbl rpynnsi G, o6paTHbIE MOJMOKHTENbHBIM CTENEHSAM 3ITOTO 3NEMEHTa, HJH
KaK NpOH3BENeHHs COOTBETCTBYIOLIErO YHCJAA MHOXHTEJEH, PaBHBIX 3/MEMEHTy a~ .
OTH onpeneneHHs COBMAAAIOT, TaK KAK BEPHO PaBEHCTBO

(a") '=(a """ (n>0).

B so6oit rpynne G ans crelieHell Ka)<Oro 3/eMeHTa d NPH JAIOGLIX MOKa3aTenasx
m n n (NMONOKHTENbHLIX, OTPHILATEIbHBIX WM HYNEBbIX) BBIMOJHSIOTCSH DPaBeHCTBA

"om " nm

a'a =[l"'(l”=a”+m, (an) —=a
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Ecau onepauus B rpynne Ha3blBaeTcA CJAOXKEHHEM, TO BMECTO CTEMeHel ajieMeHTa a
TOBOPAT O KPAaTHBIX 3TOrO 5/1€MeHTa W MHWYT na.

B kaxnoifl MyJbTHIVIMKATHBHON rpymnme OLHO3HAYHO DA3PELIHMbl yDABHEHHS
ax=b, ya=~b, nepsoe H3 HUX HMeeT DelueHHe x=a  'b, Bropoe — y=ba~

Ecaun rpynna sasjasercs KOMMyTaTHBHOﬁ TO 3TH YpaBHEHHA He pas3jH4yalTCH,
OHH HMEIOT OJIMHAKOBLIE pelieHHs x=y=a~'b

12.2. MNpumepsl rpynn

1. MHO)KecTBO Bcex LEJbIX YHCeN ¢ onepanHel cl0XeHHs obpasyer afaH-
THBHYIO rpynny. JleficTBHTe/bHO, CyMMa @+ b ABYX LeJbIX YHCeJ @ H b TaKXKe AB/ISeTCH
ueabiM ydcaoM. B 3ToM cayyae roBOpST, YTO MHOXECTBO LeEJbIX YHCeN 3aMKHYTO
OTHOCHTEJIbHO onepauHy cnoxenns. CroxeHHe LeblX YAce KOMMYTaTHBHo: (a+b) 4
+c=a+ (b+4c). B naHHOM MHOXKeCTBe HMeeTCs HEHTPaNbHBIH 3JIeMeHT, T. . yucao 0
Takoe, uto a-0=a npu Ja060oM uUenOM uyucae a. Has Ka)KZOro 3/JemMeHTa Lesoro
4HC/aAa a CyUlecTBYeT OGDATHHIH 3JeMeHT (NPOTHBOMOJIOKHOE YHCJAO), T. €. Takoe
4yHca0 —a, uto a+ (—a)=0. PaCCManHBaeMaR rpynna siBjisiercss KOMMYTaTHUBHOM,
TaK Kak a-+b=b6+a.

Sameuanue |. MHOXecTBO Bcex IeablXx uhces He o6paayer rpynmy Mo
YMHOXEHHIO, TaK KaK oO6paTHble AJsl LelblX uHcesa (OTJIMUHBIX oT — 1 # |) He sBAS-
I0TCsl LeJbIMH uuciamMd. Hanpumep, ans uucna 2 obpatHoe yuciao 2~ ' He npuuan-
JIEXKHT MHOXECTBY LEJbIX UHCel.

2. MHoecTBO BCeX NEHCTBUTEJNbHBIX 4YHCEJ, OTJHYHBIX OT HYJSA, ¢ onepaudeR
YMHOXEHHSI ofpasyeT MYJbTHIVIHKAaTUBHYIO rpynny. 3Tta rpynma siB/AsieTcsi KOMMY-
TATHBHOH, TaK Kak ab=ba.

3ameuanune 2. MHOXeCTBO Bcex AefiCTBHTE/bHBIX YHCes He o6pasyeT rpynny
N0 YMHOXEHHIO, NMOCKOJbKY A1A uucia O Her o6paTHoro.

3. MHOXecTBO BCeX BEKTODOB TPexXMepHOro NpoCTpaHcTBa o6pasyeT rpymnmy o
CJIOXKEHHIO. Ta rpynna siBjsiercsi KOMMYTaTHBHOH (a4 b=b-u).

4. MHoxecTBO MaTpHl, pa3MepoB m Xn o6pa3yeT KOMMYTaTHBHYIO TFpynmy Mo
caoxenuwo (A+B=B+A). las matpHibl A o6paTHLIM 3/1€MEHTOM AIBJIAETCA MaTpHLa
(—A); HeHTpa/bHBIA 3JEMEHT — Hy/AeBasi MaTpuuna O,

5. MHOXeCTBO BceX HEBHIPOXKAEHHbIX KBAADATHHIX MaTpHU NOpALKa n o6pasyer
MYJbTHINIHKaTHBHYIO rpynmy. OTta Tpynna, KOTOPYIO HAa3hIBAOT MOJAHOH JHHeHHOH
rpynnoi, He sIBASieTCS: KOMMYTaTHBHOH (B o6wem cayuae AB==BA).

3ameuaHune 3. MHOXeCTBO Bcex KBaJpaTHbIX MaTPHL NMopsaka n He o6pa-
3yer rpynny no yMHOXXEHHIO, TaK KaK [/51 HEKOTOPbIX €ro 3/JeMEHTOB HeT 06paTHLIX
(BbIpOXIEHHAs] MATPHLLA He HMeeT OGPaTHOM).

6. MnyoxkecTBO BCeX HEBBIPOXMAEHHBIX JHHEHHBIX NpeoOpa3oBaHHil JHHEHHOro
NPOCTPAHCTBA O6pa3yer MYJAbTHIMIHKATHBHYIO TPYMY.

7. MHOXecTBO, cocTosllllee TOJbKO M3 ABYX uyHces + 1, —1, o6pasyer rpynny no
yMHOXeHHI0. JleficTBHTeNbHO, Kaxaoe H3 mpouspenenuit (+1)(—1)=—1, (+1)X
X(+1)=+1, (—=1)(—1)=+1 npHHaanexHT AAHHOMY MHOXECTBY. YMHOXeHHE
accounatiBHo. CyiuecTByeT eIMHHLA — YHCJIO -+ |, KOTOpoe YAOB/ETBOPSAET YCJOBHUIO
(=D (+1)=—1, (+1)(+1)=+41. das kaxaoro anemesra cyuiecTsyer o6par-
HbI: Ka)KJI0e UX 3THX ABYX UHCes COBMNAZaeT CO CBOUM OGPATHBIM.

3ameuanne 4. MuoxecTso, cocrosiiee U3 ABYX uHcen + 1, —1, He o6pa3syer
rpynmy no cJoxkeHHio, Tak kak cymma (+ 1)+ (—1) =0, a uncjo 0 He NPHHALIEKHT
JllaHHOMY MHOxecTBY. (B Takom ciydae roBopsiT, UTO 1aHHOE MHOXECTBO He SIBAAETCS
3aMKHYTbIM OTHOCHTEJIbHO ONEpauuH CJA0XKEHHA).

8. MuoxecTBO, cocTosillee H3 ‘oflHOro »3sjieMeHta 0, o6pasyer aJfiHTHBHYIO
rpynny. [He#crBurenbHo, 04-0=0, cymMma npHHaA/JeXHT [aHHOMY MHOXECTBY.
CBO#HCTBa ONMmepaumHH CJI0XKEHHS OYEBHIHBI.

9. MHOXKecTBO, cocTosillee U3 ORHOro sneMeHTa |, o6pasyer MyJbTHIJIMKATHBHYIO
rpynny.

I'pynna, o6pasoBaHHast OAHMM 3JIEMEHTOM, Ha3biBaeTcs eIHHHUHOMH.
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12.3. MMoarpynna

[Moarpynnoii rpynnsl G Ha3biBaeTcsi NOAMHOXECTBO /1 ee 3JeMEHTOB,
o6pasylolee rpynny OTHOCHTeNbHO omepaluH, onpegenenHoil B G. Uto6bl yGeaurbes
B TOM, u4To noamuoxectBo /1 rpynnbl (G sBAseTcs ee NOArpynno#, Heo6XOAHMO
NMpoBepHUTb, 4TO: |) mpou3BeneHHe (cymMma) JIOGHIX ABYX 3jeMeHTOB a, b H npuHan-
aexut H; 2) aas no6oro snementa a=H o6paTHblii 3MeMeHT NpHHaAnexuT .
dtoro GyleT AOCTATOYHO, TAK KAK aCCOLHATHBHLIN 3aKOH BHIMOJHSIETCS [Js1 JIOGbIX
Tpex jeMeHTOB (, B TOM uucie U AJ8 31eMeHTOB f/, a HeHTpanbHBbIfl 3J€MeHT e
(1 nan 0) 6yner npunaanexarb H (kak npoussefenve aa~' uaH cymma a-+ (—a)).

IlpuMeps! MOArpynn HeKOTOPLIX T'PYMIL.

I. MHoMecTBO Bcex JeHCTBHTeNbHbIX YHCeJ SBJASeTCsl ajJHTHBHOH TIpynmoi.

[Toarpynnamu agauTHBHOR rpynmbl BCeX [eHCTBHTENBHBIX YHCel SRBJASIOTCH,
B YACTHOCTH, caepyiouide: 1) afAuTHBHAsA TrPyNna pauHOHAJbHLIX 4HCel; 2) amdH-
THBHAs! FPYNNa uesblX yncesa; 3) aaqHTHBHAS IPynna LeJblX YHCes, KpaTHbIX YHCAY k,
HanpHMmep afJHTHBHAsA I'pynna uYeTHbIX UYHCes.

Fpynna ueablx 4yucesn sBASETCS] NOArPYNNO# rpynmbl pPalLlHOHAJbHBIX 4YHCe.

3ameuanune |. MHOXKECTBO HeyeTHbIX uHcesq He oGpasyer Ipymmy no cJjo-
JKEHHIO, TaK KaK CyMMa [BYX HeUeTHbiX YHces SiBJSeTCH YeTHbIM YHCJIOM (H He MpH-
HaMIeXKHT RAHHOMY MHOXECTBY).

II. MyabTHRAIHKATHBHARA TPYNna BceX AeHCTBHUTENbHBIX YHCEJ, OTIHUHLIX OT HYJS,
HMeeT, B 4aCTHOCTH, CJefylolLHe MOArpynnbl: 1) MyJbTHMIHKATHBHYIO TPYNMy Mo0JO-
JKHTENbHBIX NEHCTBHTEJIBHBLIX YHCeN; 2) MYJAbTHNJHKATHBHYIO IPYNNYy pauuoHaJbHbIX
uHCeJsl, OTVIMYHLIX OT Hyas; 3) MHOXeCTBO, coctosiulee W3 OBYX uucenr -+1, —1
¢ onepalHel yMHOMXEHHS.

3aMeuanne 2. MylbTHNIHKATHBHAS TPYNNa NOJOXHTEIbHbIX AeHCTBHTeNb-
HBIX YHCeJ He #BJSETCA MNOATPYNNO# aNAMTHBHOH TIpyNnbl BCeX JeACTBHTEJbHBIX
yHceJ, TaK KaK TpYNmoBble OMNEepallHH B paccMaTpHBaeMbiX MHOXECTBAaX — pasHble
(COOTBETCTBEHHO YMHOXEHHE, C/IOKeHHE).

[II. MyabTunnuMkaTHBHAa#A rpynna HeBbIDOXKAEHHbIX MaTpHL MOpsAJKa n HMeeT,
B YaCTHOCTH, OATPYNNbl: 1) rpynny opToroHabHbiX MAaTPHL; 2) rpynny AHAroHasbHbIX
MaTtpHu; 3) Trpynny MaTpHL C NOJOMKHTE/NbHbIM OMNpefendTesneM; 4) rpynny MarpHu
C onpeienuTe]eM, DaBHbIM eRMHHLE (3Ta TIpynna Ha3bIBaeTC YHHMOLYNSAPHOH).

[Tepeceuenne npyx noarpynn rpynnel G siBasiercs noarpynnoi B G. Hanpumep,
B aJ/lMTHBHOM IpyMne Le/abiX YHCeN nepeceyeHHe MOArpYyNbl YETHBIX YHCEN H MOArpYMNIIbl
yuceJs, KpaTHbIX TpeM, Gyner MOLFPYNNOH uYHces, KPATHbIX LIECTH.

Kaxpnaa rpynna siBasiercs cBoeit noarpynno#. [flasee, kaxpas rpynna HMeer
€MHHYHYIO MOATPYMMY, COCTOSILLYIO H3 OAHOrO HeHTPaNbHOro 3JjeMeHTa (eLHHMIIbI
WIH HyJas1). OTH ABe NOArpynnbl Ha3blBAOTCA HECOGCTBEHHBLIMH (HJH TPHBHAJbHBIMH)
nogrpynnamu. OcranbHble NOATPYNNBl HA3bLIBAIOTCA COGCTBEHHBIMH (HJIM HCTHHHBIMH)
noarpynnamu. B Jo6oit rpynne Bce noarpynnbl Kaxao#l rpynnbl sBASIOTCA B TO XKe
BpeMs MOArPynnamu HcXonHOH rpynmbl. Hanpumep, afiHTHBHAs rpynna UeJIbIX YHCEN
siBsieTcsl MOArPYNNOA afAMTHBHOH rpynnbl paUHOHAJbHBIX YHCEJ, KOTOpas B CBOIO
oyepeab €CTb NOATPYNNa anJUTHBHON rPynnbl BceX AeHCTBUTENbHBIX YHCEN; alAMTHB-
Hasl Ipynna LeablX YHcen — MOAFPYNnna ajAMTHBHOHK Fpymnbl BceX AEHCTBHTENbHBIX
qHceJl.

12.4. IN'pynnbl npeo6pa3oBaHHii.
Cummerpuueckasl rpynna n-i cCTeneHH

[1peoGpasoBannem MHOXecTBa X Ha3blBaercsi B3aHMHO OJHO3HAYHOE OTO-
6GpaxkeHHe 3TOro MHoxecTBa Ha cebsi. [IpeoGpasopanne mHOxecTBa X 0603Ha4yuM
6ykBoii P. OnpeneneHse npeo6GpasosanHus P MmHoxecTBa X o3Hauaer ciepylouiee:
MOGOMY 3j1eMeHTY X & X CTaBUTCA B COOTBETCTBHE €JHHCTBEHHbIH 3JeMeHT x' = Px
TOrO XK€ MHOXecTBa; x’ HasblBalOT 06pa3oM 3/eMeHTa X, a X — npoobpasom x'.
Kaxabiit anemedtT x' e X uMeer eMHCTBEHHbIH npoobpas xe X.

YMHOXeHHeM npeo6pa3oBaHHA Ha3blBaeTcs MOC/AELOBATEIbHOE HMX BhLIOJHEHHE.
[TpousBenenne asyx npeoGpaszoBanuii P, Q o6Go3Hayaercss QP (cmpaBa 3amHcaHo
TO npeoGpa3opaHue, KOTOPOE BHINOJHAETCA MERBLIM; MO onpeaeternuio (QP)x=Q(Px)).
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OueBnaHo, mpou3BeneHHe ABYX 11peoGpa3oBaHHi AAHHOTO MHOXECTBA fIBJSETCS Mmpe-
o6pasoBaHHeM 3TOro MHoXectBa. OTMeTHM, 4TO B O6lUeM cjayuyae YMHOXKEHHE He
fABJIAETCA KOMMYTQTHBHBIM, T. €. QP=4PQ. MoXHO I10Ka3aTh, Y10 HpOHM3BeleHHe
npeo6pa3oBaHHi MOAYHHSETCS ACCOUHATHBHOMY 3aKOHY. Poib elHHHUB NpPH YMHO-
JKeHHH mnpeoGpasoBaHHil BLINONHSAET TOXAECTBeHHOe npeoGpasoBanue E, crassulee
B COOTBETCTBHE KaXAOMY 3JIeMEHTY MHOXecTBa ero camoro. Jlns Kaxaoro mpe-
ofbpasoBanusi P cyuiecTByer ofpartHoe npeofpasosanue P!, KoTopoe KaxaoMmy
371eMeHTy x’ & X CTaBHT B COOTBETCTBHE ero eJHHCTBEHHbIH npoo6Gpas xe X, npHuem
PP~'=P~'P=E. CneioBaTe/JbHO, MHOXCCTBO npeo6pasoBaHuil P JAaHHOTO MHO-
xecrtBa X o6pasyer rpynmy.

Ecau MHOXecTBO X KOHEUHO H COCTOHT H3 1 3/JE€MEHTOB, TO BCEBO3MOXHble
B3aHMHO OJHO3HauHble OTOGPAaX€HHA 3TOr0 MHOXECTBA Ha ce6s Ha3plBAIOTCA MOA-
craHoBkaMH. T10ACTAHOBKY H3 fi 31€MEHTOB MOXCHO O0O3HAUYHThb 'TaK:

<1 2 3 r_z)
o oy &3 ... AnJ’

rae o, oz, ..., 0 — T€ XKe uydcaa 1,2, 3,...,n, ob6o3HayaoUHe NAHHbLIE 3JEMEHTbI
M 3anHMCaHHbie B APYroM NOpsaKe.
[Mpumepbl NOACTAHOBOK 1IpH n=>5:
5
5 )
3
5 )

1 2 3 4 5 |

31 5 2 4)° 1

1 2 3 45\ _ /2

345 2 1)\ 4
[TepBas noacraHoBka O3HauaeT TaKoe B3aHMHO OXHO3HAYHOE OTOGpaXKeHHe MHOXKECTBA
(1, 2, 3, 4, 5) Ha ce6s, npu Kotopom | nepexoaur B 3, 2— B 1 u T. 2. Bropas nop-
CTAHOBKA Ha3blBAeTCH TOMXAECTBEHHOH, KaXKALIM 3JIeMEHT COOTBeTCTBYeF caM ceGe.
PaBeHCTBO [ABYX ADPYrHX MNOLCTAHOBOK MOKa3biBacT, YTO pPacloJoXeHHe CTON6LOB
B 3amucy MOACTAHOBKH He Hrpaer poJH. [loACTaHOBKH, OT/IHUAIOLLHECA TOJNBKO MO-
PSLLKOM CJ1eAOBAHHA CTOJGLOB, He CYHTAIOTCA Pa3JHUHbLIMH.

YMHOXEHHEM MOACTAHOBOK Ha3blBAIOT NMOC/IeA0BATeIbHOE HX BhINOJIHEHHe (CHavasna

NPaBOro COMHOMXMHTEJS], 3aTeM JEeBOro). YMHOMKeHHe NMOACTAHOBOK ACCOLHMATHBHO, HO
He KOMMyTaTHBHO. Hanpumep, ecan

1 2 3 4 12
P=<2413>’Q=<23

r-(1238) ()2 31 ravar

EllHHHU,ei:l NpH YMHOXX€HHH MOACTAHOBOK H3 N 3/J€MEHTOB CJIYXKHT TOXXAECTBEHHas

NOACTaHOBKA
1 2 3...n
1 2 3...n)"°

Ka)xaasi moACTaHOBKA H3 1 3/J€MeHTOB HMeeT 06paTHYyIo:

1 2 3 ..n -'__ o Oy O3 ... %y

@ Q2 O3 ... Qn 1 2 3 .. n )"
Yro6bl 10J4YuHTh MOACTAHOBKY, OGPAaTHYIO AaHHOH, HEOGXOAHMO MOMEHATb MecTaMH
CTPOKH. )

MHOXKeCTBO MOACTAHOBOK H3 /i 3/1EMEHTOB OTHOCHTE/IbHO BBEIEHHOH onepauHu

yMHOXKeHHs1 o6pasyer rpynny. 'pynna noacTaHOBOK M3 7 3/1eMEHTOB HAa3blBaercs
CHMMeTpHUecKO# rpymnoit n-#i cremeiu M obGosnadaercd S,.. Uuncno noacraHoBok

M3 n 37eMeHTOB paBHO n!, mosToMy rpynna S, umeer nopsanox nl.
PaccMOTpHM rpynny MOACTaHOBOK H3 Tpex 3jeMeHToB a, b, ¢. [Tockoabky u3 Tpex

- NN

3
3
4
2

—_—n B

w

TO
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3J1eMEHTOB MOXHO COCTaBHTb LIECTb Pa3JIHUHbIX MepecTaHoBOK abce, ach, bac, bcea, cab,
cba, TO H YHCAO PAVIHUHBIX MOJACTAHOBOK AJIAl HUX paBHO wecTH (n=3, 3t=1-2-3=0).
O603Ha4yHuM 3TH NOACTAHOBKH CJERYIOILHM 06pa3oM:

a b ¢ a b ¢ a b ¢
P'_<a b c)' PQ:(a ¢ b)‘ Ps:(c b a)'
c a b ¢ a b ¢
P*=< c)' P"’:( b ¢ a)' P6-< c a b)'

OtMeTuM, 4T0 Pi — TOXK/IECTBEHHAsi MOACTAHOBKA; /S KaXKAOH IMOACTaHOBKH
cylectByer o6parHas:

Pr'=Py, Py =Py, Py =Py, P =Py, Py '=Ps, Py '=Ps.

o R
Qo

Ipynna S; (cuMMerpHueckas rpynna moACTaHOBOK H3 3 3JEMEHTOB) HEKOMMYTa-
THBHA, NOCKOJbKY, Hanpumep, PPs= Py, PsPy=P;, 1. e. PyPs5-PsP,.

Ta6auuwa 12.1

P; P, P, Py Py Ps Ps
Py Py P Py P,y Ps Ps
P, P, P, Ps Ps Py P,
Py P P P, Py Py P
P4 Py Ps Ps P, Py Py
Ps Ps Py P, Py Ps P,
Py Py Py Py P Py Ps

Fpynny S; MOXHO npeacTaBHTb cJjeaylolled TabJHMUCH YMHOMEHHS, B KOTOPUH
c/eBa CTOSIT JieBble MHOXHTEAH P, cBepxy — mpaBbie P;, a Ha nepeceyeHHH COOT-
BETCTBYIOWMX CTPOKH H cTONGUa — HX NpoHu3BedeHHe. TabJHLbl TAKOrO POAa@ HA3LIBAIOT
tabanuamn Kanu (taba. 12.1).

12.5. I'pynna BpauleHHit NPaBHJAbHOr0O MHOTOYroJibHHMKa.
Linxkauueckue rpynnsl. Fpynna cummerpHi
NPaBHJIbLHOIO TPeyroJdbHHKa

Mycrb nan npasuabublit n-yroabHuk AjAs ... A, ¢ ueHTpom B Touke O
(pHc. 12.1, n==6). PaccMOTPHUM BCEBO3MOXKHbIE OBOPOTH MJIOCKOCTH BOKPYF TO4KH O,
pPH KOTOPBIX 3TOT MPaBWJbHBIH r-yrolbHHK cOBMellaeTcss caM ¢ co6oi. Takux
n0BOpPoOTOB 6yaer n:ay — MOBOPOT Ha yroJ ¢o=0 (ToXKAecTBeHHOE npeo6pa3oBaHue),;
a) — noBopoT Ha yroa ¢ =2n/n, a; — NOBOPOT Ha yroa @o= (2n/n)2, ..., Qa1 —
NOBOPOT Ha yron @a.—i= (2m/n)(n—1). [on ym- A, As
HOXXeHHeM TNOBOPOTOB OyAeM fIOHMMATH NOC/eno-
BaTeJbHOE HX BLINOJNHEHHE: QroQ;=ax41, MPHUEM
Gp4.=a; npu mobom k (k=0,1,2, ..., n), B HacT-
HOCTH Qn==do. YMHOXeHHe NOBODOTOB $iBJAAETCH
aCCOUMATUBHBIM (M KOMMYTaTHBHbIM). MHoXecTBO
yKasaHHbIX MOBOPOTOB MPaBHILHOrO MHOTOYrOJb- A
HUKa o6pa3yeT Tpynny Mo YMHOXEHHIO, poib €lH-
HULLLlI MrpaeT TOXAECTBEHHOe npeoGpasoBaHHe —
noBopoT @,. [isi KaXAoro 3JeMeHTa a4, CYILecT-

ByeT 06paTHBIl 3JeMeHT a;'=a.,—+(k=0,1,2, ..
., n — 1), TaK KaK QpoQn—k = Ap=0au, T. €. bs e As
Qpoly . =y, TAE Qu— €IHHHUHDIR 3JIeMEHT. Puc. 12.1
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3 —1
TMosoxuM a;=a, Toria as=a’, az=a’, ...,a._1=a""', a,=a"=ap. B 3TOM

cjyyae TFOBODPAT, 4TO rpynna o6pa3oBaHa CTENEHAMH OJHOTO H3 CBOHX 3/€MEHTOB
(WIH UYTO OHA NOPOXKJAAETCA OJHHM = HX CBOHX 3JIEMEHTOB); TAaKHM 3JEMEHTOM
3ech SIBISETCS 3JEeMEHT a=a;. [ pynnbl, 06pa30BaHHbie CTENEHSAMH OJHOIO H3 CBOHX
3/1EMEHTOB, Ha3bIBAIOTCA UMKJIHMUECKUMH. TakHM o6pa3om, rpynna BpalleHHit Mnpa-
BHJBHOrO n-YroJIbHAKA sIBJisieTCA LMKJHYECKOd rpynnoi nopsiaka n, sTa rpynna
o6osuauaercst C,. OTMeTHM, 4TO aAAWTHUBHasA Tpyn-
Na ueJblX uucesl Takxke OyHeT LHKIHYECKOH, OHa
NOPOXKI4eTCsl OLHUM H3 CBOHX 3JeMeHTOB — YH-
ciom 1: 2=1+41, 3=(14+1)4+1 u T.a Ora
rpynna siBisieTc GeCKOHeYHOH WHMKJAHYECKOH rpyf-
noi, ee o6o3nauaET C .

[lycTb nak mnpaBuIbHLIA Tpeyrdibhuk ABC
¢ ueHrpom B Touke O (puc. 12.2). Paccmorpum
BCce CHMMeTpHMM J[aHHOA ¢urypel,, T.e. Te 1npeol-
pa3oBaHHsl MJOCKOCTH, MPH KOTOPLIX 3TOT Tpe-
VrOJbHHK NepexoAdT B cebsi (WIH camocoBmella-
ercsi). K HHUM oOTHOcATCA: TPH MOBOPOTA @y, 1, @2
IIOCKOCTH BOKPYr Toukd (O COOTBETCTBEHHO Ha
12.2 yrawn 0, 2n/3, 4n/3 (4acTHbA cayuyait paccMmor-

PEHHBIX Bbille BpalleHHH NPaBHABHOrO n-yroJlbHHU-

Puc.

Ka NpH n=3); TPH OCEBLIX CHMMETPHH @3, @4, @s,
onpesesisieMbIX COOTBETCTBEHHO OCSIMH CHMMeETPHH [, m, n, NPOXOASIILUMH yepes
BEpIIUHY MNPaBUAbHOTO TPEyroJibHHKAa H CePeiHHY €ro NPOTHBOMONOXHOH CTOPOHBI
(cm. puc. 12.2).

Bynem xapakrepH3oBaTb KaX/[0e CaMOCOBMelleHHE ¢ NOACTAHOBKOH Ha MHO-
)KectBe BepwuH A, B, C npaBHIBHOTO TpeyrosbHHKA

A B C
a; @2 a3 ’
rae ai, a2, @3 — Te ke 6ykBbl A, B, C, B3AThie B HekoTopoM mnopsagke. [Ipunsroe

HaMH COOTBETCTBHE MEXAY CaMOCOBMEUIEHHSAMH TpPEYroJibHHKaA H [MOACTaHOBKaMH
MHOXECTBa €ro BEpLIHH AaeT

/A BC _ABC)_ABC
(P"_(A B c)""‘T<B c A """’“(c;x B)’

(A B C /A BC (A BC
‘”‘(A CB)"P"“(CBA>""*”'(BA c)’

MHOXeCTBO CaMOCOBMEILLEHHH Po, 1, P2, @3, (4, ¢5 0OpasyeT rpyniy OTHOCH-
TEAbHO YMHOXEHHS (NOC/ef0BaTe/ibHOTO BbLINOJHEHHA IBYX camocoBMelneHuH). Pouab
€[MHHLBl MTPaeT TOXAECTBEHHOE npeoGpa3oBaHHe, KaAbIH 3M€MEHT AAHHOrO MHO-
KecTBa nMeer o6paTHbIil. OTa rpynna Ha3bBaeTcs rPyNnol CHMMETPHil TPeyroJbHHKA.

12.6. U3omopduam rpynn

Ipynnbl G, n Gy Ha3bIBAIOTCA H30OMOP(HLIM, €CAH MEXIY HX 3JE€MEHTaMH
MOXHO YCTAHOBHTb B3aHMHO OJHO3HAYHOE COOTBETCTBHE, COXpaHsiolLlee TPyNNOBYIO
onepaunuio, T. €. Takoe, 4to ecau X, Y10, Xy, Yo=Gs B X1 > X2, Y <> Y, TO
X10Y1 > X20Yg.

CumMmerpuyeckass rpynna Ss Tpex 3JeMeHTOB a, b, ¢ H rpymlii CHMMeTpHH
NpaBHIbHOIO TpeyrojbHHka ¢ BepmnHamH A, B, C u3omopdHb. ITH rpymnsl or-
JIHYAIOTCA TONBKO O0GO3HaYeHHSIMH 3JIEMEHTOB H Ha3BaHMSAMH COOTBETCTBYIOLLHX
npeo6pasoBaHuii. LlHKJHYyeckass rpynna nopsiika n H3oMopdHa rpynne BpauieHHH
NPaBHJIBHOrO n-yroJbHHKA; GeCKOHeyHasi UHMKJIHYecKasa rpynna H3omMopdHa annH-
THBHOM T'pyNne UeJbiX YHCe.

Ecan f— usomopdHoe orobpamenue rpynmel G; Ha Gi TO f(e) =ey rie
€|, €y — eIHHHYHbIe 3JeMeHThl rpynn G, H G COOTBETCTBEHHO, H AJfA J1060ro
xneG, flx )= (F(x)) =" .
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12.7. Pa3noxenne rpynnel no noarpynne

IMycrs nana rpynna G H Hekoropasi ee noarpynna H. ®uxcupoBas
mo6oit 3neMenT x& (G, PacCMOTPHM MHOXECTBO 3JE€MEHTOB xoh, rae h — Jo6Goi
ajieMedT H. 3TO0 MHOXeCTBO xoff Ha3biBAeTCA JIEBHIM CMEXHBIM KJIaCcCOM TPYNMbi
G no noarpynme H, NoOpoXAeHHHIM 3neMeHTOM x. JIBa MOGHIX CMEXHBIX KJjacca
rpyni G no noarpynne H WM COBNajaioT, WIM He HMMEIOT HH OKHOro o6ulero
3JIeMEHTa. .

Bes rpynna G pacnapaercs Ha HemepeceKalouiHecsi JieBbie CMeXHble KAacchl
no noarpynne H. 39To pa3sjioxeHHe Ha3biBaeTcsi JEBOCTOPOHHHM Pa3jioKeHHEM
rpynnel G no noarpynne /. OyeBHAHO, OQHHM H3 JIEBHIX CMEXHBIX KJaCCOB 3TOro
pasjoxenns Gyiler cama noarpynna H, 3TOT CMEXHBIH KJIacCc NOPOXKAAETCs 3Je-
MEHTOM e (HJIH JIOGBIM 3JeMEHTOM he& H, MocKoabKy hoH =H).

AHanornyHo BBOAHTCH MOHATHE NMPaBOrO CMEXHOro Kiacca rpynnsl G 1o mog-
rpynne H, NOpOXZEHHOro 3J€MEHTOM X; 3TO MHOXecTBO Hox, T. e. MHOXECTBO Bcex
3/1EMEHTOB BHAA hox, riae x — (GHKCHPOBAHHMIA 3JeMeHT G, h — /0GOH 3neMeHT
u3 fI. AHaJOrHYHHIM 06pa3oM MOJNyYaeTcsi NPaBOCTOPOHHEE pPas/oKeHHe TIPYNnbl
G no moarpynne H. Ecan rpynna G a6eneBa, To 06a ee pasjioXenHsi Mo J060#H
noarpynne (JeBOCTOPOHHee H MPaBOCTOPOHHee) COBMajaloT. B 3ToM cayuae roeo-
PAT NPOCTO O pa3jioXKeHHH rpynnbl no noarpynne. [lpusenem npumep Takoro
pa3noxeHHus.

ITycte G — apnuTHBHAas rpymna ueablx 4yucel H fH — ee moarpymma, cocro-
silllasi H3 BCEX uHCeJ, KpaTHbIX k. Pa3o6bem rpynny G Ha KJaacchl, OTHOCA K OXHOMY
KJaccy BCe Te YHCJAA, KOTOpHie MPH JeJeHHH Ha & [Nal0T OAHHAKOBBIE OCTATKH.
PasnoxeHue naHuoff rpynnel G no ykasaHHofi moarpymne H cocToHT M3 k pa3-
JMYHBIX CMEXHBIX KJIacCOB, MOPOXAAeMbIX COOTBETCTBEeHHO uHcaamu 0, 1, 2, ..
.., k—1. B xnacce, nopoxaaemoM uHciaoM I, rae O<<Ii<<k—1, cobpanb Bce Te
4HcNa, KOTOpble NMPH JeJeHHH Ha YHCIOo k JaioT octaTtok [

[TonyuesHoe pa3soxeHHe IDYNNb LEIbBIX YHCEN MO MOArPYyNNe UYKCeN, KpaTHbIX
k, IpH k=23 MOXHO NMPEeACTaBHTb CJelyIOLIHM O6pa3oM: :

H. —9—6-3036 9 ..
1+H ... —8 —5 —2 14710 ..
24H ... —7 —4 —1 25811

3ameyanue B HeKOMMYTaTHBHOHl rpynne JeBOCTOPDOHHee H NPaBOCTOPOH-
Hee pa3JioXKeHHsl MOTYT OKa3aTbCsl pasiuyHbiMH. OGpaTHMCSl K CHMMeTPHUYECKOH
rpynne Sa(cm. n. 12.4). M3 ta6aunn Kanu aasi 3Tod rpynnbl BUAHO, YTO MHOXECTBO
snemenToB P;, P, ofpasyer noarpynny, o6o3Hauum ee B= {P,, P;}. JleBocTOpOH-
Hee pasJoXKeHHe rpynns S; no noarpymne B cocrour H3 kiaaccoB B, PsB=P,B=
= {Ps, Ps}, PsB=PsB= {Ps;, Ps )}, a npaBocTopoHHee — H3 KnaccoB B, BPs=
=BPy={Ps, Ps}, BPs=BP3={P3, Ps}, T.e. 3TH pa3jioXeHHsl Pa3JHYHBL
OTMeTHM, YTO JIeBOCTOPOHHEE M [PABOCTOPOHHEE Pa3JIOKeHHS 3TOH Tpynnu Mo ee
noarpynne tperbero nopsinka A= { Py, Ps, Pg} coBnanaior; Kaxjaoe H3 HHX COCTOHT
U3 ABYX KiaaccoB: A= {P,, Ps, Ps}, AP;=PsA= { Py, P3, P}

Teopema 12.1 {Jlarpauxka). [Topadok nodzpynnei Kowe4rod zpynnot A6A5-
ercsa Oeaurenem nopsadka epynnet.

CnencrBue 1. [lopadok 106020 IneMenTA KOHEHHOU 2pynnbl ABAAETCA
deaurenem nopadka epynnet.

CanepctBue 2. Bcakasa xoneunas epynna, nopsadok KOTOpou eCTe npocroe
HUCAO, ABAALTCA YUKAUHECKOLL.

12.8. HopmaabHbiil peauTedb

Moarpynna H rpynnu G Ha3biBaeTcss HOPMaJbHBIM AeJMTesieM 3TOH
rpynnsl (MJAH HHBApHAHTHOH NOATrPYNMNoi), ecaH JIeBOCTOPOHHHE H IPABOCTOPOHHHE
pas3ioXKeHHs 3TOH IPYNNB MO YKa3aHHOH MOArpynne COBNAaAaloT.

W3 onpegenenns caepyer, uro Jio6ast MOArpynna KOMMYTAaTHBHOH TpYIIbl
AiBJsIETCA B Hel HOPMaJbHbIM jenuteneM. [anee, B mio6oii rpynne G cama rpynna
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H ee elHHHYHAA MOArpynna GyAyT HOPMaJbHBIMH AEJMTEJNAIMH: Pa3JOXKEHHE [PYNIbl
G no camofi 3Toff rpynme COCTOMT M3 OAHOro 3jeMeHta G, Pa3JOKEHHS TPYNNb
G no eAHHHYHON NOArpynne CcOBNAZalOT C Pa3/JOXKEHHEM TpyNNnb Ha OTAe/bHbE
anemenTH. [IpuBeseM mnpuMepH HOPMAJNbHHX [HeJHTENEH B HEKOMMYTATHBHbBIX
rpynnax.

1. B cumMmerpuueckot rpynme S;(cm.n. 12.4) noarpynna H={P,, Ps, Ps}
SIBJISIETCAA HOPMANbHHIM JleJIHTE/IEM, TaK KaK JIEBOCTOPOHHEE H MPaBOCTOPOHHee pas-
JIOXXEHHSI COBMANalOT, OHH COCTOAT M3 JBYX KaaccoB: H={P,, Ps, Ps}), HPy=
=PyH= (Py, P3, P,}.

2. B MynbTHIVIHKaTHBHOH TpylNe HEBLIPOXAEHHHX KBaApaTHHX MaTPHL M0-
PsAKa n MOATPYNNa MaTpHLU C ONPEAE/HTE]eM, DABHEIM eIHHHLUE, GYIeT HOPMATbHLIM
HeauteneM. leHCTBHTENbHO, JeBhlii M NPaBHil CMEXKHbE KIaccHl MO 3TOM LOArpynne,
nopoxkaaemnle Matpuueii M, coBmajaloT ¢ KJaccOM BCeX MaTpHIl, ONpeaejnTelb
KOTOpHIX paBeH onpeieHTeNio MaTpuubl M (KaK H3BECTHO, onpeaeuTe]b [POH3-
Be/ICHHA ABYX MAaTpHU paBeH NpPOH3BedEeHHIO OnpeleNHTe]edl 3THX MaTpHL).

MoXHO AaThb H ApYyrHe oOnpeAejeHHs HOPMAJbHOTO AENHTENs, DPaBHOCHJbHbIE
HcxoaHoMy. IlpuseneM OQHO M3 HEX.

IMoarpynna H rpynnet G Ha3nBaercsi HOPMaJbHbLIM LeauTeNeM 3Tol rpynnml,
ecad xol =Hox pas mwo6oro x& G, T.e. aasn awboro x&G u sneMeHta heH
cylLecTByIOT b, hye= H Takue, 4To xoh=h|ox, hox = xoh,.

12.9. Knaccol conpsiKeHHbIX 3J1eMEHTOB

dneMeHTHl @ H b rpynonl G Ha3bIBalOT conpsixeHHbIMH, ecin B G cy-
HIeCTBYET XOTA Gbl OJHH TaKOH 3JEeMEeHT X, YTo

b=x""ax. (12.5)

B 3ToM cayuae roBopAT, 4TO 3jeMeHT b moaydyaercsi W3 3JeMeHTAa a TpaHcdopMH-
poBaHHeM c MoMolLbIO 3jJeMeHTa x. 3 paBencrBa (12.5) Haxoaum

=xbx'=(x"" " ox!,

T. €. 3JIeMEHT a NPH 3TOM MoJyyaercsi H3 3nemeHTa b TpaHchOpMHpOBaHHEM 3Jie-
meHTa x .

Teopema 12.2. Modepynna H epynnet G T020a u TorbKo TO20a Gyder
HopmarsHoim Oeautesem 8 G, ecau emecre ¢ a06oim ceoum 3sementom h ona
codepacur 8ce 3nementol, conpsscernoie ¢ Hum 8 G.

3ameuanue Hopmanbubit AeauTeNb Ha3blBAIOT TaKXKe HHBAPHAHTHOH
noarpynnoit. M3 reopembnl 12.2 caenyer npoucxoxienue 3toro Haspanusi. Ecan
H — HopMmanbHH# AenuTenb rpynnel G, TOo TpaHcpopMHUpOBaHHe JI0GOro 3/eMeHTa
noarpynnbl f ¢ moMouibio 3JemeHTa rpynnbl G AaeT CHOBa 3JeMEHT MOArPYMIibl
H (noarpynna H ocTaercsi Heu3MeHsieMOM [0 OTHOLIEHHIO K onepainkH TpaHcdop-
MHPOBaHHSA 3JieMeHTOB f1). N

Teopema 123. ITepeceuenue 08yx nopmasbroix OeauTeaeld epynnvt A8A4-
eTCSA HOPMAAbHbIM OeauTenrem 3TOL epynnot.

12.10. daxrop-rpynna

®dakrop-rpynnoii rpynnst G no HopMabHOMY Aeanrenio Fl HasmBaetrcst

rpynmna BceX CMEeXKHbIX KjaccoB 3Toi rpynnsl (i 1o noarpynne H.

Takum o6pa3oM, ¢ rpynnoii G MOXHO CBA3aTb HEKOTOPLIA HAGOp HOBHIX
rpynin — ee (GakTop-rpynn no pasiHyHbLIM HOPMAJLHLIM JIEJNHTEIAM.

OrMeruM, uto dakrop-rpynma abeneBoil rpynust sipasiercsi abeaesoii, daxrop-
rpynna -UHKJIHYeCKOH TPynnbl.— HUKIHUECKOH rpyrmiofi.

lpumepoi dakrop-rpynn. 1. [lyerb G -— a;UIHTHBHAA TPYNNA HEABIX  UHCe,
H— MOArpynna YHces, /1CIALMXCH Ha 3. Haiiaem ¢akrop-rpynny G/H. 'pynnosoii
onepauueil B JaHHOM CJydae FBIMCTCH camkehne. MHCA0 CMEXHBIX  KIaccos
paBHO TpeM (cM. npuMep B m. 12.7): MHOXCCTBO uucesd, Aeasiuluxess na 3, aw:
MHOXEeCTBA 4YHCes, JAlOUIUX NpPH AeNCHHH Ha 3 COOTBEeTCTBCHHO ocTaTkH | w 2.
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OGo3nauum 3Tn cmexnue kKiaccu [0], [1], [2]. B 3tomM MHOXecTBe BBeleM omnepa-
IHIO CJAOXEHHR CJAEeAYIOUIHM 06pa3oM: CJOXHB COOTBETCTBYIOILHE 4HCJa B KBajf-
paThhX CKOGKax, OnpejesqHM, Kakofl OCTaTOK NMPH AeNeHHH Ha 3 JaeT HX CyMMa,
H GyaeM CYHTaThb CYMMOA CMEXHHX KJaccOB TOT, KOTOPOMY NPHHAIVIEXKHT NOVYy-
4YeHHH ocratok. Ta6nnua ymHoxeHns AnsA ¢GaKTOp-rpynnel HMeeT BHA [0] + [O] =
=[1]+(2) = (2] +[1] = (0], [0] + [1] = [1] + [0) =[2] 4+ {2] =[1], [O] +[2] =
=[2] +[0] = [1] + [1] = [2]. Orciona BuaHO, uTO ¢akrop-rpynna aGeaea. Kpo-
M€ TOro, BCe CMeXHHE KJlacchi NopoXaawoTrcs Kiaaccom [1], onw coBnapaior co
cTenensiMu 3Ttoro kaacca: [1], [1]+[1]1=(2]. [1] +[1] +[1] =[0]. Tlockonbky
¢ akTop-rpynna nopoxxaeHa OAHHM 3NE€MCHTOM, TO OHa LHKJAHYECKasl.

2. IMyete G -- apaHTHBHAs rpynna ueanx uuced, H — noarpynna ueanx
4HCes, KPAaTHHIX HaTypaJjbHoMy uucay k. ®akrop-rpynnoi G/H sBaserca KoHeuHas
rpyniua nopsaka k, cocrosimas u3 kiaccos [0], [1], [2], ..., [k—1]. Dra ¢axrop-
rpynna UHKJAHYecKas, Kak M cama rpynna G. _ :

3. IlycTh G —- MyAbTHIVIHKATHBHAA Tpynna BCeX HEBHIPOXKAEHHBIX MAaTPHIL
nopsaka n, H — noarpynuna matpuu ¢ onpeennTeleM, paBHbM eauHuue. Paxrop-
rpynna G/H u3oMopdHa MY/ LTHIIHKATHBHOA Fpynne OTJHYHHX OT Hyas AeACTBH-
TeJbHBIX YHCE.

12.11. Fomomopdusm rpynn

Fean G u G’ -- rpynuw u |: G — G’ — Takoe oroGpaxKeHHe, NpH KO-
TOPOM AAA NOGHX 3J1eMeHTOB X, Yy rpynnu G

Jxy) = [(x)f(y), . (12.6)

TO | Ha3bLIBaeTCA roMOMOPBHHM OTOGPaXKEHHeM HAH roMoMmopduaMoM rpynnu G
8 rpynny G’. OTMCTHM, 4TO B ONpeneeHHH roMoMoppH3Ma HMeercsi B BHAY, UTO
KaXAblii 31€MeHT Fpynnb (i NoCTaRNeH B COOTBETCTBHE XOTHA Obl OJHOMY 3JIEMEHTY
rpynnbl G’, HO pa3sHbLIM MeMCHTAM H3 (i MOXET COOTBeTCTBOBaTb OAHH M TOT Xe
neMeHT U3 (’. Jlpyrumu caoBamu, orofipaxenue rpynna G B rpynny G’ He npen-
noJaraeTcsl B3aHMHO OHO3HAUHBIM, KAK B clyyae u3oMopduama.

OueBnano, kaxaas rpynna romoMopgpHa ceGe camofl, Tak Kak MOXKHO MOJO-
#UTb f(x)=x paa Bcex xe=G. /lanee, kaxaas rpynna roMoMopdHa eAHHHYHOM
tpynne (CocTusieil H3 OAHOrO HeHTpaabHoro siementa e). [lpHMepom romomopo-
HOFO OTOGpa:KeHUst IPYNN MOXKET CJAYXKHTb IHKJIH4YecKas rpynna Cs wecToro
HOPHAKA € JJIeMEHTaMH e, a,u”, a’,a’,a’, Koropas TOMOMOD(HA WHKIHYECKO
rpynne C, BTOpPOro nopsiaka ¢ saementamu E, A:

fley=[(ay =[(u")=E, [(a)=[(a’)=[(a")=A.

PaenctBo (12.6) o3Hauaer, wro o6pa3 npou3BeeHHS JIBYX 3J1eMEHTOB paBeH
NPOH3BEAEHHI0 OGPa30B I UX 3I1¢MCHTOB (KOTOPHE, BOpOYEM, MOFYT Ha3nBaThC
i1o0-pazsomy B rpynnax G u# G’), 1103TOMY TOBOPSIT, YTO FOMOMOP(H3IM «COXpaHseT
rpynnosyio onepauxios. 'omomopcdu3M rpynn coxpaHsieT He TOJBKO TPYNHOBYIO
OflepalHio, HO TaKXC HelTpa/ibHLil W OGPAaTHLIA 3JEMEHTH: eciaH [ — romMomMopgHoe
oro6paxenne rpynnnt G B rpynny (', To f(e)=¢€’, rne e, ¢/ — HeliTpasNbHbIE 3Jle-
MeHTH rpynn G B G’ COOTBETCTRCHHO.

Teopema 12.4. Kawdas cpynna comomopdpna awboid ceoeii ¢paxrop-zpynne.
O6parno, ecau epynna G comomopipra epynne G’, to G’ usomoppna ¢paxrop-
epynne epynnot (i N0 HEKOTOPOMY HOPMArbHOMY Oeauteasro H.

12.12. Mpencrasaenusn rpynn

C Touku 3peHHs anre6pnl H3oMOpdHbie FPYNNB He CYHTAIOTCS PasyiHy-
HuMH. O rpynne, u3oMop$HOH HeKOTOpPOH MOATrpynne rpynnel NOACTAHOBOK, rOBOPAT,
YTO OHAa NPEACTaBJEHA IOACTAHOBKAMH.
Teopema 125, (Kaau). Kaxdas koneunas epynna usomopgpua nexoropoil
2pynne nodCTano80K (T.e. BCAKYID KOMEHHYIO 2pYynny MONKHO npedcrasurs nod-
cTanosKkamu). '
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CrepoBaTeqbHO, NPH ONHCAHHH JIOGOH KOHEUHOR rpPyNNH MOXHO BOCIOIb30-
BaThCsl NMPEHMYLIECTBAMH IPyNnbl MOACTAHOBOK.

Jna TEeODHH H TNpPHJIOXKeHHA HauGosiee HHTEDeCHH JIHHefHHe IMpeNCTaBJIeHHs
KoHeyHuX rpynn. IoBopsi o JuHefiHOM mpejcTaBjieHHH KoHeuHofi rpymnu G, npen-
NOJIaraioT, 4To JaHO BEKTOPHOE NPOCTPAHCTBO V., B KOTOPOM AeficTBYIOT JIHHeAHHE
HeBBIDOXK/JeHHBe mnpeoGpa3oBaHusi. DTH mnpeoGpa3oBaHus obpasyior rpynny G’,
Koropofi roMomopdHa HcxoaHas rpynna G; OpH 3STOM rosopsar, 4ro rpymna G’
npeacrasaser-rpynny G.

T'omomopdHoe orobpaxenne r rpynnk G B rpynny G’ HeBHPOXKIAEHHBIX
JHHeAHHX NpeoSpa3oBaHHA n-MePHOro BEKTOPHOTO NpocTpaHcTBa V, HasbiBaercs
JNHHeAHBM NpeACTaB/ieHHeM rpynnu G.

CaenoBarennto, ecan I’ — nuHefiHoe mpeAcTaBieHHe rpynnu G rpynno#t G,
TO KaXHOMY 3JeMeHTYy a€ G NOCTaB/IeHO B COOTBETCTBHE HEBHPOXAEHHOE JIHHeR-
Hoe npeoGpasobanne I (a) € G’ npocrpanctBa V. Tak, 4ro mias a06unx a,beG
cnpaBeinBo coorHoweHne I' (ab) =1 (a)I (b). Kax m3BecrHo, nps stom I (e)—-
roe e, E — pefirpanpunie anementw rpynn G, G’ coorBercTBeHHo, H [ (a")—
: —(I‘(a))_I ansa awo6oro acsG.

Ipocrpancrso V., B Koropom geficTByloT npeodpaaonamm H3 rpynnn G’,
HasnBaeTcsl NMpPOCTPAHCTBOM NpeAcTaBjdeHHA rpynnu G. Pa3MepHocTb NMpOCTpaHCTBA
V. Ha3sWBaIOT pa3MepHOCTHIO (HJM CTeNeHbI0) pPacCMaTPHBAEMOro MNPeICTaBJEHHS.

BmecTo JHHefiHBIX Npeo6pa3oBaHHA YacTO PacCMaTPHBAIOT COOTBETCTBYIOLLHE

HM MaTpHIbL.
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Fnasa 13 h

¢YHKLLHH W NPEAEJIbI

13.1. NMousitne PpyHkunu. OcHOBHbIE
onpeaeseHun

PaccmotpuM MHOXeCTBO X 3/1€MEHTOB X H MHOXeCTBO Y 3/leMeHTOB y.
Ecnn kaxaomy siaemeHTy x& X 10 onpefeneHHoMy NpaBuay f nocTaBjier B COOT-
BETCTBHE EAHHCTBEHHbIi 31eMeHT ye ¥V, TO roBopAT, uTo Ha MHoxectBe X 3axaHa
dyHKUHA y=](x) co 3HaueHHSIMH B MHOXecTBe Y. DieMeHTH xe&X Ha3bBaloTCH
3HayeHHsIMH apryMeHTa, a 3/1eMeHTh ye Y — 3HauenuaMH OYHKUHH. Muoxectso
X HasuBaeTcd 06JacThlo  onpeaetcHusi (YHKUMH, MHOXKECTBO BCeX 3HaueHHi
yHKIHH — 061aCTbIO 3HAYEHHH 3TOH (PYHKUHH.

3amMeuanne PyHKuuio, 3a1aHHyl0 Ha MHOXKecTBe X €O 3HA4YEHHAMH
B MHOXecTBe Y, Ha3biBalOT TaKke oro6paxeHHeM MHoxecTBa X B MHOXeCTBO Y.
Eciu MHOXecTBO Y fABNAeTC MHOXc¢CTBOM 3HaueHHH ¢YHKUHH, TO paccMaTpHBae-
Myio GYHKUHIO Ha3bBalOT oToGpa)kenneM MHOXKecTBa X Ha MHoxecTBO Y.

Pynkunio, 3ajaHHYI0 Ha MhoxectBe X, Ha3wBaloT TaKXe onepaTtopoM,
3aflaHHbIM Ha MHOXecTBe X, H 0603H44410T CHMBOJIOM f.

B cayuae, korna X u Y — uncaosble MHOXECTBA, COOTBETCTBYIOIIHE (YHKUHH
Ha3biBAIOT YHCAOBbIMH GyHKuMsMH. Ecan paccMaTpHBalOTCs NeACTBHTENbHbie UHMCaa,
TO (YHKUKM Ha3bBAOT AEeACTBHTCLHBLIMH (BEILECTBEHHbIMH) (GYHKUHAMH OLHOA
NeAiCTBUTENbHOH (BellecTBeHHOH) nepcmeHHOH.

Yiorpebasiioten  ciaeayoutve oGo3Havenuss  dynkunn:  y=[(x), y=F(x),
y=»(x), y=¢(x), y=y(x) u 1.n. 3HaueHHe, KoTtopoe (yHKunss y=f(x) npu-
HuMmaeT npu x=a, o6o3Hayaercs uepes f(a).

QyHKUHA H apryMeHT MOTYT 0603iHauaTbCA TaKXKe APYFrHMH OYKBaMH, HamnpH-
Mep s=[(t), u=f(v), r=r(t), x=x11) n T. A.

K npocreitiinm o6aactam onpenc.ieHHs GyHKIUHH OTHOCATCS OTPe3OK, HHTepBaJ,
IIOJIyHHTePBaJibl HAH COBOKYMHOCTb yhd3aHHHWX mpoMexyTkos. Hanpumep, ans ¢yh-

KUHH y= — /09— %% 0611acTbIo ONpelc.icHHA ABAsETCH 0Tpe3ok [—3, 3], a o6aacThio
ee 3HauYeHHidl -- oTpesok [—3,0]; aan ynkuuu y=x" obaacTb onpeneneHHs
H 061aCThb 3HAaYE€HHH COBMAAAIOT C HHIepBaJOM (— oo, -+ o0).

Ipadukom OYHKUHH y==[(x) H:ibIBAaeTCH MHOMKECTBO TOUYEK IJOCKOCTH, KOOp-
AMHATbl KOTOPHIX YJ0BJAETBOPAIOT Aaliiivil PYHKUHOHAILHOH 3aBHCHMOCTH, T. €. TOYeK

M(x, f(x)). Hanpumep, rpadukom ¢ukind y= —-/16 —x? #BARETCH TNONYOKPYX-
HOCTb painyca R=4 c UeHTPOM B Hauaje KOOPAHHAT, pacnojoxeHHas HHXKe ocH O,
K TpaagHUHOHHHIM OCHOBHHM clioco6aM 3afaHHl $YHKUMH OTHOCATCH: aHa/H-
THYECKHH (C MOMOLIBIO OJHOH WAH HECKOJIBKHX (OpMYa); rpaduueckuii (¢ nomoulbio
rpaduka); TabAHUHBIA (C NOMOILBIO TAGAMIK 3HAYEHHH).
®yHKuHs, 3aganHan GopMyaoil

y=f(x), (13.1)

npaBail 4acTb KOTOPOH He COAEPHKHT y, Ha3nBaeTcs IBHOA ¢yHKuHeA.
DyHkuHA y=y(x), onpefeasieMan ypaBHeHHAMH

F(x, y) =0, (132)

Ha3biBaeTcs ¢yHKuHel, 3aRaHHOH HesABHO, HJAH HesIBHOM ¢(yHKuHeH.
OTMeTHM, 4TO OAHO YypaBHeHHWe BMAA 513.2) MOXeT onpelensiTb HECKOJIbKO
¢yuxuui. Hanpumep, ypaBHenne x’-+y’—R?—0 onpenensier nse QyHKUMH y,=

=f1(x) = —RP =X, yo=fa(x) =RT—1.
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O6parumcas Kk ¢yukuun (13.1). KaxaoMy x=X no onpeieieHHOMY 3aKOHY
CTaBHTC B COOTBETCTBHe eJHHCTBeHHoe 3HaueHHe Y& Y. C apyrofi CTOPOHH, Kax-
AoMy yeY cooTBETCTBYyeT OAHO WM HeCKOIbKO 3HaueHHA xe X.

clyyae, KOraa KaxAoMy ye&Y no HEKOTOPOMY 3aKOHY ¢ COOTBETCTBYeT
TOJIbKO OAHO 3HayeHHe x < X, nojyyaeM ¢yHKUHIO

x=9(y), (13.3)

3aJaHHYyl0 Ha MHOXecTBe Y cO 3HaueHHSMH B MHoxectBe X. ®Pynkumio (13.3)
Ha3wBalT o6paTHO® ¢QyHKuHeA mo oTHoweHHo K ¢yHkuun (13.1). Pynknun (13.1)
H (13.3) B 3ToM ciayuae Ha3HBalOTCs B3aUMHO oO6parHbMH. [lis B3aHMHO o6paT-
HbIX QYHKIHA BLIMOJHSIOTCS TOXAECTBA:

o(f(x)) =x, x=X; [(p(y)) =y, yY.

INpumepnl BaanMHO o6paTHHIX GyHKuui: y=3%, x=logsy; y=2x—3, x= (y+3) /2.

Ecan npumepXHBaTbCA CTaHAApPTHHX o6o3HaueHHH (y — GYHKUHSA, X — apry-
MeHT), To ofpatHylo ¢yHkuHio (13.3) cneayer nmucate B BuAe y==¢(x). Hampu-
Mep, MOXKHO roBOPHTb, uT0 PyHKILHH y=3", y=Ilog; x B3auMHO o6GpaTHHie.

<Dyﬂx)umo, o6paTHylo K ¢yHKuHH y=[(x), yAo6HO oG6Go3HauaTb CHMBOJIOM

(y

Ecnn y=f(u), u=q¢(x) — GyHKuUHH CBOHX aprymeHToB, NMpHYeM 06JacTb on-
pedeneHHs q)ym(uﬂu [ comepxHT ofsacTb 3HaueHHH ¢, TO KaXXAOMYy x H3 06JacTH
onpeneseHHs (GYHKLUHH ¢ COOTBETCTBYeT y Takoe, uto y=f(u), rae u=¢(x).
Sra pyHKuHsA, onpefenseMas COOTBETCTBHEM

y=Ff(e(x)),

HasniBaeTcsi (PyHKuHeR OT QYHKUHHM uau caoxHoil ¢pyHkuuefi. ([Ipumensiorcs Takxe
H Apyrie HasBaHHA: KOMMO3HUHA byHKUHA @ H f Cynepnosuius ¢yHKuUHH @ H f.)
Hanpumep, ecan y=u’, u=cos x, To y= (cos x)*=cos® x.

PaccMartpHBaloT Takxe cpyHKuun ABJSIOUIHECS] KOMMO3HLHAMH G6oJiee 4eMm
AByx ¢ysxkuni. Tak, q)ym(unﬂ w=sin lg(1+x?) npeacTaBisier co6o#i KOMNO3HLHIO
crepyoux GyHkuul: w=sinu, u=Igv, v=1+4z z=x

QDyHKUHA y=[(x) Ha3bIBAeTCA YETHOH, €C/H i JWOHX X U —x H3 06JacTH
ee onpefeNeHHs BHMOJNHAETCA PaBeHCTBO f(—x)=f(x). PyHKuua y=¢(x) Ha3H-
BaeTcsl HeueTHO#A, eCIH AAA JIOORX X H —X H3 o6.nacm ee OMNpeleJieHHs1 BHINOJ-
HAETCA paBeHCTBO ¢(—x) = —@(x). Hanpumep, y=x?, y=cos x — ueTHble ¢YyH-
KUHMH, y=x°, y=sin x — HeueTHHe (YHKILHH.

¢yHKlum y=/[(x) Ha3blBaeTcs nepHOAHYECKOH, eCJH cyuecTByeT uuciao T 0
TaKoe, YTO NPH BCeX X H x+ T U3 06/aacTH ee onpelefieHusi BHLITOJIHACTCA PABEHCTBO
f(x+T)=f(x). Yucno T B 3TOM cayuae Ha3biBaeTcsi nepHopoM ¢yHkuuu. Besikas
nepHoaH4ecKas (PYHKUHS HMeeT GeCKOHeYHOe MHOXKeCTBO nepuofos. ['oBops o me-
prHoste ¢yHKuHH y={f(x) (f(x) = const), O6bHYHO HMMeIOT B BHAY HAHMEHbIUHA [10-
JIOXKHTEAbHBIA fepHOA: TakK, mnepuofoM OGYHKUHH y=sin x ABAAETCA 4YHCAO 2m,
nepHoAoM QyHKUHH y=tg x — uHcI0 M.

OyHKuMA y=[(x) Ha3biBaeTcs OrpaHHYeHHOA Ha MHOXKecTBe X, eclIH cylue-
cTBYeT Takoe yHciao C > 0, uTo AJIs Bcex x& X BunouHsercss HepabeHnctso |f(x)| << C.

TpuroHoMerpuueckne H o6paTHhie TpHroHOMeTpHueckHe GQYHKUHH, GYHKUHMH
y=x"(a=const), y=a*(a>0, as1), y=logox(a >0, as<1) Ha3uBawTCA oOC-
HOBHBIMH 3/1eMEHTapHHMH GYHKLUHKAMH.

dneMeHTapHHIMH (QYHKUHSAMM Ha3WBalOTC Bce QYHKIHH, KOTOpbie MOXHO
MOJAY4YHTb H3 OCHOBHHX 3/IeMEHTAapHHIX (YHKIUHA C [OMOLbI0 aJre6paudyecKux
feficTBHii H o6pa3oBaHHAl CaOXHHX ¢yHkuui. Hanpumep, ¢yHnkunn y=Ig cos x,
y=x>+4sin x, y=2'8si*+cos Xy ¢ 1 ABNAIOTCA 3TEMEHTAPHHIMH.

TepmMHH «pyHKUHS> BriepBhie nmosBuicsa B 1673 r. B onHoit H3 paGor JleiGHuua.
TMoa ¢yukuuamu JleiGHHU TOHMMan HeKkoTophie OTpe3kH npsMbix. WU. Bepuyaan
Jan onpeAeieHHe (QYHKUHH KaK aHaJHTHYECKOTO BHIpaXKeHHsl, COCTOSILLErO H3 fe-
peMeHHOR M MOCTOAHHHX BeJHYHH (1718), oH e npHMeHs1 oGo3HaueHHe ¢x (Ge3
cKo6ok). O6o3nauenue f(x) BnepBhe npeanoxua diiep B 1734 r.
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13.2. Tipepea mocaeaoBaTeNbHOCTH

YHcnoBoH NOC/IeXOBATENbHOCTLIO (HJIH NOC/AEA0BATEIbHOCTHIO) Ha3HBAeTCs
dyHKuHA

xn=q(n), n=1, 2, 3, ...,

onpeneieHHas Ha MHOXeCTBe HaTypaJbHBIX uHced. Kaxjaoe 3HaueHHe x,(n=
=1,2,3,...) Ha3biBaeTcA 31eMEHTOM NMOCAEHOBATENLHOCTH, 4 YHCIO 1 — ero HOMEpOM.
YucaoBylo nmoc/ieoBaTe/bHOCTE C NIEMEHTOM X, OGO3HAYalOT JHGO X, n=
=1,2,3,..,aH60 (x1, Xy, ..., X, ...), JH6O (X,).
Ipumepnl YHCJIOBBIX nocjieaQBaTebHOCTER: 1) () =(c, ¢ ¢, ...);

2) (L—;#_—l) =<l, —%,-é—, —Tlﬁ-, ), 3) (cosmn)=(—1, 1, —1,

1,...).

UncnoBasi nocJeR0BaTeNbHOCTh BCErAa COAEPKHT GEeCKOHEYHOE MHOXECTBO
IEMEHTOB; CPelH HHX MOryT GHTb paBHHe (CM. mpuMepH 1) u 3)).

Yueno a HasblBaeTcsi NMpefe]oM MNOC/AeH0BaTebHOCTH (X,), €CaH AasA Jo6oro
ydcna e > 0 Hafjercs TaKkoe HaTypasabHoe uHcao N, uro mpu Bcex n > N BHMoOJ-
HsIeTCS1 HepaBeHCTBO |x,—a| <e.

Ipenen nocnenoBatenbHOCTH (x,) o603HaualoT lim x,=a; X,—a OPH n —>oo

n—+oo

(uHTaeTca: x, CTPEMHTCH K 4, KOTAA n CTPEMHTCH K GECKOHEYHOCTH).

IMocnenoBatenbHocTs, HMelollas npenen, HaswBaercsi cxogswehcs. IMocaeno-
BaTeJIbHOCTb, Y KOTOPOH HET Npefena, Ha3HWBAeTCsl PacXoasiuedcs.

HutepBan (@—e, a+¢) Ha3nlBaercd e-OKPeCTHOCTBLIO TOUKM @ H oGo3HauaeTcs
Ofa, ¢).

Onpepenenne mnpenena HMeeT CJIEAYIOIHHA TreOMETPHUYECKHA CMBICI: YHCIO @
SIBJIIETCA NpPeReJOM MOCJAeN0BaTeNbHOCTH (X,), €CIH B JI0GOA €ro e-OoKpecTHOCTH
COfiepKaTCsl MOYTH BCe 4YJeHbl (X,), HJAH BHe 3TOH OKPECTHOCTH HAaXOAMTCH JHIUb
KOHeYHOe YHCJIO 4JEeHOB HaHHOM NOoCJeAOBaTe]bHOCTH.

H3 onpenenenus npejpeja focaegoBaTeNlbHOCTH CJeAyeT, YTO NpeAe] MOCTOSH-
Hoi paBeH sTofi moctosinHOfi lim c¢=c(c=const), nockoibKy B RaHHOM clyuyae

n—> oo
xpn=c¢, a=c, |[x,—al=0<e pas nwo6oro &> 0. 3 onpeneseHHss cjeayeT TaKxe,
4TO NOCJEA0BaTeJbHOCTh MOXKET WMETh TO/bKO OAHH Npeaes.

TMoc/ienoBaTebHOCTL (X,) Ha3WBAETCsi OrpaHHYeHHOM cBepxy (CHH3Y), ecilH
cyutecTByer Takoe uHcao A, uTo x,<<A (COOTBETCTBEHHO X, =>A) AJs Bcex
HOMEpOB n.

IMocnepoBarenbHocTh (X,), orpaHHuYeHHasi CBepXy H CHH3y, Ha3bBaercsi mpocro
orpaHH4YeHHOH.

QueBHAHO, MOCJAEAOBATeAbHOCTb (X,) OrpaHMyeHa TOrAa M TOJBKO TOrAa,
Koraa cyuiectyer takoe 4nciao C > 0, uto |x.| <<'C ana Bcex HOMEPOB 7.

Hanpumep, nocnenosatensHoctn (1/n), (1/n%), (cos(nn/2)) orpaHHuYeHH,
nocjefoBaTeNbHOCTb (n”) OrpaHHYeHa CHH3y, HO He OrpaHHuYeHa CBepXy, MOC/Ieao-
BaTeJbHOCTb (1 COS min) He sIBJISIETCS1 OrpaHHYEHHOH HH CBEPXY, HM CHH3Y.

Teopema 13.1. Ecau nocaedosareabhocTs umeer npeden, TO OHQ 02PAHUYEHA.

Yucio a HasbiBaeTcsi BepXHell rpaHbi0 MOCIEZ0BATeJNbHOCTH (Xa), e€clH: 1)
X,<a npu Bcex n; 2) aasa mo6oro e >0 cymecTByer Takofi HoMep N, uTo xy>
> a—e. BepxHsa rpaHb nocjaenoBaTebHOCTH (X,;) 0603Hauaercst sup (X,) HIH SUD X,.

AHa/OTHYHO OMPENENSIeTCS HUKHAA rPaHb MOCIEA0BATENbHOCTH (X.) H 0603Ha-
yaerca inf(x,) wau inf x,.

n—1 . n—1
B kauecTBe NpPHMEpPOB OTMETHM, 4TO Sup — =1, inf —_— =0,

inf(n?) =1, sup(n?)=oo.

IMocnenoBatenbHOCTh (X,) Ha3bpBaeTCs MOHOTOHHO Bo3pacraioumied (MOHOTOHHO
yOunBamoefi), eCAR X< Xnt1 (COOTBETCTBEHHO X, =>X,41) NPH BceX n. MOHOTOHHO
BO3pacTaloliie H MOHOTOHHO YOLIBaIOIlHe MOC/e10BaTe/ibHOCTH HA3WBAIOTCA NPOCTO
MOHOTOHHBIMH. :

Teopema 13.2. Bcakar ozpanudennan ceepxy (CHU3Yy) MOHOTOHHO 803pac-
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Tanuwan (MOHOTOKHO YOLIBAIOWAR) NOCAE008ATEALHOCT (X.) uMeeT npedea, npi-
4em lim x,=sup(x,) (coorsercrgenno lim x,=inf(x,)).
n—»oco n—+o0o

Ecau nocienoBatesbHocT™ (@,) U (b,) MMeOT Npefennl, TO NMPeAenb HX CYMMBH,
PasHOCTH, NPOH3BEAEHHsI, YACTHOTO CYILIECTBYIOT M HaxoAATcs No (opmyiam

Hm (2,4 bn) = lim a,+ lim bn, (13.4)
Jim (b = Jim an— Jim b, (133
Jim (aube) = fim anfm b 136

a ler;a,.
tin((55) = s, (moar0). (137)

IMTpumep 13.1. IMocnenoBarennuocts (8- 1/n) cxomurcs H HMeeT mpegen
a=S8.
JleicTBHTeNbHO, KaKOBO 6B HHM Oblio uHcao &> 0, HafiieTcsl TaKoe HaTypalb-
Hoe uHcno N, uto [x,—a|=|(841/n)—8|=1/n<e, 1/n<<e ans n > N; Hepa-
BeHCTBO (1/n) <<e GymeT BhMOuHEHO AMs Bcex n> N, ecit N > 1/g, T.e. B Ka-
yectBe N MOXKHO B3fiTb Gojblliee H3 ABYX NOCJAEZOBATeNbHbIX HAaTyPadbHbIX YHCe,
MeXJy KOTODHIMH 3aKjloyeHo uHcjo 1/e. Hampumep, ecan €;=0,1, to Ni=10;
ecnH e2=0,01, To N.=100 u T/A.

3ameuanune OnHoBpeMEeHHO noKasaHo, 4TO IocjenoBareasHocTs (1/n)
HMeeT NpeaeoM Hyab, T. €.

|
lim — =0. (13.8)
n—+o N
MMpumep 13.2. TlocnenoBatenvhocts (cos mn) sABAsETCA  pacXonsiilercs.
B camom gene, kakoBO 6bl HH ObJIO YHCJAO @, BHE €ro e-OKPeCTHOCTH, HampH-
Mep npH O0<e<Cl, 3aBeIOMO JIEKHT GECKOHEUHOE MHOXECTBO 3JEMEHTOB [ aHHOR
NOCJIe0BATENbHOCTH (XOTSH CpeNH HHX H MHOrC paBHBIX MeXAy coGoil); 3To 03Ha-
Yaer, YTO @ He fBJAETCH ee MpelesoM.
. 2n*—3n+45
Mpumep 13.3. Haifitn llm—-—z———+—-.
nro 6n°44n—9
Pasnesns uyMCAHTENb H 3HAMeHaTedb APOGH Ha n° M TpHMEHHB (OpPMyIb
(13.4) —(13.8), moayunm

lim (2—3/n+5/n%

- -1
T3

. 2n2—3n+45 . 2—3/n45/n’
lim = lim ==
nro 6n’44n—9  nveo 644/n—9/n’ lim (64-4/n—9/n?)

13.3. Mpeaea pyHxuuu

INocrosinnass b HasbiBaeTcs npenenoM ¢yHkuud y=f(x) npy x—a
(uM B TOuKe @), ecJH s JioGoro ydciaa e > 0 cymecTByer Takoe yucao § >0,
YTO NPH BCEX X, YAOBJETBOPSIOIHX YCJIOBHIO

\ 0<ix—al <§,
BHIMONHAETCSA HEPAaBEHCTBO
[f(x) —b| <e.
Tpenen ¢pyrkuuH f(x) npu x, cTpeMsimleMcs K @, 0603HAYAIOT:

)li’rgf(x) =b; f(x)~ b npu x—a.
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PaccmMarpuBaioT TaKXKe OARHOCTOPOHHHE MNpeAenn QYHKUHH: mnpedes cJaeBa
lim0 f(x)=5: (x cTpemHTCs K a, ocTaBasicb MeHbille a; ¥x<<a@) W Mpeaea cnpasa
X—>a—

lim f(x)=b, (x crpemurcs k a, ocTaBasicb Goabwe a@; x > a). Ecan ogunocropon-

x—+a-+0

HHe NpeaeJbl PaBHBI: limuf(x) =xlian_10f(x)=b, TO npeaen ¢pyHkuuH f(x) B Touke
rra— -

a cymectsyer H paBed b: lim f(x)=b. Ecau onnocﬁ)pouune npefenabl pasJIHYHB
X-+a

HAH XOTH 6b OJHH H3 HHX He CYLLeCTBYeT, TO He CYLIeCTBYeT H npene’ (YHKUHH
B COOTBETCTBYIOULel TOUYKe.
Ecan ¢ — nocrosiHHas BeqMunHa, 1o lim c=c.

x-—+a

Ecan ¢ynkunu f(x) B ¢(x) MMeOT npeaean mpH X — a, TO

lim (f (x) 2 ¢(x)) = lim f (x) £ lim (x), (13.9)
lim (F(x)p(x)) = lim f(x) lim @(x), (13.10)
lim f(x)
o f(x)  xa .
12‘2 o(x) lﬂ (%) (11{7“1 @(x)5=0). (13.11)

Hs (13.10) caenyer, uto

lLrl;l (cf(x))=cllln;lf(x) (c=const), (13.12)
lim (f(¥))"= (lim f(x))", (13.13)
lim x"=a"™, (13.14)

x—+a

rae m — HatypaJibHO€ YHCJIO.

Ecau §f )l‘ﬂ f(x) cywectyer, TO
tim 47 (0) =4/ Tim 1 (»). (13.15)

Yucno A wuasnBaercs mnpeaeiom ¢yHkuuH y=f(x) mnpuH x, crpemsmemcs K
—o00 HIH + 00, €ClH IJs J06oro 4yucaa e >0 MOKHO yKa3aThb HOJIOXKHTEJIbHOe
yHcao N, Takoe, uTO MpPH BceX 3HAUEHHAX X, YAOBJIETBOPSIOIIHX YCJAOBHIO |x|> N,
BLINOJIHAJIOCH HepaBeHCTBO |f(x) —A| <<e.

Mpumep 134. Hakru lim (2x*—5x+4).

Ipumenss ¢popmyan (13.9), (13.12), (13.14), noayuaem
1ir131 (2x° —5x+44) = 111131 (2x%) — )l‘m; (5x) + }1:131 4=2.32—5.3+4+4=7.

. 62— 9x47
anMep 13.5. Hafitu lﬂm.
C nomounio ¢popmyan (13.11) B popmys, ykasanuux B npumepe 13.4, Haxoaum
. 2
6 —orp4  a® =) 60 9944

8 37 _8x4+6 lim (3 —8x+6)  3.2°—8:2+46

x—xP4x?—1
=22 4282 —1

MTpumep 13.6. Hafitn lilrll
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IMpn x=1 uncauTesb H 3HaMeHateJb APOGH DaBHH HYJIO, HMEEM HeoMpexe-

0
JEHHOCTb BHAZ —— . UTOGbl pacKphTb ee, NPeABapHTE]bHO Npeo6pasyeM AaHHYIO

0

11p06b, PasJ/jio)KHB MHOIOWIE€Hbl HAa MHOXHTEJIH:
x‘—x3+x2-—] R (x—l)+(x-—l)(x+])
=242 —1 (=1 (T+1) =23 (x—1)

_ (x—1) (x +x+l) _ L4x+1
(x—1) ((x4+1) *+1) =22 L—x4x4+1

IMepexoast Kk mpeneny, nosyyaem

434 2 3

lim x'—x'4+x*—1 = lim x*+x+1 =_3_.

=1 xt_2x34 2x2 1 P N N | 2
16 —x2

Mpumep 13.7. Hafitn hm
p P ,———5+x

Ilpun x=4 uncauTeNb H 3HaMeHaTeJb npodu obpamnaiorcss B HyJb, HMeeM He-

0
onpegeJeHHOCTb BHAAa —— . UTOGH pacKpHTh 3Ty HeonpenesieHHOCTb, NpeABapHTENb-

0
HO npeoGpasyeM Apo6b:
16 —x? (16 —x%) (/5+x+3) _ (16 —x?) (\/54+x+3)
V5+x—3 (\6+x—3) (\6+x+3) 5+x—9
(4—x) (4+x) V5+x+3) _ —
— =—(x+4) (\5+x+3).
ITepexons k mpeneny c¢ ucnoabsobanuem ¢opmyan (13.15), Haxomum
lim —18=% _ _. lim (x+44) (V5 Fx+3) = —8-6= —48.

SNy

13.4. BeckoHe4yHO Majbie QYHKUHH H HX
csofictBa

QOyHKIHA o =oa (X) HasbBaercsi GEeCKOHEUHO MaJof NpH X — a (WJaH NpH
X-—>00), €CIH ee Npejes paBeH HYJMIO:

lima(x)=0 (lima(x)=0).

Hanpumep, ¢ynkuus a(x)—(x —5)2 ecTb GecKOHeuHO Masasi mpu X — 5, Tak
Kak Ilm a(x) = lm (x—5)2=0; ¢pynkuus a(x)=1/x sBaseTcss GECKOHEYHO MaJIOf

npH x—»m. nocKo.any

llm a(x) = lim 4 =0.

x>0 X

INpuHuMasi BO BHHMaHHe onpeiejeHHe npejena (YHKIHH, onpejeseHHe GecKo-
HeYyHO Mayioft PYHKLHH MOXHO CHOpPMYJHPOBATh CJAEAYIOLHM OGpa3oM.

OyHKUHA a=oa(x) Ha3bBaercd GeCKOHEYHO MaJoH NPH X — @, ecJH, 3ajaB
Jio6oe yucao e > 0, MOXKHO yKa3aThb Takoe 4HcJI0 § = 0, uTo /s Bcex X, yAOBJETBO-
paowHx ycaosHio 0<<|x—al| <8, BHnoaHsieTcss HepaBeHCTBO |a(x)| <Te.

CBoficTBa 6€CKOHEYHO MaJIHX BHPaXalOTCA CAedYIOUIHMH TEOpeMaMH.

Teopema 13.3. Ecau ¢pynkyuna y=y(x) umeer npedea b npu x—a, TO

y(x)=b+a(x), y=b-a, (13.16)
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rie a=o(x) — 6eCKOHEYHO MaJjaa npuH x — a. O6paTHoe TaKKe BEpHO: €CJH BH-
nojHeHo pasencrso (13.16), To lim y(x)=b.
X—>a

Teopema 13.4. Ascebpauneckan CymMa KOHE4HO20 4ucaa GECKOHEHHO Ma-
AbLX PYHKYUL npu x — a ecTb 6ECKOHEeYHO Maras PYrRKYUs npu x — a.

Teopema 13.5. IIpoussedenue beckoneuno maaoll HA 0eparu4ennyo Gyu-
Kyuio ectb 6ECKOREUNHO MAAGR PYRKYUA.

CanencrBHue 1. [Ipoussedenue dsyx Geckonedno masvix ynkyuil ecro 6ec-
KOHEYHO MaAan PYHKYuS.

Canenctsue 2. [Ipoussedenue 6GeckonewHO MaA0l (YHKYUU HA NOCTOAH-
RYto ecTo Geckoneuno maras Pynkyus.

13.5. CpaBHenHe GeckOHeuHO Maabix GyHKuHH

BeckoHeyHo Majnle a(x) H P(X) npH x— a Ha3HBAIOTCA BEJHYMHAME
OJHOT'O MOPSAJKA, €CJH HX OTHOLUEHHE HMeeT KOHEeUHbIH npejel, OTJIHYHLIA OT HYJ, T. €.

1
lim ——— @(x) =c, wan lim ——— B(x) = — (e50).
x—+a ﬂ(x) x—+a a(x) [ ( # )

B s3tom cayyae numyr: a(x)=0(B(x)) npm x-—>a (uuraerca: a(x) ecTb
O 6oabmoe or B(x) mpu x — a).

Hanpumep, a(x) =sin x  B(x) =3x npu x — 0 sABAsAIOTCA GECKOHEYHO MaJILIMH
OIHOro nopsiika, TakK Kak l{{g a(x)/B(x)=1/3, sin x=0(3x) npu x— 0.

Ecan npemen ornowenns o(x)/p(x) npu x—>a paBed Hymo (c=0),
BeJIMYHHA o (x) Ha3bnBaercsi GeCKOHEYHO MaJOH BHICLUEro TMOpSiAKa MO CpaBHEHHIO
¢ B(x) (Benuuuna P(x) — GeCKOHeMHO MaJsiasi HH3LIEro MOpsAJKa NO CpaBHEHHIO
¢ a(x)). B nanHoM ciayuae npuMmeHsercsi o6Go3HaueHHe a(x)=o0(f(x)) P x—a
(yHTaercs: «(x) ecTb o Majdoe or P(x) mpu x—a). Hanpumep, x*=o(sin x)
npH x — 0, NOCKOJILKY

2

. . . X
lim — = lim x lim —— =0-1=0.
0 SIN X =0 x>0 SINX

dynkuusa p(x) HasnBaercs 6ecxoneqno MaJoff k-ro NOpsiika OTHOCHTEJIbHO
¢bynkund a(x), ecin B(x) u (a(x))* — GecKoHEYHO ManHe ONHOrO NOPHAKA, T.e.

=a (a(x))
Hanpumep, ecan o(x)==x, P(x)=x*, 10 mpu x—>0 B(x) — Geckoneuno
MaJjiasi YeTBEPTOro MOpsfKa OTHOCHTENbHO GecKOHeyHo Malofi a(x) (HO GecKOHeuHO
Majasi BTOpPOrO MOpPSKa MO CpaBHeHHIO ¢ y(x) =x?).
JlBe GeckoHeuyHO MaJble GyHKUHH a(x) H f(x) Ha3HBAIOTCH 3KBHBAJEHTHHIMH
(u1H paBHOCHJbLHRIMH) GECKOHEUHO MAaJbiMH NMPH X — @, eyl NpPefea HX OTHoIle-
HHSl paBeH eXHHHLE, T. e.

=c¢ (e5=0).

. oa(x) B(x)
B =t R em

=1.
SKBHBAJIEHTHOCTb GECKOHEUHO MaJjbiXx a(x) H P(x) o603Hayaercss CHMBOIOM ~
a(x) ~p(x) npu x— a.
H3 ¢popmya (13.17) u (13.22) (cm.n. 13.8) caenyer, uro mpu x — 0
x~sinx~tgx, In(l14x)~x.

Teopema 13.6. Beckoneuno masvie gyuxyuu a(x) u p(x) xsusarentro
T020a@ U TOAbKO TO20a, K020@ UX DA3HOCTL €CT6 OGECKOHEHHO MaaAas 8bvicuiezo
nopAadka no cpasHenuro ¢ Kawood u3 Rux.
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Teopema 13.7. Ecau a(x)~a1(x), B(x) ~PBi(x) npu x— a u cywecrsyer
lim ——— @1 ()
ﬁ(

x—>a ﬂ[(x)
. . x
lim o (x) = lim 1 (x)
wa B(X) | xva Bi(X)
Canepctsue. Ecau ai(x)~p(x), a(x)~p(x) npu x—a, 10 oi(x)~
~az(x) npu x - a.
IIpr HaxoXOEeHHH MpeleNa OTHOLICHHA ABYX GeCKOHEYHO MajbX (YHKUHA Kax-
AYI0 H3 HUX (HJIH TOJBLKO OJHY) MOXHO 3aMEHHTb APYro# GECKOHeYHO MaJsoH, el SKBH-
BaJIeHTHOH: eciH a(x) ~a(x), B(x) ~Bi(x), TO

lim o (x) = lim 1 (x) = lim %(%) _ i 21 (%)

im .
x—>a B(x) x»a P(x) xa Bi{x ) x—~a Bi(x)
3ameuyanune Ecau otHomenne a(x)/f(x) AByX GeCKOHEUHO MaJbiX ¢YHK-
IHA NPH X~>a He HMEeeT Mpejesa H He CTPEMUTCA K GEeCKOHEeYHOCTH, TO GEeCKOHEYHO
maiase ¢pyHkuuH o(x) H P(x) HecpaBHHMH Mexay coGoil. Hanpamep, HecpaBHHMH
npH x—0 GeckoHeuyHo manbie QpyHKuuu a (x) =xsin(l/x), p(x) =x, Tax Kak

,. TO cywecrayer lim , npu4em
x—a

a(x) _ xsin(l/x) . _l_
By . x "¢

H sin (1/x) He umeer mpeaena npu x—-0.

Mpumep 138 Jokasats, yro ¢yHkuud a(x)=6x>/(1—x) u p(x)=x’
npu x—0 ABAAITCA GECKOHEYHO MaJhMH OLHOTO MOPAAKA.

Haiinem npepen oTHOwWeHHS! ABYX NaHHBIX QYHKIHMA:

2
lim —%~ _ —6lim—— —.
x>0 x2 (1 —x) =0 1 —x

IMockonbKy noaydyeHHHH npenen OT/JHUEH OT HYAA, TO AaHHHE QYHKUHM SBJASAIOTCA
6EeCKOHEYHO MaJIbIMH OAHOrO NOPSAKA.

Mpumep 13.9. okasarb, 4to NOpsaoK ¢yHKUHH a(x)=x°/(2+x?) Belme,
yeMm nopsifok ¢yHkuud P(x) =x* mpu x—0.

Tak kaxk s

. x . x

lim — 5— = lim 5

-0 x*'(2+4x°) =0 24x
T0 ¢yukuusa o(x) =x°/(24+x%) ecTb 6ECKOHEUHO MaJasi BHICIIErO MNOPFLKA, UYeM
dynkuus B(x) =x*

’

IMpumep 13.10. Hafitn llmM
13 x2—5x+6
Ilps x—3 ¢dynkuun x—3, sin(x—3) SABAAIOTCS 3KBHBAJEHTHHMH GECKOHEYHO
masnbiMH. [ToCKOIbKY NpH 3aMeHe GeCKOHeUHO MaJjioit YHKUHH sin (x — 3) 3KBHBAJIEHT-
HOM el ¢pyHKuHeHA x —3 mpeaes OTHOWEHHS He H3MEHHTCH, TO

lim sin(x—3) lim sin (x —3)
123 X—B5x+6 w3 (¥—3) (x—2)
x—3

= lim —————— = lim =1.

-3 (x—3)(x—2) 153 x—2

: 2__ .4
IMMpumep 13.11. Hadtn 1&%

Tak kak (sin x4 x2—x*) ~sin x, (2x—x*) ~2x npu x>0, 10

sin x4 x% —x* ; sin x 1 . sinx 1

lim = —1i —
x—0 2x — x* 0 2X 2 0 x 2

=1 = =
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13.6. Beckoneuno GoJybuine QYHKUHH

Gyukuus y=F(x) Ha3nBaercsi 6ecKOHeYHO GOJNbLIOH NPH X—a, ecaH AAf

M1060r0 MONOXKHTENBHOrO YHcaa N MOXHO HAaHTH Takoe yHcao § > 0, uTo npu Bcex

3Ha4YeHHSX X, YAOBJETBOPAIOWIHX yc/I0BHIO 0 << |x —a| < §, BuinosHseTcs HepaBeHCTBO
If(x)] > N.

BeckoHeuHo Gosbiuast GyHKUHS He HMeeT Mmpejena MPH X—a, HO HHOTJAa YCJIOBHO

rOBODSAT, YTO €e npeaes] paBeH GEeCKOHeUHOCTH, H MHmyT: lim f(x)= oo, uad f(x)—
x—+a

—00, OPH X—-a.
Ecan f(x) crpemHTcsi K GECKOHEYHOCTH NPH X—>a&, NPHHHMAS TOJLKO NOJIOKH-
TelbHblE MJAH TOJNbKO OTPHIiaTeJbHble 3HAYEHHS, TO COOTBETCTBEHHO MHWYT:
lim f(x) =4 o0, limf(x)=—o0.
Xx—a Xx—a
Ecan ¢pynkuus f (x) crpeMutcs K GECKOHEUHOCTH PH X— 0o, To NHWyT lim f(x) =

X— a0
= 00.

IlpuMepom GeckoHeuHo Goabuioll (GyHKUHH siBAsiercs GyHKuus f(x)=1/x npu
x—0. B camom nene, npu smio6om N > 0 HepaBenctBo |1/x| > N 6yaer BunojaHeHo,
ecad |x|=|x—0| <1/N=§6. dra ¢PyHKUHA NPHHUMAET MOJOXKHTEJbHblE 3HAUEHHS
npu x>0 ( lim0 f(x) =+ o0) u orpHuatesbHne —npH x<<0 ( lim f(x)=—

x— 4 x——0
— o0).

Dyuknns f(x) =1/ (x—2)? — Geckoneuno Gonbuwiasi npu x—2. JleACTBHTENBHO,
npu qwo6om N > 0 HepaBencrso 1/(x—2)? > N Gyaer BunosHeHo, ecin (x—2)2<<
<1/N unu |x—2| <<1/4/N=§. [launan PyHKUHS NPHHHMAET TOJNBKO MONOKHTE b-
Hble 3HaYeHHS.

Ecan ¢pyuxuus a=a (x) CTpeMHTCs K HYJIIO NpH x—a (WIH X—oo) W He o6pa-
Laercs B Hyab, TO GyHKUHA Y (x) =1/a(x) cTpeMuTcsi K GECKOHEUHOCTH.

13.7. OcHoBHble TeOpeMbl O Mpeaeaax
Pyuxkumi

Teopema 13.8. Pynkyun y=y(x) ne moxer umers 6osee odnozo npe-
deaa npu x—-a.

Teopema 13.9. [Tycre ¢ynkyus y=f(x) onpedesena 8 HeKOTOPOM npome-
ayTKe, codepacaujemn Touxy a. Ecau npu x—a pynkyus y=f(x) umeer nosoxcurers-
noul (orpuyareavnsui) npedea, To nadderca 8-0kpecTHOCT6 TOYKU @ TAKAA, 4TO dan
scex x=0(a, 8) PyHKkyun nosoxuresbHa (OTPUYATEALHA). .

Sra TeopeMa Ha3hLIBAeTCH TeOPEMOA O COXPAHEHHH 3HAKa OYHKIMH, HMeloLled
npene.

Teopema 13.10. Ecau ¢ynxyuu u(x), v(x) onpedesenst 8 Hexoropod 6-
okpecTHOCTR TOUKY G, 0a 8cex x€=0(a, 8), x~a BbLINOAHALTCA HEPABEHCTEO u(x) <
<u(x) u ¢ynkyuu umewor npedesv. npu x—a, ro lim u(x)g)}m; v(x).

Xx—a ad

3ameyanne Teopemy 13.10 KpaTKO MOXKHO CHOPMYNHPOBATL TaK: B Hepa-
BEHCTBE, 06€ YacTH KOTOPOro HMEIOT mpejeshl, MOXHO MepeATH K mpeseay, npucoeu-
HHB 3HaK paBenctBa. Hanpumep, 7+x> >7—x%, x+£0; Jrllrg (7+x2)=lin:) (7—

- -

—x"’) =T7.

Teopema 13.11. [Tycre Tpu pynxyuu u=u(x), y=y(x), v=uv(x) onpede-
AeHbL 8 HEKOTOPOM NPOMeNcyTKe, codepicauiem TOUKY Q.

Ecau 028 4106020 x U3 3T020 NPOMENYTKA BLLNOAHRIOTCA HepasencTsa i (x) <
<yx)<v(x) u ¢ynxyuu w=u(x), v=uv(x) umewr odunaxosbie npedeast npu
x—a, T0 pynkyus y=y(x) umeer ror xe npedes npu x—a.
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13.8. Hexoropnie BaxHbie npenenn

Ecau yron a BHpaxeH B pafuaHax, To

lim 30% ) im 182 . (13.17)
a0 @ a0 @ .

Yucnom e HasuBaercs npeaen

lim( 14+ L) =¢ pn lim (14+a)'/*=e. (13.18)
X— 00! X a—0
IIpH HaXoXJAEeHHH MHOTHX NPeAeNOB MPHMEHSIOTCH CJeRylOlHe Mpefenn:
lim 1081+ o0, (13.19)
x—0 x
tim =L e, (13.20)
x>0 X
fim U0 =1 (13.21)
x—0 x

Yacthumu cayyaamin ¢opmya (13.19) u (13.20) sBASOTCA COOTBETCTBEHHO
dopmyani:

lim 00+ _ (13.22)
x—0 X
im =1 . (13.23)
x—+0 X

Tlpn Haxoxnzensn npenenos suaa lim (@(x))%®=C HEo6X0RMMO HMETb B BHAY
x—a
cneayouee:
1) ecn cywecrBylor KoHeédHwe mperenn lim @(x) =A, lim$(x) =8, To
C=AB; x—+a x—+a
2) ecau lim @(x) =As=1 u lim $(x) = oo, To C HAXOAHUTCA C MOMOLILIO HOpMYA
x—a X—+a

) «__[ 0, ecan 0<A<],
x—ll-r{'—lonA —{ +my eCJ"lA>‘:
. [ 4 oo, ecan 0<A<],
xl'TwA“{ 0, ecn A> 1;

3) ecan lim @(x) =1, lim }(x) = oo, To, nosoxus ¢(x) =1-+a(x), re a(x)—
x—a x—a
=0 npu x~>a, noayinm lim a()p(x)  lim [9(x) —1](x)
C= lim {[1 4 a(x)]/*D}tWE) = o*@ =
x—+a

IMpumep 13.12. Hadru lim(l——z- .

x> 00

Ilpn x— co Bupaxenne (1 — (b/x))—1, nonyuaeM HeonpeaeseHHOCTb BHAa 1% .
Yro6m pacKpHTb ee, BBeleM HOBYIO nepemenHylo no ¢popmyne (—b/x)=a, oTKyAa
x=—b/a; a—0, Koraa x—oo. Ilepexoas K npeneny ¢ HCHOJbL3OBaHHEM ¢opMyJ
(13.13) n (13.18), naxonum

i _L X= i —b/a__ i/a —b=
tim (1~ )" = lim (14) tim 1(1-+a)"%]

X— 0o’
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= (tim (14a) '~ =e= tim (1= ) =
a—

X— 00
2 x
B uactuoctd, npu b= —2 noaysaem lim ( I+ = =e?, npu b=3 umeeM
X— 00
lim ( -3 =e 3
x> 00 X
( 3x—2)*
T 13.13. Han _) .
pumep aimn lim (37)

Pasnenns uyncauTeNb H 3HAMeHATedb Ha 3X W BOCMOJB30OBABIIHCH Pe3yJibTaTOM
npumepa 13.12, monyuum

tm(577) = m (F )

= lim( —ﬁ> : lim(l+4—/3) =e 2303 =¢"2,
xX— 00 X X~ 00 X

sin 7x
Pt
IpeoGpasys sty Apo6b v npumensis nepsyio u3 ¢opmya (13.17), Haxoxum

MMpumep 13.14. Haiitu lim0
X—>

fim SUTE iy TSINTX o ST o7
x>0 X x—0 Tx x—0 Tx .
VTF2—1

Mpumep 13.15. Haiith lim
y—0 U}
[peoGpa3sys naHHYI0 (QYHKIHIO, BBOAS HOBYIO MePeMEHHYI0 x=2y M MDHMEHSA
dopmyay (13.21), Haxomum

T4+ 2y— 12 _
lim IEW—L o, (42—t
y—0 Yy y—0 2y
/2 __
—olimUEn "1 ot
x—0 X 2
INMpumep 13.16. Haiitu Iin(l)ﬁl—(lji.
y—>

TpeoGpa3sys 3Ty GyHKUHIO, BBOAS HOBYIO M€peMEHHYI0 X =5y H mpHMeHAs $opMmy-
ay (13.22), noayuaem

lim ln(l;—Sy) — lim 5 In (1 4-5y) _

y—0 y—0 5_!/
—5lim Ut s
=0 x
e¥?—1
MMpumep 13.17. Hafrn lin(l) —
¥ .
IMocae coorBercTByOLIMX npeoGpa3oBanuil o gopmyne (13.23) uaxopum
| e?’® | i ev?—1
im = lim
=0 Y w0 3y/3
1, e—I1 1 1
=g lim—— =3 1=7
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13.9. HenpepniBHOCTD PYHKUHH

Pynkuusa y=f(x), onpegenenHas Ha HHTepBase (a, b), Ha3biBaercs Hempe-
PHBHO# B TOuKe Xo€ (a, b), ecan

lim f(x)=f(x0) (13.24)

(1. e. npenesn GYHKUHH paBeH ee 3HAUEHHIO NMPH MPENENbHOM 3HAUEHHH apryMeHTa).
CorsacHo onpepnenennio npepena ¢yHxuud, ycaosue (13.24) paBHOCHIBHO cie-
LyoueMy: aas go6oro yncaa e > 0 cymectByer Takoe yHcao § > 0, uto mpH Bcex

X, YAOBJIeTBOPSIIOUIHX ycaoBHI0 0<< |x—a| < §, BH- y
noJHsieTcs HepaBeHCTBO |f(x) —f(xo) | <<e.

Ecmu xo=(a,b) u x=(a, b), To pa3HoCcThb
Ax=x—xo Ha3nlBaeTCs NPHPalUleHHEM apTyMeHTa
B TOUKE Xo, a pa3HocTb Ay={(x) — f(xo), niu Ay=
=f(xo+ Ax) —f(x0), — npupauleHHeM QYHKIHH
B TOA Xe Touke (puc. 13.1); Ay — ¢yHkuusa Ax.

Heo6xoaumoe W A0CTaTouHOe YC/OBHE Hempe-

phiBHOCTH PYyHKUHH y=/(x) B TOuKe X, BHIpaxa-
€TCHi PaBeHCTBOM

lim Ay=0, uau lim [f(xo+ Ax) —f(x0)] =0.
Ax—0 Ax—0
(13.25)

Hrak, ¢dyHkunsa HenpepnlBHa B TOYKe, eCiH GECKOHEYHO MaJOMy NpHpalleHHIO
apryMeHTa B 3TOH TOUYKE COOTBETCTBYeT GECKOHEYHO Majioe NMpHpalleHHe (YHKIHH.

Puc. 13.1

3ameuanue. [Ilockonbky xo= lim x, To ¢opmyay (13.24) MoxkHO mepemH-
XXy
catb TaK: lim f(x) =f( lim x), T. e. aaa HenpepuBHOH (QYHKLHH CHMBOJIH Npenesia
X—Xo x—Xq

H QYHKIHH NepecTaHOBOYHBI.

Teopema 13.12. Ecau pyuxkyuu f(x) u ¢(x) HenpepuisHbL 8 TOuKe Xo, TO
TaKkxce renpepsisnbl 8 ITold Touke ux cymma f(x) +-¢(x), pasnocre f(x) —¢(x), npo-
ussedenue f(x)@(x), a Takae wacrroe f(x)/@(x) npu ycaosuu, «uro @(x) #0.

Canencreue . Leraa payuonassras ¢ynkyua Pn(x) =ao+aix+asx®+
+ ...+ an.x" nenpepoisna npu scex x.

Canenctbue 2. JIpoGHan payuoraroHan QyrKyun

Pu(x)  aotaixtax’+...+a.x"
Qm{X)  bo+bix+box®+ ...+ bmx™

Henpepuiena npu acex x, OAA KOTOPbix 3HAMeHaTerb He 06pauyaerca 8 Kyas.

Teopema 13.13. Ecau ¢pynxyun @(x) nenpepwsna 8 TouKke Xo, @ PyHKyUA
f(y) nenpepuisna 8 Touke yo=q(xo), T0 Cromuan ¢pynxyua F(x) =f[p(x)] uenpe-
pbi8HA 8 TOYKe Xo.

PyHKIHA Ha3biBaeTCs HeNpPePLBHOM Ha HHTepBaJe, eCJH OHA HelmpephBHA B KaX-
Jlo#i TOYKe 3TOro MHTepBaJa.

Ecnn ¢yHKuus onpeneieHa NpH x=a ¥ NPH 3TOM lin-li-o f(x) =f(a), 1O roBo-

X—a

R(x)=

pAT, uTO f(x) B TOUKe @ HenpephHBHa CnpaBa. AHAJOTHYHO, €CJIH liym0 f(x) =f(b),
x—>b—

TO TOBOPSIT, YTO B TO4Ke b 3Ta (PYHKUHS HelpephiBHA CJeBa.

QPyHKUHA Ha3nBaeTcs HenpepulBHOA Ha oTpe3ke [a, b], ecain oHa HenpepbiBHa
B KaXJO# ero TouKe (B TOYKe a — HelpephiBHAa CMpaBa, B TOuKe b — HelpepuBHA
cieBa).

OTMETHM, Y4TO OCHOBHHE 3JeMeHTapHble (QYHKUHH HeNnpephBHH B COOTBETCTBYIO-
e 064aCTH ONpeneNeHHs.

PyHKIHA, HeMPePHBHHE Ha OTPe3Ke, 06/1aAalOT PANOM BaXKHbHIX CBOHCTB, KOTOpHE
BHPaXaloTCs CAEAYIOLHMH TeOPeMaMH.
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Teopema 13.14. Pynuxyun, nenpepmsnan na orpesxe [a, b], docruzaer
8 HeM CB80€20 HaUMERbUIe20 3RA%eRUR m U Kauboabuie2o 3navenus M, . e. cywecrayror
TaKue TOYKU Xy, X2 3T020 OTpe3Ka, 410 f(x) =m, f(x2) =M.

3ra TeopeMa HMeeT NMPOCTOH reoMeTpHuecKhii cMuca (puc. 13.2).

Y

b 3

Sp-----

Xq
Puc. 13.2

I
I
[
|
|
!
|
|
1
|
1
[}

3ameuauue  Dyukuus, HenpepuBHas Ha
HHTEpBaJie, 3THM cBoficTBOM e obaapnaer. Hanpu-
Mep, PyuKuusa y=~6x> wa uureppane (0, 1) we jo-
CcTHraer 3uadyeduii m=0 H M =6, Tak KaK 3TH
3HavyeHHsi QYHKUHA NPHHMMAeT B Toukax x=0 H
x=1, a nocieaHne NaHHOMY HHTepBaJy He NPH-
Hajjaexar.

Teopema 13.15. Ecau ¢ynxyuna y=f(x)
Henpepoisna Ha orpeske [a, b] u ma eco konyax
npunumaer nepaenvie 3navenun f(a)=A, [(b)=B,
A+# B, 10 Kakoso 661 Hu Gwoino wucao C, 3a-
Karouennoe mexdy A u B, naidderca touka ce
e|a, b]) raxas, uro f(c)=C.

T'eomerpuueckuii cMbiCA TeOpeMB HJJIIOCTPHPY-
erca Ha puc. 13.3,a,6. Bceakas npamas y=C,
rae A<C<B (un A> C> B), nepecekaer rpa-
$HK Oyukuun y=/{(x).

Canencraue. Ecau pynkyus nenpepoisrna Ka oTpeske u Ha e20 KORYAx NPunU-
MaeT 3HA4EHUs PA3HLIX 3HAKOS, TO KA 3TOM OTpe3Ke Haildercs xoTA Obi OOHG TOYKaA,
8 KoTopod ynkyun obpawjaerTca 8 nyas.

Sro yactHHA cayyafi Teopemn: AB <0, C=0; reoMeTpHYeCKHA CMBbICA: rpaduk
HenpepuBHO#A ¢yHKuuMM y=f(x), coennnsiomwnst touku P(a,f(a)), Q(b,f(b)), m1a
Kotophix f(a)f(b) <0, nepecekaer bch Ox (puc. 13.4, a, 6).

OTMeTHM, YTO CyMMa KOHEYHOro yHwia (yHKUHA, HeNpephHBHLIX Ha HEKOTOPOM
oTpe3Ke, HempepuHBHA Ha 3TOM OTpe3ke.

y
B
]
|
!
!
|
cC 1l
b
A ’ i |
1
l Lo
1 1 1
0 a c 8 x X
Puc. 13.3
y a Q y /]
p
] i
] ]
' |
a A ] 5'
ol 6 x 0] a i
: :
p Q
Puc. 13.4
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13.10. Toukn pa3pboiBa PYHKUHH

PaccmotpuM GyHKUHIO y=f (x), OnpedeneHHYyIo Ha HHTepBaJe (a, b), Kpome,
6LITh MOJXKET, TOUKH Xo€ (a, b). 3HaueHHe apryMeHTa Xo HashBaeTCsi TOUKOH pa3phiBa
NaHHOH DYHKILMH, €CJH NIPH X = Xo QYHKIUA ONpefeNeHa, HO He ABJIAETCS HeMpepHBHOH
WIH He onpefeieHa NPH 3TOM 3Ha4YEeHHH X.

Ecau xo — Touka pa3pbiBa f(x) H CyWECTBY- y

10T Koweuubie npepenn f(xo—0)= 1lim f(x),
x+x0—0 > 1
f(xo+0) = liin f(x), f(xo—0)=f(x0+0), TO

x—+x0+0
oHa Ha3blBaeTcsi TOUKOH pa3peiBa NepBOro poja. 0 X
Benuuuua [(xo+0) —f(x0—0) HaabiBaeTcs 14

cKaykoM ¢yekuHH f(X) B TOUKe Xo.

Ecan xo — Touka paapeiBa U f(xo—0) =
=f(xo+0), TOo xo Ha3piBaeTC TOHKOH ycTpa- Puc. 13.5
HHMOTO pa3pbiBa.

FEcau XoTsi 6 OJMH H3 OJHOCTOPOHHHX mpeaesoB f(xo—0), f(xo+0) He cyue-
CTBYET HJH ABAsieTcsi 6eCKOHEUHBIM, TO Xo Ha3bIBAeTCH TOUMKOH pa3pniBa BTOPOro poja.

Mpumep 13.18. dynkuua f(x)=—x/|x| B TOo4ke xo=0 HMeeT pa3pnB
nepsoro poja.
HeficTBHTeNbHO, f(x) =1 npH x<<0 u f(x) = — | npu x=0, B Touke xo=<0 PyHK-
LUHA He onpeneseHa; lim0 f(x)=1, limo f(x) = —1. Ckauox ¢yHKUHH B TOUKe
X— — X+

xo=0 paBen —2 (puc. 13.5).

Mpumep 13.19. Oas ¢pyHkuuu f(x) = (sin x) /x 3HaueHHe aprymeHTa xo=0
AIBJISIETCH TOYKOH YCTPaHHMOro pasphiBa.

B camom pnene, npH xo=0 AaHHasi GYHKUHA He onpeleieHa, HO HMeeT PaBHbie
OJHOCTOPOHHHE MpPeAeNtb:

lim (sinx)/x=1, lim (sinx)/x=1.
x—>—0 x—>+0
Fpaduk dyHxunn u3ob6paken Ha puc. 13.6.

IMTpumep 13.20. PyHkuus f(x) =1/x B Touke xo=0 uMeeT pa3pelB BTOPOTO
poaa, TaK Kak

lim 1/x=— o0, lim l/x=+4oo.
x—+—0 x>0

-2 S~~——""gr

Puc. 13.7
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Mpumep 13.21. Oas dyHkuuu f(x) =3!* snauenne xo==0 ABAAETCS TO4KOM

pa3pniBa BTOpPOro poaa, Tak kak lim f(x) = + oo. Bropo# ogHocTOpoHHHI npenen
x—> 40
KoHeueH: lim f(x) =0 (puc. 13.7).
x—>—0

13.11. Moxka3sareabnan ¢pyHkuns. I'mnep6oanveckne
dyHKIHH

Tloka3aTenbHON (MNH 3KCNOHEeHUHANLHOR) Ha3biBaeTcsa GYHKUHA y=a*(a >
>0, as1). [lyctb a=e (cM. popmyay 13.18), B 3ToM ciayyae nokasaTedbHasi (3Kc-
NoHeHLHa/AbHasA) PYyHKUHA 0603HayaeTcs y=e"=exp X.

[ToxasaTenbHy0 GYHKHHIO C APYrHM OCHOBAHHEM MOXXHO NPHBECTH K NOKa3aTellb-
HOM ¢(YHKUHH C OCHOBaHHeM e. llefiCTBHTENbHO, MO ONpeleJeHHI0 Jorapupma a=

|
=2 nostomy a*= (e )* =€**, rae k=Ina.

I'unepGonnyecKHM CHHYCOM HasbiBaeTcsi (GYHKUHA, onpeleisieMas ¢opmyJioi

shx= L% (13.26)
2
rHnep6ONHYECKHM KOCHHYCOM — (QYHKLHS
ch x= "’—*‘29__ (13.27)

Puc. 13.8
a
y
__________ ! e _
0 thx
X
_________ ..‘;.-1_________
Puc. 13.9

180



CunepGosnueckuft TaHreHC H runepGONMUECKHH KOTAHTEHC OMNpPEeAesIOTCS COOT-
BETCTBEHHO (dopMy/NaMH

sh x ef—e™*
the= 4y = g7 (13.28)
cthye SHX _ €te ™ (13.29)
sh x ef—e™*

®ynkuun, onpefenaseMbie dopmynamu (13.26) —(13.29), Ha3uBalOT rHnep6OJH-
YEeCKHMH. :

I'unepGoaxueckHe QYHKUHH HMeIOT BIOJHE ONpefeJeHHbie 3HaueHHsl NpPH Bcex
3HayeHHAX X, KpoMe PyHKUHH y=cth x, KoTopasi B Touke x =0 oGpailaercst B 6ecKo-
HeyHocTb. OTMeTHM, 4TO sh 0=0, ch 0=1, Kak H AJis OGbLIYHHX CHHYCa H KOCHHyca.

Funep6onuueckue GyHKIHH He 06/afaloT BaXKHeMUIUM CBOACTBOM TPHIOHOMET-
PHUECKHX (YHKUHA — CBOACTBOM neproiuyHocTH. Kpome TOro, MHOXKeCTBO 3HaueHHR
KaxJoH runep6onnyeckod (GyHKIHH CylleCTBEHHO OTJIHYaeTCss OT MHOMXeCTBa 3Haue-
HHH COOTBeTCTByIOLle# TPHroHOMeTpuueckofi dyHKuuu. PyHKUMA y=sh x NpHHHMaeT
BCe JEACTBHTeJNbHBE 3HAYEHHS, T. €. MHOXKECTBO ee 3HadyeHUH coBnajaer ¢ 6ecKoHeu-
HhIM HHTepBajJioM (— oo, 4+ 00); y=ch x — 3HayeHusi, He MeHbliHe eAHHHUH (1<
<ch x<<+ o0 ); 3HaueHHst GyHKUHH y=th x MO MOAYMI0 He MPEBHILAIOT €AHHHIbI
(—1<thx<1); 3snauenus y=cth x no Moayno Goavwe eaunuub (cth x> 1 npu
x>0, cthx<<—1 npn x<<0).

I'papukn runepGonnueckux ¢yHkuufi npeacrasieHnl Ha puc. 13.8 u 13.9, 4, 6.
Tpamue y= 41, y=—1 saABAsioTcs acumnrotaMH rpadukoB ¢yHkunit y=th x,
y=cth x. Kpome Ttoro, ocb Oy cayxur acumnrotoli rpadpuka ¢ynkuunu y=cth x.



F'masa 14

MPOH3BOAHBIE B AH®PEPEHLIHAJIbI

14.1. TonsTHe NMPOH3BOAHOM, ee reOMeTPHUECKHHA H
(H3HyecKHit cMBbICA

KacaTenbHo# K JinHHM [ B Touke M, HasmiBaercsi npsimasi Mol — mpenensb-

Hoe moJoxeHue (puc.14.1) cekymelt MoM, korna Touka M cTpeMHTcs K M, BRoab
OAHHOR JIHHUM (T. €. YroJl y CTPEMHTCS K HYJI0) NPOH3BOJIBHHIM 0Gpa3oM.

Mpoussoanoit ¢yukuun y=F(x) B Touke x, HasnBaeTcsi MpeRe] OTHOLICHHS
npupauieHusi 3Tof QYHKUHH K MPHPAILEHHIO apryMeHTa, KOria nocjeiHee CTPEMHTCA
K HyJIO.

Ipoussoanyo GpyHkuHH y={f(x) B TOuKe xo 0603HAYAIOT CHMBOJIOM [’ (xo) (4HTa-
ercsi: «3¢ LITPHX OT xo») HIAH Y (xo). CleaoBaTesbHO, MO ONpe/eeHHIo

i [(*¥o+Ax) —f(x0) . Ay
, — / — —
F (x0) = Al;'—n»o Ar , WM Y’ (xo) Al.\l:TO A (14.1)
: A . . Ax
Ynotpe6asitotcss U Apyrue 06O3HAYEHHS: -Z—ch = AI;TO ny—, x= AI:TOT, ecJlH

x=f[(#).

TepMuH «npou3BofHasi» (a TaKiKe «BTOpas Npou3BofHas») BBea )K. JlarpaHx
(1797), on xe npeanoxua o6o3Hauenus y’, ['(x), f”(x) (1770, 1779). O6o3HaueHue
dy/dx BnepBhle BcTpeuaerca y Jlefi6uuua (1675).

FeomeTprueckufi cmbica npoussoanofi. [IpousBoanas pyHkuun y=f(x) npu x=
=X, paBHa yrJIOBOMY K03 PHILHEHTy KacaTeJbHOM K rpadHKy AaHHOH QyHKIHH B TOUKe
Mo (xo, f(x0)), T. €.

' (x0) =tg @, (14.2)

Tlle o — Yroii HaKkjJoOHa KacaTeJIbHO#i k ocH Ox NPAMOYroJbHOH AeKapTOBOA CHCTEMbI
KoOpAHHAT (pHc. 14.2).
Ypasuenue kacaTe/bHOH K JAHHHH y=f(x) B Touke My(xo, Yo) NPHHHUMAET BHA

Y—Yo=F'(x0) (x —xo). (14.3)

HopMmaabio K KpuBO#i B HEKOTOPOH ee TOUKe Ha3biBaeTCs MepPHEeHAHKYJAfAP K Kaca-
TeabHOR B TOH ke Touke. Ecan f/(x9) 0, To ypaBHeHHe HOPMaJH K JHHHH y=f(x)

y T

; /<°‘

]
1
[]
[}
|
i
1
1 -
0 Xo  Xg*tAX
Puc. 14.1
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B TouKe Mo (xo, Yo) 3anHineTcs Tak:

| B
Y—Yo= — f'(—xo) (¥0—xo0). (14.4)

®usnueckud cmuca npoussonmofi. Ecam x=f(f) — 3akoH npsiMoaHHERHOrO
ABHXEHHS TOYKH, TO Xx'=f’(f) — CKOPOCTb 3TOr0 ABHXXEHHS B MOMEHT BDEMEHH f.

Buictpora nporekauns  (hH3HUECKHX, XHMHYECKHX
M JPYFHX MNPOLECCOB BHIPAXKAETCH ¢ .MOMOWIBIO MNpPDH3- y
BOJHOH,

Ecan orHoweune Ay/Ax npH x—x, HMeer npenej
cnpaBa (Hax cjepa), TO OH Ha3bBaeTcs NPOH3BOAHON
cnpaBa (COOTBETCTBEHHO NPOH3BOAHOH caeBa). TakHe
npeneJH Ha3nBalOTCH OIHOCTOPOHHHMH TPOM3BOLHBIMH.

Onroctoponune npoussoarne (GyHKIUHH f(x) B Touke
X0 0603HAYalOTCA COOTBETCTBEHHO CHMBOJAMH F- (x0),

I
|
[}
"
X

'y (x0): g Ko X
Fo (x0) =, lim OM;AZ))‘M— NPOH3BOAHAs ClieBa; Puc. 14.2

P (o) = tim JCot80) —(x0)

Ax—>+0 Ax
OueBHpHO, yHKUHA f(x), onpexeseHHas B HEKOTOPOH OKPECTHOCTH TOYKH X,
HMeeT NPOH3BORHYIO f/(Xo) TOTRA M TONBKO Toraa, Koria OAHOCTOPOHHHE NMPOH3BOA-
Hble f° (xo), [%4 (Xo) CylLeCTBYIOT ¥ paBHH Mexny coGo#, mpuueM f_ (xo) =f% (xo0) =

— NPOH3ROAHAA Crpasa.

=f'(x0).
Ecau AJis HEKOTOPOro 3HaYeHHS X BHIOJIHSAETCA OAHO H3 YCIOBHH
. A . A
hm—y=+oo, ]Im—y=—oo,
Ax—0 Ax : Ax—0 Ax. .

TO FOBOPAT, YTe B TOYKE X CyulecTByeT GecKOHeuHasi MPOH3BOAMAs, PaBHas COOTBeT-
CTBEHHO | oo, — oo,

lFeomeTpHueckoe HCTONKOBaHHe NPOH3BOAHOA KaK YIJoBoro Koad@HuuueHTa
KacaTeIbHOH K rpad Ky pacnpocTpaHsieTCsl H Ha 3TOT cjydad: KacaTe/ibHasi B IaHHOM
ciyyae napanjeabHa och Oy (puc. 14.3,a—0b). _ )

QDyHKUHA, HMelollas NPOH3BOAHYIO B AaHHOR TOuke, Ha3biBaercs AHpdepeHun-
pyemofi B 3Tofi Touke. PyHKIHS, HMelOlWlas MPOH3BOAHYIO B Kaxaof TOuKe JaHHOro
NPOMeXYTKa, Ha3nBaercsi AHpdepeHuupyeMoii B aToM npomexyTke. Ecin nmpoMexy-
TOK fIBJISIETCHA 3aMKHYTBHIM, TO Ha KOHLAX €ro HMEIoTCs B BHAY OAHOCTOPOHHHE NpPOH3-
BOAHBIE.

Onepauua HaxoXAeHHA INPOH3BOAHONA Ha3mBaercss AHGMdEPEHIHPOBAHHEM.

3aBHCHMOCTb MEXAY HenpephBHOCTLIO H AH¢depeH L HPYeMOCTbI0 PYHKIHH BHpa-
Kaercs caepyioulelt TeopeMof.

Teopema 14.1. Ecau pyrcyus y=f(x) dudpdepenyupyema 8 dannod touxe,
T0 OHG U HenpepuienT 8 Hed.

a ] 8
y 1 y ¥} |
l ! !
{
i |
| |
, | ) |
|
| ' ] I
| ! |
. - 1 1
0 i Xo X 0 / : Xo X 0 : Xo X
i p i
-1 :
Puc. 14.3

183



3ameuanue OO6paTHOe yTBepxKAeHHe He Bcerja BepHO. Hanpumep, yHK-
uMsa y=|x— 1| HenpepHBHa B TOUKe x =1, HO He ABJIAETCS AuddepeHLHpyeMOit B ngﬁ.

I[Ipumep 14.1. 3anucath ypaBHeHHe KacaTelbHOM K JIHHHH f(x) =x"—
—4x+7 B Touke x=3.

'l:gx KaK [/ (x) =2x —4, x0=3, [/ (x0) =F"(3) =2, yo=F (x0) = (3) =4,1oon cooT-
BeTCTBHH C ypaBHenHeM (14.3) monyuaem y —4=2(x—3), HIH 2x—y—23—- . 5

MMpumep 142. B kakoli Touke KacaTelbHasi K JHHHH fx) =x"—1lx—

napaJjsienbia npaMoft 2x —2y+-3=0. o art
P JlanHas npsiMasi MMeeT YIJioBoil Kosdduuuent k=1. Hocxo.:_!bl(y f/(x) =3x*—11,
TO B CuAy paBenctBa (14.2) umeem 3x” —11=1, uiu 3x2=12, oTKyAa X, = —2, xo=2.

Haxomum y=f(x1) =f(—2) =9, yo=/(x2) =f(2)=-+19. Cnenosareibno, noiy-
uuJH ABe Touku:-M, (—2,9), M2(2, —19). ,
Tpumep 143. 3anucath ypaBHeHHe HOPMaJH K JHHHH f(x);x +5x—7
B TOuke x= —4. .
4 = — —_ — = = —4)=
Tak Kak [/ (x) =2x+5, xo=—4, [/ (xo) =f'(—4) =—3, yo=f(x0) =f(
=—11, 10 yfp:gaﬂeﬂne (14.4) npuummaer Bug y+1l=—1/—3(x+4), nm x—

—3y—29=0.

14.2. OcHoBHbie npauaa AuddepeHiHpoBaHHS

Mpouseonnas anre6panseckol cymmbl (yHKUMA Bhpaxkaercs ciefylouiedl
TeopeMoH.
Teopema 14.2. Ipoussodnas cymme (pasnocru) dsyx Oudgepenyupyexsix
Pynryui pasna cymme (PasnocTu) npoussodHbLX ITUX PYNKYUL:

(xv) =uxv. (14.5)

Cnencreue. [poussodnan romneunod anzebpauvueckoll cymme. Ouggepen-
yupyemoix pynkyud pasna takod e arzebpauseckod cymme npoussodnsix caaza-
emvix. Hanpumep, (u—v+w)' =u' —ov' +w'.

TiponasoaHyo npoussenenusn dyukumnit onpexenser

Teopema 14.3. [lpoussodnan npoussedenus dsyx  Oupppepenyupyemoix
¢ynkquil pasna npoussedenuro nepsod Pywxyuu na npoussodnylo 8TOPoll nawc
npoussedenue sTopold ¢ynkyuu Ha npoussodnyio nepeot, T. e.

(#v)’ =u'v+uv’. (14.6)

-Crencreue |1, IIoCTOARKbIE MROKUTEAL HONCHO BHIHOCUTS 3a 3HAK npoussod-
Hoill (cv)’'=cv’ (c=const).

Caencreue 2. [Tpoussodnas npoussedenus HecKoAbKux Ougppepenyupy-
emoix ynkyuii pasna cymme npoussedenull npoussoOnod Kawdod u3 Hux Ha 8ce
ocraasuste. Hanpumep, (uvw)’=u'vw + uv’w + uvw’.

Tpoussonnan wuactioro nByx ¢yHkuwit Bupaxaercs crenyioweli TeopeMoii.

Teopema 14.4. I[Ipouseodnas wacrnozo dsyx duppepenyupyemoix pynxyul
onpedeaserca gopmyaoi

(1g==££7ﬂL (v520). (14.7)
u v

Tponasoanyio cnoxnoRt dyHKuHH Bhpaxaer

Teopema 14.5. Ecau y=f(u) u u=q(x) — dudepenyupyensie dynxyuu
ceoux apeymenros, To npoussoduan caomHod ynkyuu y=f(p(x)) cywecrayer
U pasHa npoussedenuro npouseodnoll ITol PYHKYUL NO NPOMENCYTORHOMY APZYMERTY
Ha NpouU3BOOHYI0 NPOMENYTOUKOZO APIYMEHTA NO HE3ABUCUMOL nepemenHold, T. e.

dy dy du

Yx=Yully, EV_ = W 7:(— . (14.8)
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NMponssonnan o6parhoft dyukunn. Ecau y=F(x) u x=¢(y) — B3aUMHO OGpaTHhe
auddepenuupyemnle QyHKUHH H yr+= 0, TO

, Xy= ——. (149)

14.3. OcHoBHble dopmyan auddepeHuUHpPOBAHNSA

Mpoussoanbie CTeNneHHHIX H TPHrOHOMETPHYECKHX (YHKUMA BhIpakaloTCst
CJeyIOIHMH (hOpMynaMu:

1 1Y’ 1
ay/ __ a—1 — 7 ___ —_— _ e —
() =ax '“—"(W)"gﬁ'(x) -
(sin x)’ =cos x, (cos x)’'= —sin x,
1
sin®x

1
(tg x)’'= . (ctg x)'=—
cos’x

Ecan u=u(x) — nudpdepenunpyemas ¢GyHkuus, TO

(uu)/=auu—lu/, (]410)
(sin )’ =cos u-u’, (cos u)’=—sinu-u’, (14.11)
t ‘= i , (ct = i 14.12
(tg u) - (ctg u) prw ( )

Mpumep 14.4. Hahity npoussoanyio GyHKUEH y=-/1 —x
Cunras | —x?=u u npuMensa dopmyay (14.10), moryusaem
g=(1—x%)"72, yl=_;__(l__x2)-l/2(l_.x2),= —2x - —x

21—x% VI=47

MMpumep 14.5. Hafith npousBoanyio ¢yHKUHH y=sin —;— ~+cos —g—
IMpumensas dopmyan (14.11), naxonum

’——cosi( x),_.i i<_x_>,—
y=0os3\3) T s\e ) T

___Ox_l i X
=3 sz T g Mg

Mpumep 14.6. Haiith npoussonnyio GyHKuuH y=rcig?3x.
Tak kak y=0v?, rae v=ctg u, u=23x, To popmyny (14.8) npuMeHsIeM ABaKIBI.
Ha ocxoBanun dopmyan (14.10) 1 BTOpoit H3 dopmya(14.12) nonydaem
6ctg 3x
sin®3x

1
/== —9ctp 3% ———— (3x)' = —
v 8 inT3x (32)

Mpumep 14.7. HaliTu npoussoanyo ¢pynxuuu y=1/tg’2x.
Tak kak y=1/w, w=1% v=tgu, u=2x, T0 Yyi=yb w}-vi-u; Tlpumenss
dopmyay (14.10) u nepByio u3 dopmya (14.12), Haxonum

1 1 4 1 4cos 2x
= 2tg 2 - -
y tg2x B 2

cos’2x tg’2x  cos’2x sin®2x

Mpon3BoaHbie NOKa3aTeNbHBX H JorapupMuyecKnx (yHKuH#i BblpaxawoTcs
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dbopmyaamu

(@)’ =a*lna, (") =¢",

’

P _
(logax) = Tlogne— m"

(In %)= — (x> 0), (In [x])’ = — (x=0).

Ecnn u=u(x) — audpdepenunpyemas QyHKiHS, TO

(@*)’=a’lna-u, () =éu, (14.13)

u 74
[ e — S —_— 14.14
(logau) T (In u) e ( )

Mpumep 14.8. Haitu nponssoanyo GpyHkumn y=e*" .
INpumensisi BTOpylo u3 ¢popmyn (14.13), Haxoaum
¥ =e*" 3 (sin 3x)’ = %" % cos 3x(3x)’ =3e*" **cos 3x.

Mpumep 14.9. Haiitu npoussonnyio ¢pynxunn y=In(1+x?). Ha ocHoBanuu
BTopoi H3 ¢opmya (14.14) noayuaem

U+ 2x

1+ 142

Mpumep 14.10. Hafith npousBoaHyo GpyHKuHH y=In V¥¥+4x+45. Tak Kak
y= -;—In(x2+4x+5), TO

yl

,_ (#®44x+5)"  x+42
2(x24+4x+5) x24-4x4+5
MponssonHue 06paTHBIX TPHrOHOMETPHYECKHX QYHKUHA HaxXoAAT mo QopMmynaam
1 I

(arcsin x)/= ————, (arccos X)' = — ———,
l—x l—x
(arctg x)’' = ! (arcctg x)' = — ———l—
€ 14+x% g 14x2
Ecnn u =u(x) — nuddepennnpyemasn GpyHKuHsa OT X, TO
u’ u
(arcsin 4)’ = —————, (arccos )/ = — ——, (14.15)
JI—=d? VJi—u?
(arctg u)’= —2 | (arcetg u)’ = ——— . (14.16)
14 u? 14u

IMpumep 14.10. Hality npoussoanyio ¢yHKUMH y=arcsin /| —3x+4
+arccos /1 —2x.
INpumensis popMyan (14.15), nwaxoaum

e s A
T =G ic(—mm %
I N 3 I
WNT—2x 3x  2Bx—02 @ 2x—dr

186



Mpumep 14.11. Ha#tu npoussoanyo GpyHKuuH y=arctg:%.
C nomourio neppoii u3 popmya (14.16) u dopmyan (14.7) nonyuaem

y= 1 ( 1—x>’_ (14x)2 x
I+ ((1=x)/(A+x))*\ 14+x/ — (A4+x)>2+(1—x)?
X( —l(l+x)—-l(1—x))_ —2 _ 1
(14x)? P ES R
Mpounssoanuie runepGoanyeckux ¢GyHxuuA HaxoAsAT no popMynam
(sh x)’=chx, (chx)’=shux,
U U
(th x)'= et (cth x) et
Ecan u=u(x) — nupdepenunpyemas GpyHKUHSA, TO
(shu)'=chu-u’, (chu)’=shu-u, (14.17)
P g— u, /=_ u/
(thu) = et (cth u) prenet (14.18)

ITpumep 14.12. Haiitu npoussoanyio ¢pyHkuuu y=sh 2x+ ch 3x.
Tpumensas ¢opmyan (14.17), naxomum y’ =ch 2x(2x)’ 4 sh 3x(3x)’ =2ch 2x+
+ 3sh 3x.

[Tpumep 14.13. Hafitu npoussonHyo yHKuUHH y=th % + cth %
B cootBerctBuu ¢ popmynamu (14.18) noayuaem

,__x/5) (x/7)’ I 1

ch?(x/5) sh?(x/7)  5ch’(x/5)  7sh’(x/7)

Mpou3soaHbie HesABHLIX GYHKuuA u PyHKUHA, 3aaaHHBIX napamerpuuecku. TIpous-
soaHan Gyukunn y=u’. Ecan anddepeHunpyemasn dynkuust y=y(x) 3asana ypas-
HeuueM F(x,y) =0, To npoussoaHnas y’ =y’ (x) 3ToA HesABHOH (YHKIHH MOXeT OHLITb
HaitneHa 3 ypaBHeHus Fi=0, rae F=F(x, y) paccMaTpHBaeTCs KakK CJI0XHas QyHK-
IIHA 11epeMeHHol .

Ecnn ¢pynkuus y=y(x) 3agaHa napaMeTpHYeCKH:

x=x(1), y=y(t) (a<t<P), (14.19)

xae x(t), y(1) — anddepenunpyemsle ¢GyHKuuH u x’'(¢) =0, To ee npou3BoaHaA
yx onpeneasiercss popmyaoi

yx=yi/xi. (14.20)

IMponssoanas cTeneHHO-NOKa3aTelbHOH GyHKuMKH u°, rae u, v — Anddepen-
udpyemnle GyHKUHH OT X, HAXOAHTCS C NOMOLWBIO NPeIBapHTENbHOTO Jorapugpmupo-
B4HHS, KOTOpOe NPHBOAHT K (Hopmyae

(u")’=u”< v Inut %) (14.21)

Mpumep 14.15. Ha#iTh npousBoaHyl0 ¢(YHKUHH, 3aRaHHOH ypaBHEHHEM
Y sin x=cos(x—y).

dto ypasHenne onpepensier y=y(x) — oyHxkunio ot x. INoacrasnsa QyHKuHIO
y=y(x) B paHHOe ypaBHeHHe, MNoJyyaeM TOXKAECTBO y(x)sin x=cos(x—y(x)).
JduddepeHiupyeM 3TO TOXKAECTBO H M3 NOJTYUYEHHOrO ypaBHEHHSI HaXOAHM y =y’ (x):
Yy sinx4ycos x=—sin(x—y) (1 —y), y'sinx+ycosx=—sin(x—y) +y sin(x—y),
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ycos x+sin(x—y)
sin(x—y) —sinx ~
IMMpumep 14.16. Haiitu npousBogHylo ¢yHKUMH, 3aJaHHOR ypaBHEHHSIMH
x=t—sin ¢, y=1—cos ¢.
3ra ¢yHKuust 3ajaHa napaMerpuuyeckH (cM. (14.19)). Tak kak xi=1—cos ¢,
yt sin ¢

yi=sin{, To no popmyae (14.20) monyuaem y;= o = T—cost’

y cos x+sin{x—y) =y’ (sin (x—y) —sin x), y' =

Mpumep 14.17. HaliTu npousBoaHyio GpyHKuHH y=x5"*,

JlorapupMHpyst 3TO paBEHCTBO MO OCHOBaHMIO e, MNojayyaeM In y=sin xInx.
Oupdepenunpys, HaxonuM y’/y=cos x In x+sin x- (1/x), otkyaa y’=y(cos x In x+
+sin x- (1/x)), y =x*"*(cos x In x+sin x/x).

Mpumep 14.18. HaiiTh npou3BoaHy0 GyHKUMH y=x".

Aro takxe QYHKUHS BHAA y=u’, rae u==x, v=x. Ilo popmyae (14.21) nomy-
yaem y' =x*(Inx+1).

Tpoussonsnie BuicmiHX nopsaaxos. [IpoH3BOAHOM BTOPOro MOpSiKA, HJIH BTOPOM
NPOH3BOAHOA, QYHKIHA y=f(x) Ha3nBaeTCA NMPOU3BOAHAsi OT ee NMPOH3BOAHOH y =
=f"(x) (KoTOpyi0 Ha3bBaiOT NMePBOH MPOU3BOAHOI).

OGo3HaueHUs1 BTOPO# NMPOH3BOAHOI:

" — ’ 4 — (f ’ d y — dy,
Y=Y, ["(x)= ()" T A
MexaHHueckHu#t cMbca BTopofi npousBonHoH. Ecanmx=f(f)—
3aKOH MNPAMOJNHHEHHOr0 ABHXXEHHS TOUKH, TO x” = f"({) — yCKOpeHHe 3TOr0 ABHXEHHH
B MOMEHT BPEMeEHH {.
AHallOrHYHO ONpeNensioTcsl M 0603HAyaloTCs [POM3BOAHBIE TPETHEro, yeTBep-
TOoro ¥ 6oJiee BHCOKHX MOPSAKOB:

/// (y//)l_(f"(x))/ =(y/u)r’ ,y(n)=(y(n—l)r.
Hponanomlaﬂ n-ro nopsigka 0603HauaeTcs H Tak:

d"y

dx"

Ecan ¢yHkuus 3anaHa mapaMerpuuecku: x=x(tf), y=y({), To ee Bropas npo-
H3BOJHas onpejeasierca popmyJoi

=y,

d2y x/y// — y/x//
—_— 14.22
dx2 x/S ( )

"o
Yux=

IMpumep 14.19. Haiitu BTOPYiO NMPOH3BOAHYIO ?yﬂxunu y=x*1n x.

Tak kak zy () Inx+x3(In x)’ =322 In x4+ 2°(1/x) =3¢ In x+ %, TO y”
=6x In x4+ 3x°(1/x) +2x, y”=06x In x4 5x.

Mpumep 14.20. Haiitn Bropyio npoussoaHylo (GYHKIHH, 3alaHHOHl mapaMer-
puuecku: x=t—sint, y=1—cos t.

IMockoabky x’=1—cos ¢, y’ =sin ¢, x” =sin ¢, y” =cos ¢, To Mo q:oopmy.ne (14.22)

d’y  (l—cosf)cost—sintsint _  costi—I

dx? (1 —cos ¢t)® T (1—cos ¢)? = (l—cost)z'

IMMpumep 14.21. Haitru 7 (1) ansa Q)yHKunu fx) =x*—5x° 462 —Tx+9.
Tak kak [/ (x) =4x— 15x+ 12x—7, {7 (x) =12x*—30x+ 12, 10 " (x) =24x—
—30. Cnenosaresibho, f” (1) = —6.

nojyyaeMm

14.4. Nnddepenunan GyHKuuu

NMonarne anddepenunana. Mpumenenue nuddepenunana B NPUOAHIKEHHBIX
BuuMCAeHHAX. PaccmorpuM obyHKmHIO y==f(x), OonpejleseHHyl0 B HEKOTOPOM MNpo-
MexyTKe (a, b), u ee npupamenne Ay==f(x+Ax) —f(x) B TOuKe Xo, TAe Xo, (Xo+
+Ax) = (a, b).
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Ecau npupaulenne pyHKUMH NpeACTaBAMO B Buie
Ay=AAx+o0(Ax), (14.23)

rie A — nocrosiHHas, 0(Ax) — 6eCKOHEUHO Majasi BLICIIEro NMOPSAAKA [0 CPaBHEHHIO
¢ Ax, To cnaraemoe AAx HaswBaoT AupdepenunasoMm ¢yHKuMH [(X) B TOuKe Xo
H 0603Ha4awT dy uan df (xo) :dy =AAx;, dyHKuuwo y=/{(x) B 3TOM cJIydyae Ha3LBaIOT
nud¢epeHUHpYeMOH B TOUKE X.

Ecau npupamenne ¢ynkuun y=f(x) npeacraBumo d¢opmyaoit (14.23), Tto0
A=f"(x0): caenoBareanto, dy=J (xq)Ax. Tak kak

dx=Ax, (14.24)
T. e. IuddepeHn Al He3aBHCHM Ol epeMeHHOM paBeH NPHPauleHHIo 3Toll NepeMeHHoi, To
dy=F} (x0)dx, dy=y.dx, (14.25)

orkyna f['(xo) =dy/dx, T.e. mnpousBogHasi paBHa OTHoweHHIO HAH(pdepenlHana
dyskuHn Kk anddepennnasy He3aBHCHMOl NMepeMeHHOM.
Dopmyny (14.23) MOXHO 3amucaTh TakK:

Ay=dy+o(Ax). (14.26)

Juddepeninan GpyHKIHH Ha3HBAIOT TaKXKe [VIaBHOH JHHEHHON YacTbIO ee NPHpalleHHs.
Teopema 14.6. Beckoneuno manoe npupaujerue pynKyuu 3KB8UBAANEHTHO ee
OJuppeperyuanry npu ecex 3HAUeHuAx HeE3ABUCUMOL nepemenHol, 0L KOTOPbLX
npou3so0Han (YHKYUW KOHEYHA U OTAUYHA OT HYAS.
H3 pasencrsa (14.26) npu AocTaTOYHO MajanX Ax mosyyaem
Ay=~dy, nan f(xo+Ax) —f(x) = f (x0) Ax, (14.27)

oTKyna
f(xo+Ax) 2 f(xo) +F’ (xo) Ax. (14.28)

Qopmyan (14.27) u (14.28) npuMeHAIOTCH B NpPHGJHXKEHHLIX BbIUHCICHHSX.

Mpumep 14.22. Buuncants 3Hauenue. Aupdepenunana ynkuuu f(x) =x*—
—5x24 7, Koraa apryMeHT x MeHsietrcs oT x=2 g0 x=2, 1

HafineM cHauana BhipaxKeHHe IJs nn?q)epenuuana AaHHOH (YHKUHH no ¢op-
myre (14.25): dy= (xo—5x247)’dx= (4x;— 10x0)dx. Tak KaK dx=Ax=1x —xo=
'=2,1—2=0,1, xo=2, 10 dy=(4-22—10.2)0,1 =1,2.

ITpumep 14.23. BHUHCAHTbL NPHOGIHIKEHHO 3HAauYeHHe QYHKUHH f(X) =T 475
npu x=1,1. ’

3HaueHue aprymedtra x=xo-+ Ax upeacraBuM B Buie x=1+40,1, rae xo=
=1, Ax=0,1. Ilpu xo=1 JIerko BLIYHCAAIOTCS 3HAUEHHS] QYHKUHH H ee NPOH3BORHOH

. 14x 14-1 7
F(x)= =Y F71°=2, f(l) = ————— = —.
33797 R +7-197 6
Stu 3uauenns BXoAsT B popmyay 31 +7(1,1) 2~V F7- 17+ %-S—i‘——o,l,
(147-1%)

nonyyeHHyio #3 ¢opmyin (14.28). CaenoBarteabho, f(1,1)=247/60~2,117.
Feomerpunueckunih cMbca AuHbPPepennuana Hupdepenunan
GYHKIHH paBeH NpHpallleHHI0 OpPJAHHATH KacaTelbHOH K rpaduky ¢yHKUHH B CO-
OTBETCTBYIOLeli TOYKe, KOTAAa apryMeHT MojsyyaeT npupauleHHe Ax (puc. 14.4).
- OT™erum, uro dy <Ay (puc. 14.4, a) nau dy> Ay (puc. 14.4, 6); ecin HyHKUHA
paBHa MOCTOAAHHOH, TO dy=Ay=0.
®usnuyeckuit cMubca aupdepenunnana Paccmorpum mnpsiMonn-
HeliHoe [ABHXXKEHHEe TOUKH MO 3aKOHy s={(t), rae s — JJuHa nyTH, ! — Bpems, f(f) —
aupdepenuupyeMas GyHKUHA; Toria ds=['(t)dt=wv(t}dt, rae v(f) — CKOPOCTb IABH-
xkeHua. ChaegoBarenbHo, AuddepeHunan NyTd paBeH NPHPALIEHHIO MYTH, NOTydeH-
HOMY B MNpelANOJIOXeHHH, YTO, HayuHas C AAHHOrO MOMEHTa [, TOYKa [BHXKETCH
PaBHOMEPHO, COXPaHsisi NPHOGPETeHHYI0 CKOPOCTb.
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Ceoiictea anddepenunana. Anddepenunan ¢yHkunn oblataer CBOHCTBaMH,
aHaJIoTHYHLIMH CBOHCTBAM NPOH3BOAHOH.
1. NnpdepeHunan nocTosgHHON paBeH HYJIO:

dc=0, c=const. (14.29)

’ 0 X 0 . X
Puc. 14.4

2. 1uddeperunan cymmu anddepeHuupyeMuix GyHKUHIA paBen cymme 1udpdepen-
HAaJ0B CJAraeMbiX:

du+v)=du—+ dv. (14.30)

CaenctBue. FEcau dae Oudpdepenyupyemoie Pynkyuu oTAU4QIOTCA NOCTOSAH-
HbLM CAazaembiM, TO ux Oupdepenyuarot pasrobl

d(u+c)=du (c=const). (14.31)

3. dnddepenunan npousBeneHusi ABYX AHPdepeHUMPYeMbIX  dyHKIMH  paBeH
NPOM3BeACHHIO MepBOil GYyHKUMH Ha anddepeHitnan BTOPOH ILTIOC AIPOX IBCICHHe
BTOPOH Ha Auddepenunan nepsBoi:

d(uv) =udv+ vdu. (14.32)

CnenctBHe [loCTOARNBLE MHONUTEAL MONHO BLIHOCUTS 3d 3HUK  Oudh-
depenyuanra
d(cu)=cdu (c=const). (14.33)

4. Nnddeperunan uactHoro u/v (v+0) aByx AnddepeHunpyemnix GYHKUHH
u=u(x) 1 v=uv(x) onpenessiercs popmyno#

d(i) _ vdu—ude (14.34)

02

5. CBoiicTBO He3aBHCHMOCTH Buia Aubdepenuwana or Buibopa HCIABHCUMOR
nepeMeHHOH (MHBapHAHTHOCTb ¢opmbl Auddepennnana): anddepeHnnsa Pyviking
paBeH TNpPOH3BEJACHHIO MPOH3BOAHOH Ha AHP¢epeHNHaN apryMeHTa HesaBHCHMO OT
TOro, SIBJASIETCH JIH 3TOT apryMeHT He3aBHCHMOH NepeMeHHOH Hax ¢yukumeit apyroi
He3aBHCHMOH NepeMeHHOM.

OcHoBHbHe anHdpPepeHU Hadbl

1. dx*=ax*"'dx, 11. d{(a*) =a” In adx,
I11. d(ln|x|)=i—x, V. d(sin x) =cos xdx,
V.  d(cos x) = —sin xdx, V1.  d(tg x) =dx/cos’x,
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VIL. d(ctg x) = —dx/sin%x, VIII. d(arcsin x) =dx/~y/1—2°,
IX. d(arccos x) = —dx//T—x% X. d(arctg x) =dx/(14x?),
XI. d(arcctg x) = —dx/(14+x?), XII. d(sh x) =ch xdx,

XII. d(ch x) =sh xdx, XIV. d(th x) =dx/ch%x,

XV. d(cth x) = —dx/sh%«, XVI. df(u)=}"(u)du.

AuddepeHunans BuicBIHX nopspakos. Eciy x — He3aBHCHMasi nepeMeHHass H
=f(x) — nuddepeHunupyeMass ¢yukuus, 10 dx=f'(x)dx, T.e. nuddepeHuHan
GYHKIHH ecTb (QYHKIHS, 3aBUCAINAsi OT ABYX apryMeHToB x H dx. JtoT AudpdepeH-
uuan O6yleM HasbiBaThb Takxke AuddepeHUHaJOM NepBOro nopsaka (HIH MepBHM
nudnpepeﬂuua.nom) Cuurasi dx nocrosiHHO#, noJjydaeM, uto df(x) — QyHKUHS ONHOR
nepemeHHoi. IlpeanonoxuM, uto GdyHkuHus y=/{(x) uMeer He TOJLKO nepBylo MPOH3-
BOAHYIO, HO H n NOCJeJ0BaTeJNbHHX MPOH3BOLHHX Y~ =f"(x), y” =f"(x), y(’"
——f(")(x)

N uddeperunan or anpdeperunana pyukuun y={(x) Ha3bBaeTCss BTOPHIM AUGD-
depenunaioM uau AuddepeHuHaNTOM BTOpPOro nopsiaka 3Toil ¢yHKuUHH H 0603Ha-
yaercsi d’y:d%y —=d(dy), npuuem

2y =f" (x)dx2. (14.35)

JubdepeHunansom n-ro nopsiika HasnBaercs Audpdeperunan or gudpdepeHunana
(n—1)-ro nopanka: d"y=d(d""'y):

dry =™ (x)dx". (14.36)

3ameuanune Dopmyrn (14.35) u (14.36) npu n> | cnpaBeiJHBH, Koria
X SIBJASIeTCS He3aBHCHMOH NepeMeHHOM.

14.5. OcHoBHBIE TeopeMbi nuq)cpepenuua.nbnoro
HCUHCAEHHS

Teopema 14.6 (Jlarpanxa). Ecau ¢ymcu‘uﬂ f(x) Henpepmsna na
orpeske [a, b] u OJuppepenyupyema 8 unrepsase (a,b), TO Ccywecrayer raxas
Touka c< (a, b), uro

f(b) —f(a) =F (c) (b—a) (a<<c<d).

Canencrsue |. Ecau npoussodnan ¢ynkyuu pasna nyao 8 Kaxdol TouKe
HEeKOTOpO20 npoMexyrka, TO QyHKyus ecTb TOoNOeCTEeHHAA NOCTOSHKAA 8 ITOM
npomexyrKe.

CaencrBue 2 Ecau 0se pynkyuu umeroT pashsie npoussoOHsie 8 HEKOTOPOM
npomexcyrKke, TO OHU OTAUYAIOTCS 8 ITOM NPOMENCYTKE AUULL NOCTOAHHOIM CAAZALMOLM.

Kopuem (unu Hynem) o¢yHkuuu y=/(x) Ha3niBaeTCsi Takoe 3Ha4eHHe X =Xo
ee aprymeHta, npH KOTOPOM 3Ta ¢YHKUHS o6paliaercs B Hyjab. [ eoMeTpHyeckH
KOpeHb (YHKUHH O3HauaeT abcuucCy TOYKH, B KOTOpoil rpadux (PyHKUHH nepe-
cekaetr ocb Ox uaM Kacaercs ee.

Teopema 14.7 (Ponast). Mexdy deymsa pazauunoimu Kopusmu Oupdepenyu-
pyemol @Pynkyuu codeprcurcs no meHowel Mepe 00uUN KOopeHb ee NPOU3BOOHOL.

3ameuanue |. Teopema umeer npocryio y
FEOMETPHYECKYI0 WHTEpINpETAlHIO: MeXAy 3Haue-
HHAMH a H b uMeeTCs MO MeHblued Mepe OAHO C
3HayeHHe ¢ Takoe, uro B Touke C(c, f(c)) rpa- '
¢duka ¢yHxkuHH. KacaTesbHass K rpaduky napaJ- H
neabHa ocu Ox (puc. 14.5). 0l /a c 8\ X
3ameuyanune 2. Teopemy MoxHO chopmy-
adpoBaTh B Gosaee obuwem Bupe. Ecau y=f(x)—
dyHkuus, auddepeHuupyemass Ha orpeske |[a, b] Puc. 14.5
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u f(a) =f(b), To Mexxay a u b nalizerca Touka ¢, B KOTOpPO#i NMpPOH3BOAHAs paBHa
HyJi0, T. €. f'(c) =

Teopema 148 (Kown). Ecau y=f(x) u y=o¢(x) — 08e pynxyuu, nenpe-
poienbie na orpeske [a, b] u Oupdepenyupyemvie 8 unrepsase (a,b), npuuem
¢’ (x) %0 0aa awbozo x= (a, b), To mewdy a u b Haiderca Takaa TOYKa C, 4TO

[(6) —f(a) _ [(e)
¢(b) —¢(a) 9 (c)

14.6. ®opmyaa Teiinopa
®dopmyna

(x—a) +

(x—a)?+..+ L (x—a)"+

f("+”(a+9(x—a))
CENY

HaspiBaeTcss ¢opmysoil Tefliopa ¢ ocraTouHmM ujgesom B ¢opme Jlarpanxa:

(x—a)"+! (14.37)

_ (x_a)n+l n41)
Rn(x) = —(Wf( +D(g). (14.38)
Ecsan a=0, To ¢popmyJsia npHHUMaET BHA
F©) (0> 10 f<"><0> [+ (Bx)
F(0) =(0) + Iq— x4 -+ A e

(14.39)

rie 0<<0<C1, n Ha3mBaercsi popmyoi MakjiopeHa.
®opmyny (14.37) MOXHO 3anHcarth B BHIE

(n)
f(x)—f(a)+f( ivcoa) . +f (a)

—a)"+o((x—a)"), (14.40)
rae o((x—a)") — 6ecKOHeyHO MaJjiasi NOpPSIAKa Bbillle A-TO MO CPaBHEHHIO C X—a,;
sTa (opMa oCTaTOYHOro ujeHa Onla ykadaHa [leano.

3ameuyaHue Ecan B ¢opmynax (14.37) u (14.40) neperectH B JeBhle
yacTH f(a) u 0603HauUuTh X—a=Ax, Toraa

(a) (a) f")(a) [+ V()
A+ o

Af(a) =f'(a)Ax+ T ["(a)Ax’+...+ W f(a) Ax" +o0(Ax").

Af(a) =F (@) Ax4 52 Axt 4 A,

Ecan B aTux dopmynax Ax 3ameHHTb Ha dx M NMPHHATb BO BHUMaHue (GOPMyJibi
(14.35), (14.36), To MOAYYHM COOTBETCTBEHHO

Af(a) =df(a) + 5 di’f(aH- +—d"f(a)+ —nr 4@,

(n+1)'
Af(a) =df(a) + 5 d2f(0)+ +—d"f(a)+0(AX")

CanefoBaTenbHo, €ClH NPeANoONOXHTb, 4To Ax—0, To mo 3TuM ¢opmyraM H3
GeCKOHEYHO Masioro mnpHpailedHs (yHKUHH Af(a) MOXHO BBHIENHTh He TOJNBKO €ro
rMaBHbHA u/eH — nepBui Anddepenunan, Ho u ujeHs! Gojee BHICOKHX MOPSIAKOB
MaJIOCTH, COBNajaioline (C TOYHOCTbIO A0 (aKTOpHAJOB B 3HaMeHaTesfX) ¢ MocJje-
noBaTeJbHbiMU Auddepeuunanamu d*f (a), d*f(a), ..., d"f(a).
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14.7. ®opmyana Teilnopa AjNsi HEKOTOPHIX

byHKuHH
Dopmyna (14.39) ana byukuun f(x) =e* npuHHMAaeT BHA
x %2 X" ot
e XX KR S ) 14.41
C=ltqrt ottt e 0<o<b. (44D

OtmeTiM, 4TO NpH JMOGOM X ocTaToydbiii wied ¢opmyant (14.41) cTpemutcs
K HyJIl0 NMPH HeorpadHYeHHOM BO3PacTaHuu n, T. e.

n+ 1

X
lim = lim ———e*=0.
il R = i T
Pa3zsoxetne dyukuun f(x)=sin x no q)opMy.ne (14.39):
. x3 x° nmn
smx_x—ﬁ—l—ﬁ— +.. + sin —— 5 +
! (n+1)n)
—_— 14.42
(n+1 sm<0x+ 5 ( )
OcraTouublil uJeH
X! (n+1)n
Ra.(x) = sm<9x ————)
(x) = NCES +
dopmyan (14.42) Tak:Ke CTPEMHTCSl K HYJIO [PH n—>0o.
GPopmyna (14.39) nas ¢yukuuu f(x) =cos x uMeeT BHA
x* xt x5 X" nmn
cosx=l—grtgr - t-tareeso
x"t! (n+1)n)
I S . 14.43
-+ CEE cos<9x+ ( )

KakoBo 6bl HH GblIO X, OCTaTouHblil udeH ¢opmyiab (14.43) CTpeMHTCA K HYJIO
npu n—oco.

Ias yukuun f(x) = (a+x)", rie a — KeHCTBHTEIbHOE YHCJO, 1 — HATypasb-
Hoe uHCJIo, MoaydaeM

=)

(a+x)n=an+nan—lx+ 57 an-—2x2+
n(n—1)(n—2) an- nn—10..2 ., .,
+ - A4 _.—( 01 ax"" ' 4-x". (14.44)

370 paBeHCTBO HasbiBaeTcsi GopMysioil GuHoma [ipioToHa.

14.8. Tpubanxennsie popmyabl

Ecan B dopmyne (14.39) orT6pocHTb OCTATOYHBIH 4YieH, TO MOJYUHTCSH
upubamxeduas opmyna

7 73 (n)
f(x)zf(OH-ff#x f(o) 24 -|-f (O) " (14.45)

3ameHsiouwlas AaHuylo QYHKUHIO MHOrouJeHoM n-ii cTenenu. KauectBo 3Tod ¢opmy.bl
OUEHHBAETCH JABOSIKO: YKa3hblBAlOTCA TI'DaHHIbl MOTPelIHOCTH R,(X) ¢ MOMOLLbIO Bbi-
paxennss (14.38) ans ocrtaroudHoro useda JHG0 MOPSAOK MaJjOCTH 3TOH MoOrpeu-
HoCTH mpH x—0 R,(x) =o0(x").
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B ciyuae @yHkuuu [(x) =" noayuaem NpHEAMKeHHYIO POPMYIY
. x x? % x*
~1+T+_2_!+W+"'+W' (14.46)

TMockoabKy R.(x)=e"x"*'/(n+1)!, To, Hanpumep, npH x>0 mnorpewHocTsb
OllEHHBAETCS HepaBeHCTBaMH '

X

e P
0<Ra(¥) < —pyr ¥ (14.47)
B uactHocTH, npu x=1 noayyaem ex 1+ ——ll'— + % +..+ %, 0<<Ra(x) <
_ 5 ! !
[CES)

Ecan B3fTh n=8 H NPOU3BECTH BBLIYHCJEHHSI C MATHIO AECATHYHLIMH 3HAKAMH,
To mosyunMm e=2,71827. 3aech BepHbl NepBble 4eTbipe 3HAKa, TaK Kak oWHGKa He
npesocxoaut 3/9! uau 0,00001.

B3sB f(x) =sin x u nojaoxuB B paBeuctsBe (14.42) n=2m, noayuuM npu6au-
KEHHYI0 PopMyay i

. x3 x5 (_ l)m—-lem——l
AA— —— f — 4
sin X~ x— — + 5 .+ em=11 s (14.48)
OCTaTO4MBIH Y/JEH KOTOpPOH

sin (x4 (2m41)n/2) ., m x2mH!
@mE1)! X = (= 1) "eos 0% oy

OlleHHBaeTCA COOTHOLIEHHEM

R2m(x) =

‘xl2m+|
Cm¥ D!

Has pyukuum f(x) =cos x aHaJOrHYHO MOJy4aem

[Rom (x) | <

X2 x4 x?m

~l— =+ — —... — )" . 14.49
cosxml= o+ g —+ (=D "G (1449)
ITorpewnocts npubamkenuoil popmyant (14.49) BrpakaeTcsi OCTATOYHBIM UJIEHOM
1 2m+ 2
R2m+)(x)=(—]) cosex~(2m+—2)!
H OlleHHBaeTCs HepaBeHCTBOM
’xl 2m+2
2m+2)°
2 4

Hanpumep, ansi popMyanl cos x~1— % =+ % NOTr PeLIHOCTb

IR2m+|(x) <

|x|® Pl
[Rs(x) | << 6!l = 755 -

Mpumep 14.24. Boiuncauts *® ¢ tounoctsio g0 0,001.

[Mpumensiem dopmyay (14.46), nonarass B Heikt x=0,75=3/4. Ilockonbky
x<<1 u e<C3, To 3 popmyan (14.47) ciemyer, uTo
9x xn+l< 3

e
(n+ ! CESY

IRa(x)| <
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: 3 1
Tpe6oBauue |R,(x)|<<0,001 Gyzmer BBINOJTHEHO, €CJIH CES < 1000 , HIH

(n+1)!> 3000.

JTo HepaBeHMCTBO BBINOJHSIETCH Npu n=6 (Toraa
3uayur, ans BeruucaeHns e*’° ¢ 3agauHo# TouwocThio B ¢opmyne (14.46) uyxHO
' 3 13 13 1 3 i

TrTe sttt

(n+ 1)1 ="T!=5040).

B3SATb lWIECThb caaraeMmbix: e®’®z | 4 - + -

5
X 3—5 ~1+4-0,7500+-0,2813+-0,0703 40,0132 40,0019~ 2,1167, "5~ 2,117.



F'masa lb

NPUJIO)KEHHUSA MPOU3BONHOM

15.1. Mpasuao Jlonurans — bepHyaau

INpu uccaenoBaHHn GyHKUMH MOMET IOABHThCH HEOGXOAHMOCTbL HaXOXKAE-
HHs1 pefiesia ApobH f(x) /@(x), YHCAHTENb 1 3HAMEHATENb KOTOPOH NMPU X—~a CTPEMSTCS
K HyMio uAM K GeckoHeuHocTH. HaxoXjieHue Takux mpeiesoB Ha3biBAOT PacKpbITHEM
Heonpe/e/ieHHOCTe!l COOTBETCTBYloUlero Buaa. OCHOBO# ero sinJsieTcs npasuio Jlonu-
Tansi — BepHyJsuin, BbipaxkaeMoe cJelyiolleil TeopeMoil.

Teopewma l5.1. Ecau pyrxyuu [(x) u @(x) duppepenyupyemt. 8 OKpeCcTHOCTU
TO4KU Xx=a, 06paw,arTca 8 HYab 8 3ITOL TouKe u CYuiecTsyer npedes OTHOULEHUSA
f(x)/9’(x) npu x—a, To20a cyuwecrsyer npedea OTHOWLeHUA camux GynKyui,
pasHbil npedeny OTHOULEHUS NPOUIBOOHbLX

im L) _ i L0) (15.1)

li = .
x—~a 9(x) x—a @' (x)

3ameuaune 1. Teopema BepHa H B TOM cayyae, Koraa QydKUHH f(x) H

$(x) He oripefienenbl B Touke x=a, Ho lim f(x) =0, lim ¢(x) =0.
x—a Xx—a

 3ameuaume 2. Teopema BepHa H B ciyyae a=oo, T.e. KOria
lim f(x) =0, lim ¢(x)=0.
X-—+00 X-+ 00 .

3ameuaune 3. Ecan f/(a) =0, ¢'(a) =0, oyukumnn [ (x), ¢ (x) Anddepen-
UHpYeMbl B OKPECTHOCTH TOYKH X=g U CylllecTByeT npeaes orHouweuusa [’ (x)/¢”(x)
npu x—a, 10 - )

N 1
1 = | R 15.2
v ) se ¢ () (152)

Hpyrumu cnosamu, mpasuio Jlonurans — Bepuynan npu BLINOJHEHHH COOTBET-
CTBYIOLIHX YCJOBHH MOXHO NPHMEHSTb HECKOJBKO pa3.
IlpaBuno Jlonutans — BepHyanu NpHMEHHMO M NPH pPacKpLITHH Heonpeje/eH-

- [}
HOCTEH BHIa Tx)—, MOCKOJIbKY €€ MOXHO INpPHBeCTH K HeomnpeneJieHHOCTH BHAA

0
7’ TPeACTaBHB paccMaTpuBaeMylo ApoGb TaK:

[ _ 1 . 1
¢(x)  @(x) " flx)

Y 0 co
C noMomwbio TOXAECTBEHHBIX NPeo6pPa3oBauuit K OCHOBHOMY BHAY o WM

MO3HO CBECTH HeONpeeJleHHOCTH APYrHX BHIOB, TaKuX, Kak 0+ 00, 00 — oo, | ~, 0, 0o®.
HeonpepenewtocTs Buma 0-oco, T.e. npoussemenue [(x)e(x), ric [(x)—0,

o o]
@(x)—>oo0 npH x—-a, NPHBOAHTCA K BHAY o W - mo dopmynam

i
TR @) =f(x): PO f(X)e(x)=o(x): —i(lx) .

a 3aTeM npumeusierca npasuiao Jlonuraasi — Bepuysnu.
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AHaJIOTHYHO PacKpLIBAETCS HEONpPeNeNEeHHOCTb BHAA 00 — 0o, T. €. HAXOAHTCH
npegea lim (f(x) —@(x)) npu ycaosuu, yro lim f(x) = oo, lim @¢(x) =o00. C mno-
X—>a

Mouiblo npeobpasoBaHusa f(x) (x)—( L s ! ) : ""”1 3Ta Heomnpe-
pecipasosa PET\RE T T Teet
JeNIeHHOCTh CBOAMTCS K HeOoNmpefeseHHOCTH BHAA o

PackpuTh HeompeiesneHHOCTh Bupa | — aHauuT wWaiti npesen lim (f(x))¥?
X—~a
npu ycaosuy, uro lim f(x) =1, lim ¢(x)=o0.
xX—=a x—>q R
PackpbiTh HeonpeneseHHOCTH BHAa 0% o0® — 3HAUMT HalTH npefen lim (f(x))‘P(")
x—a

NpH CoOTBeTCTByIOLeM ycaoBuy: 1) lim f(x) =0, lime(x)=0; 2) limf(x)= oo,
x—~a : x-»a X—a

lim @ (x) =0.

X—>a .

Heonpezeneudoctu 1, 0% oo packpbiBaioTcsi cnoco6oM, B KOTOPOM HCIOJb-
3yeTcsl TOXAECTBO (f(x) )% == g%t In/ 0,

IIpu pacKpbITHH 3THX Heonpele/eHHOCTeH AaHHOe BhIpaXKeHHe NPeABAPHTENbHO
JIor apHOMHPYIOT H HaXOAAT Mpedea ero Jorapudma.

[MpaBuno, Bhipaxaemoe Teopemoit 15.1, chopmynupoBaHO wLIBeHILAPCKHM MaTe-
matHkoM H. Bepuyaau (1667-—1748) u ony6aukoBaHo B 1696 r. B mepBoM ne4aTHOM
yue6HHKe aHaiiu3a GeCKOHeYHO MaJIbiX, HaNHCaHHOM (PaHIy3CKHM MaTeMaTHKOM
I'. Jlonnranem (1661—1704).

ef—e™*
n 15.1. Ha#rr lim —m————.
puMep afiTu xl_r:10 TRIED)

[Ipn x=0 uncauTesb H 3HaMeHaTeNb APo6H o6pamaloTcs B HyJlb, HMeEM Heompe-

0
ReNeHHOCTh BHAA - . YTo6n pacKpHTh ee, npuMeHsieM npaswio Jlonurans — Bep-
HYJIH:
. ef—e * . e t+e*
lim = lim +

20 In (I+x) 0 1/(1+x)

Mpumep 15.2. Haiitu lim oS X—cos 7x
x—0 COS x—cos 3x

) 0
Jlnsi pacKpbiTHS 3TOA HeomnpeaeneHHOCTH BHAA — nOpaBuiao Jlonuranas — Bep-

0
HYJITH HeOGXOLHUMO NMPHMEHHTb ABaMKIH:

m cos x—cos Tx im —sinx+7sin7x .. —cosx+49cos7x
x—»0 COS X—COS 3X  y,0 —sSin x+3sin3x .9 —cos x-+9cos 3x

_ —1449 —6

=149 —
NMpumep 15.3. Hahtu 1im<—1-—;).

=0\ X e —1

3nech HMeeM HeolpeleNeHHOCTb BHAA oo — oo. [Ipeo6pasyeM HaHHYIO Pa3HOCTb
1 1 e&—1—x

X e&—1 x(ef—1) ~ '
IMpu x=0 B mpaBo#i uyacTH 3TOro paBeHCTBa HMeeM HeONpeleNeHHOCTb BHMAA
—— Tlpumenss aABaxAab npasuio Jlonurans — BepHynan, HaxoauM:

0.
lim( ! - ! ) = lim e—l—x _ lim e—1 =
x—=0\ X e —1 520 X€—x 10 xe*t+e*—1

—lim—2 1
x—+0 x&* e+ ¢ 2
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N . x"
[Tpumep 154. Ha#tth lim , TAe n — HaTypaJlbHOe YHCIO.
X— + oo e*
Tpumenss npasuio Jlonurana — Bepuyanu n pas, nonrydaem

n nxn—l
x>+ o0 € x++o0 €
_ n—2 —_ .
— lim n(n—1)x = = lim n(n l)...21=0.
x— 4 00 e X=> 4 co e*

CnenopaTenbHO, NIPH HEOrPaHHYEeHHOM BO3pPacTaHHH apryMeHTa CTeneHHas QyHK-
IHSA pacTeT MeAJeHHee NMOKa3aTelbHOH (GYHKUHH.

Mpumep 155. Haitru lim x!/In(e"=1),

x>0 0 1/ln(e*—1)
Ipu x=0 nonyyaeM HeonpeneilesHocTh BuAa 0°. OGo3HAYHM y==X
H NPOJIOrapHpMHPYeM 3TO PaBEHCTBO 0 OCHOBAHHIO €:

1 Inx
Iny= =

In x= .
In(ef—1) In(ef—1)

B npaBo#i yacTH sToro paBeHCTBa npH x=0 HMeeM HeoNnpeAeNeHHOCTb BHAA
TMpumenss asaxAsl npasuio Jlonurans — BepHyaan, Haxoaum

.. . In x . 1/x . ef—1
limln y= lim ————— = lim —————— = lim ——— =
x>0 x>0 In(ef—1) 0 e*/(efF—1) 10 Xx€

= 'm —_—
-0 e*+xe*
Cnenosatenbio, lim Iny=1, limy=e'=e, limx!/I"e"=D =
x—0 x—+0 x—+0

15.2. Tlpu3HaKH NOCTOSHCTBA, BO3PacTaHHs M yObiBaHusA
byHKIHH

Heo6xoauMoe M AOCTaTOYHOE YCJIOBHE NMOCTOSIHCTBA (YHKUHH y=f(x) BbI-
paxaercsi paBeHcTBoM y' =0, T. e.

y'=0<y=c. (15.3)

dyukuus y=[(x) HasplBaeTcs BospacTraiollei B NpoMexyTke (a, b), ecan
IJsi Mo6bIX ABYX 3HayeHHH x; H x;e (a, b) M3 HepaBeHCTBa X <Xz CJIEAYeT Hepa-
BeHCTBO [ (x1) <f(x2) (puc. 15.1, a).

dyukuus y={[(x) Ha3nBaeTca yGnBaiolleli B HEKOTOPOM IMpPOMEXYTKe, eClH

y a y

<
ol
>
o

SN
~—

Puc. 15.1
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Inst JMOGRIX ABYX 3HaueHHH, MPHHajJeXallHX 3TOMY IDOMEXYTKY, H3 HepaBeHCTBa
x1<<xp cienyer HepaBeHCTBO f(x;)> f(x2) (puc. 15.1,6).

JocraToyHoe ycJoBHe Bo3pacTaHus (yObiBaHuA) GYHKIHH Bblpaxkaercsa clje-
Aylolle#i TeopeMoH.

Teopema 15.2. Ecau 6 GanHom npomenxcyrie npoussoonas (PyxKkyuu noiro-
HUTEADRA, TO (PYRKYUA BO3PACTAET 8 ITOM NPOMENYTKE, eCAu NPOU3BOOHAR OTPU-
yareAbHa, TO GyKKYUs ybolBaeT 8 COOTEETCTBYIOULEM NPOMENCYTKE.

3ameuanue TeopemMa uMeer NPOCTOH reOMETPHYECKHH cMbicl. Eciu B He-
KOTOpOM IpOMEXYTKe KacaTelbHad K rpaduky ¢yHKuuu y=f(x) ob6pasyer c ocbio
Ox ocTpnlii yroa a(tg > 0), To ¢yHKuHs BO3pacTaer B 3TOM NPOMeXYTKe (PHC.
15.1, @). Ecau kacatenbnas k rpapuky o6pasyer c ocbio Ox Tynoil yroa a(tg a<<0),
T0 ¢pyHKuus y6mBaer (puc. 15.1,6). .

ITpumep 15.6. Halith npoMexxyTKu Bo3pacTanusi U y6mBaHusA GyHKuuH f(x) =
=x*—6x24Yx—2.

HaxozuM npousBoaHyio ¢yHKUHM M pasjaraeM Ha MHOXHTEIH COOTBETCTBYIOHIHH
KBagpaTHbIH TpexuneH: [/ (x) =3x*— 12x+9=3(x*—4x+3), [/ (x) =3(x—1) (x—3).

Ecau x<<1 u x> 3, 10 [/ (%) > 0; dyHKuUs Bo3pacTaeT B MHTepBajtax (— oo, 1),
(3, + ). Ecnin 1<<x<3, To [/(x) <O0; dyskuuss yGnuiBaeT B uHTepBade (I, 3).

15.3. IkcTpemym yHKuHH

PaccMotpuM dyHKuHIO y=f(x), 06/1acThi0 ONpeneJeHUs KOTOPOH SIBJsI-
ercs NPoOMexyTok (a, b). )
EclH MOXHO yKa3aTbh TaKyio §-OKPeCTHOCTb TOUKH X;, NPHHAMJIEKAIyo MNpo-
MeXYTKY (a, b), uro ana Bcex x< O (x1, ), x5~ x;, BHINONHAETCS] HEPaABEHCTBO

f(x1)> f(x), (15.4)

10 y1="{1(x|) Ha3bIBaloT MaKcHMyMoM ¢yHKUHH y=f(x) (puc. 15.2).

MakcumyM ¢yHKiHH y=][(x) 0603HauuM uyepe3 max f(x).

Ecin MoXHO yKa3aTb Takylo §-OKPECTHOCTb TOYKH Xz, NPHHAAJeXallylo Npo-
MeXYTKY (a, b), uto AasA Bcex x O (xg, 8), x5~ X2, BRNOJHAETCS HePaBeHCTBO

fx2) <f(x), (15.5)

T0 y2={(x2) Ha3bIBAOT MHHHMYMOM GYyHKUHH y=/[(x) (cM. puc. 15.2).

MuHumyM ¢yHKuHH y={f(x) o603HauHM uepe3 min f(x).

IlpyruMu cloBaMH, MaKCHMyMOM (MHHHUMYMOM) OYHKIHH y=f(x) Ha3bBalOT
TaKoe ee 3HayeHHe, KOTOpoe GoJiblue (MeHblUe) BceX APYTHX 3HaueHHH, MPHHHMAaeMbIX
B TOYKaX, AOCTaTO4YHO GJIH3KHX K AaHHOA H OTJIHYHHIX OT Hee.

3ameuanue l. Makcumym QyHKUMH, onpeAeisieMbiii Hepasencrsom (15.4),
HasblBaeTcsi CTPOrHM MaKCHMYMOM; HeCTPOrHii MaKCHMYM oOlpefielIsieTCsi HepaBeHCTBOM
Flx)) ZF(x).

3ameuanne 2. MaKcHMyM M MHHEMYM (PYHKIHHM HMEIOT JIOKaJIbHBIA XapakTep
(sT0 HauGoJIbIIEE M HAaHMeHbIlIee 3HaYeHHs PYHKLHKH B OCTAaTOYHO MaJIOH OKPECTHOCTH
COOTBETCTBYIOLIEA TOYKH); OTAETbHbE MHHHMYMBI HEKOTOPOH (YHKLHH MOTyT OKa-

J
y v
i
1
! |
1 |
> Y
IR ! [ |
| & | ! 1 |
R l Lol
L IRERIE
0 Xp XX X 0 XKy X X3 X, X5 X
Puc. 15.2 Puc. 15.3
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3aTbCsl OOMbIIE MAKCHMYMOB To# e ¢yHKuuH (puc. 15.3). Borencrsue storo Mak-
CHMYM (MHHHMYM) (YHKUHH Ha3biBalOT JIOKaJbHHIM MJKCHMYMOM (10KaJbHbIM MH-
HHMYMOM) B OTJHYHe OT a6COJIOTHOTO MAaKCHMyMa (MHHHMyMa) — HauGoJbluero
(HaHMeHblIero) 3Ha4eHHsi B 06JaCTH onpeneneHusi GYHKIUHH.

MakcumMyM # MHHHMYM GQYHKIHH Ha3hiBalOTCA SKCTpeMyMoM. JlaTHHCKoe extremum
o3HayaeT «KpalHee» 3HaueHHe. 3HaueHHe aprymMeHTa, NPH KOTOPOM JAOCTHraercs
3KCTPEMYM, Ha3bIBaeTCsi TOUKOH 3KcrpeMyma. Heo6xoaumoe yc/l0BHe 3KCTpeMyMma
BhIpaxaercs CcleAyiolled TeopeMo#.

Teopewma 15.3. B rouke sxcTpemyma dupdepenyupyemod ¢pynxyuu npoussod-
Has ee pasKa Hyaai.

Teopema HMeeT NpOCTOR TreoMeTpPHYECKMH CMBICI: KacaTeibHas K rpaduky
nupdepennupyeMoii GYHKHHH B COOTBeTCTBYylollell TOuke napasjenbHa ocH Ox
(cM. puc. 15.2).

3ameuanue 3. Ecau ' (x0) =0, To oTcioga euie He cjlenyer, YTO xo — TOUKa
akcTpemyma. Hanpnmep, nas ¢yHknuu f(x) =x f(x)=3x% [ (0)=0, HO x=0
He fBJSAETCA TOYKOH 3KCTpeMyMa, Tak KakK f(x)>0 nmpu x>0 u f(x) <O upm
x<C0 (HepaBenctBOo (15.4) uam (15.5) agech He BHIMOJHSETCS).

3amMeuanne 4. QPyHKIHA MOXKET AOCTHraTh 3KCTPpeMyMa TakKxe B TOuKe,

B KOTOpPOH npou3BogHas He cyuiecTByer. Hanpumep, pyHkuna y= — [x+4| He umeer
NPOU3BOAHOH B TOYKe x= —4, HO AOCTHraeT B Hell MakcumyMa: y=0 npu x= —4,
a Ans BCAKOR Apyroft ToukH y<<0 (puc. 15.4,a). Pyukuns y= — (1 —x2/3)%/*

He HMeeT KOHEUHOH NPOHM3BONHON B Touke x=~0, NOCKOABKY 4 == (1 —x¥/?)!/2x~'/3 npy
x=0 ob6pamaercs B GeCKOHEYHOCTb, HO B 3TOH TOuKe (YHKIUHA HMeeT MHHHMYM:
f(0)=—1, f(x)> —1 npu x50 (puc. 15.4, 6).

FoBopsiT, 4To QyHKUHR y=f(x) MeHseT 3HaK NpH Nepexoje 4yepea TOUKY X ==Xo,
ecau f(x))f(x2) <<O ans MOGHIX X; M X; M3 HEKOTOPOHl OKPECTHOCTH 3TOH TOYKH,
YAOBJNETBOPSIOUIHX HEPaBEHCTBAM X< Xo< X2, 3HAK MEHseTcsi € [Jl0ca Ha MHHYC,
ecnu f(x)>0, a f(x2) <<0; 3HAaK MeHseTCA C MMHyca Ha Iulioc, ecaH f(x;)<<O,
fx2)> 0.

®opmyaupys TeopeMbl 15.4 u 15.5, 6ynem npegnosnarath, yTo GyHKUHA y=f(x)
andodepeHuHpyeMa B HEKOTOPOH OKPECTHOCTH TOUYKH Xo.

Teopema 15.4. Ecau npu x=uxo npoussodnas ¢pynkyuu y=1{(x) pasxa nyao
U MeHAET 3HAK npu nepexoOe 4epe3 3Tu 3HAYEHUA, TO Xy A6AAETCA TO4KOU 3IKCTpe-
MYMa, npuuem: 1) xo — TOUKA MAKCUMYMQA, €CAL 3HAK MEHAETCA C NAIOCQ HA MUHYC;
2) Xo — TOUKQ MUHUMYMA, ECAU 3RAK MEHAETC C MURYCA HA NAKC.

Teopema HMeer caefyloliHil TeOMETPHYECKHH CMBICA: ecld B Touke Mo(xo, f(xo))
rpadpuka AupdepeHunpyemoil GyHKUHH KacaTeqbHas napaijeibHa ocH Ox, B TOYKax
cieBa ot M, o6pasyer Tymo#t yron ¢ ocklo Ox, B TOuKax cnpaBa — OCTpHI, To
Xo — TouKa MHHHMyMa (pHC. 15.5,a); ecan B Toukax cieBa or Mp KacaTtelbHas
ob6pasyeT ¢ ocblo Ox ocTpeii yros, a B TOYKax cnpaBa — TYNoH, TO X¢— TO4Ka
MakcHMyMa (pHc. 15.5, 6).

3ameyanue Teopema BepHa H B Clyuae, eCiH Xo — TOYKA HeNpepLIBHOCTH
¢ynkuun f(x), npoussoaHas B Hell He CyLIeCTBYeT M MeHfeT 3HaK NpPH Iepexone
yepe3 3Ty TOYKY. .

JocraTouHoe yc/lOBHEe 3KCTPeMyMa MOXHO BLIPa3HThb TaKxke C IOMOLIbIO BTO-
po#i NPOH3BOKHOM.

Teopema 15.5. Ecau 8 rouke x=1x, nepeas npoussodnan ¢ynxyuu y=rf(x)
pasna Hyalo, a 8TOPAA NPou3BodHas OTAUMKA OT HYAfi, TO Xo SB6ARETCA TO4KOU

a y 5 Y
-4 4 -1 0 1
X X
-1
Puc. 15.4
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sKcTpemyma, npudem: 1) xo— Touxa munumyma, ecau [”(x0)>0; 2) xo— TOuKa
maxcumyma, ecau 7 (x0) <O.

Teopema 15.6. ITycte 8 Touke xo nepevie n npoussoOHble PAeHeL HYAIO,
a (n41)-2 oTauuna oT HYyrs u HerpepoigHa 8 3Tol TouKe, T02da: I) ecau (n+1) -—
4eTHOE HUCAO, TO Xo — TOMKA IKCTPeMyMa: Towka maxcumyxo npu [+ (x0) <0

- 2 - /
e TANVAYL /&
0 Xo X 0

o
>

Puc. 15.5

u touxa munumyma npu fOY(x0):>0; 2) ecau (n-+1) — newernoe wucao, To xo
He ABARETCA TOYKOE IKCTpeMyMma.

Mpumep 15.7. Halith skcTpemymun dynkunun f(x) =x*—10x%+ 5.

IMockonbky f’(__)_c)=4x3—20x=4x(x"‘-—5), TO TouKaMH, AJas kortopwbix f'(x) =0,
sBasiores X1 = —~/5, x2=0, x3=1/5. Hccaenyem 3Hak BTopoil npou3BofgHo# [ (x) =
=12x’—20 B s3THX Toukax: f”(—-/5)=12.5—20>0, [(-/5)=12-5—20>0,
f(0) = —20<0.

CaenoBareibHO, X|= - 5, x2=\/§ — TOUKH MHHHMyMa, x;=0 — Toyka MaK-
cumyma; min f(x) =f(—~/5) =f(+/5) =25—10-5+ 15= — 10, max f(x) =f(0) = 15.

pHMep 15.8. BuMHCAMTL 3HaueHus 3KCTPeMyMoB ¢yHKuun f(x)=x"—
—5x*45x%49. .

TlepBasi npouzBopHan [/(x) ==5x*-—20x> 4 15x2=5x (x*—4x+3) obpaumaercs
B Hyab npH x;==0, xo=1, x3=3. Bropas npoussoanas [”(x)=20x"—60x+ 30x
B 3THX TOYKaX NPHHHMaeT COOTBETCTBeHHO 3HaueHusa f[”(0) =0, f’(1)=—10<0,
f7(3) =90> 0.

CnenoBare/bHO, Xo=1 — TOUKa MaKcHMyMa, X3=3 — TOYKa MHHHMYyMa, NpHYEM
max f(x) =f(1) =10, min f(x) =f(3)=--18. Urto6b ncciaenoBatb TO4YKy x;=0,
o6paTHMCA K TpeThel NPOH3BORHOK [ (x) ==60x2— 120x+ 30. IMockoasky f”(0) =
=300, n41=3, 0o x;=0 He sBJsAETCA TOYKOH IKCTpeMyMa.

MIpumep 159. Haitth Toukn skcTpemyma oyHkuuu f(x) =x*-4 4x>+6x>+
+4x+4-3.

[MepBasi npoussoauas f/(x) =:4x’4 12424 12x+4=4(x*+3x*+4+3x-+1) paBua

HYJIIO B €IHHCTBEHHON Touke x= — |. Haxoaum Buipa>keHusi MOCJIeAYyIOUHX TPOH3BOI-
HBIX H HX 3HaUeHHsl B KPHTI 4ecKoil Touke x = — 1: [ (x) = 12x> 4 24x+ 12, f”(—1) =0,
f7(x) =2ax-+24, f"(—1)=0, [V(x)=24. Tlockoaeky f¥(—1)>0 u n+1=4
(veTHOe uHMC/I0), TO x== — | -— Touka MHHMMyMa, npHueM min f(x) =f(—1)=2.

15.4. HanpaBJjeHHsi BLINYKJAOCTH, TOYKH neperuba

I'padux ¢pyHKuUMH y=f(x) Ha3pIBaeTCA BHINYKILIM BHH3 (BOTHYThiM BBepXx)
B AaHHOM NDOMEXYTKE, eCH OH I&JHKOM pacloso)KeH Bblllle KacaTeJbHOH B ero
NpoHu3BOJbLHOH Touke (puc. 15.6, a).

Fpaduk byHkuaM y={(x) Ha3bBaeTcAd ELMYKILIM BBepPX (BOTHYTHIM BHH3) B
LaHHOM NPOMEeXYTKe, ec/ii OH UETHKOM paclofiodXeH HHXKe KacaTelbHOH B ero mpo-
H3BOMbHOH TOuke (puc. 15.6, 6).

Teopewma 15.7. Ecau sropas npousgodnan ¢ynxkyuu y=f(x) 6 dannom
NPOMENIYTKE NOAOHKUTEAbHA, TO 2PAPUK ee ABARETCA BbINYKALIM BHU3 8 FTOM npome-
wyrke; ecau [ (x) <0, 0 epadux ynkyuu ABARETCA BbINYKALIM B88€PX 8 COOTBET-
CTBYIOULEM NPOMENYTKe.
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Toukok nepernGa rpaduka ¢yHKuUHH y=f(x) Ha3blBaeTci TaKas ero TOYKa
Mo (puc. 15.7), B KOTOpPOH BBINYKIOCTh MEHAETCA Ha BOTHYTOCTh (IO OTHOIIEHHIO
K OZHOMY M TOMY € HanpaBJIeHHIO: BBEPX HJIH BHH3).

Teopema 15.8. Ecau sropas npoussodnas ¢ynkyuu y=f(x) npu x=xo

. Y
y a ]
Y M .

h. j ; : Mo

| |

1 | 1 }

| M ! l |

| L !
0l a 8 0l a 8§ x

0 X
Puc. 15.6 Puc. 15.7

obpawaerca 8 Hyab u MeHsAeT 3HaK npu nepexole uepe3d xo, TO Mo(xo, f(xv)) —
TOuKa nepezuba zpaguka 3Tol ¢pynxyuu.

Mpumep 15.10. Haﬁ'm HHTepBaJbl BHNMYKIOCTH H TOUKH nepernba rpaduka
oyskunn f(x) =x>—6x24+9x+1.

Iockoabky Bropasi npon3BoaHas f”(x) =6x— 12=6(x—2) o6paliaercst B HyJb
NpH x=2 K MeHAeT 3HaK IIPH TNlepPeXoAe yepes 3TO 3HaueHHe, To x=2 — abcuucca
TOuUKH neperu6a, opAHHATa 3TOR Touku y=f(2) =3, T. e. M(2, 3) — Touka neperuba.

Tak kak [”(x) <O npu x<<2 u [”(x)>0 npu x>2, To rpapuk QYHKUHH
SIBJISIETCSl BHINYKJAbLIM BBepX B HHTepBaje (— co, 2) H BbIYKJbIM BHH3 B HHTepBaJe

(2, 4 o0)

15.5. ACHMNTOTH

AcuMnTOTOl JIMHHH Ha3biBaeTCA NpsiMas, X KOTOPOH HeorpaHuYeHHO NpH-
6auiKaeTcd AaHHasi JIMHHS, KOr4a ee TOUKa HEOTPaHHUEHHO ynaJsieTcss OT Hawajaa
KOODJHHAT.

IMo BHAy ypaBHEHH# OTHOCHTeJNbHO BLIGPAHHOIN LeKapTOBOH CHCTeMhl KOOpAHHAT
pas/iHyaloT aCHMITOTH BePTHKaJAbHble (napanjenbHble ocH Oy) H HakJIOHHbie (Iepece-
Kaioune ocb Oy).

IpsiMad x=a Ha3bIBaeTCs BepTHKAJbHON acHMNTOTOH rpadHka QYHKIHH

y=f(x), ecin xorda O6b OKHO M3 mnpeleNbHbIX 3HaueHH#i lim 0f(x), lim f(x)
. x—~a— x—>a+0
y ABnseTc GecKoHeuHbiM. Hanpumep, npsimas x==2

) sBJsieTcl  BepPTHKaJbHOH acuMnToTolt rpaduxa
] dyHkuun y=8/(x—2), Tak kKak lim 8/(x—2) =
1\

|

|

x=+2—0
=—o0, lim 8/(x—2)=+
x+240

[pennonoxuM, 4yto ¢GyHKUHs y=f(x) ompe-
lle/leHa TIPU CKOJIb YroAHO 6oJbMINX (IO MOAYJIO)
3Ha4YEeHHAX apryMeHTa; AJs ONpelejeHHOCTH OylaeM
paccMaTpHBaTb MNOJIOXKHTEIbHble 3HaueHHsl apry-
MeHTa.

[Tpsamas

y=kx +b (15.6)
Ha3biBaeTCsi HaKJIOHHOH  acuMmnToToil  rpaduka
¢ynkunn y=Ff(x), ecan sra yHkuus npeacra-
BUMa B BHIe

flx) =kx+b+a(x), (15.7)
rae ) liT a(x)=
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